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th e RE A DER.

are tie/from,
Courteous Réader, fa know

I have pieffl rméd
‘

in th is Edi tion cf the
E lements of E uclide, I jbq ll here .

you i t: jbort, according to the
'

Nature
1}e endeavour

’

d to attaifl two Ends

fly? to be

w}br ie/g

I th ink I

of wr iting
[bazaar I placi d, but q

‘
rating, in

I : pgjz
‘

b/cI maid
,
th e who 6 War/cs qf E lidé.

‘

a
‘
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To the REA DER}

to theBooks
,
v iz . th eSeventh

,
Eigh th ,Ni nth ,

an although th ey don
'

t 0 near ly appertain to
th eE lements of p lain and [oh Geometry, as th e fix
p recedent and th e twofith/équeut, yet none of the more
sh i l/al Geometr icians can he fit ignorant as not toknow
that th ey are very nfgfulfor Geometr icalMutts

,
not

only hy reafon -oj th emigh ty near afi
'

nity that i s be

tween ar ithmetic/eand Geometry, hutal/hfor theKnow
h comrnen/urahleand imcotmneifitrahleMaga

n itrides
,[6 exceedi ng neceflh ry for th eDofl r ine cf hoth

'

plain and folid Figures . Now the nob le Contempla
tion of th efi ve regular Bodies that is contained in the
th ree la/i Books ,cannotwith out great Injufl ice he preter
rnitted, znce thatfor th efake th ereofour s being
a Q’h i t er of th e Platonic Sear

,
is fieid to have

conzpos
’

d th is univerfitl Sy/iem of Elemen ts , as Proclus
1th . 2 . fil li ng/8th i t} th e/f Words,

"
0 95? ax}ff a

'

up wafa
'

ne

76A®~
ar ses

-

130 170 wi ll a?” Jean /Adar G u lf-mug !

30114470 7ori g
-

awe. Befides, I eafily per/waded my fi lf
to th ink, that it would not he any Lo
v er of th efe Sciences to have, in h ewh ole
Euclidean ”fork

,
as it i s common ly celebra

ted ly allMen : Wh erefore I ryol
'
v
’

d to'omit no Book
or (P ropofition cf th o/i that are fimn
n ius

’

s Edition, who/e
I took

thejitid Boole.
allow me to form new ones

,

fitmetzmes I ch ofe r ath er to do it. For th e[bone
I was wi lling to u/éjor the may? part E uclide

’
s own

Demoifi rations, hav ing only exprefi
’

d th em in a more

/i1ccznét Form,
unlefi perh aps in th e Second, Th irteenth ,

and wry jets; ‘

in the Seventh , E igh th , and Ni nth

Boo/cs , in wh ich itfi em
’
d not worth my wh i le to de

was in any Q
’
articular from h im Th erefore I am not

‘ZW Ih OttI



To the R EADE R .
”

without good h opes that as to th is (Part I have in
[once nseaficrefatisfied both the

ieh do intint
eipal Rules of 4>ra£i ical
th ei r original Fountains, th
make th e Book Iwell to a

Th e oth er Butt . wh ich I levell
’

d at, is to content
th e Behres of tho/é who are delighted morewith fym
h elical than fuerhal Demon/t

'

rations. In wh ich Kind
,

wh er eas neg/i hmong us are aeeafl om
’

d to th e Symbols

of Gulielmus O ugh tredus, I th erejb re th ough t he]?
‘

to

make th e inc/l part, of h is. None h i therto

(as I has attempted to interpret and puh li/h
E ucli th is manner

, P. Her igenius
who/e th o

’

indeed excellent i n many
th i ngs, and

‘
very well accomo for th e particular"

ar o e 0 that one ingenious Man yet cents in my
gp i
l
izhnfto larhou

i
under a douhle Defec

‘h Fir/i , in
regard that, alth o

’
cf two or more (P ropo/z

’

tions produ

ccdfor th e J’roofof any one Q
'

rohlem or Th eorem, th e

former don
’

t always depend on th e latter
, yet it don

’

t

readily enough appear, eith er from th e order of each or

hy any oth er manner, wh en they agree togeth er, and
when not wh ereforefor want (f th e Conjunctions and

,

A djeti i-ves, ergo, rurfigs, Eé
’
e. many dificulttes and

ocea/ions of doubt do often ar ifi’ in readi ng, efipeeially
‘

to newthat are Novices . Beg/ides it feequently hap
’d

pens, that thefitid Meth od cannot avoid ficperfluous
‘

Repetitions, by wh ich th eDcmo
‘

nfl rations are often
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To the RE ADER.

times render
’d tedious

,
andfometimes ore intrir‘

cats ; wh ich Faults my Method doth
th e arhitrary mixture 0/ hath hVords an

fore let what has
and Method of th i

whoever covets

articular
,
or Mac

and con/equently lide

tho/é Elements) and oth ers

hfw
'

leemoi Interpreters.
Neith er
dea'

vours to ad Q’eri

alledg
'

e as ry lanfufly
thewant to he cut- 4

p loy
’

d in th is ”fork
,
nor the Inter ruption oecafion

’
d by

oth er Afi i rs
,
nor yet th e want of requi/ite help for

the/Is Stud ies nor/moral oth er th ings of th e likeNature.
But what Ihave h ere employ

’

d my Labour and Study
r th e ingenious Reader, I

to h i s and
‘

7udgment, to
l, or e.



amiciflimum V i rum
,
I. C, dc E UCL ID ;

00113 3 613 , Ev
’

anpuep ée.

1 8m» hene .

’ didicit Laeoniee

Diag ramma circuit in imi tum ; utqtte Infidd
P roblema breve natahat in vaflv mart.

detuimeit 3 ’

glqfliea rgggr

Later ilm m e totus Eud idcs facet,
Incli t/it: olim (select Homeric: in niece

254i” 414aior jam evadit

Contrafl a prodefl erudita
S ic ubere mag i : liquor é
Sic plenior i oafa inundat
9 3

’

t eer i e Syficle ; h e fwl’r t
P rocurr it cqteor ex A hylae angst/i lls
Tania“oper is ar e tanta r eferenda
BA R 0 V I A N 0 nom ini , acjh lertic.

Car . Robotham
, CA NTA D.

Coll . 23m. Sen. Sq ;







thefin?Book of
X W h en a r igh t

- line (I i,
{landing upon a r i gh t

- line AB,
makes th e angles on either fide
thereof, CGA, CGB, equal one to
th e other

,
eh. both thofe equal

angles are r i h t
—angles and the

r igh t
~ line wh ich fiandeth on

the oth er , i s termed a Perpendi

cular to th at (AB)wh ereon ir_fiandeth .

Note
,
When feveral angle: meet at thefamepoint (a: at

G)each particular angle i s defcr ihed by three letter : where

of the middle letter fl’eweth the angular point, and the tum

other letter : the lines that make that ang le A : the angle

wh ich the right
- lines CG,

AG malte at G,
is called (E A

,

XI. An ob tufe-angle is that

wh ich is
gg

ter than a r igh t-an

gle ; as A
XII . An acute-angle is that

wh ich is let
'

s th an a r t h t le
as AGE.

8 mg

D X III . . A L imit, or Term, is
C‘

the end of a ny th ing .

XIV. A Figure is that wh ich is contained

or more terms

XV . A Circle is a plain fig ure contained under one

l ine, wh ich is called a circumference ; unto wh ich all

l ines,d rawn from one point with in the figure, and fal

upon th e ci rcumference thereof
,
are equal

: the one to

the other .

I)
XVIII. A Semicirclh is a figurewh ich i s contained

under the d iameter and that part of the circumference

wh ich i s cut of? b th e diameter .

In the circle EA£CD,
E is the center, AC the diameter ,

ABC the femicircle
X IX . Righ t

- lined figures are fuch as are contained

gb r
—lines.

XX . T h ree

XVI. And that oint is called
the center of th e c rd e .

XVII A Diameter of a ci rcle
i s a r igh t

- line drawn th ro
’

the
center thereof, and ending at the
circumference on eith er fide , d i
viding thecircle into two equal
arts
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E u ct I n r
’
s Elements . I t

P R O P. VII.

Upon the fame r ight
- line AB two r ight- lines being drawn

AC, BC, tevo other r i ht
-lines equal to the ormer , AD,

RD
:

teeth to each (v im)Ali—J AG andBD.= )cannot be drawn

fi om the fame points A, B, on the fame fide C, to[sacral

points, as C andD, but only toC.

1 . Cafe If the point D b e fet in the line AC, i t i s

p lain that AD is a not ual to AC.

2 . Cafe If the point be placed with in the tr iat

zgf
l

i

e

ACB,thend raw the lineCD,
'

and roduce BDF,and B

Nowyouwould h ave AD=AC, t en th e an le ADC b b 5‘ t ‘

ACD; as alfo, b ecaufi: —BC, th e angle ECD,

cjuppfi
th erefore is th e an le FDCc—d ACD,

that is, th e angle
d 9

FDCc—ADC. d ich is impoflible.

3 . Cafe. If D falls without the tr iangle ACB, let CD

be
'

oined
th 1 ACD e 5 1

ain, c an e ez ADC, d th e an le BCD
e=B%C. f T hgrefb re the angle ACDT BDC

fi
viz . the

f 9 ° ax.

impoflible. Th erefore
,
Sfe.

P R O P . VIII.

two tr iang les ABC,
have

AC, equal t

DF
, each to each, and the

bafie BC equal to the ba/h
EF, then the,

angles contain

ed under the equal r ight

lines jhall be e ual, v iz A toD.

Becaufe, B 4 EE, if the bafi: BC b e laid ,
on the

bafe EF, h they will agree théreforcwhereas AB c

DE , and ACQ F
,
th e point A will fall on D(for it can

not fall on an oth er point, b y the precedent pr epofition)
and fo the fi es of theangles A and D are coincident ;
d wherefore thofe angles are equal . Which was to be de ti 8. age.

monji rated.





E ucn l n a
’
s Elements . 1 3

line CF at r ight angles.

4 Take on either fide of a 3 . t .

the point gi
ven CD

upon th e r ig t- lineDE b ereéi: b I . 1 .

an equi lateral tr iangle . draw

the line FC, and it wi ll be th e

per ndicular ne uired .

or th e tr iang esDFC, EFC aremutually cequi lateral ; cMflf
d th erefore th e an le DCFz ECF. e th erefore FC 13 d 8. r

icular . ich was to he done. e 10

raétice “of th is and the followi ng is eafily per
o

By the h elp of a fquare .

P R O P . XII.

point g iv

From th e center C a de
fcr ib e a Ci rcle cutting th e
r

'

ht-line
‘

gi ven ABm th e points E and F T hen ab i b 10 . b

E E F in G.and drawthe r igh t
- line

‘CG
, wh ihh

th e perpendicular r eq ui
L et the lines CE

,
CF be d rawn. Th e

%
iangles EGC,

FCC are mutually c equi lateral . i i there re th e angles
C CW!”

EGC, FCC are equal, and by e confequence r ight e
d 8' 1

W hereforeGC i s a perpendicular . Which was to be done. C 1 0 44:

P R O P. XIII.

I’Vhen a r ight
—lineAB[landing on

a r i ht—line CD maheth ang les A C
,

AB it maketh either two r ight-an
gles, or term ang les

q
ual to two r igh t .

If th e angles A C
, ABD b e equal, 4 th en th ey maketwo r i gh t

-angles ; if unequal , th en from the point B 6let there be ereEted a perpend icular BE . Becaufir the
angle ABC or: to a r igh t +ABE and th le ABD
d : to a r ight ABE

,
therefore

i

fhall b eT
n

f ABD
two righ t angles ABE e. r

'

ht W
was to be demonflratcd.

i 1g angles Inch





E ucL I 0 11
’
s Elements.

thore r igh t
- li nes EA, FA, domeet direétly and make one

li rait l ine.

For two r i h t an es are a e ual to the an le D-l—A a

h : B+A . c he
‘

re ore EA, are in a ait line.
b
c.

2 .

I f four r ight
-lines EA, EB, EC,

ED, p roceedi ng from one point E ,

make the angles, ver tically
. O ppofite,

equal the one to the other , each two
lines, AKEE, andCE,ED, are placed
in one firait line.

For b ecaufe th e angle AEC
-kAED

+CEB+DEB a: to four ri h t—angles,
‘

therefore thea4 c. l . 1

angle AEC ABD b=CEB+ EB: to two r igh t an b hyp.

g les. cT h erefore CEDand AEBare fimit lines. Wh ich 2 an

was tobe demonflrated.

P ri o r . 35W .

de BC of a tr iangle ABC be

ing presele’d, theozliard ang le AGB

wi ll he g reater than either the ln

ward and oppoji te angles,CA CBA .

L et th e r igh t
- l ines AH,

BE
, a b i

iiefl: th e fides AC, BC from wh ich a to.

l ines produc
’

d
,
take b EF=BE ,

and
G

1ME.
HI, b and join b 3 . 1 .

and produce AOG.

Becaufe CE c=E A,
and E F e EB

, and th e angle c eonfl r .

FEC d=BEA
‘

,
the angle ECF e {hall b e equal to BAB d 1 5 1 :

By th e l ike argument ts the 16: ICH=ABH Th ere e 4. 1 .

fore the whole an le
'

ACD g is greater than ci f 1 5. I .

ther th e angle or C W hich was to be demon g 9. ax.

P R O P XVII.

Tw; angles of any triangle

ABC, whichway foeoer they be

taken, are left thanMo right an

g les .

L et th e fideBC b e uced.

Becaufe
'

th e angle A + ACB
a z tw an les

,
and th e a 1 3 . I .

C therefore A ’ rACE than two b 16. I .

r igh t c 4. ax.
I



16

c 16. I .

ghefig? Book cf
After the fame manner is the angle B+

Lafily, th e fide AB b ei ngprev
will b e alfo lefs

1 : Hence it follows
one angle 16 eith er

acute angles.
2. If a r ht- line AE make une ual angles with ano~

th er n ght me DC, one acute th e O ther ob tufe

ABS ,
aperpend icular AD,

let fall from

the other li ne CD, {hall Bi ll on that fide
i s of.

b e lide of th e chanieangle, be
the triangle AEC, fi

lall AEC
two r igh t angles. Which i s

3 ° gl equilateral tr ian le, and the

two angles of an Ifofceles tr iangle that age upon the

PR 0 P. XVIII.

AB, and join
i s th e angle

ADB cc
' C therefore i s ABD C

‘ C ; -d therefore the

whole angle ABCc.

" C. After th e time mannermall be
A . Which was to be demonfirated

P R 0 P? XIX.

In tinder the

b e fuppofitd equal toBC,

then wi ll b e the angle A
wh ich

i s contr to thc Hypoth efis : a
nd if ABC

—BC, t hen

{hall b e t (m

f
g
le C bC

‘

A,wh ich is againfi th e H
th efts . W here ore rath er AB ; and after the ame

C
‘ AC. Wh

‘

h was to be den: and.

manner BC a oyyzr
P R 0 P

k
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t 8 fl ufir/t Book of
drawn cutting each other in K, and th e r igh t lines KF

'

,

c I 5. def KG b e jo ined , th e tr iangle FKG Sh all be made, cwhofe
{ides FK,

FG, GK, are equal to the th ree lines DE ,
FG,

d 1 . ax. GH,
d that is, to the th ree line. given A, B,C. Which

was to he done.

P R O P . XXIII .

A t a point A bu t r ight

line g i ven AB, to make a

r ight
- lined angle A equal to

a right
- lined angleg iven D.

l .M! 4 Draw th e r igh t
- line

CF cutting the tides of the
a le iven an ways ; 6
cfiffe agtriangle

y
uilateral

to th e former {b th at All b e equal to F, and

d 8. 1 . GH to CF. then {hall you have the angle Ad==Dt
Wh ich was tohe done.

P R 0 P. XXIV.

If two triang les ABC,
DH

‘

have two fidcs qf the one

triang le AB, AC equal to twofides of the other tr iang leDE,

DF, each toother , and have the angle A greater than thean

gle EDP contained under the equal r ight
- lines, they[hall have

the ha e BC greater than the hafe EF.

a Let t e angle EDG bemade equal to A, and th e tide
s F c: AC ; and let EG, and FG b e joined.

1 Cafe. If RC falls ab ove EF ; Becaufé AB4= DE ,

and AC e and the an e A e=EDG, f th erefore
is BO=EG . But becaufe D e=DG ,g th erefore is the

an le DFG z DGF h therefore is the angle DFG C
“

E F, and b confequence th e angle EFG, h t: EGF. h

wh erefore (BC)C
‘

EF.



E U C L I D z
’

s Elem nts. 19

z . Cafiz. Ifthe baféEF
m incides with the baf

'

e

EG,
l it is evident that

l
EG (BC) r EF.

9’

g. Cafe If HG falls
belowEF, then becaufi:
11 17+GE 77:

FE
, if from both b e ta m 21 . D

ken awayDC,DFwh ich
are equal BC (BC)re
mains n T EE. W hich
was to hedent.

P R O P.

e ual to two fid u
DE , each to other ,
and have the hajb B C

g reater than the bafe EF,
they jhall alfit have the angle A contained

r ight lines g reater than the angleD.

For ifthe an le A b e (bid to b e equal to D, a th en i s a

the b afe BC : wh ich is againfi the Hypothefis. If
i t be faid the Angle A

‘

t tD
,
th en 6will be BC “3 BF,

wh ich is alfo agai nfi the Hypoth efis. Th erefore BC ”

e elem.

P R O P. XXVI.

D

If two tr i ang les BAC, EDG , have two anglet
g
o
’
the one

‘

B
,
C
,
equal to two angles of the other E , each to

‘

h is cor rejpondent angle, and havealjb onefide ofthe one equal

to onefide of the other , either that[Mewhich lyeth betwixt the
‘

B 2 equal



a 3 0 I .

am: 1 .

fry?Book of
or that which i: fnhtended under one ofthe e
the other fides aljh of the one [ball he equal

fitter qf
'

the other , each to h is correfiondentfide,
and the other angleof the one,jba/l he equal to the other angle
the other. e(f
I Hypothefie. Let BC b e equal to E 3 , wh ich are

the tides that lie between the equal an les . T h en I

fl y BA=ED,
and AO -

z DG , and the ang e A
For if it be (aid that BDC—BA , then a let EHb e made
equal to BA, and let the line CHbc drawn
Becaufe AB 6 HE , and RC : EG,

and the angle
B e therefore {h all be the angle EGH d
DGE . fW h ieb i : ahfnrd, th erefore ABA-ED. After

the lime manner ACmay beE
roved equal to DC,

athen

wi ll the an le A be equal to
H t A B be equal toDE,

EG, AC DG, and th e angle

,
E G be greater than BC make E l : BC

, and join
DI. Nowbecaufe A Bg=DE , and BC h==E l , and
th e angle Bn therefore wi ll be th e angle BID

-

k

C l E D m W hich i t ahfnrd. Therefore is BC==
b efore, A C DG, and the angle A

was to he dent.

P R O P . XXVII.

If a r ight line EF 1
two r ight line: A

line: AB, CD, parallel
IfAB

, CD be laid not to b e parallel, produce th em
meet in G , wh ich being fuppofed, the outward
E F will be a greater than the inward angle
wh ich i t was equal byHypoth efis W h ich th ing s

are repugnant.

P R 0 P. XXVIII.

If a ri ht line EF, alling upon « or
r ight lint

s
i, AB, CD

]:make
war il an le A G E of the one line e~

qnal to CHG the inward and oppo

fite ang le of the other on the fame

fide, or make the inward angle: on

thefamefade, AGH, CHG,
equal to two r ight angler, then

line: AB, CD, parallel .





fl
'

hefirfl Book of
cauf

'

e CD and EF are parallel, the angle EHI wi ll be
a DIG . 6Therefore th e angle AGI : DIG. cwhence
AB and OD are parallel . W h ich was to hedemonfirated.

P R O P . XXXI.

A todrawa r ight

From the point Aam a r igh t line

0

BD to an
y poi

nt of th e given r igh t
l ine ; W i th wh ich at the pomr th ereofa A make an an

W5
DAE=ADC. h th en wi ll AR and BC be parallel.
ich .was to he done .

P R O P XXX“.

totwo r ight angles .

0

a 3 1 . I . From C a draw CE parallel to BA T h en i s th e

b I . h=ACE, and th e angle B h_
-=ECD. Th ere

C 2 an

d 19 an . demon/h ated.
e 1 3 . 1 . I affirm ACI)+ACB e two r igh t angleS

'

theree

fore A 4B4 ACB=two r igh t angles. W h ich as to he

I . Th e th ree angles of any tr iangle taken

are equal to th e th ree angles of
‘

any O ther trian

together From wh ence it follows,
2 . T hat i f in one tr ian le, two a les (taken feve

rall or togeth er)he equ to two ang es ofanother tr i
ang e(taken fi verally, or ,

together)then is the remain ing
angle of the one equal to the remain ing angle ofth e o

th er In like manner , if two tr iangles h ave one an le

of th e one equal to one of the oth er , then is t e

fum ofthe remain ing angles ofthe one tr iangle equal to
the fum ofth e remaining a les of the O th er .

3 . Ifone angle in a tr iang b e r igh t, th e oth er two
are equal to a r igh t . L ikewife, that angle in a tr ian le
wh ich i s equal to th e oth er two, is it (elfa r igh t ang e.

4. W hen in an Ifofceles the angle made by the equal
fides is r i h t, th e oth er two upon the bafe are each of

th em halt r igh t angle





d 1 .

a 1 .

Yhe fig?Book of
inward angles , with four r ight, make twice as many
r igh t as th ere as fides of the re ; therefore the out
ward angles ar e equal to four r igh t angles. t z

’

eh was
to he demon/h ated.

Coroll
All

.

r igh t
.

- lined figures, ofwhatfi ever fpecies have, the
finnsp fth ei r outward angles equal

P R O P. XXXIII.

and parallel lines A B,
her with two other

alfi» equal and
Drawa line fi'

om C to B. Now b ecaufe AB and CD
are parallel, and the an le A BC a .BCD ; and alfo

b hypotheh s A B C and the fide CB common ,
t erefore is AC 6 -BD, and th e angle ACB h DBC
ewh ence alfo AC, BD, are parallel.

P R O P . XXXIV.

ABIn parallelograms, as the

oppoete fides A B, CD, anEQA C,
B are equal each to other and

the oppoje
'

te ang les A, D, and ABD
,

ACD
,
are alfo equal ; and the diameter BC hifizéls the

Becaufe AB, CD,
a are paral lel, h th erefore is th e

ana le ABC - BCD. A lfo b ecaufe AC, BD, arq a pa

rafiel, 6 th erefore is the angle ACB_
-

.CBD ; e th ere
fore the whole angle ACD A BD. After

'

the fame

manner is A=I). Moreover b ecaufe theangles ABC,

ACB, lie at each end of th e fide CB, .and are

fi
tted to

BCD, C B D, d th erefore is AC and d

CD, and fo th e triangle ABC CBD. Wh ich was to
h e demon/h ated.

Soho].

Everyfi ner-filled figure ABDC, hav ing the oppofite fides
equal, i s a parallelog ram

.For b y 8 . 1 . the angle ABC BCD ; awherefor e
AB, CD, are parallel In li ke manner is th e angle BCA

= CB D ; a wh erefore A C,
BD,

are ualfo parallel.

1 b T h erefore ABCD is a parallelogram . Which was to
he demonli

-

rateel.
From h ence wemay

more expeditioufly draw

a parallel CD to a r igh t

line given AB, th ro
’

a

point afligned C.
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a an.f ry? Book qf
'

Th rou h A a draw AG parallel to BC, 6make the
an le B -

_D, ch lfcél: the bafe BC in E, and draw
parallel to (I i , then is the prob lem
For AR b eing drawn; th e angle ECG

on, and th‘ tu angle BAC
ECX‘H“. Which was?“he

P Ro P. m u.

ABCD,
G B

.
of

which hand / r

bout the diameter, are equal one

to the other .

For the tr iangle AGB a

ACB
,
and th e tr iangle AGH.

a AGE
, and themangle GCF a G C I. 6Themes

fore th e Pgr. DG=BG . W h ic

P R O P. XLIV.

971 a g itian r ight
-line A to apply a parallelogram FL ,

equal toa g iven tr iangle
‘B, in a g i ven ang le C

42 x
aMake a P FD equal to the tr iangle B, fo that

th e angle G F may b e equal to C. P réduce G F till

FHb e e ual to th e line ive nA . T h rough H b draw
I L arallel to EF, wh io let DE roduced meet in I,
let G roduced meet with

‘

a r i t line drawn from I,
b 3 L 1 °

th rough ia
'

th e po int K,
th ro

’ i h drawKL parallel
to GH, wh ich let E F drawn out meet atM,

and IH
atL Th en ib all FL be th e Pgi

'

. required .

For the Pgr FL c=FD B
, d and theang

W hich was tphe done.

ERG?“



E uc1 1 n ia
’sElements. 49

P R 0 P6 XLV.

Upon a r ight line g ivenFG, and in a g iven angle E, 00

make a Pgr . F L , equal to a r ight lined figure gia n
AB
B
c
t

z

ei'
)

l h ht l ed figurc0 r e t e ri in gi ven
BAD

,
BCD

,
the
g
n a make a P FH 3 44 3

the angle F ma b e equal to FI bei ng p roduced,
a make on HI t e Pgr . IL BCD. Th en 1s th e Pgr .

FL 5==FB+I L ez AB was to he done.

Hence is eaii ly found the excefs, HE, where
righ t

- lined figure, A, exceeds a lefi r ight
- li ned

B namely, Ifto Him
, CD, be applic the

Pgr . DF=A
,
and

P R O P. . XLVI.

n a r ight line g i ven AD
to afquare AC.

4 E reél: two perpendicu
~

lars A8, DC, h equal to the
line given A D then loin
B C, and th e th ing requi red
is done .

For, Whereas th e Angle A A
4- D c

I

_
-
_ two r igh t, at th erefore are A B

, DC parallel . 1 .

But they are altb e equal ; f th erefore AD,
BC are both

parallel and equal ; th erefore the figure AC is a Pgr and
equilateral Moreover th e angles ar e all r igh t, g b ecaufé
one A, is ti ght ; h therefore A C i s a fquare .

was to he done.





E uc r. 1 D a
’
s E lements . 3 :

P R O B L EM I.

van.

L et th ree filuares be gi
Ven , whereof the fides are

JA B, BC, CE aMake th e a
r i h t an lo FB b avin the
fi
g
es

fi
héBge ; on

g
them

trans r and in
then is Acq 6=ABq

J
- B0q ;

“7°
Then transfer AC from B to

X
, and CE th e th ird fide i

ven h '

om B to E '

join E
hTh en i sEXq (CEq)+
BXq (Acq)c=.CEq 1—ABq 1

—BCq Which was to he dag .

C 2 43:

P R O B L EM II.

r ight line: heifg
g to make a[qui re
equal to the défi

'

erepce of the two
[quar t s of the g iv en line: AB, BC .

From th e center B
, at th e

(finance ofBA
, defcr ibe a cir

cle ; and from th e poin t C a erpendicular
meeting with th e circumference in B and draw
a T h en is (BA b a 47. t .

BAq—Bt -Efiq . g/ h ioh ii?to653 39 .

P R O BL EM 111.

Any two ale: 4
“
a r ight ang les!

being

L et the fides AB
, AC, eucom

pairing the r igh t angle, b e, the

fin
e 6 f

i
at

, the O ther 8 . Th ere
re w ereas Acq
3 6

’

too —BCq , th ence is BC

y/ too 1 0 .

Now, let the {ides AB, BC, be
known

,
the one 6 foot, the oth er

10 . T h erefore fince. BCq ABq
too th ence is

AC: . W h ich was tchedam P R O P .



a47. x.

b 8. I .

a 46 I .

P R 0 P . XLVIII .

If the[quare made
of a tr iangle he equal to the
made on the other fide: if the
:AB,

‘

AC, then the ang le BA
prehended under the twoother fi le: of
the tr iang le AB, AC, is a r ig ht mg];

FerpendicuhéDq
AC
Ag

raw
t-
A

ECq
: A
213

n

i a
cinCD.

Now is a q q Cq_ .BCq
Th erefore is CD=EC . And th erefore th e tr iangles

CAB
,
C AD, are mutually equilateral . Wh erefore the

angle CAB t ADé=a r igh t angle. W h ich was to

he demon/h ated .

w.afl
'

umed in the demonfirationof th e h e Pro
fition, C

'

D B C, becaufé C
'

Dq was equal to E q
O ur afl

‘

umption we p rove by th e following theorem.

TH E O R E M.

B C 13 1

Y hefqaaret AF, CG ofequal r ieht line: AB, CD,

equal one to the other f i nd the

equal one

th e diameters E B,
HD. Then

is a equal to th e tr ian le EA R

twice taken, and
‘ h equal to th e tr iangle H D twice

taken
, and equal to aCG . W h ich was to hedemonfirated .

2 . H If it 'may b e, let LMbe greater than IK .

Make T=.IK
,
and let LS a ; z LTq . Therefore i s

L 3 h=NKc=LQ d Wh ich is ahfurd.

After th e fame manner any reétangles equi lateral one.

to anoth er, are demonfirated to b e alfo equal .

Th e End of the fig?Book .
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3 4 Yh ejic Book of
i ts two complements

. is called aGnomon. A s the Pgr .

FB—l—B I GA (EHM) is a Gnomon ; and Iikecqije the
Pgr . F B BI- l

- EM(GKA )is a Gnomon.

P R O P . I .

If two r ight lines AF, AB, are

g iven, and one qfthem A B divided
into as many parts or fegments a:

you pleafe ; the reti ang le compre
handed under the two whole r ight

lines AB, AF, jhall he e ual to all

the reflangles contained under thewhole line A and the

feveral j
'

egments, AD,
DE, E B.

a I t . 1 . a Set AF

F
perpend icular

to A8 . Th to
’

Fa draw an in

fin ite line G erpend icular to From the ints

D, E , B, ere perpend iculars DH, El , BG . T en is

AG a reé
‘

tangle compreh ended under AF
,
AB

,
and is

1 , 6 equal to the reétangles AH, I; EG, that is (be
caufe DH

, RI, AF, care equal) 0 th e reétan les under

A F
,
AD, under AF, DE, under AF, EB. h ich was

to he demonflrated.
Schol.

If two r ight lines g iven are both divided into how

parts fower
, one whole multiplied into the other jhall

out thefameproduff, as the parts qf one multiplied into the

parts of the other .

“For let Z b e A B C,
and Y fl - l- E then,

b ecaufe DZ a=_
-DA+D DC,

and EZ a EA 4
EH- l—EC, and Y Z a=_

- DZ E Z ,
h lh all Z Y b e=DA

—DB l DC-

I
- EA -

l
- E H—f W hich was to be de

man/fretted.

From hence we have a method of multiply ing compound
lines into compound ones . For ifthe reflangles of all the

par ts be taken, their [um jhall be equal to the refiangle qf
thewholes.

But whenfoever in th e multiplication of l ines into

th em es youmeetwith thefe ftgns
~ intetm ingledwi th

th efe you mufi alfo have particular regard to tho
figns . For of multiplied into

- ar ifeth but of

into ar ifeth ex. gr . let A be multi lied into
B—C th en b ecaufe A is not afi rs

’

ned ofall but onl

éof th at par t of it, w ereby i t exceeds C, therefore A
mull remain denied fo that the produatwill be AB
AC. O r thus becauféB conftfl'

s of the parts C and

B C, th ence AB=AC+A xB C
,
take away AC

from both . then AR- ACZ A xB C. I nlike man



E u
‘

cI. 1aa
’
s 5 1mm .

h
’

cr
,
ir- A b e to. b e multi lied into B c, then th ee

by v irtue of th e fign is not denied ofall B, but

bnly of fo much as it exceeds C,
th erefore AC mull

i'emain affirmed, whence the prodiia:will be - A B

AC . O r thus becaulé A B fl C-l-A x B «a-C ; . take
'

away all from both fides, and there wi ll be A B
- A xB—C ; add AC to both

,
and it will be

A x 3 - 0 .

Th is being fufiiciently under lined, the nine fol
ropofitions, and innumerab le oth ers of that
mg from thecompar ing oflinesmultiplied into

th emfelves (wh ich you may find done to your hand in

Vieta, and oth er analytical W r iters)are demonli rated
with great facil iy

,
by ,

reducing th e matter for the mall

par t to almol’t a implework .

Fur th ermore, it appears that th e produét ar iling i

from th e multiplication of anymagni tude into the arts

(ifany numb er is e ual to the produfi: ar ifing om

th e mul tiplication o the fame into the whole number
AS A 4“7A : 1 2 A, and 4A ! A + 4A x7A : 4A !

1 2. W herefore what is h ere elivered of the multi

pl ying of r igh t lines into th emfelves, the fatne may be

underflood of th e multiplying ofnumb ers into them
fitlves, fo th at wh atfoever is afi rmed concerning l ines
i n th e nine following T h eorems

,
h olds good

‘

alfo in

numbers ; {b eing they all immed iately depend on, and

are deriv
’

d from th is fish .

P R O P. II.

any20176 tavoparts

the re&ang les comprehen
under thewhole line Z ,

and

each if the fegmems A, E , are

cf thewhole line ZI fay that Z A+ Z E For take th eir a

is BA BE=B Z ,
that is (becaulé

P R O P .

If a right line Z , he diei



The fl oond Book qf

and the

[crihed on the[aid[eg
5 I z ,

I fl y Z Eq
-AE—l

‘ fiq . a For EZ=EA+F4 .

P R O R IW

If a r ight line Z he cut avg
the

z defi r ihed on t
a e fe e r m. gqaal to t

he fquares dej
‘

crfi ed on thefg ments A, E , and to

twice a reflan le made of thefigments A, E taken together .

I fl y that{q -
z AT h aAE . For Z Aa=Aq 4

AE ,
and Z E a Eq+ Th erefore whereas Z A+

Z R 6 —
:Z q , c thence is Z q==Aq Eq+aAE . W hich

O therwi/e thus Upon the r igh t
line AB make th e fquate AD, and

draw th e diameter EB ; th ro
’

C,
th e poi nt wh erein th e line AB is
divided, draw th e perpend icular
CF ; and th ro

’
the point G draw

HI arallel to AB.

th e angle H
P
G A is a r i h t angle, and

AEB is d half a r igh t, e therefore i
s e remaining

an le HGE halfia r i gh t angle. Th erefore is ”E

li t Fg 2: AC, fo th at HF h isth e fquare o the

r igh t line AC. After th e famemanner is C I proved to

b e CBq . Th erefore A G , GD, are reé’tattgles under

AC, CB, wh erefore th e whole fquare AD k=Acq
CBq ' l

“ zACB. Wh ich was to hedemenfirateds

1 . Hence it appears th at the Pgrs wh iéh are about
the d iameter of a fquare are alfo fquares themlélves.

a. T hat the d iameter ofany fquare b ifeélzs its angles.

3 T hat ifA i Z ,
th en is 4Ag, and Aq

4 Z q . As on the contrary, if Z q=. Aq , th en i s As :

; Z
P R O B V.

l - l - B If a r ight lineAB he cut

C D
,

into equal parts A C, CB,
and into unequal parts AD,

DB, the r eélang le comprehen
ded under the unequal parts AD,

DB
, together

fquare that is made of the dtference of the parts
equal to the[quart defi ribed on thehay

“
line CB.
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Th e T H I R D B O O K.

E 0 6 L I D E’

s

E L E ME N T s

Defin itions.

Q i zl circles (GABC, HDEF) are fuch
whofe d iameters are equal or, fl oatwhofi:
centers r ight lines drawn G A, HD, are

equal.

II. A r ight line AB, is {b id

to touch a circle FEDC, when
the fame, and being

b i t not.

line FG cuts the

ABE (and alfo FBG,

{and to touch onetbe other, which touch , but cut 1106
one theother

”

The



E o c i ; i n i
’
s Elements. 43

The circle BFG cuts the circleFGH

IV. In a circle G A BD,

r igh t lines FE , KL ,
are laid

to be equally difiant from the

r
,
wh en perpend iculars

G H
,
G N

,
drawn from the

center G to them, are equal

,And that lineBC is iii id to b e
fi i

lrlt
h

g
fi

l;
lifiant from i t

,

5
m

w c t e ater perpen

culat G I fill:

V. A fegment of a circle

(ABC) i s a 6 re contained

under a r i h t ine A C, and a

portion 0 th e circumference

b f acircleABC.

VI.
,An angle ofa f ent CAB is that angle wh ich

i s contained under a r igg
i

line CA, and the circumfe

r ence ofa circle AB.

VII . An angle ABC i s faid to .b e in a fegment ABC,
wh en in th e Ci rcumference th ereoffome po int B is taken,
and from i t r igh t lines A B, C B, drawn to th e ends of
th e r i h t line AC, wh ich is th e bafe of the fegment ;
th en t e angle ABC contained under the adjoined lines
AB, CB, is fi id to be an angle in a fe ent.

VIII. But when the r igh t lines AB,B(§Tomprehend ing
th e angle A BC,

’

do receive any per iph ery of th e Cir -

3

cle ADC, then the angle ABC is fluid to Rand upon that
per iphery .

IX . A fefi or of a cird e (ADB)
iswh en an angle ADB is fet at the
center D ofthatcircle ; name] that

comprehended un er the

AD, BD, containing
and the part of th e cir

cumference received by them AB.

6



fl it th i rd Baal
"

of
"

Draw a r igh t line AC any
wife in th e Ce 16, wh ich b ifea:
in E ; th ro

‘

E draw a per

d icular DB
,
and h im the amt

in F ; the point F {h all b e the

m
i?
“

d 1 Gen i t, et p a i nt

wari thgzi
’

i
1

thc
y
line BD

, b e
po

the

center (for it cannot b e in the
”

line BD,
time that is

div ided unc“ally in ‘

every int but F let the l ines

G A, G C,
'

E , be drawn . ow ifG be the center , a

then i s GA GC
, andM by confiruazion, and

th e bde GE common. 6T h er efore are th e anglesGEA,

GEC
,
eq ual, and cconfeq

'

uently r igh t . d T herefor e th e

angle GEC=FEG . eW b icb is abfiml.

Hence, if in aci rcle a r igh t line BD b ifcfl: ang
igh t

line AC at r igh t angles, the center fixall be in

ting line BD.

The center ofa circle is eaji ly found out the to}
ofa f nan to the circumference thereof: r igh t

l ine thatjoins the paintsD, E, inwh ich the fidesg
if

I Q
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circles, not,
in th e

but in th e

D,
E ; draw AC.

then is AD EB

b W hich is a d .

P R O P . XIII.

A circle CAF cam
touch a circle BAH in

more point: than one A,

whether it heM arta] or

ir can be) touch ano

th er in two points A,
H. a T h en wi ll th e

r ight lineGB,
that joins

the center s, if i t be

Pr
oduced, fall as well

111 A as H. Now b e







E ucL i D t
’
a Elements .

P R 0 P. XVII .

From ti g iven A to

th at!) a r ight

touch a circle

FromD, the center of th e

circle given to the iven

point A,
let the line D be

drawn cutting the ci rcumfe

rence in B, from the ce nter D,

defcribe another '

circle th ro
’

the point A ; and from B, draw a p ndicular to

AD, wh ich ih all meetwith the ci rcleamth e point

E ; and drawEDmeetingwith theci rcle BC, in the point
G. T h en a line drawn h '

om A to C
, that! touch the

ci rcle DBC .

For DB a : DC, and DE a and the an le D
is common ; 6 thereb re

'

the an le AGB E and

r ight . cTherhfore AC, touches t ecircle inC Which
was to be

‘

clone.

I

5 c

If an r ig ht line A B touches a

P
y
EDC, and from the cen

for to the point cf coittac‘t E , a

line FE be drawn ; that

the tangent AB.

If you deny it, let fome o

th er line FG be drawn from
th e center F, perpend icular to
th e tangent, and a cutting the

circle in D. Therefore, whereas the a le F G E
{aid to h e r i h t . . h th ence is th e

£0 that FE ( )c:
—
FG .

~ dWhich is a
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fl Qhe th ird Booh of

P R O P . XXV“.
ang les f ending upon
eq ual parts cf the cir

ar e equal heaven :
them/h ive: wheel,"

made at the centen G, H, or at the circatmferemu ,
'

f
' '

t be liib le, let one of the es AGC be
E

" DH
I

F,

l

and ggc AGI==DHF thertc
n

c
gl
is the arch

D
draw a r igh t l ine DA to

th e point of contafi: A,
and Joi nDB, DC .

Th e lide DG is common, and DB DC, and the
a 27. angle BDA a CDA, (becaufe th e arches BA, CA are
b Lyp L equal)th erefore the angles at t he W e DC B, DC C
c4 l are c equal. and d confequently right ; but the

'

inward
d 10 . def 1 an les GAE , GAF are alfo e r ight, f therefore BC,

E5are parallel. W h ich was to he demoztflrctted.

P R O P. XXVIII.

[it

feel}A IC tothe leaf? DKP.



E uct t 0 11
’
s Elements.

From the centers G,
H,
drawGA, GC,

BecauféGA=HD, and GC==I
~1F and AC 4

5 therefore i s the e G=.
-H cwhence

=gDKF d and fo

al

ih
l
e remaining arch A BC DEF .

W hich was to '

he demon ated.

But if the fii btende line AC be or
"

3 than

DF
,
th en in like manner wi ll th e arch A C be or

"

3 than DF.

P R O P. XXIX.

In equal circle: G A
~

BC, HDE F, the r ight

line: A C, DF wh ich

fuhtettd e ual per ipher ies
ABC, D F

, are equal

Draw the l ines GA,
G C, and HD, HF. Becaufe GA -HD, and GC
HF

, and (b ecaufe the arches AC, DF are a equal) the
angle G ht ,

c therefore is the bare AC=DF.

was to he demot
z
lrated

Th is and t e th ree precedent prO politto
ns may be

underfloor! alib ofthe fame circle .

P R O P XXX .

‘To cut a P er iphery given A BC
equalparts.

Draw the r ight Ii
b ifea' i r in D ; from D draw a

perpend icular DB meeting with
the arch in B

,
i t {hal l b ii

'

eét the

For join AB, and CB. The lide DB is common, and 3
ADa - DC, and the angle A0 3 6 CDB 4

“T here “471"
fore AB=BC ; d whence the arch AB=BC ”4 305 b 1 2 . 4“

c 4. r.

aR O P. xxxr. d 28° 3
In a ci rcle the angle ABC,

wh ich i t in thefi mici rele, it a

BACJ J le
,/I

'

Jhana right angle,
and the angle which i : in the
lejfer figment BFC i t great

er than a r ight ang le. Alert

ever, the ang le of theg reater fegment is greater than a r igh’

angle, and the angle if the lefi rfigm nt i: lej} than a r ight

From



The th i rd 3 00k f
From the center D drawDB. Becaul

'

e DB DA ,

th erefore is th e angle A a and th e angleDCB
a: DBC, 6 th erefore the angle ABC A+ ACB,
c EBC, y (0 that ABC and BBC are r ight angles.
IV: 17. to he dem. e T herefore BAC is an acute

B
a

§%
e.

W:W to he dent. And further , wh ereas BAG f
z r i h t, therefore BFC is an ob tuféat c. Lafil

th e ang e contained under the r igh t l ine C and the
arch BAC is greh ter than the r ight angle ABC ; but

the anglemade b the r igh t line CB, and th e per iphe

ry ofthe leli
'

er e en; BFC g is lefs than the r ight
angle EBC. W hath «was to he demmfl rate

'

d.

Ina r ight an led tr iangle ABC, if the pt

linefuhandi ng thi r ight ang le)AC he hifefl ey
j
in

drawn from the center D through the point A jhall affe
'

paj} throug h the point B ; as yea may eafily
‘

demonflrate
from this pr0p and at . I .

P R O P . XXXII.

L et CD,
th e fide

angle EDC b e perpendicular toAB (4 for it
’

s to the

fame purpofe) 6 th erefore CD is the diameter, e there

fore the nu y le in a femicircle is a,
r igh t an

o le;
d and th er are th e angleD+DCE=tQ a r i h t ang e e

ECB-l-DCE .fT h erefore th e angle Di; B. 11/ h igh )
was to

'

he dem.

Nowwh ereas th e angle E CB+ E C
'

A g z 2 r igh t

D F, from b oth of thefe take away ECB and

wh ich are equal, It th ei! remains ECAz F. W h ich
9

goat to bedem.

C

PR O P

If a r ight line A B touch a
circle, and from the point of
contafi be drawn a r ight line

CE,
cutting the circle, the Mt

g let E CB, E CA , which it

make: with the tang ent line,
thofe angle: EDC,

made in
the alternate figment: of the



E ucL to B
’
s Elm er ” . 6t

P R 0 P . XXXIII.
r

Upon a r ight line AB

to defor ihe a fe ment

f 4 ci rcle A E
‘

B

Which[hall contain an

aMake the angle Th rough the point A
d rawthe line AB perpendicular to HD. At the other

end of th e line given A B make an angle ABF==BAF,
one of th e tides ofwh ich fhall cut th e line AB in F
from the center F through the point A,

defcrib e a

circle, wh ich {hall pafs th rou h B. (Becaufe th e angle
FEA h.= FAB, and o there ore FB FA .) A18 is
th e fegment fo h t. For becaufi: HD is rpend icular

to the diameter therefore HD d tpuc es the circle
wh ich A B cuts. And therefore the angle A I B e a:

BAs ; -C. W hich ever to he done.

P R 0 P. XXXIV.

4 Drawa r igh t line EF
wh ich {hall touch the cir a 1 1 3

cle given in A ,
6letAC be b 2 3 ’ t .

drawn alfo makin an e FAG=-

.D. Th
°

line {halls
c 3 7 3 .

cut OE A BC congainih
t

g
gin angle B C

]

; Fd : D
d“’fi"

[egnzentt CE ,

r igh t l ines cut
one the other m the center, the
thing is evident.
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E u c1. 1 D 5
’
s Elements .

VI. A circle i s (aid to be defcribed about a

wh en th e per iph e of the circle touches all th e
of th e figure, wh ic itcircumfcr ibes.

W I . A r i h t line is faid to be

fitted or app ied in aci rcle when

th e extremes th ereof fall upon

th e circumferenm ; in tbc r ight

P R O P . 1.

In a circle g iven ABC
3 0 I] a r ight line AB“4 to 4

wh ich dotb not exceed

A C the di izmeter if the

From th e center A at

th e diflance A E D 4
0

defcr ib e a circle meetin with the ( 3 11 216 ven i n B,
drawAB. T hen is AB AE e~_

—=D. kickwas to

P R O P. II.
’

In 4 circle g it/en

Let th e r ight line

GB a touch the ci r

cle given in A I: make the angle HAC=-_E , b and th e
angle GAR

-J ,
th en join BC ; and the th ing i s done .

For th e angle Bc=HAC d=E ,
and th e angl

GAB d -F e whence alfo the angleBAC D.

fore th e tr ia

gil
e BAC infcr ibed in the circle is equi

angular toD W b icb was to be done.

P R O P.



69

a 1
'

h 12 . I :

Th efimrth Book if

PR o P. m.

M a circlegiven IABC to defav
'

k 4 tr iangle L NM
equiangular toa triangle g iver:DE F.

Produce the fide EF on b oth fides ; at thecenter I 4

make an angle AIB==DEG , and an angle
T h en in the points A , B, C, let th ree r i h t lines L N,
LN , NM,

6touch th e circle
, and th e t i is done.

For it
’

s evident that the r igh t lines L N, M,MN,
wi ll meet and make a tr iangle, c becauie th e anglesLAI, LBI are r igh t ; {0 th at if the line AB
was drawn it would make th e angles LBA, let

'

s

than two r ight angles .

Since therefore th e angle AIB+L e a r igh t an les
f _ DEG+DEF. and A l Bg =DEG ; b there re
i s th e angle L=DEF By th e like way of argument
th e angle M D F E . It Therefore alfo th e angle
N: D. Ahd th erefore th e tr ian le LNMdefcr ibed a

b out the circle is equiang
'

ular to F the tr iangle given .

W hichwas to be done.

P R O P. IV.

a Bifefi th e angles B
and Cwi th the r igh t lines
EU

, (ID, meeting in the

point D, b and drawthe
endicularsDE ,

DF,
A circle defcr ibed

from the center D th ro
‘

B
,
will pafs th rough G and F

,
and touch th e th ree fides

ofth e tr iangle
For the an le DBE c DBF and th e angle DEBd
DFB ; an the fide DB common

, e therefore D
%

:

E
_







E 0 6 r. xn a
’
s Elements. 7!

For becaufe b th e angles A and C are r igh t. c th ere

fore is FG parallel to HI . After the li me manner i s

FH parallel to
G I

, and therefore P HI G i s a Pgr.

and alf
'

o r i h t an led . It is equilateral becaufe FG d
=Hl ‘

d= Be -

r . s Hd I .

W h erefore FBIG is a f fquare circumfcr ibed to th e

circle g iven. W h ich was to be done

A {final
-
e ABCD defcribed about a

ci rcle i s doub le of th e fqnare

ini
'

cri bed in th e fame Ci rcle.

For th e rectan le B B : 2HE F
andHI)=aHGFIiy the 41 . 1 .

P . R
'

O P; VIII:

Bifeé’cth e fides of the fquare
tn the po ints H,

E ,
F
,
G

, cut

ti ng one th e oth er in I,a circle
d rawn from th e center I th ro

H {hall b e. infcr ib ed in th e

fifiare.

For b ecaufe AH and BF

are 4 equal and 5 parallel, a

c th erefore is AB parallel to HF, parallel to DC. Af
ter th e fame manner is AD parallel to arallel to c 3 3 . 1 .

BC ; th erefor e
.

IA, ID, IH, IC, are

Th erefore AHd=AE e HI : El
circle therefore defcr i bed fi'

om the center I through II,
fli all afs th rough H, E , F, G, and touch the fides of
th e quar e fince the angles H, E, F, G, are r igh t .

Which

P R O P .
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all figures who/e member fide: is acid, are

circle: 6] the helfi ‘fl [fit/he e: tr iangles, who/e
ang les at the ha]? are multiple: of tho/e
figur e; whcfe number offider is odd, are i ry

'

cr ihecl in a circle
by the help of [lb/hale: tr iangles, whale angle: at the hafe are
multiple:fifqttialter ofthqfe at the top.

As in the Iiocelefs tr iangle CAB
if th e angle A 3 C : .

- B, then

will AB b e the fide of a h e tagon .

If h z itC ,
th en is AB t e tide

of an Ennea o ne . But ifA i
C, th en i s th e Ede ofafquare.

And if A z -j-CA B wi ll fub
tend the fixth part of a circum

ference, and likewifi: if A 3 éth en will AB be the
C .

P R O P. XII.

Abm '

a circle given FA BCDE, s todefcrihe
HIK L G, equi lateral and e triangular .

a I I . 4. a Infcr ibe a pentagon ABC DE in the circle
Ig
iven

and from th e center draw the r igh t lines FA ,
F FC,

FD
,
FE ; and to th ofe lines d

'

rayv fo many perpendicu

lars GAH,
HBI,. ICK, KO L ,

LEG
,
meeting in the

b ear . 16 3 . points H,
I, K, L ,

G
,
th en I fay i t is done . For be

ca. car 3 6. caufe GA, GE from th e fame pointG h touch the circle,
4 8. t . c therefore is GA=GE ,

and d therefore the angle GFA
GFE



E u ci tnE
’
s Elements.

CL . LK. KI, IH.

and fi) alib are the

equal angles AGP, AHF,

After the fame manner , ifany equi lateral and equi
angled be defcr ib ed inacircle, and at the extreme
omts o th e femi -d iaineters drawn from the center to

t e angles, b e drawn perpendicular lines to the faid dia
meter s, I fay that th efe perpendiculars {hall make
th er figure of as many equal fides and equal angles,
cumfcr i bed to the circle.

P R O P . XIII.

In an ~equi lateral and e

qn iangular pentagon g iven

ABCDE to inj
'

cr ihe a circle

FG HK .

a Bifeél: two angles of
the petfiagon A and B

,

with th e r igh t l ines A I,
BK

,
meeting in the point

F. From F drawth e r

K,FL . T h en a ci rcle defizr ibed from the center FthroughG wi ll touch all th e fides ofth e pentagon .

DrawFC, FD,
FE . Becaufe BA 6=BC, and the 1; L P;fide BF common, and the angle FBA

'

c=FBC
, i i there

fore is A F—
z FC, and th e angle FAB FCB

, but th e d 4, 1
an
g
le FABe i BAE BCD. Th erefb re the angle e by?

Q

FCBz
-i BCD. After the famemanner are all th ewhole

angles C,
D

, E b ifeélted . Nowwh ereas the angle FGB fm , an
i:
FHB

,
and the angleFBH FRG

, and the fide F
18 common , g therefore is FG=FH In li ke manner
are all th e r ight lines FH,

FI
, FK,

FL
,
FG equal .Therefore a Ci rcle defcribed from th e center F th roughG [miles th rough th e po i nts H, I, K,

L
, and h touch es h cor .

th¢

g t .

e But the at e e 3 .

G P A — A Hof 7 41

h efideFA is com
GE w EL , Ere. k

'
l
‘

here
th e (ides of th e tagon k 1 . ar g

angles, beeaufe oub le of
therefore, 8h





E uc r. t 1: lt
’
s Elements. 77,

Q

By th e li me method i s acircle defer ibed
about any

figur ewh ich is equilateral and equiangular .

P R o P. xv .

GABCDEF

fiom the center
‘

D th
the center G del'cr ibe a

cutting th e ci rcle given in the

po ints C and E . Draw the

d iameter s CF, EB; and ioin
AB,

'

BC, CD, DE, EF, FA .

The” it
’

s done

For the angle CGDa

s r igh t a= DG E b
AGF6: A G B. 0 T herefore 7of 2 r ight
FGE ‘

, th erefore th e d arch es and e fub tenfes AB, BC,
CD,

DE , EF, ar e equal . T herefore the b eta n is e

uilateral ; b ut i t isEquiangled alfo, f b eca e all th e

:he angles ofit (land upon equalarches.
I

1 . Hence, the tide ofan hexagon infer i bed in acircle
is equal to the femidiameter .

2 . Here an equi lateral tr iangle ACE may very eafia
ly be defizr l in acircle given .

Tamek a tme bexagm apon d rn t lifleg ioenCD.

q
'

a Make an eq tr iangle CGD upon th e line
“9°

given CD from thecenter G th rough C andDdefcribe 1 ° L

a circle. That circle fliall contain th e h exagon made
upon the given l ine CD.

P R O P .



P R O P.

‘

XVI.

AESC, to inforibe a quifldeedgm
eqailateral and equiangular .
equilateral pentagon AEFGHin th e cir

cle given, and b alfo an equilateral tr
i

angle ABC, then

I BF i s th e lide of the quindecagon rewi red :
r the arch AB c is or g

-gof thatperiph erywh ere
ofAF is if or .g, th erefore the remain ing Part BF is
v i of th e per i

g‘
hery ; and therefore th e qumdecagon,

wh ofefide is B
‘

is equilateral ; but it is equtangular

alfo d
a
beca

'

ufé all th e angles infill on equal arches ofa

circle, wh ereof evex
g
one of th e whole
0 .rence. Th erefore

,

A circle is geo 4, 8, 16, 8m. 6, 4, and 9, t.
metr ically (ll 3 , 6, m,

&c. 1 5, 4,and 9, I .
v ided into 5, 10 , 20 ,8cc. and 9, I

parts 16, 4, and 9, 1 .

Any oth er way of divid in

g
th e circumference into

any parts given is as yet nu nown ; wherefore tn the

confiru&ion of ordinate figures, we are forced to have

recourf
'

e to mechan ick artifices, concerni ngwh ich you
may confult th ewr iters ofpractical Geometry.

T HE



T he F I F T H B o o n

E U C L I D
‘

E
’

s

E L E ME N T S '

Definitions. ” Ji m—Y .76. o ny
Q/f
D

Par t, is amagnit ude of amagnitude, 3 let?
of a greater , when the leismeafureth th e

11. Multip le is a greater magnitude in

rcfpeét ofa lelfer, wh en the lell
'

er meafureth the great

er .

III Ratio is the mutual hab itude or refpeél: of two

magn itudes of the fa
me k ind each to O th er

,
according

ratio that quantity which i s refer r
’

d to another

quant
ity i s called the antecedent of the ratio, and that to

«wh ich the other is r efer r
’

d i : called the confequent of the“tip, at in the ratio qf 6 to
‘

4, 6 i s the antecedent and 4.

the tag/29148141?

Note, The quantity ofany ratio it known by div iding the

antecedent by the confeqaent a: the ratio ff 1 2. to 5 i s ex

A

prfi
'

ed by
’

3
3

or the quantity of the ratio ofA toB i:

B

W ha efore, qfx
fl for brevityfake we ag

i tate the quantifier of

c
‘

,
or or

‘

T A that is, tbe ratio

B D

g
A g reater , equal, or left than the ratio of C to

waft bewell obfiwed by tho/e whowould under

fland th is Book.
Concerning the diner: jpecie; of ratio

’

s
, you may plea/3.

tocon/alt interpreter :
IV . Proportion is a fim i h tude ofrati o

’

s .

That «wh ich is here termed propor tion, is more r ightly
tailed proportionality or analogy for
denote: nomore than the ratio betwixt twomagnitude:
I V. T h eft



Th efifth Baal of
V. Thol

'

e numbers are faid to have a ratio betwixt

ghetn wh ich bei
ngmultiplied may exceed one the other.

E’ 4' B’ 6' G’ 24°

V I Magnitudes are faid3 7 3 ° 1°D" 5° H’
6°"

to be
‘

in th e fame ratio,
th e firfl A to the (econd B

'

, and theM C, to the fourth

D
,

'when the equimultiples E and F of th e firfi A,
and the th i rd C compared with th e equimulti les

G
,
H
, of th e fecond B, and the fourth D, accortfing

to any multiplication whatfoever , either both together
E ,
F are let

'

s than G I-I both togeth er, or ual taken

or exceed one the other together , i th ofe be

G
,
and F

, H, wh ich aufwer one to th e o

The note hereofi : « A. B ;C. D. That it, at A
i t to B, [o i sC toD. wh ich jignifie: that A toB, and C to

R,
are

C

in the fame ratio. FVe fometime: that ar e]? it

that i r, A . B : C , D.

B D
VII. Magnitudes that have the fame ratio (A. B

C. D. are called propor tional.

A, 6. B, 4
‘G

, VIII Wh en of
C, t z . D

, 9 iH,6. 3 tiples, E th e

th e firfi fuaga

ceeds G the multiple of th e lécond B, but F the mul

tiple of th e th ird C exceeds not H th e multiple of

th e fourth D,
th en th e firfi A to the (econd B has a

greater ratio
C

than th e th i rd C to th e four th D.

A

B D
, it i t not necefl

'

aryfionz this definition, that

E jhoald alwa exceed G , when F it left thanH ; but
it is granted t at th is ma be.

IX. Proportion con ills in th ree terms at leafi .

W hereof the[econd[applies the placeg
'

two.
X. W hen th ree magnitudesA, C, are proport

the firli A is (aid
'

to have a d uplicate ratio to the

th ird C, of that it h ath to the l
'

econd B : But wh en
four magnitudes A, B, C, D are proportional, the

fir li A is (aid to have a tr i licate ratio to the fourth

D, of what it h as to th e econd B ; and (0 alwa in

order one more, as the proportion {hall be exten ed .
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9h efifi h Book qf
the left: O r oth erwife : i t is a compar ifi mof the ex
tremes togeth er, the mean magnitudes being omitted
Thus let A ,

B, C, be. three magnitude: and
'

D
, E , F,

three others, and taking them two by two, let them be in

thefameproportion, that i t, let A . B D. E
, and B. C

E . F now if it be in
‘

f
'

er r
’

d that A thafiZ/
t of the fi’fi

def , it to C the lafi, at D the fit]? of t efiscpntl order , it
toF the lafi

‘
, th is form of arguing is [aid to be ex z quo,

or fi om e uali

XVIII?O r inare proportion i s, wh en antecedent is
to confequent, as antecedent to confequent, and as the

coniequent is to any oth er , fo is
- th e confequent to any

other . xi : when aljh and

then itjhall beA. C :D. F: by the 22. af the 5.
XIX . Perturbate p r oportion is, when th ree ma hi

tudes b ein put, and others alfo
, wh ich are equ to

th efe in m titude, as i n thefirfi magn itudes th e antece
dent is to the confequent, (0 in th e fecond magn itudes
i s th e antecedent to th e confequent and as in the fir lt

magn itudes t h e confequent is to any oth er , (0 in the
fecond magnitudes is any;

oth er, to th e antecedent . That
if A, B, C, and E ,

F
, are two fett qfmagnitudes, if

A thefil
l of the fipfi fet, is to B the fiecond, as F the je

cond of t e ficond fet, is to G the lajt ; and aljh if B the

fecond of the r fet if to
'

C the lafi, a: E the rlt Of thefe
rand/kt is tog

/
t

i

he[econd, fuch it called pertnbftep
anab the 2 3 . 5. A . C : E G .

X Any numb er ofmagnitudes b eing put ; th e to

portion ofth e firfi to th e lafi is compounded out o the

proportions ofth e firii to th e fizcond , th e (econd to the
th ird, and th e th i rd to the fourth , 87

°c. to th e lafi .

L et there b e an number ofma
'

tudesA B
, C, DK A B 8

“
by th is definition

Axiom.

Eqrtimultiples of th e fame, or of equal magnitudes

are equal to each oth er

P R O P



E u e L I D n
’
: Elements.

P R O P. I,

A f
‘ Hf B

'

E

Ifthere be any number ofmagnitadet AB, CD,
eqnz

’

mnlti ‘

fies to a like number of magnitude: E, F, each to each

agnitnde AB is of one E, thefame
magnitude: AR

-l- CD to all the other mag
“

nitrides E - l- F.

Let AG ,
GH,

HB. the parts ofthe quantity AB be

equal to E ,
and

‘

alfo let C IK
, KD, th e parts of the

quantity CD b e equal ‘

to F. Th eNumb er of th efe are

ut equal to thofe .

‘
Nowwhereas AG C I a E

g; a and GH+ IK E - l—F ; a and HB r KD

+F,
it i s ev ident that AB- l- CD doth fo often contain

E-l-F as one AB contains E . W h ich was to be done.

P R O P . II.

AB be the fame mula
C

, a: the th i rdDE

The numb er ofparts in AB equal

A C D F each to C is put equal to th e num

b er s of part in DE , whereof each

par t i s eq
ual to F . L i kewifé th e number

ts put equal to th e number of
B
r

a
t s i n EH.

the numb er of arts in AB- l i s equal to th e num~

her of arts inDE EH. a T hat i s, the whole line

AG i s the fame multiple ofC, as th e whole line DH is
of F. W h ich was to be demon/h ated.

P R O P .

C, a: thefir th EU is of thefour th F
thenjhall thejirji and fifth taken to

gether (AG) be the fame mult
'

qile of
the [wand C, at the th i rd and fir th
taken together (DH) is of the finrth
F



The fifth Book of

P R O P. III.

thefit]?and
then wi ll each ofthemagnitudes

nimnltiples, the one EI of t
B, the other FM(

i
fthefinerth

L et E G , GH, H th e arts of

th e E I b e equal
P
to A,

alfo LM,
th e parts

of th e multiple FMbe equal to C,
a th e number ofth efe i s equal to
the number of thofe. Mor eover
A (that i s)EG or GH orHI is put
th e fame multiple of B, as C, or

EA B I FK, 3 c. is of D. 6 Th erefore
EG H is the fame multiple of

th e econd B, as FK -I—KL is of

c z . 5.
the fourth D. oBy fameway of a

'

n is El (EH
+HI)th e fame multiple ofB, as Mm ) is of
D. Which was to bedemon/h ated:

P R O P.



E u ct. 1 D a
’
s Elements} 8 n

.

P R O P. IV.

figsA have the the

as the D ;
and F the eqnimultiples of

the jirji A and the thi rd C, jball have
thefame ratio to G and H the eqnimtelti

ples of the [econd B and the fourth D, ac

cording to any
at they anfwer each to other

F. H.)
Take I and K equimultiples of E

and F and alfo L and M equimulti

p les of G and H. a Th en is I th e
fame multiple ofA , asK is ofC a and
alfo L i s th e famemultiple of B, asMof
D. T h erefore wh ereas it is A . B b :
C .D according to the fixth defini
tion, if I be C

'

T
'

, : z ,

"

3 L
, th en con

fequently alter the fame manner is K
E

"

,

‘

121 M, T h erefore when I
and K are taken th e flame multiples of
E and F

,
as L andMofG

, andH,
th en

will it b e
By

th e feventh definiti
on E . G : : H. W hich was to be

D
, therelb re“

23 G,
th en is c likewifé F r:

fore it is evident, that if G C
“

,

H r ,

-
: F ; d thereib re B. ak a. c.

’

ma: to be ’

demonfi rated.

P R O P. V.

C

t ea s es. a 3 . 5.
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P R O R X.

tio, i : the g reater magnitude and that mag
nitude towhich thefame heart a g reater ratioi

I fl y that Ac
- B.

C C

For ifit be (aid th atA : -_B. a then A.C a: W hich
is contrary to the Hfl othefit . If A

—
: J B

,
I; then is

A B
Mich is alfo againfi theHypothefil .

3
—C
A

. I fay that B "

:l A ; for if
‘

you fay
B=A, i t

’

s againfi th e Hyp0 thefis, for it will

{followth

C
at C.B C. A . If you lay B c: A, 4 then

C

C
"

B
Which i s agairy! theHypothejt) .

A

BR O P. XI .

P roportion:which are one and thefame to any third,
aljb thefame one

'

to aizother .
F, and CJ D x fi F. 1 15t t

C. D. Take G, H, I, equimulti les of A, C, E ;
and K,

L , M, equimul
tiples ofB, F. N ow): be

caufe P ifG C
"

, T i K,
h then afitcr

the fame manner I C
"

, M. And likewifi: a
b ecaufe E if ] C "

,

"

2 M, b th en is

H li kewifé C
‘

,

Wh ich was tohedemonfirated
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E U c I. xn B
’
s Elements. 9:

A C

B D
then i sBc—D. L ikewi fe ifA -

.B, th en is C=D, and.
i fAc

‘

,
or

"

J B, th en alfo i s G f or
"

Z l D.

P R O P . XV.

Part: C and F are in the fame ratio,

multiples A B and DE ,
if

taken corre 11. (AB. DE C. F.)
L etA GB, parts of th e multip le AB

b e equal to C and let DH, HE, par ts of
the multiple DE b e equal to F. a Th e

numb er of th efi: arts is equal to the num

b er of thafe. Therefore wh ereas 6AG.

C DH. F, and GB. C : IIE. F ; th ere

fore i s cAG GB(AB)DH+HE (DE)
C. F. Wh ich was to he demorfirated.

P R O P . XVI .

BP — ‘ t (D i— t

E h H F—fl F —E— l

Iffiner magnitude A,
alfo fhall he alternateb proportional
Take E and F equimultiples ofA and B ; takealfo G

and H equimultiples ofC and D. Th erefore E . Fa

W herefore if
"

3 cG
,
th en likewife is F C

“
,

H d Therefore
A. C t B. D. W hich was to he demonjtrated .

A lternate ratio has place only wh en th e quantities are
of th e ti me kmd For h eterogeneous quanti ties are not
compared together .

P R O P .
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c 10 . 5.

E
, e thereforeDC“F. W h ichwas

tim e v

iiay
of arguing, if A

"

D C it

C . Behaufe : f AB
i sD=F. W hich was tohe dem.

P R O P . XXI

If there are three rna nitades A, B,
C, and other ! alfoD,

F
,
equal to

them in number , which taken Mao
and two are in the fame ratio ; and

A BCDE F

1 If A
C

therefore inverfely E .D : :C . B
,
but

E

c therefore
D

that is, than
F

d therefore

z .

2
1
37

. By the like argument, i tA
"

:J C
,
then is

H
.

. If A = C ; th en becaufe E De z e C B

fE F
,g th erefore isD: F. W hich was

to he demonfi rated.

P R O P.





95 flh efifih Book of
Ifthere areFlore magnitudes than three, thisway of Jed

mmyi ration hold:good it: them alfo.

From h ence it follows, that ratio
’

s compounded of
th e fame ratio

’

s
,
are among th emfelvcs th e lame ; as al

fb that th e fame parts of the time ratio
’

s, are among
'

themfelves the fame .

P R o P . xxiv .

A B If the magnitiede AB

C has the ffhfiratio to the for
D E chad C, wh ich the th ird DE ,

F has to the earth F ; and f
thefifth B has thefame ra

tio to the [Proud C, wh ich the fir th EH
F then/hall the
thefame ratio to

with thefir th (D the earth F.

For becaufe 4 AB C : D F
,
and b y th e H p. and

inverfion C. BG F. EH therefore by b equalitgBG DE E ’H
, whence b compound i ng, AG .

DH. EH. Alfo eBG . C H. F. Th erefore again b y
6equality A G. C axDH.F. W hich was he demonjtra

~

i ed.

P R0 P. XXV.

If jbar ma m
’

tudes are propor

tional (AB. CDE . F gr eat

A B a nd the leaé
F fball be

g reater than the re

Make AG : and

BecaulE AB.CD : : a EF. h AG .

CH, o thence isAB. CD :G B.

HD ; ofbut AB c
"

CD, e there

fo re G B C
" HD. But AG+

A C E F F: :E 4 CH,
th erefore AG

F+ G Bcr E - l
- CH+ HD

AB-l Fc
- E -l—CD. W hich was to he do

The]? prepofitiom
’

wh ieh fi llow are not Euclide
’

s, hut ta

ken out of other Authors, and here fuhjoyned beoastfit of thei?
frequent a[e. P R 0 P.
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The S i x '

t n B o o n

E U C L
g

l D E
’

s

E L E ME N T &

Ike r igh t
—lined figures (AB

fuch whofe feveral an les are equal one to
th e oth er and alfo t eir [ides ab out the

equal angles, proportional.

The angle B DCB, andAB. BC ;
‘

z

A lfo the angle A D
,
and BA . A C : CD. DE . Lafiy

the angle ACB E ,
and BC. CA : : CE . ED.

II Reciprocal figures are

BD,
BF)wh en in each of the

gures th ere
’

are terms both eu

recedent and conféquent (that
AB. BG : :EB. BC.)

r igh t line AB is fluid
to be cut according to extreme

and mean proportion, wh en as

A C B
the wh ole AB is to the g reater
fegment AC, (0 is th e greater

fegment AC to the lefs CB(AB. AC 3 AC. CB)



E u c}. 1 D a
’
s Elohim“. 103

IV. The altitude of any fignrc
A BC, is a perpend icular h ue A D

g
r

a
wn from the top A to the bafe

V . A ratio is laid to b e compounded of ratio
’

fr When
th e quantities of the ratio

’

s, being mulnph ed i nto 0 09
anoth er

, do produce a ratio . A : the ratio of 4

1
” (
h

t!

compounded ofthe ratio
'
s ofA toBand B toC . x

P R O P 1.

fi ttingle: A BC, A CD,

and arallelogram: BCAE
CDI‘
I
‘

A wh ich havethefame
h eigh t, ar e to each other

, as

thei r bafes, BC, CD.

a Take as many as ou a 3 . x.
pleaf

'

e
,
BG

,
GH, egu to

to BC, and alf
’

o DI co
,

and jo in AGk AH,
A I.

h T h e tr ian les ACB, ABG, AGH, are equal, and b 3 8. 15
h alfo the tr ian

f
g cACDz ADI . Th erefore th e tr iangle
ame multi

g
lcof the tr iangle ACB, as the
C ; and the

,

m angle ACI thefame multiple ofthe tr ian le ACD, as th e baf
’

e C I i s of
tr iangle ABC C

"

, ACI and (I therefore BC.

CD th e tr iangle A BC. A GB a: e ? . C . CF,Wh ich was tohedemon/trawl.
gr E
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Thefixth Book of
Becaufé the angle B6 E CD, c therefore BF

,

CD are parallel : Alfo b ecaufi: the angle BCA h
CED, e therefore are CA, EF parallel. Therefore the

figure CAPD is a Pgr . 4therefore AF : 2 CD, and AC
d FD. W hence it is evident, that AB. AF(CD) : e

BC CE .fh permutation th erefore AB. BC CD. C E ,

alfo BC. Cl! FD (AC )DE . Tand th ence b y permu

tation BC. AC CE .DE . g W h erefore alfo by equality
AB AC : : CD. DE . Th erefore

,

c c

'

e AB.DC : :

Hence, if in a tr ia le FBE th ere be drawn AC 3

arallel to one tide F th e tr iangle ABC {hall be
like to th e whole FBE

P R O P . V.

t ended the homologousfidel .

A t the tide E Fa make th e angle FEG=B, and th e
angle EFG C ; b wh ence th e an le G = A .

fore GE EF c AB. BC ofDE . . e and therefore
GE : DE . L ikewife GE FE o AC. CB : : d DF.

FE , e th erefore GF=DF. T herefore the tr iangles
DEF

, GEF, are mutually equilateral. Th erefor e
the angle D G : A

, a nd th e an le F f : FEG
B
, and g confequently the angle FE C . There

lore, a

D
I

£
moo tr iag les ABC,
F
,
have their jide

ortional (AB. BC :

if , and AC. BC :

EF, and aljhABAC : :DE .

DF ) tho/e tr iang les are e

quian
onlar , and thofi angles

equal ander wh ich are[uh



E n c t
,

I n 5
’
s E lements .

P R O P . VI.

I two tr iangles ABC,

D F have one a B

E F,

the

622

the homologousjiaos.

At the tide EF make th e le FEG=B, and the
angle EFG L a th en will t e angle G=A

. T here5

fore GE . EF 6AB. BC : oDE . Elf, d and th erefore
DE : GB . But th e angle DEF e :

— B f==G E F ;
th erefore th e angle Dg : G : A ,

h and confequently
th e angle EFD; C W h ich was tohe demon/b ated.

P R 0 P . VII.

If true tr iangles A BC,
DE F have one ang le A e

one ang le D, and

about the other an

if they have the r emaining
anlges C,

F
,
either hath lejfs or hath not lefi than a r ight

angle then fhall the tr iang les ABC,DEF, he eqn iangn

lar , and have thofe angles equal about which theproportional

if i t can be
, let the angle A BC 8, and

make th e angle A BG E . Th erefore, wh ereas th e

angle A a D h th ence is th e an le AGB F.

Th erefore AB. BC e DE . EF : d AB. e th erefore
BC BC, f th erefore the angle BGC

—
_BCG . g T h ere

for e

—
;

BGC or C is lefs than a r igh t angle,
and h confo

quently AGB or F i s greater than a r igh t Therefore

th e angles C and F are not of the /ti me fpecies or k ind

wh ich is againfi theHypoth efis .



108 Thejinth Book of

P R O P. VIII.

If a line J D he drawn
from the r ight angle

perpendicular

that the tri ang les A DB,
A DC

, on each fide the pero

thewhole AB C, and to one another,
a

For h ccaufe BA G
, ADE are a r ight angles, 6 and fo

é, equal, and B common ; th e tr iangles BAG, ADB, c are
s: I“

like. By the fame way ofarg uin BA G, ADC, are like ;

3
‘

.ja
.

6
d whence alfo ADB, ADC wi ll like . Which was tow I
he demon/h ated.

. de . 6,
Hence , I . BD.DA e : DA . DC.

F l f ’

2 ' BC. A C :

P R O P . IX

Froma r ight line given

.AB to out af atty part
as one th imL

the point A
draw an infin i te line

A Canywife, in wh ich

a
a take any th ree

par ts A D,
DE ,

join F8 , to wh ich
D h drawthe parallel DG; and the th ing is done.

For GB. AG : cFD. AD wh ence b d compolition
AB . AG : Az F. AD

,
th erefore fiuce A one th i rd

of AF
,

.
‘h all AG be one third ofAB. W hichwas

to he done.
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a t . 6.

h I cer.8.6.

Thefifth Book of
For RL, ST, VX, NZ , are a parallels therefore;

whereas AR , RS, SV, VN are 6 equal ; c thence AM;MO ,
O P, are equal alfo . L ikewife, becaufi: that

BZ t erefore is BQ= PQ and therefime A B
ts cut into five equal par ts . W h ich was to be done.

P R O P. XI .

Two r ight

given AB, AD, to find
out a third in propor

‘

Jain BD, and from

AB hein produced take BC=AD. Th rough C draw
CE arafiel to BD; with wh ich lét AD produced meet
in i th en isDE th e pro rtional required .

For AB. BC(AD)4 DE . W hich was to he done.
O r thus : make th e an leABC r

and alto the an le A r igh t,
6 ABo BC n BC. D.

P R O P. 5611.

a
'

fourth

Join and th rough F drawFH parallel to E G ;
with wh ich let DG produced to H meet. Then it is

ev ident that DE EF 4 DG. GEL: W hichwas to he



E uc L t DE
’
S E lem en t. 1 1 !

P R O P . XIII.

Two r ight line: being given

to find a mean . pro

Upon th e whole line AB

as a diameter, defcr ibe a femi

circle A FB, and from E erea: a perpendicular FE

mecrin with the per iph ery in F, then AR EF

EB. For let AF and F8 be drawn ; 4 then from the a

r igh t angle of th e r igh t angled triangle AFB is drawn
a r igh t line FE pe

gg
end icular to the bafe. 6T here

fin'

CAE \FE : Z FE o 0 W biCb

Hence, a r igh t line drawn in a circle from any point

of a d iameter , perpend icular to that d iameter
,
and pro

duced to th e circumference, is amean pmportional be
twixt the two fegments of that d iameter .

P R O P.

’

XIV .

Parallelograms BD,

C

re about the equal angles

reci are e ual

or let th e ides AB, BC,
about the equal anglesmake

one r i h t line a wh erefore EB, BC, {hall do the fame. a[ch
Let F DC, be produced ti ll th ey meet .

I . Hyp. AB.EG b ' 'BD. Bs cBF. BH : d BE .EC,
0 th erefore, Er a.

z . Hyp BD. Bs fAB. BG : :g BE. BC : : h BF. BH.

It T herefore the Pgr . BD .
-
z BF. Wh ich was to be de

m



it 12.

P R O P . XV.

fir aif l ine 4 therefore ABE i s a r igh t

be drawn.

A ‘L BE z z b th ABC. GBE c

therefore Gi
t .

: : fAB. BE : : gDB.

BE. k Th erefore th e tr i

W hich was to be demon/b ated.

P Ro fi

Q;
1'n lines are proportional

the refiangle AC comprehended under
i s e d id to the reflangle EG comprehended under the means

'

EF. And ifthe reéh ngle AC mamm al andei' the
'

B, be e not] to the reétmg leE G ,
compre

'

bended under themeans G, EF then are the finr r ight

quently equal, and by h
B. F

’

G E F. CB;

b therefore the reecangle
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P R O P. XVIII.

Upon a right lineg iven AB, to defer ibe a r ight
- linedfignre

A GHB
, like and alike fituate to a r ight

- linedfignre gi
oen CEFD.

3 2-3 l o Refolve th e r i h t—lined figure given into tr iangles a

Make th e angle A H : D, a and th e angleBAH BCF,
a and th e an leAI-l CFF, 4 and the an e HAG
FCF, then GHB {h all b e the r igh t

- lined gure fought.

For th e angle B b : D, and th e an le BAHb : DCF,
c wherefore th e an le AHB C F b alfo the angle

HAG : PCB, and t e angle AHG b_
—
_CFE , ewh erefore

d 2. 4x . th e angle G=E, and th e whole an lo GAB d=ECDt
and th e whole angle GHB d _ EF Th e Polygons

th erefore are mutually equiangular . Moreover b ecaufe
e 4. 6. th e tr iangles are uiangular , th erefore AB. EH e

CD. DF and AG . l l '

e CE. EF. L ikewife AG. AH
CF

,
and AH :CF. CD. .f From wh ence

b y q
ali AG . CD. A fter th e flame man

g 1 def: 6. not H. B EF. FD. g T h erefore the Polygons

ABHG, CDFB are l ike and alike fituate. Which
to be done.

P R 0 P . XIX.

L ike tr iang les A BC,

a 1 1 . 6. t there b emade

BC.EF BG
,
and

let AG be drawn . Be

6 caufe that AB.DE b : : BC EF 4: E F. BG, and the

angle B=E ,
41 therefore is th e tr iangle ABG

d 1 5. 6. But the tr iangle A BC A BG e EG EG, and

ée 1 . 6 B
f ro. defi j.



E u c
'

r
.
r 15 11

’
s Elements . 1 15

Hence, If th ree r igh t
- lines (BC, EF, BG) are pro .

portional, then a
s the tirfi is to the th i rd, (0 is a tr iangle

made upon the firfl BC, to a tr iangle like and alike de 0

the {écond EF ; or to is a tr ian le defer i
fecond EF, to a tr iangle like an alike do?

upon the th ird .

P R O P . XX;

L ike Poly on: ABCDE ,
FGHIK, are divided into equal

tr iang le: ABC,
FGH, and ACD, FB I, and ADE ,

FIK ‘

,

both equal in number and homologous to the whales (ABC .

FGH : ABCDE . FGHIK :ACD. PHI : :ADE . FIK.)
And the Polygons A BCDE ,

ratio one to the other ofwhat one
the other homolgom fide GH.

I . For th e angle B and AB. BC. 4 : FG . GH.

aW
6 T herefore th e tr iangles A BC,

FGH,
are equian

s
l

a
t . After the fame manner are the tr iangles AED,

b 6 6‘

like. Since th erefore the angle BCA b GRF,
and the an le ADE b F IK

, and th e wh ole angles
b 6 6'

BCD,
GH and thewhole angles CDE , HIK are c e

Qual, there remains th e angle A CD d FHI, and th e d 3 °

angle ADC
-

: FIH ; e from wh ence alfo the angle CAD
e 3 7" 1 °

HF I, ther efore th e tr iangles A CD, FHI are like .

T h erefore, a .

f {9 6°

he tr iangles B C A ,
G HF are like,

BC CA
fl

zin
-twice. For the fame reeron 1s

CD DE A DE



1 16 Th efixth Book of
g by . 6° as thatBC: GH DE . IK

, h therefore is
16 5. the tr iangle lié D.HFI : :DEA. IKF k

h ror . 2 3 5“ ”
BC

‘

k
‘hC PO IYgM ABCDE FGI

1 . Hence if there are th ree r igh t- lines proportional,
th en as th e fir i’t i s to the th ird

, fo is a polygon made
Upon th e firfi to apoly on made ou the (econd like and

al ike defcribed or g) is a polygon made upon the

fecond, to a polygon made on the th ird li ke and alike
defcribed .

Hence we have a method of inlarg or diminjh ing
any r ight

-lined figure in a ratio g iven or if youwould
make a pentagon quintuple of that penta on wh ereof
CD is the tide, then b etwixt A B and 5 B find out a

1 3 6. mean proporti
onal, u on th is taife a pentagon like to

that gi ven, and it {hall b e quintuple of the pentagon

i ven .g
2 . Hence alfo, Ifthe h omologous [ides of like es

b e known, th en wi ll th e propor tion of th e figures 0

v ident, oiz . by finding out a th ird proportional .

P R O P . XXI.

Right lined figures A B(é
DI E, which are like tothe

[ante r ight -linedfigureHF are alfii like one to theother .

e L ela}:6. For th e angle A 4=Ha=-
.D ; and th e angle C a z:

G a=E ; and the a le B a z Fa z I . Alfo a AB AC
HF. BG z z DI .DE and 4 AC. CB

E l . And AB. BC : :HF. FG : : DI. IE . T herefore
(ABC,DIE, are l ike. W h ich was tobeQneigflm ed.

PR O P.
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THE O REM

If 4 r ight
- line AB he cut the ” any .

comprehended under thepart: mean proper

tionnl betwixt thei r fqnares. L ikewife the refi nngle compre
~

b ended under thewholeAB, and one part AD, or D B it 4

mean proportional betwixt the [p an e of thewhole
thefquare ofthe[aid part, AD, or DB.

Upon th e diameter A B def
'

cr ib e a fémicirclc from

D ereét a perpendicular DE ,
meeting wi th th e per iphe

ry in E , join AR,
BE .

It
’

s evident that AD. DE 4 :DE . DB
,
6 th erefore

ADq . DBq DBq DBq , c th at is, ADq. ADB : ADB.

DB W h ich was tohe demon ated.

AE
Igoreovg

'

qBib
AH :

h

: d

B
AD

figfi
h erefore

:A q . t at is
,
Aq .

‘

A fter th e fame mann
j
e

t

r ABq . ABD A BD.

twat to he demon/hated
O r thus fuppofe Z =A+E . It is man ifefi th at Aq.

AE z z n A . E : : a AR. E q . alfo Z q . Z A z z a Z . A
Z A . Aq , and Z q . Z E : : 4 Z . E Z E . Eq .

P R O P . XXIII.

have the ratio one to

the other, which

t“8168
.

C be afi t in adi rea: linafib I 5?
and Id : the Pgr. CHbe com leated . Th en i s th g ratio2?

A C CH B DC

an + er
‘=
ce ea:



E u

'

c t 1 n E lements .

"

1 19

Hence, and from 34. I . it appear: , 1 . That triangles

which have one ang le eganl (a: at C)have a ratiocom nd Tao-q .

ed of the ratio
’

: g
"
the r ight

- lines
, A C toCB, and C to

CF,) containing the eqfcal ang le
.z . 7hat all ” Bang les, and
con/eqaently all parallelo 3 5. 1:

grantt, have their ratio one to

the other compounded of the ra.

tio
’

t of hafe to hafe, and alti

tude to altitude. After th e like

manner youmay argue in tr i

angles

3 From hence is apparent
how to g iv e the proportion of
triang les. and pa
L et there b e two Z ,

wh ofi: bath s are A G;
CB, and altitud Make CL CF CB. 0 ,

thcnwi ll it be X . Z : z AC. O .

PR 0 P. XXIV .

afld l 0 60°

to thewhole, and one .to t

For th e P EG
,
HF, have each

of th em one a
o
le commonwith the

wh ole 4 th erefore th ey are equi

angular to th e whole, and alfo one to theoth er Alfo
b oth the tri a les ABC, AEIJ HC a and the tr iangles a

Al l ), AGI, FC are equiangular mutually ; b th ere

fore AE EI 1 AB. BC,
and 1: AE . A I AB. AC, and

h A ]. A G : A C AD. c Ther efore b Y C ualit A E .

d . Th erefore th e P r s G ,
D are

l ike. After th e fame maimer are B
g
F
,
BD li ke alfo.

T ha RW
'

e, 3 c.

P R O P.
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For th e Z R,

are all iflike
one to th e

4.C, fwh erefore C Gnomo

PG h AO —1 E P AP. IV b icb was to be done.

P R O P . XXIX .

Upon 4 r ight
- line g iven AB, to apply

r ig ht
- Iined gure given C,

wh ichjball be Ii to another Pg r.

Bifea:AB in E . Upon EB a make a Pgr. EG like 'to

th e given one D,
and b let the P ; HK zz EG C, and

like to th e ive none D, or to Make EB 2 6 IE
and aPG —

_IK . T h ro
’

L
,M,

drawthe parallelsMN
and RN ; and A R parallel to NM. Produce A BP

,

GBO ; drawth e d iameter FBN. T he n is AN th e pa
rallelogramrequired

For the Pgrs.D,
HK, LM,EG , are 2 like, e thel efore

th e P O P is like to the Pgr . LM, or D. .A lfo LMf
If EG- l- C. g Th erefore C to theGnomon

EN G .
_
But AL h=L Bk ; EM; [th erefore C : AN.

W hich am: to be done.

P R O P .

Tocut afinite r ight
- line

extreme and mean ratio

(AB. AG : AG .
.G

4 Cut AB in G , in fuch

wife that ABXBG==AG
h Then BA . A G : : A

GB. W hich was to be don

P R OP .



E p cL 1 D E
’

; Elements.

XXXI:

In triangle: BAC, an] figure BF
hed upon thejide BC fuhtending the r ight angle BAC,

equal to thefigure: BG , AL , wh ich are [i fcand

ate to the former BF, and defcr ihed upon the
AC, containing the r ight ang le .

From th e r i gh t
-an le BAC letfi ll the

Becaufe DC. EA : a CA CB
, b

F Alfo
,
b ecaufe DB. BA 4 BA . BC, 6

th erefore BG .

’

BF DB. BC 6 th erefore BG
BF : :DC DB(BC )BC. d th erefore AL + G

demon ated .

f t ere are A q
BCq . g Th erefore whereas

+
BAq ACq h

'

BCq
h thence is BG+AL=BF, W hich 4104 : to he demon/tran
ted

From th is p m learn h ow to add

or fub traét t e fame method that

i s ufed in ng ofl
'

quaxes, in Schal.

47. I .
5

3 3 0 1’s

123



p R o
'

P. xxxil .
If two tr iangle: ABC, DCE

then the remainingfider qf tho/2 tr iangle: (BC, CE)jhall he
found placed in onef rait line.
For the le A a ACDa D, and A B. A C 6

DC. DE, c t etefore the angle B DCE. Th erefore
th e angle B+A d : ACE ; hut the angleMAJ-ACB o

r: a r igh t,ftherefore th e leACE+ACB r igh t

g th erefore is a r igh t inc. W hich
monfirated.

P R O P. XXXIII.

circle: DBCA
,

P, the an let BDC, FHG ,

h
’

e per ipher ies B FG
,
on

whether the ang les hafetat the center: (as 3m ,

at the ci rcumferences, A, E And [it like-"wife
have the Sefi or : EDG, FHG .

Drawthe r i h t- lincs BC, FG . Make C l a; CB, and
GL : and

'

oin m,
HL, HP .

Th e arch BCa I a alfo th e arch es FG, CL ,
LP

,

are equal 6 therefore t e le BDC==CDI, b and the
angle FHG

‘

z zGHL=LHP . herefore the arch B I is

th e th ine multi 1c of the arch BC, as th e angle BDI is
of th e angle B And in like manner is the arch FP,
the time multi le ofth e arch m ,

as th eangle FHP is of
th e an le Fl lé

)

. But if th e arch B I C
“
,

FF
,

c then
'

keivife is the angle BDI C
“
, q P HP.

Theta
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The S E V E N T H~ B‘

o o K

E U C I 1 D E’
s

E L E ME N T S .

Nity is that, by wh ich every fixing that is,
is calledO ne .

ll . Number is amulti tude compelled of
uu 1 ts.

III. Part is a numb er ofa numb er, th e lefl
'

er of the

greater , when th e Id
ler mealimeth th e greater .

Every part it denominated from that number
,
by which it

xmeafures the number whereofit it a part as 4 is called the
third ar tof I s, hecattfe it meafure: I 2 by 3 .

Butwhen th e leller number does notmeafure the

g
earer , then th e leller is call

’

d
, not ,

a par t, but parts of

fi
rm er .

1partswhat/own aredenominatedfrom the]; m m .

her: , by which the greatefl common

hersmeafure: each of them as Io it[aid to betwo thi rdsofthe
number 1 5 becaufe the g reatejt common meafnre, which
it 5, meafum 10 by z , and 1 5 by 3 .

V. A multi le is a greater number compared with a

Id ler; when t e lefl
’

er meafures th e
lg
reater .

VI. An even number is that w ich may be divided

'is that wh ich cannot be di
v ided into two equal parts ; or that wh ich difl

'

ereth from

an even numb er by un ity .

VIII. A number evenly even, is that wh ich an even

number meafureth by an e

IX . But anumb er evenly odd, is thatwh ich an even

number m
i
sfureth by an odd number .
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13 0 92afeventh Book of

r n o n
'

n

CD being g iven , 9 6

D
G

Take th e leffer number CD from the greater AB as

a 6 7° often as you can .
- If noth ing remains, a it is mani

is th e greatefi common meafure. But if there

remains lometh ing(as EB)then take it out ofCD,and the

r efidue FD out ofEB, and fo forward till fome num‘

b er (FD)meafure th e (aid EB (h for th is will b e, b e

fore youcome to unity)FD{hall be the greatefi common
meafure .

c For FD c meafitres EB, and d th erefore alfo CF and

d 1 1 . an. 7 e conlEquently the wh ole CD d therefore likewife
e n aut 7. AE ; and fo meafures th e whole AB. W h erefore i t is co

v ident that FD is acommon meafure. If on deny it to

b e th e greatefi, let th ere be a reater (Ggth en wh ere'
d u an 7 as G meafureth CD,

it d mull fiikewife meafure AE ,
e

e u . an.7. and the relidue EB, d as alfo CF, e and b confequence

the refidue FD, g the greater the let
’

s. hicb i t ahfnrd.

9 0 ”t o 1 0

Hence, A number that meafures two n umbers, does

alfo mu futo their greateftcommonmeafure.

P R O P . III.

Three numbers heing given, A ,
B,

C, notpr ime one to another , tofind out

4 thei r greatly? common meafm
'
eE

Find out D the greateft common

meafure of the two number s A ,
B.

If D me
'

afures C th e th i rd
,
i t is

clear that D is the ateftcommon

meafil re ofall th e th ree numb ers. If does not mea

fure C,
at leall D and C will b e compo

'

l
'

ed the one to

th e oth er , by the Coroll. of th e Propofition p reced ing.

T h erefore let E b e the greatelt common meafure of the

faid numb ers D and C, and it{hall be the number wh ich
was required.
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Q

The[i venth Book (j

P R O P . IX

[f a member A be apart ofamans,
ber BC, and anbther number D the

fame part of another number E F
then alternately

«what art or

theftfi A i : of the th ird thefame
F 1 0 part or par ts [ball the fieond BC be

‘

of thefourth B F.

A is fuppofed I), therefore let BG ,
GC

, and EH,
HF, parts of the numb ers BC, E F be equal ; BG and

GC to A ; and EH,HF to D. The multitude ofparts
i s put equal in b oth . But it is clear that BG is a the

flame part or arts ofEU, thatGC is ofHF ; b wh erefore
BC (BG C) is th e fame part or parts ofEF(EH
HF) that BG alone (A ) i s ofEHalone(D.) W h ith

was tobe demon/h ated.
(1

O r thus. L et a s and C 0 1
‘

gaze
-
eh , and

d
,
th en is

P R 0 P. X.

Ifa number AB be part: of
a number C, and another num
ber DE thefame part: of ano
th

‘

er number F then alter

much , what par ts or part the
jig/
t AB i : q

“
the th i rd DE,

thefamepart: or partjhall the econd C be q
‘ thefour th F.

AB is taken
“
23 DE , and C

"

t: F. L et AG , GB,
and DH,HE ,

b e par ts ofth e numbers C and F, viz . as

many in A B as in DE It is man ifel} th at A G is the

fame par t ofC,
thatDH is of F, a whence alternately

AG is ofDH,
and l ikewife GB of HE, and b fo conjoint

l A B ofDE th e fame part, or parts, that C i s ofF
h ich was to be demonflrated.

ah
O r thus. L eta

"

3

-

3 and c

3
, or 3 a

d d
and spz zd Then i s

'

ti‘ 257 31

room



E u e x. 1 o n
’
s Elements .

P R O P. XI .

[f a part taken away AE be 4

lo a part taken away CF, as A

the whole A B i s to the whole
CD, the fejidfl e djb E i all 66 C 0 . o p . 0 0 .F0 0 0 0 0 0

to the reftdne FD, as thewhole
AB is to thewhole CD:
Firft, letAB be

‘

T J CD a th en AB is eith er a pan

o r parts ofthe number CD and likewife A E is b the
fame part or parts of C F ; e therefore the refidue E B

i s the ti me part or parts of th e reficlue FD that the

whole AB i s of th e whole
FD. But ifAB b et

-

CD
,
then accord i towhat is al

ready fltewn, will CD. AB FD. EB, t erefore by in
“

verfion AB. CD : EB. FD.

P R O P. XII.

A
, 4. C

, a. E ,
If there be members, howma

B
,
8. D

,4. F
,g. foot er , proportional A. B a

then as one qf the
antecedent: A is toone of the confequent: B,[itjhall all the-an

tecedents (AA-(LEE)be toall the cpn/eqnents (B
-f-D- l—F.)

Fi rfi , let A , C, E , b e
“
to B

,
D

,
F ; th en (b ecaufe

ofthe flame pro or tions)a {hall A be th e fame par t or

parts ofB that is ofD b and likewife coniointly A4
C {hall b e th e fime part or parts ofB

-l—D that A alone

i s ofB alone . In th e like manner tim e

part or parts ofB+D+F that A is ofB. e Th erefore c

A . B. But ifA, G, E , be put

grea
l
tf
e

i
r than B, D, F, th e fame th ing may be fh ewp by

have one

P R 0 P . XIII.

D.

Fir il, lct A and C he B andD,
and A

—
DC. Byt

reafon of the flame p roportion a {hall A b e th e films a 29 def. p

p
artor

'

patjtsofB, that C
is ofD. bTherefore alter . b ,933 1

s

Q
s I 4 “3 3 1? 7.
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I . H . For AC BC,
d there ore A D=BC. W hich was to bedate.
a. H Becaufe e A D z BC, th erefore AC As z

A C. B But A C AD
B ; k therefore C. D

‘

.
i B. W h ich was to be demon

P R O P . XX .

A. If there are three numbers in pro
4. 6. 9 . portion (A . B : B. C ) the

'

number
AC, 3 6. BB

,
6. contained under the extremes (A C)

D
, 6. i s equal to the [quare made of the

m iddle (BB.) And if the number
contained under the extremes be equal to that(Bq ,)
of the middle, tho/e three numhers [hall be in proportion
A

.

B

(fi ‘

c
1 . H

‘

For -

take D z B
, a therefore A . R D (B)

C ; b w erefore AC BD
, a or BB. W h ich was to be

demon/ hated
a. Hy]; Becaufe A C c BD

, d therefore A. B : D

(B)C. .W hich was to he demonfirated .

P RO P . XXI.

E Number s A B CD,

C F be

have the

with them (E ,
F,) do equally meafure the

hav ing the fame proportion with, them the greato
‘

tr AB the

gr eater E , and the lefl
'

tr CD the lefl
'

er F.

”

or AB.
,
CDa : E .F, 6th erefore alternatelyAB. E

CD. F, ctherefore AB is the ti me par t or parts ofE that

CD i s ofF ; but parts it cannot b e, for if (0 , then let
A G,

G B, b e par ts of th e numb er E ; and CH, HD,

parts of th e numb er F, c th erefore A G . E :CH. F
,

and b y inverfion AG , CH d : E . Fe : ; AB. CD ; th ere

fore A B, CD,
are not th e leafi in th eir p ropor tion ;

whieh is contrary to the hypothefit . Therefore
, 8 c.
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Theji venth Book q
“

Hence, A number, wh ich b eing compoundedoftwo,
i sprune to one ofth em, is alfop r ime to the other:

P R O P . XXXI.

A, 5. B
, 8. Every g

ime member A is pr ime to every
member which it mea/iereth not.

For if any common meafure. doth mmfure borh , A,
a 1 : def7. B

. a th en A will not be a p rime number ; contrary to the

PR0 P. xxxn.

meafnre the member
B thenjhall i t alfi
which wereg iven at

number D not to meafure the numb er A;

E , a then AB DE ; b whence D.

A z :B. E . cBut D is pr ime to A ; d th erefbre D and

A are the leali in th eir proportion ; e and confeque ntly
Dmeafq res B

‘

as often as A meafuresE . The propoji tion

P R O P. XxxIlI.

A, 12. E very compo/ed number A, is meafttred by
B
,
2 [ismepr ime number B.

a 1 3 44: 7. L et one or more numb ers a meafure A,
ofwh ich let

th e leafi b e B ; that{h all be apr ime number For if i t

b e {aid to b e compofed, th en fome a leffer n umber
5 I 1 41 " fh all meafure it,b wh ich lh all alfo conq uen tly meafure

A . W h erefore B is not the leafi ofthofewh ich meamrc
A
,
contrary to theHyp.

PRO P)



E o c I. 1 n r
’
s Elements. 143

P R O P . XXXIV.

namber A, is either a prime, or meafitred by
e pr ime number .

For A is necelfar ily ei th er a pr ime or a compofed

numb er . If it b e a pr ime,
’

tis thatwe afiirm. Ifcom

pofed , a then fome pr ime numb er meafureth it . W h ich a 3 3 .

was to be demon/h ated

P R O P. XXXV.

A
, 6. C

,
8.

D
, a.

a n

E 3 . F
,

G , 4.

[boner A, B, C, being g iven tofind
F
, G, that have thefame proportion

If A
, B, C, be pr ime to one anoth er , a th ey {hall a 23 . 7,

bethe leali in th ei r pr O por tion u Ifthey be compofed,
6 let th eir greatefi common be D,

wh ich let

ineafure th em b y E ,
F
, G . T hefe are th en th e leafi

i n th e to rtion A ,
B
, C :

ForBx F
,
G

, c roduceth A ,
B
,C, d th erefore thcfé

and th qfi: are in the ame p ropor tion. But allowother

numbers H,
I
,K,

to be the leafi in the lim e pro rtion

e wh ich {hall therefore equal] meafure A , B, (R
o

mme

ly by th e number L , f there ore L xH, I,K,
{h all pro

duce A, B, G, g and conféquently E D A HL
h fromwhence E . H : L .D But E lt E

' H; I there E
fore L C

“D
,
and fo D is not the greateli common

meafure ofA, B, C.

'

W hieh is again]?the i othejt
'

s . 1 1 .

Hence, T he greatefi common meafure of h owmany
numb er? foever , does meafure them by th e numbers
wh ich are leafi ofall that have the time

p
mportionwi th

them . pears the vulgar met 0d of reducing
terms.

P R O P.



P R O P.

red For
-F

and Bmeafure“
3 AB

, (hppofe by E , and F, 4 therefore AR D
BF

, b and fo A . E z z F. E . But b ecaufe A and B e are

pr ime the one to other,aand fo leali in their pro ortion,
A ih all e ually meafure F as B does E . But . E

g T h ereib re AB
wh ich is lefs than it felf. IVhich i s abfnrd.

A, 6. F u n 2 . Cafe. But ia nd

Q
2

. D
, a. G B b e compofed oue to a

D, xz . nath er, h let
found C and D the h all

in the {ante pro rtion. k Th erefore ADu BC ; and

l
BC -lh all th e number fough t.

7°“3 ° 7 For it is l plain that B and A do mu fur e AD or m.

ConceiveA and B to meafure F
”

1 3 AD
, mmely A by

mth erefore AG F EH, n whence
o C. D, p and

meafuresHas D does G . But
P 7-1“7' th erefore ADr meafixresF, the greater

r 20 def. 7.

Hence, Ifwe nutribers multiply themaxim are in

proportion, th e greater the and the lefs the

greater , the leali number wh ich they meafure {hall be
produced .

P R O P . XXXVII.
If two numbers A, B,

a member CD, the

D i v ich i h meafnre
meafsere t fame CD.

Ifyou deny it, take E h
'

om CD as often as you can,
and leaveFD “

3 E , therefore feci A and Ba meafitre
‘

E,
b and E meafii resCF, cl ikewife and B willmeafii re

'

CF. Buta th meafure the wholeCD; 41 th ereforealfo
’

they meafure t e refidue

the leaftwh ich A and Ben

XXXVI

A
,
B
, tofind out the leaf

bepr ime the one
he number requi

-a

i t is manifoli that A and B
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,

E acr.m E
’

J
‘ Elements.

Moreover, I fay Ac, Ag, ABq , Bc, are the four leaf!
in the propor tion ofA to For AqA . A

ce :A . B. e

fi tAQB.)ABBo e andA. B : :ABq a8 3 1; T herefiwre
Ac, and Be, are pr ime to one anot er

,
likewife g

[hall Ac, AqB, ABq , be the four lenii a n in th q p ro

portion ofA to B. Inth e fatnemanner may youfind out
as many pmpoftional numbers as you pleafé . Whichwas
tohe abate.

I

1 . Hence, If th reenumb ers, b ein
'

the lefi , are ro

onal, th extremes {hall be fqugres ; i ffour , cui es.
z . The extremes ofany numb er ofproportionalsfound

by
v

th is propofition, if fuch pmpor tionals are the leak

ch ill in a g iven ratio, are prime to one anoth er .

3 . Two numb ers, being the lealt in agiven ratio, dd
meafure all th e mean numbers of proportiomls, b e they
ever fo ma provided th ey are the leafi in the fame

pro ortion ufe they ar tfi: from the multiplication
oft cm into certain other number s .

4. Hence it alfo appears 1) th e confirmation
,
th at the

titt ies ofnumb ers 1 A ,
Aq , c ; I ,B, Bq , Be ; Ac, AqB,

ABq , Be; confifi ofan equal multitude ofnumber s ; and
confequently, th e extreme numb ers of howmanyfoevet

‘

th e leafi continually prepon ionalsare the h it ofas many
other continually proportionals from unity ; thus th e ex

.

tremes Ac, Bc, ofth e continually pmpor tionals Ac, A95,
ABq , Be, are the lafl ofas many proportiol
ty I , A, AQyAC, I , B, Bq ,BCJ

5. t, A ,
Aq , Ac and B. BA ,

BAq ; and Bq ,APq are
ire-ia th e ratio of A.A lfo B

,Bq .Bc3 and A ,
AB

,
A.Bq ;

and Aq, AqB are -5 in the ratio of t to B,

P R o r . m.

If there he namhen A, S. B, 1 2. C, 18. D,
27.

proportional,
how i n” ; fewer , A ,

B
,
C
, D, being 406 the lea/i of a”

that have thefame proportionwith them 3 their extreme: A,
D
,
arepr ime

'

toone another .

For if th ere be a ‘found as man numbers the leafi in a

the p roportion of A to B
, th ey hull be no other than

A
,

‘

B
, C,

D therefore, . by the fécond Coroll. ofthe pre
~

cedent prop. the extremes A and D are pr ime to one ano
~

ther . W h ich am to be demart/Irated.
K 2 . PR 0 P .

147



P R O P. IV.

C.4 9
.

H
, 4 F, 24. 20 G, 1

3
5

I .

and C toD)tofind outthe
leajl ”anthers continually proportional in theproper

-tides g iven
4 Find out E th e leafi numb er wh ich Band C domea

fure ; and let Bmeafure E h as often as A does another

k n ot - 7

F, viz . b y th eflame numberH. h A lfo letCmeafil re th efaid
E as often asDmeafures anoth erG,

then F, E , G,
lhall

be the leafi in t he proportions given . For AHc F
,

and BH£= E ; AH. BHet :Fa E . If!
l ike manner C. D : E . G ther efore F, E , G,

are con

tinually p repon ional in th e proportionsgiven . And they
are moreover th e leaf! in th e fi id proportions ; for com
ceive O th er; numb er s I, K, L ,

to be the leali ; f then
A and B mull equally meafure I and K, fand C
D likewif

'

e K and L and fo B and C meafii re the films
K . g W h erefore alfo E meaih res th e fame

‘

number K,

wh ich is lefs than it fielf. Which it abfim i .

A
)
6’ B, 5 D

r 3 ° E s 5° F0 i t
H, 24. G

, 20 . I, I , K 5 2 L

But th ree proportions being iven, A to B, C

and E to F ; find out as befor e t rec numb ers H,
the leafi continually in the propor tions ofA to B

,

to D. T h en ifE meafures I, h take another number K,

wh ich may be equally meafured b y F ; and thofe flour
numbers H,

G, I, K,
{hall be continually the leali in the

given propor tions ; wh ich we need go no other way to

prove thanwq d id in the firfi pa
nt .

At 6° 9 3 ° E L

H, 24¢ G, 200 . I
,
1 5.

M, 48. L , 40 . K, 3 0 . N,
10 5.

IfE doth notmeafure I, letK b e th e hallwh ich E and

I domeafure ; and as often as I meafures K, let G as of”

ten meafure L , and HalfoM, ii ) likewifi: let F meafure

N as often E meafuresK. T he four numbersM,
L
, K,

N,
th all be leafi continually in th e given prO prortions

wh ich we may demonfirate as before.

P R O P .
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C l i o o

The eigh th Book d

' If between tm A.“CN G. D,
number: A,

B
, there G,

8. H, 17: 1 18.
5
K,

fall mean number; E, 3 2 . L , 48.M, 72. F
, 10 8.

i n continualprppor
tion C,D; at many mean mm :

as fall between them, [0 many mean
in continualproport“, fiallfall between two other member:
E, F, which have the ameproportionwith them (L .M.)

4 Take G, H, I, the leafi +5 in the pr ftion of
A to C; b b equality i t filall be G. :E . F.

But G, and Ed are r ime one to anoth er. e W h erefore
G meafures E

'

as o ten asK does F. Let Hmeafure L ,
and I li kewifi:M the fame number f therefore E,
L , M, F, are in uch proportion as G

, H, I, K,
that

is, as A,B,C, D. Which

P R 0 P . IX .

1 , If two numbers A,
E l . F

, 3 . B are pr inu to oneano~

G, 4. H
,
6» I

, 9. ther , and mean ment

A , 8 C
,
a. D, 18.

'

B
,
2 1. 6c in continual pro1

portion C, D, fall between them at ma y mean number:

ll between them, [5 ma mean:

Djhallfal
either ofthemand unity .

It is ev ident, that 1, E, G,
A
,
and I , F, I, B, are .fl ,

and as many as A, C,
D

,
B
,
namely b y the 4th Coroll.

a. 8. W h ich was to bedemonfl rated.

P R

'

O P . x.

17
be "A t

B»“ml 4”“ml :
member: continually pra

portional (E,
D, and F,

G ,
dofall, howm ay

mean number ; in continual proportion fall between
them and unity , jb many meant aljh fball fall in continual

proportion between them,
I
, K.

For E , DF, G,
and A

, DqF (I) DG (K)B are -Ii

z . 8 therefore 6‘
s;by a a

3 8 0 3
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But it is evident e that
] ?

3
D i s fuppofed anumber . Th erefore i ffour numbers,
a.

P R O P. XXIV.

Ifwanumber : A , B, be in the/ame A, 16. 3 4. B
, 3&

one to another , th at C, 4. 6. D
, 9.

faced dM)B

tween A and B b 4 falls one

mean proportional . is a fquare

numb er , cB alfo {hall be a{quare number . W b id :was
tobe demoigflrated.

1 . Hence, ifthere be two like number s AB, CD, A.

B C.D) and the firfi AB be a fquare, th e[econd o

{hall be a f mm.*For A li
a. F rom h ence it appears, T hat the proportion ofanx

fquare numb er to any other not finare, cannot poms],
b e declared into two Quare numbers. W hence i t can
not b e Q Q nor

P R 0 P. XXV.

C,
64. 96.

‘

144. D, If two numbers A,
B
, are

A
, 8. 1 2 . 18. B, 27. in the fame proportion one to

another , that a cube member
C i s to a cube number I), tbefir of them A being a cube
number tba[econd B[ball Iikewi e be a cubemember .

4 Between thecube numb ersC andD,
b and {0 b etween

A and B hav ing th efame proportion ,
fall two mean ro

portionals ; th erefore cb ecaufe A is acube, 4{b all be

acube alfo. t iebwas to be demonji raged.
1
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The N IN T H B o o n

E U G L I D E ’
s

E L E ME N T &

r ao r ost'r l on I.

produce a member AB,
he aI starenumber.

For A . a Aq . AB ; wh erefore time onemean pro
portional 6 falls b etween A and B, c

‘

likewifl: one mean

proportional numb er {hall fall b etween Aq and A B

th erefore fince th e firfi Aq is a (quare number , d th e
th ird AB ib all be afquare number alfe . W hich was to
he demon and.

O r t us, Let ab , cd, b e like plane
ly, a. b : : c.d, n thereib ne adz bc,

P R O P . II.

A. 6 B
. 54

A ‘l: 3 6° AB
» 3 7-4

plane nnmhen .

For A . 3 4 Aq . AB ; wh erefore fince b etween A6]
AB, 6 there falls one mean proportional numb er, c like
wifi: one mean than fall b eaveen A and B, 4th erefore

A and B are like-planes. W hich «ou t. he den ominated.
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4 14. 7

9
'

h e ninth Book of
I . H For if it be pofiib le, let a

‘ be

h er t erefore b ecaufi: a. a
’
a a

4
. a

f
,

lion, a
'
. a

4
a
’

,
a ; and alfo a

‘ and

numbers, and th e firlta“a fquare, c therefore a

be likewife a(quart ; contrary to the by?
z . Hyp. If i tmay b e, let a

4 be a cube ; fince d by
equality at a‘ a. a

‘
, and inverfely a

‘
. a“: a

’ a ;

and alfo fince a‘ and a
4
are cubes, and

'

the Brit a
’ a

cube, eth erefore a {hall be a cube alfo again/t the h]

P R O P . XI.

1 . a, a a
‘
,
a"

, a
‘

. Ifthere are number : how
9, 9-7. 81. 243 , 729. many jam in continual

proportion from nutty (I a,

a
t

, a
’
, 6

°
e.)the left meafitreth the greater hy fame one (f

then: that are among th eproportional numbers.

Becaufe r . a at. aa
, a therefore a

b ecaufc I as h :
‘

z a. non
, 4 th erefore

a

fi t . L afily b ecaufe I . a
’ h a. a

“
,
therefore

Hence, If a number thatmeafures
portional numb ers, be not one ofthe

ther {hall the numb er by wh ich i tmmfures th e faid pro

portional numbers, b e
one of them.

P R 0 Pl XII.

Ifthere are number : howmany I , a, a
‘

, a
’
, a

4
,

inwontinua‘l proportion from I , 6, 6
,
z 16, 1 2.96.

a
’
, 3 .

pr ime number : B meafure the lajl
a“, thefame(B)jhall al/b meafttre the number (a)wh ich
fi llocv next after unity .

Ifyou (by Bdoes notmeafure a, a thenBis pr ime to a
hand th eretoreB i s pr ime to a

’

; cand fo confequently to

a
“
,wh ich it is filppofed tomeafure. W hich i s ah/ard.

Coroll.



E uc i t i s it
’
s Eleonentt. (63

1 . Th ereibre every pr ime numb er that meafitres th e
ink , does alfo meafure all thofe O ther numbers that p re4

cede the lall.
2. Ifany number notmeafuring th at next to unity, does

yet meafure th e lat}, it is acompofed numb er .

3 If the numb er next to the nui t b e a pr ime, no 0 ,
th er pime number ihall meafure th e laft.

P R O P . XIII .

Iffi'ont unity therea;
number} I , a, a

’

, a
’
, 5

4
,

in continual proportion, owma 1
, 5, 2 5, 1 25, 62

foever (I , a,a
’

, a
i
, Sec.)and thz H G F E - 2

after unit] (a)a prime ; thenjhall
no Other ined/h re the g reatefl number, but tho/e which 22rd

a the[aid ortional number s.

Iftt be pollib e, let fome oth er E meafure a
t
, v iz . b y Q

F
, a thenF {h all b e fome Other d iEerent from a,

a 12-9°

a
’ But b ecaufe E meafur ing a

‘
,
does not meafure a,

h th erefore E {h all b e a compofed number
, c therefore

fome
d
pr ime numb er meafil res it, 4 wh ich does confe=

uen y mcafure 3
4
, e and fo i s no oth er than a

, th ere

ore a mcafures E . After the fame manner alfo ma

F b e fh ewn to be a compofitd number , meafur ing a

and lb that a meafures F. Therefore fleeing EFf a
“
.

a x a
‘
, 3 (ball a. E : :F. a

’
. Conféquently, wh ereas

a meafures E , h likewite {hall equall mea
'

fure a’,

d z . b y the fame numb er G .

‘ k Nor ib all be a
, or a

’

,

therefb re, as b efore, G is a compofed number , and a

meafures it. W h er efore fiuce FG f : a
’

a
’
x a

, g
h all a. F G . a’

,and fo b ecaufe A meafuresF, h G fhall

" tally meafure a
’

, v iz . b y th e fame numb er H,
k wh ich

i s not a. T herefore fince G i l a
1
z : aa, l thence

I I. a a G ,
and becaufe ameafh res G (as b efore)n; H

alfo {h all meafure a
, wh ich is a pr ime numb er . W hich I ‘

P R O P.



If it is pollib le, let%b e F
, a then A =E F, 5

th erefore every ofth e pr ime numbers B, C, D,meafures
one ofthofe E ,

F. Not E, wh ich i s taken to be a pr ime ;
th erefore F, wh ich is lefs than A i t felf contrary to the

P R 0 P. XV.

A, 9. B, 1 2. C, 16: If three nnmherr cord

D» 3 ° E
; 4

leaji of all that have the[am
m oof then: added together jhall

he a ime tothe th ird.

a alte D and E the lcaft in prrz
mrtion ofA toB ; h

then A =Dq , and b C _
-
_ Eq , and B DE . But

becaufe Dc is r ime to E,
4therefore lh all D E be

pr ime to both and E
, therefore DxD+E e=Dq

4 is p r ime to E, and lb to C or Bq.

W h ich was to he cle ated.

g In like manner E Eq (B+C) is p r ime to D,
and confequently to A ll/hich coax to he demon

Laflly, :becaufé B h is pr ime to D E , i t {hall
alib be t ime to the fquare ofit k Dq+ 2 DE Eq
(A+2 B

P
+ C l wherefore th e {k id B {hall be prime

to A + B+ C, l and fo likewife tv +- C. W h
‘o
h

P R O P. XVI.

If N00 namhers A, B, are A, 3 . B
, 5. C

i:ar
c
the fir

-

fl A , to, the fizcond B, [5 it the[econd t 0 my 0

ther
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E 0 e r. 1 n 5
’
s Elements.

P R O P. XXIII.

manyfewer, AB, BC,
CD

, are added toge

ther, and themultittpde

of them he add, the whole ADjhall he odd.

For CD one ofthe odd numb ers being taken away,
the te of th e oth ers A C a is even. Whereto a

add x, b the whole AB is alfo even ; wherefore b

th e unit being refiored the wh ole AD ewill be odd. c

W ith was to he demmflrated.

P R O P . XXIV.

If an even u mher AB'he
taken awa fi om an

number A that wh ich re

main: BC[hall he even.

For if’BD,(BC — t)b; odd, a BC will b eeven.

W hichwas to hedem. But if on fa BB i s even, b ecaufe

AC 6 is even , e thence ADwi b e, fo a and confe

tl AC AD4- I)will b e
‘

odd, contrary theHypotheji r,melhre is even. W h ich was to he demotylrated.

P R O P. XXV.

Iffioman even namher AB,
'

eu odd number AC he taken

For A
'

C 1 (AD)a is even, h thereforeDB is even ;
4: and confequentlyCB(DB 1)is odd. W hich the: tq
he demqlmted. (t

P R O E. xm .

Iffrom an odd number AB

t GW
’y d flwm be'a

CB, that which remaineth
ACjhall he even.

def.

9‘

dtf n

a
'

7.

b

7.

7»
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The tetith 8 60k of

power are finch , to wh ofe fquares
no fpacecan be found to be acom

mon meafure .

Th is imammenfumhility i s denoted that ; J8. i . e:

thénumber: or [k m 5, and o 8 areMomma/arable in

power, hemafe thei r[gam es 25 dml J 8are incomm fumhle.
V. From wh ich It is manifefi, that to any r i h t line

given, r i h t lines infinite in multi tude are hot com

menfurab e and incommenfil rab le ; fome in length and

power , other s in power only. The r igh t line gi ven it

called aRational line.

Qhe note ofwhich is 5
VI. And lines commenfu

'

rab le to th is line, wh ether
in length and power, or in power only, are alfo called

Rational, 5.
VII. But fuch as are incommenfurab le to it, are called

Irrational,
And denoted that 5.
VIII . Alfo th e.

filuar e wh ich ismade ofth e (l id given
r i h t line is called Rhtional, fir .

X .
”
And l ikewife fuch figures as are commenfurab lo

to it,
'

are Rational fiat .
X . But filch as are incommenfurab le, Ir rational ,Saz.

XI. And thofe r igh t lines alfo, wh ich contain th em in

power, are Irrational p.



E u cf. 1 D a
’
s Bim enes .

’

:gOneFD. Therefore, ifaccording to the 5. def thefiemidia
meter CB he the Rational lineg iven, expre ed by the number

a
, towh ich the other lines BP, AP, BD,

D, are to he com

pared, then BP a BC 2, wherefore BP is ,

6 1 3 . BC,
according to the 6def. AP b x/ 1 2. (for ABq (16)

-BPq therefore AP is {

5 ‘

g BC Iike
tvife according

to the 6. def and APq (I2) is 61, by the 9 def: Moreooer
EU 8 whence ED is [i
BDq 5p. Let/Hy, PDq to no (asjha

he delivered at the I o. 1 3 .)jhall be i)
e£ and con/q ueasy FD: _ I O V 20 is i , ao

ending to the I 1 . def.

That any magn itude may be fo ofien multipl
ie
d, till

it exceed anymagnitudewhatfoever ofthe fame
'

nd.

1 . A magnitude meafuringl
howmany magnitudes foe

ver
,
does alib meafii re thatw ich iscornpofed ofthem.

a. A magnitudemeafur ing any magnitude whatfoever,
does likewife meafure every magnitude wh ich that mea

3 . A magn itude meafur in awhhle magnitude and a

part of i t taken away, does a fo meafure the refidue.
P R O P. I .

than the

iple does
fomewhat exceed AB, and let DE -PG
GE=G . Take from

'

ABmore th an halfAH,

and from th e remainderHB, more th an h alf
v iz HI, and fo continually, till th e par ts AH,

HI, 13 » b e
equal in multitude to the par ts DF, FG , GE . Now it is

plain, that FE wh ich is not lefs than 5DE ,
is greater

than HB, wh ich is lefs than AB ~

: J DE . And in l ike

manner GE ,
wh ich is nor lefs th an 3

‘

FE
,
is greater

than IB
“
1: 4

, HB, therefore C, orGE G IB. W hich
was to hedemon/tented.

T h e ti me may alfo be demonfirated
, iffrom AB th e

halfAl-l b e taken away, and again frcm the refidue HB.

th e halfHI, and (0 forward.

P R O P.



The tenth Boo/t

P R 0 P. II.

nneqttal magnitndes being
CD)if the lefs AB be continually taken nt

thegreater CD,
by an interchangeable f ac

tion, and the refi dne ch not men/are the magni
tude going before, then are themagnitudesgiven
incommenfnrabie.

If it be poflib le, let fame magnitude E be
th e common meafure. Then becaufi'. AB
taken from CD,

as often as it can be, leaves

amagnitude FD lefs than it felf, and FD
taken from AB leaves G B, and fo forward
a therefore at leu

g
h lb me magnitude GB

"

3 E ihall b e left, therefore b meafur ing AB, cand

fo
‘

CF, 6 and the wh ole CD, d {hall alfo meafure , the

relidue FD,
cconfequently alfo AG ; d wherefore i t {hall

likewife meafure the remainder GB, lofi than i t (elf.

P R O P.

‘

HI.
‘

Two commenfnrable ntagnitndes being gi
6

«ven AB, CD, tofind out their greate/i cont
"

'

nzon meafure FB.

Take ABfromCD, and the refidueED
from AB, and FB from ED,

till FBtheaé

fure ED
.(wh ich will come to paf

'

s at

length , a b ecaufe by theHyp. ABn CD}
FB {h all be the magn itude required .

For FB b meafures ED, c and fo alfo
'

AF ; but it meafures it [Elf too, ofth ere

fore likewife AB, cand confequcndy CE ,

11and fo th ewhole CD. W h erefore F8 is

the common meafure ofAB, CD.
' Ifyou afli rm

‘

G to be

a common meafure greater than that, thenG meafur ing
'

AB and CD, 49 meafures alfo CE andf th e remainder

ED, e and (0 AF and conféquently the remainder FB,
th e greater the lefis.

hich is abfard.

Hence, amagn i tude thatmeafil rest
’

womagni tudes,toes
alfomeafure thei r greatefl common meafure.
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1 3 0 Th e tenth Book 9
"

M
H
D

Y b nd out a line HR, towh ich a r ight lineg ivenKM
hath t eproportion of twomembers g iven B, C .

l fch . to.6. a Divide KMinto as many equal parts as th ere are

units in the number B, and let asmany of th efé, as there

are units in the .
numb er C, b make the r igh t line HR,

it is manifefi that KM. HR B. C.

Lemma 3 .

ff.find out a lineD,
to thefqnareofwhich thefqaare rfa

r ight line g i ven KMhath theproportion of two member : gi
ven B, C.

aalem. 10 . Make B C 4 : KM. HR, and between KMand HR,

6find a mean proportional D. T h erefore KMq .Dq e
KM.HR d : B. C.

P R O P. X I.

find two r ight line: in

w commmfufablg

g ivett
'

A,one D in length only,
the other E in power ab .

a I lem. 10 . 1. Take th e numb ersB, C, a R) that it b e notB. C

(L. (L b and letB. C : :Aq
'
.Dq , c i t is plain thatA fil D.

But Aq da . W h ichwar to be done.

a. d Make A . E : E D. I fay Aq
‘
n Eq . For A.

D e z Aq . Eq , th erefore finceA
"
D . D,as b efore f there

fore Aq
”
D J Eq . W hich was to be done.

P R O P . XII.

Magnitudes(A ,B)commenfarable to thefame
magnitude C, are alfo commenfnrable one to

the other .

Becaul
'

e A
“
11 C

,
and C "

EL B,a let A .C
E , and C. B

3 (
E

3
,
8 "

N . N : F.G
,
b takcth ree

I]
, .

I 6 ‘

numbersH,
I, K, th e leafi

’ 5' 14" on i n th e proportions ofD

to E , and F to G . Now b ecaufe A . C e : : D E :
'H.

I, and C. B c F. G z I . K,
d therefore by equality,

A . B H.K : N .N
, e

th ereforeA B. W hicbwae

16 be demonflrated.
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£ 12 . 10 .

The tenth Book if
inrommen arab le to theg reater in length . And ifthe greater

line AB e more in power than the lejIr GK by the[quare of
a r ig ht line FD incommenfurab le to it [elf in length»

and alfi upon theg reater AB applied a paralellogram
AD eq

'

ual to the fburth part the [quare of the left
G K, and deficient in figure by a [quare, then flndl
i t div ide the [aid eater line AB, intoparts incommenfura
file in leng th AD,

B,
buppoii: all th e time that was done and fluid in the

prec. pro Th erefor e firfi, IfAD
‘
u. DB, a th en {hall

AB 1 . B. b W herefore AB“n . aDB (AB - FD)o
th erefore AB

“
EL FD. W h ichwas to be demon ated.

Secondly, IfA B
‘
t1 FD, th en AB

‘

t L B FD

(aDB) d wh erefore A B
“
EL DB, e and cotd

'

equently
AD“a . DB. t ich was tobe demonflrated.

PRO P . xx.

according to one of the fore/a id
«m
i
t
t

is rational,
A be

'

vcn ;3, and a the
E C D BE efcrihed upon BC .

BecanfeDC. CE (BC)6 BE , and DC c
“
n . BC

,
4!

therefore {hall th e rear-angle BB b e fquareBE ,wh eree

fore feeing th e filuare BE 0 n At all alfofBD be
“
u .

Ag, and to the n le BD i t . W hich was to be de

7here are three kinds of rational lines commenfu
nable one to another . For either ofMo rational lines com

menfurable in length one to the other , one is equal to the

rational line propounded, or neither of them is equal to i t,
notwithfianding both of them are eommenfurable to it in

length or lafily both of themare common/urable to the ratio
nal line given only in pow" . And the/i: are theways which,
the prefent Theorem[peaks of:

‘

In numb ers , let th ere b e BC, t/ S(2. J 2 ) and
CD s/ 18 2 ) then {hall th e reétangle BD
144 1 3.

PRO ]?
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Every reéiangle that can be contained under two ta
tional r i

g
h t h ues commeni ixrab le only in power , i smed ial, alt ough it be contained under two r ight lines i rq

rational : and
.

every
.

medial refl angle ma b e contained
two rati onal r ight lines, commenigrab le only in

yower ; as for example, th e V 24 is l ”: becaufe it i s con
under s/ 3 , and V 8, wh ich are i,

at ma be contai ned under o ¢ 6, and toy
for J 24==t J 576 m/ 6m y 96.

PR O P. xxm.

sento the” flan le ED is a lied.

1! 12h. 22. Bocaufe A ig[.e, a thei
’

fifore 1113 11Aq b e equal to thine
10 re&angle (EG) contained under EF and FG 5

'

9 . 6
b 1 . ax. 1 . therefore ED=EG . dwhence BC-EF FG .CD. d th ere
C 14 -

6 fore BCq . E q z FG q . CDq . But BC; and EFq e are
d 2? 6 fie f and (0 1 1 . g therefore FGq

“
ll Cpq W h ere

e fore fmce FG is 5, 5 th refore CD
“

{hall be Moreover,
b ecauiéEF. FG k : : E q . EG (BD ; ) for mee EF

‘
n .

FG, o lhall EFq be
‘
D. BD. But EFq m

‘

n . . tl

fi
l o 10 . therefore th e refi an lo EU

‘
11 CDq . W h ence cc

f‘ b 17» BC. 1: {hall CD be
‘
EL BC. there

P R d R

A r ight l ine B cem

menfurahle to a medial
line A, is alfit a medi
al line.

Upon CD a make
the reétangle A
a and th e refi angle C

c

l"
:: Bq . Becaufe A (CE )is y r, b and CD ,5, e therefore
1113 11 th e latitude E be i

"

9 . CD. But becaufi: CE. CF





188 flh e tenth Book of

P R O P . XXVI.

A reflangle AC comprehended under medial r ight linesAB,
BC commen/n rahle only t

a
ower , i s either rational or me

Upon t he l ines AB
, C, a defcr ibe the fquares AD,

CE ; and upon FG {S6make th e reétangles FE],
h and IK = AC. h and LM==CE
Th e fquares AD,

CE ,
that is, th e r eétanglesFH,

LM,
e ar e y a and "

a . th erefore GH,
KM, h av ing th e fame

proportion d are 5, e and
"

a . therefore GH x KMis
fit . But becaufe AD, AC,

that is FH,
1K,

LM,g
are h and foGH

,
BK,

KMalfo k th ence BKq
CH 1: KM. I therefore HK i s i, or or 19. IH

GF if 1 1 , m then th e reétangle [K or AC isfit . but
If

‘

9 n then AC is lay . Which was to he dent.

L emma.

i— F
fi
—i If A and E are

A
only , ih allq ;
Eq i A q " l' :Aq EC]

4
"

CL . And flecondly A q , E q , Ag Eq , Aq E q
AE and 2 AH. For A . E I“: Aq .

’

AE h AR . Bq.

th er efore feeing A c
‘
D . E . d {hall A q

"
EL AB, e and

2 AR. alfo Eq d
‘
TJ . AE , e and 2 AB . wh erefore be

canfo A q + Eq Ag and and Aq Eq
"

u . Aq
and E q f therefore {h all Aq E q , f and Aq Eq
b e h . AE , and 2 AH

A‘l
' l‘ Eq , Aq

fig,"
T
E A

-
A“!

+
2 AE ; and Aq

i
—

Eg
— z

ind l p l o . AE . h (Q A

h ear . 7. z .

P R O P.
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t E u o r. 1 n a
’
s Elements. 19:

Y b find ont tevo fqnare numbers (DE ; and CDq)[5 that
the number com ed them (CEq )hefqnare al/o.

Take AD,
BBli e plane numbers ofwh ich let both

be ev or both odd ) v im /AD, and DB, 6. The
total 0 th efe (AB) is o ; the didereme (FD) 1 8. half

ofwh ich (CD)is 9. a owthe like plane numbers AD, 11 1 8. 8.
DB, h ave one mean numb er prepon ional , namely DE.

therefore it is evident that every of thofe numb ers CE,
CD, DE,

confeqenoe CE ; (6CDq b 47. t .

DEq) is the fquare
W hereby it wi ll b e caf to

bers, the excefs of wh ic

number, namely b y the li me c c 3 . a . z.

CDq b e D
But i f AD, B be lane numbers unlike, the mean

propor tional l ine (D {hall not be a rational number,
and (0 neith er th all the exoefs (DEq)of the q num
b ers, CEq , CDq . be afquare number .

Lemma 2 .

a To find out tree fuch {g
nawmembers B, C, as the

number compounded of them is not fq teare. AM: '

to die

h ide afqnare number A into two number s B, C, notj
'

qnares .

C. 3 6~

1 . Take any filuare number B, and let C be

and D C I fay the th i is done

Fo r B is Q by the confl r . li

a therefore C alfo thall be a them number .

+C 5. 4. : : not Q 6 there
fore {hall not D be

\
a fquare number . hicb was tohe

A
, 3 6. C, n . E m F, r.

a. Let A be fame fquare number . Take D,E, F,
‘

E
lam numbers unlike, and let D be E F make D.

A B. and D. F: : A . C I fay th e th ing required is

E
g
F -

: E —F, a
therefore ib all A C Nowfuppofi: B to be fquane,
h then A and B

, cand confequently D and E ar e like

plane numb ers W h ich is contra to the H
T h e fame abfurdity wi ll fol ow if C

I
'

q uare number, Therefore, Er e.



Th e tenth Book (if

P R O P . XXX.

Th find out“no rational r ight

lines AB; AF,

than the le/s

to it fielf
'

in

a 1 km29.

CE (ED)be not Q h and make

CD. ED ABq . AFq . In a ci rcle defcr ib ed upon

th e d iameter AB cfit AF, and draw BF. Then I fay
AB, AF, are the lines required

For ABq , AFq 4 CD. ED. e ther efore ABq
-

n , AF?
but AB is i . f therefore AF is alfo fi. But b ecaufe CD is

(L
: and ED not .Q : g therefore th al l AB be

"
EL AF.

Moreover by reafon ofthe h r igh t angle AFB, is A l

AFq BFq th erefore feeing
‘

ABq AFq CD, E

b y conver lion of proportion
'

fhall ABq BFq : 3 CD, CE 3

Q Q I th erefore AB BF. W h ich was to he done.
In numb ers, let there b e AB,6 ;CD, 9 ;CE , 4 ; wh ere

fore ED, 5. Make 9 5 3 6. (Q : AFq . th en

ih all b e 20 . and confequently AF J
6 16. wh erefore BF is 4.

P R O P . XXXI.

Q
'

ofind ont ti r erational linesAB,
AF commeitfterahle only in power ,
fit that the g reater AB jhall he in

power more than the {cf} AF by
thefqnare of a r ight line BF incom

menfnrahle to itfizlf in length . C E . D

L et AB b e i . a Take the fquare numb ers CE, ED,
fit

th at CD CE+ ED be not (L and in th e roll follow

th e confiruétiou of the preced . prop. I fl y then the th ing
r equired is done.

For , as above, AB, AF, are {i
“
g . alfo AB BE ;

5 9. to. CD. ED. heteib re fince CD is not Q AB,B h fhall

be
‘
tl . W h ich was tohe done.
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1 96 179: tenth Book Of

Y ofind outW e medial line: ineommenfnrable bath in length

a
and let BA x AC be

’

m,
and

‘
t L BCq

b 6. (BAq
—i ACq)h make BA .H Pl A0 then

c B arc la y . For BC is la. a and BA X AC G
'

d wherefore H i s alfo (a. d L ikewife BA xAC

thereib re Iiq
‘
t i BCq . therefore, 8

‘
e.

Here begin th e fi nar ies Of lines i rrational by

P R 0 P . XXXVII.

commenfm
'
ahle only in power, are

added together , thewhole line AC

i t irrational, and i s called a binomial line,
'

ar a termnames.

a byp. For b ecaufc AB 4
h
El. BC,

th ence 5 (ha Acq be
“
D

b lem. ABq , But AB a is 5. th erefore AC is fa. W h ich «waste

1 0 be demonjl rated.

P R O P . XXXVIII.

A C
eomnzenfurahle in power only, ar

e

compounded, and contain a ratio

nal r efiangle, the whole line AC is ir rational, and called at

fir]! bimedial line
For b ecaufe AB a

‘
11 BC,

h {hall Acq be
“
EL AB!

BC
, fir . e th erefore AC is (3. W h ich was to he dent.
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For wh ereas AB

j
-l 80 1 a is and h ‘t ABC e

y a; and (

fo ACq ( ABq BCq o. ABC)e ‘ t:L A
4 80 1 pr . f therefore {hall AC be 9. W hich (pa: to?
demonfirated

$R O P . XLI.

addedtogether medial, and

called A line containing in power a rational and a medial

a . and For t refi ran la ACB afiir h
‘
l:L ACq (c m d

fi bl
y
l

p
z . 10 . th erefore z AGBcl ABq .

’

wh erefii re e is p. Which
I)ji h . t z . goat tohe demonfi rated.
to.

e hyp. PR O P. XL II.
(1 1 7 10 .

e ra defi

If two right line: G i l, HK, incommenfmahle in power
'

are added together, hav ing both that wh ich i: compo/ed of
thei r[quaret medial, and the refiang le contained render them
medial, andjncommenfnrahle to thatwh ich i: compo/edoftheir

ing in poet)” whomedialfgnrec.

Upon the propounded l ine FB make the re&angles

AF GKq , and CF: GHQ Hi q . Becaufi: GHq+
HKq (CF)4 i sf

ay, the b readth CB6fhall be i . A lib be
caufe z reetang es GHK(oAD)a is at , th erefore A0 6
thanhe 5.Moreover becaufe th e reétaugle AD 4

‘

t L .CF,
d and ADCF AC. CB

,
e thence fhall AC be T LCB.

f wh erefore A is g 13 . therefore the
(HQ ; is far ; h and confequently GK is 9.

he demoryi rated.





ah awi th Book of

P R O P, XLV.

i s divided into its name: AC,
B, only at onepoint C.

Suppofe there were other
names AD,

DB. Upon the

propounded line EF i make
th e reé

’
cangles EG ABq,

and EH as

alfo EK ADq DBq .

i

?

Becaufe AC Ba are p ct. 1 1 ; 65 0 13+C
Bq (EH)

{h all b e um. c t erefore the b readth F1] is p. a moreover
the r angle AGB, d and (0 z ACB(e 1G)i s w . c th e r e

fore G i s alfo 16. And finceBB is,f
‘
U . 1G, g and EH

IS FH. HG . b th ereforeFH
,
HG lb all b e fil o k th ere.

fore FG is a b inomial, wh ofe names ar e FH,
HG . B

th e fame reafon FG is b inomial, and th e names of itFlg,
KG : contrary tothe 43 . of th is Book.

r R o P. XLVL

F E D B '

XMajor line AB is at onepoint only D divided into id
3 AD,

DB.

other NamesAH, EB.whereu

P R O P. XLVII.

A line AB containing

F E :D B
'

t
'

n po‘wer a rational and a

medialfigure is div idedat
onepoint onlyD into it: name: AD,

DB.
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V . I! the lefl
'

er name be afifih .

VI. If nei th er, a fir th .

P R 0 P . XL IX

5 B

143q fi
nd out 4 f r]?binomial Ime,

F - G a

o

Take AB, AC, Quare num
ber s, whore excels CB is

'

not

let D be p ropounded 5. 6 Take
EF "

CL D,
and a make AB.CB : : EFq , FGq . th en EG

{hall
'

be a 1 b in .

For BF du D. e therefb re EF is 5. f
therefore FG is alib likewi fe 4
AB. CB Q uot b therefore

,

b ecame b
g
converfion of pro rtion,

‘

q .EFq
: : AB. A Q thence

'

k ihall be '
u . J

FGq . [therefore is a 1 b imminal . W it}

In numbers th us ; let there b e D 9. EF 6 AB 9.
CB 5 wherefore b ecaufe 9. 5 20 . therefb re FG is
c/ 20 . and co nfequentl E?)

is 6 J
R P.

1 0 1 0 '

F G Take AB and AC fquare num
bers, the excefs ofwh ich is CB
not Q L et the l ine D be to

unded is. takem and make F
P
Gq .

I

th en EG wi ll be th e l ine defired
P
g
or FG D. wh erefore FG is ,S. Alfo EFq n FGq

th ereforeHP i s 5. L ikewife b ecaufe FGq. EFq :
AB not Q Q thence FG is“D. EF. Lafil fleeing
CB. AB FGq .EFq . and inver ib ly AB. CB

EF
FGq .

th erefore as in th e foregoin Prop . EF 1 3 . s/ q
FGq. 4 whereby EG is aa. inomial. Whirl)was tabe
d0fl eo ;

In numbers ; let th ere b e D8,FG 10 ,AB 9,CBs.then

EF i s J 180 , whereforeHG is to J 1 80 .

P RO P. L I.

G B
,
AC, fquare

D F numb ers,theexcefs ofwh ich

H C8 is not Q and let L be

anumber notQ next
o
greaten

than CB, wait . by aunit or two. LetG be the hne pro

poundsd



E u ci 1 0 re
f

: Elements. 20 3
minded 5. 5Make L . AB G .DEq . 6 and AB. GE t : 1) 3 113 173 4 0 .

BEq . BFq . then DF th an b e a
'

rd b inomial. to

For b ecaufe DEq
’

e d DE is 5. alfo G .DEq
t : L . AB : : not Q Q e there O R G“(J - DE L i wife 1 0 .

finceDEq e
‘

D. EFq , d alfo FF is 5. Moreover b ecame
'

d feb . 12;

is DE fi EF J nd 10 .

fmce b confir . and ci rq . q L CB not . Q e 6. to .

(for g and CB are not l ike plane numb er s J b ther rt: f 9 ~ 10

ib all G be alfo
"
11 EF. L afily, as in th e prec. pron J [ab 8 .

k therefore DF is a 3 b i nomial . 9 . 10 .

k

In numbers ; let th ere b e AB, 5. L , 6. 10 .

th en {hall be DE J 96, and EB whereforeDE
V 96+ ¢“a”

.

P R O P .

933m afm tb biaomial line

a Tako anyfquarenumber AB, D v -F afib .

and div ide it into AC, CBn ot H
fqnares. L et G be th e line p ro

g
unded fi. 6 take DE “

D . G, C and make ABoC8 3 3 b Z ’gm.xG
Z

Eq EFq , thenDF ib all b e a4 10 .

For , as in th e 49 of th is Book, DF may b e fli ewn to c ; J edmo.
b e a b inomial and alfo becaufe by confir . and converfion 10 ,

of p rog
r tion DEq . DBq Eq As not Q

4{hall E be
‘
t L J DBq —EFq . e thereforeD is at; d 9 to .

b inomial .

In numbers, let e s, DE, 6. then EFmanu ¢
24. therefore DB i s 6 V

P R O P. L III.

DF,

Take any fquare number AB,
wh ofe fe ments AC, CB are not

Q L et
'

be th e line propounded

5. take EF“a. G . and make CB

J h all D? be a 5 b inomial .
For DF{hall b e a b inomial as

and becaufe by
AB. CB and fo a 9 16
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P R ‘ O P . LVI.

called 4 fr]! medial line.
Th e forefaid Lemma of the

Q
4. of th is Book

a ain firppofed, then ih all 0 be r s gf AD.

A AG , GE, are
”

EL . th erefore fince AB 6 is

ABJ ikewife AG,
GE cib all be fih AB,therefi>re the rec

tan les AH,GI, i e, 0M MPq . d,are ac. eMoreover
0 159 . MP . Lafily, £0, and EC}

L
n AB.

g wh erefore EK, i e. SM, or OMP, is fir . b Confequent~
Iy O P ,is a firfi b imedial. W hich was to be dam.

In numbers, let th ere be AB 5, and AC, J 6.

th en the reétangle AD= : 3 200 « I 3 0 z . O Pq . th

foreO P i s 675. e J 75. viz . afirfi b imedial.

See Scheme 3 7.

PR O P. LVII.

Z;
a flare AD be «sustained

to: d
’

ratiom l lineAB, and 4

th ird bimmial line AC (AR
EC) the r ight like0 ? dub icb con

i rratiom l, and called a [econd bi

A s above, O Pq AD. ali
'

o

the refi angles AH, GI, th at is,
OMq ,MP9 are p a; a

wife EK, or OMP is M“b
B
h
g
efore O P is a(econd b ime

1

In numbers; let there b eAB
x/ 3 2. 24 wh ere

J 600 O Pq . and (0 O P is o J .

so,that it, a{econd b imedialz

PR O P}



that irrational linewhich i: called
aMajor line.

For again,OMq a ‘
n . MPq ;

and the rearangle AI, 1. e. OMq
4 MPq b is pr . e alfo EK or

OMP is W dtherefore O ?(J
AD) i s a Major line.

was tobe demon/b ated.

In numbers, let there beAB

5. and AC 4 J 8. th en the
refi angle AD is zoo. wherefore

+ V zoo.

P R O P. L IX.

If aflu te AD be contained under a rational lineAB, and

afifth b inomialAC, the r ight line O P wh ich containeth the
[paceAD in pow” , it that i rrational line, wh ich i t a line

containi ng a rational and a medial reflangle in pow” .

Again OMP MR} and the re&an le Al or OMq
MPq is y . a L ikewi ie the reétangle or OMP is

aa} in ta,
’
f

y . b th ere re O P AD)contains in power it andm.

W hich was to bedem .

In numbers, let there beAB 5. and AC 2 x/S. th en

the refi angle AD : 10 200 OR}. W h erefore
O P is 10 + zoo .

P R O P . LX.

If
i
ama ADbe contained under a rational lineABanda
binomial AC(AR EC ) the lineO P

towmedial reflaig le:

As often before, OMq ‘
t L MPq , and O

is p . and alfo the r eatangle (EK)OMP i s y r . a th ere a 41 . re.

fore O P ADcontains in power 2. y et. Wh ich «was

tobedent .
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n o Elhe
‘

tenth Book of

P R o r . m ay.

Thefqm e of aMajor line(AC CB) applied toa er
tional line DE, make: the breadth DG a fourth b inomial

i; and Again ACq CBq . i e DK. 4 is i" b therei n-e BL is

fi l m 10 . pi
“
D. DE . all CB, and fo LE (2. ACB)c is a r. d there

b at . m. fore LG is i
“
a . DB , e and confequentl

c hyp. and Laflly b ecaufe

24. 10 . LGq . g whence DG 18 afour th b inomial. W h ich was

d to, be dem.

e 1 3 10 .

fkm. 60 . P R O P . LXV.

to.

4. .48. Thef «are of a line containing inpoet/er a rational and a

$0
def

medial czaang le (AC —f CB) applied to 4
makes the latitadeDC a h binomial

a 10 . Again, DK is p m
. a t erefore DL is f

“
D . DE . alfo

b 10 . LP i s
'

t . b therefi re LG is p
“
CL DE . c therelb reDL

c 1 3 . 10 .

‘
B . L d likewife DL

'
1 3 . J DL q e and fo

(1 tom. 60 . by confequenceDG is a fifth b inomial was tobe

to . demon/h ated.
e 5. def48.

P R O P . LXVI.

(rho areof a line containing in or twomedial rece

tang le: (KC4» CB)applied to a fatal lineDE, make!

the latitudeDC a nth b inomial line.

A s before, D and LG are ;i
‘
t L DE . But becauli:

A
gi

-l CBq (DK)a
‘
tl ,
ACB, b and fo DK

‘

1:L L F(z
A alfo DK. LF c z zDL LG . d th er eib re {h all

DL be
‘
n . LG . e Lali ly DL

‘
EJ . V DD; — LGq .

wh ich it appears thatDC is afixth b inomial.
f b,

L emma.

C - B B

E E

L et AB, DE be
"

EL . and makeAB. DE AC DF.

I tiny 1 . AC DF. as a pears by 10 . to . alfo CB ‘

D

a 19 5. FE . a becaufe AB. DE B. FE .

2 . AC CB DF. FE . For AC. DE AB. DE CB.

FE . thereforefore by permutation AC CB DF. F

;3 . hi

— .F



E itci i n t ’s Bim ini}.
. ACB b z

'

:

If AC

P R o r
'

. v n.

A line DE , common/io A7
table in length to a binomial D

l ine(AC CB)is itfelf a

line, and of thefame order.

Make AB.DE AC. DF. 4 th en are AC,DF
whence fince AC and CB

,
6are

etheme 5
”

3
. th erefore DF is a b inomia

becaufe AC . CB a :: . FE . IfAC n or n t/

BCq , 4 then in like manner DF
“
p . or
“
In. J

FE alfo if AC or p ropou
'

nded, e
{hall D be "

CL or
‘
CJ. {3 propounded . But if CB 1 1

or
“
a . 5. likewifi: FE

‘
u . or

“
a. f». If b oth AC, CB,

‘
11 i . {t

hen alfo both DE, 5. g T hat i s,what.
roever inomial AB is

,
DE {hall be of the fame order .

P R O P . LXVIII.

CB)it alfo a bimedial line, and of thefameorder
Make AB.

,

DE AC DF. b therefore AC 1 3 . DF. and

CB n FE . theréfore feeing AC and CBcare d alfo
and FE fltall b e u . and b ecanfe AC e 9 . CB, e there

ore FD
,

“
9 . FE therefore DE is a u . Wherefore if

th e reétan Io A be i b ecaufe DFB. b "

E L AGB
, g

li kewife is it and if that be W , h th is fhall be fl y

rod h T ha
'

t is; wh eth er AB be 1 b imod .

‘

or z himod. DF
(Ital! be of the fame order . W hich was tobe dem.

‘

P R O P

i i i
.

b r . 6.

d to. to.

e

i

z z . 6.

It3 8. or
I O ;



the m oBook of

PR 0 P . max.

P R 0 P. n ot.

rationaland a medial reflangle(AC CB)
ing in power a rational and a medial reéiang le.

A in make AB.DE " AC. AC.DE. Becaufe AC a
‘

g .

CB, alfo DF FE . likewifi: becaufi: ACq +CBq a i s
th erefore q+FEq ihalll be y r lafil b ecaufe

refi angle ACB a is i t, d alib
‘ DFE is it . hereforeDE

contains in ptiwer it and 149: W hich was tobe dem.

P R O P. LXXI.

A theDE. commen/Mable n
D F E a line containing twi medial rec

tang les in power (AC CB)it
al/b a line cbntaining

'

tn rel-iangles .

Divide DE, as in the prec. Bocaul
'

e A0 1}4
"
U . CBq ,

b thence (hall DFq be
‘
0 . FF alfo becaufe ACq -l

CBq a is p i , c 013 11DFq -l- FBQ be alfo (at . And in

like manner becaufi: ACB a is p , d alib DFE is pa.

Lalll becaufe Acq + CBq
‘
t L ACB, e {h all DFq

FEq he“a . BBB . f From wh ence it follows thatDE
‘

contains in power 7. (on . W Inch that tohe dem.

t h a t

hle lo aMa '

or line(AC
CB)i: itje4a diajor line.

Becatilé AC 4
"

9 CB, 5
alfo A CBq a isfin. and

6
"

CL A CBq , c all?) D
e te&an leACB a is y, d t

'

h e
is y v. ( aufe D is h t i .

a Major line. W h ich was to be de
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Th e tenth Book (f
Th erefore becaufi: CE and Fl a are p a. 6the latitude!
CF

,

'

FK
,
finall be “0 . CD. alfo b ecaufe CE 4

‘
u . FI,

and CE. FI e FK, d th erefore CF
‘
13 . FK. e

therefore CK is a b in. namel i f CF J CFq
FKq , wh ence H J CI f ali he z 11 . But if CF

CFq FKq , g th en CK fhall b e a 6 b inom h

and confequently Hcontains in power 2 y ou.
to he demonji rated.

0 0

Here begins the Senai res (f lines i rrational
b

by Subtrati ion .

P R 0 P . LXXIV.

D —E Iffrom a rational line DF 4

rational line DE, commenfurahle

In numbers ; let there b eDF, z . DE, J g. then EF
'

3 .

PHO P . LXXV:

m

I] in power to the wholeD
E

, and comprehending with the
whole DF a rational rel iang le, be taken away , the remain

der EF is i r rational, and is called afir/i refidflal lineofit

afch . For lif t; a
‘
D . to the reatangle FDE . th erefore {be

ing FDR h i s fr. 0 EF{hall be p. ”’h ioh was to be de
mon/h ated.

In numb ers, letDFb e at J 54, andDE 0 J 24, th ere
fore EF is 0 54 oV 24.

P -R O P.
. LXXVI.

E Iffrom a medial lineDE, a
medial line DE ,

be taken atvaj
k ing rommenfnrahle onl in potoer to thewholeDF,

'

and com

prehending together withthe whole lineDI“a medial reEi'an;
gle, the remainder EF is ir rational, and is called afees:



E uc t. 1 1) it
’
s Elements.

e 10 .

z PDE)e is fir. where d W e 7 2

m .
e

In numbers, letDF be m/ 1 8. and D5 0 V 8. then

EF O V l S — tu/ 8.

P R O P . LXXVII.

BIf from a r ight line AC he ta A

ken away a r ight line AB heing
incommenfn rahle in pow" to the whole BC, andmaking with
thewhole AC thatwh ich is compofid of their fqnares rational,
and the refi ang le contained under them medial,
der BC is ir rational, and i s called aMinor line.
For Acq ABq a is fir . but th e reétangle ACBa is
y . th erefore aCAB

“
n . ACq ABq c z CAB

d therefore Acq +ABq
“
EL BCq , e t

is p. W h ich was to he dem
In numb ers,

'

let AC b e J 18+ J 10 8 ; ABV 18

1 0 8. then BC isV : 18 V z 10 8— V
'
u8 g V

P R 0 P. LXXVIII.

Iffi om a r ight lineDF he D

taken away a right lineDE ,

’

being incommenftcrahle in power to thewhole lineDF,andwith
thewholeDFmaking thatwh ich iscompo/edof their [quar ts
medial, and the reéi anglecontained render thefame lines ratio
nal, the line remaining EF is i rrational, and is called a
line makin

gv
a wholefla wmedialwith a rationaljitace.

For 2 DE a is or . b and DE ; DEq is ame therea a

fore 2. FDE
‘

mDq - l- DEQ d (2. FDE—l—Et th ere

fore E? is it. W hich was to be dem.

In numb ers, letDF be J 2 16+ J 71 ; DE ./
V 72. th erefore BF is V : J 72

J zV z 16 a ? 72.

E

Iffrom a r ight line DF he D
taken awa



;
her with the whole makes thatwhich iswmpofed of their,
qnar

’

esmedial, and the re&angle contained under them alfi
'

r

dc .

m a r
i
n a

-HE“
d ! to. l o — '

o . t eu V 1t h
e

- J ( 180 — ‘1
'

60 u
+ 4 69

Lemma.

C H

BG
If there he the fame encefi hetwn n the fi magnitude

‘

and the ferend C (MG)as is between t th irdmagni
-i

tndeDF and thefourthH(E173)then alternately, thefame
excefi [hall be between the fig]?magnitude 86m4at third
DP, as is between the[econdC and the earth i i .

For becaufe that a to the equals M, DE , are

th e equalsMG, EF that is, C, H; th e excefs of the

wh oles BG ,
or , ah ell be equal to th e excefs of the

parts added C, H. W h ichwas to he dem.

Hence, Pour map l itudesA r ithmetically pro rtional,
are alternatelyalf

o Ari thmeticall
’

y Proportion

P R O P. LXXX .

A B— D
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The tenth Booka
io'

congmeh t, by the fame reafon alfo {hall KMbe con
to th e find EK. W hich is repugnant tothe 80 . prop.

P R O P. LXXXIII.

ya a xll inor line AB only A
one r ight line BCcan hejoined
hting incohnmenfnrahle in power to thewhole, andmaking to

gether with the whole line thatwh ich is compo/2d Qf their
f scares rational, and the reaang lewhich is contained tender

them medial .
Conceive any other BDto b e congruent to it ; T h ere

fore wh ereas ACq 4 BCq , and ADq EDq a are i t .

th eir excefs(2. h AGB 2. ADB)c is iv. W h ich i s ah

fard ; becaufe AGB and ADB are [x.x by theHyp .

P R O P. LXXXIV.

Unto a line (AB) making A B

with a rational [pm a whole

flute
-

e medial only oner ight line BC can hejoined, hoing
menfurahle in power to thewhole, and making together with
thewhole that wh ich is compo/ed of theirfquares medial, and
the re&anglewh ich is contained under them rational.

Sup ofe fome oth er EU to b e congruent alfo to it a
’

th en t e reétangles ACB, ADB, h and (0 z ACB and z

ADBare 51 . th erefore a ACB 2. ADB, c that is,

ACq B h -zADq BDq d is fr W hich is rah/it'll ;
fmce AQ 1 3 0 1, and ADq BDQ are [an b y the
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E u c t. 1 1) 11
’
s Elements .

P R 0 P. XCVII.

If a [Pace AC be contained tender

a rational line AB, and a fi xth refi
duai AD AE DE ) th e r ight

line TS contaittt
'

n in power the[Pace

AC is a line ma
‘

ng with a medial

reéiang le, awhoie[Pace medial.

A s often above, TO
‘

9 . SO .

alfo, as in 96.

'

I
‘

O q 4 SO q i s a t .

b ut
‘

the reétan le TO S is 57. as i n

4 4 1-613 1 .
0 9 4- 3 0 1

S b thgrefore T 3 J AC
is a line wh ich with [. wmakes a

wh ole (a. W h ich was to be de
mon/i tated.

L emma.

2 23

Upon a r ight l ine DE A —c *cor . 16.

I the re&ang1et DF A

{thei DH AC and 1K.

BO 1. and let G be bi/
‘

eéi ed in

M,
and the line MN drawn

parallel toCF.

T hen 1 . Y he rei iangk DK
ACq+ BCq . as thecon~ E 1N m

ACB GN orMK . For DK 4

ACq h : z ACE+ ABq . but ABq a z :

ther eforeG c z. ACB. and confequentlyGN orMK

3 The reéiang le DIL MLq . For b ecaufe Acq .

ACB e ACE
,
BCq , that is, DH MK z zMK . 1K. e

th ence is DIML :ML . IL ,fth erefore DIL ML q .

4. If AC be take” BC
,
thenDK [halfbe 1 1 . ACq

For ACq BCq(DK g ACq .

g.
L ikewife DL DL q GLq . For becaufé

DI (Acq)
"

D . 1K (BCq) h th ence {h all DI be
“
EL 1L .

It the refore v
’

DL q GLq DL .

6 A ll?) DL
‘
EL CL . For ACq 3 0 1

‘
D . I 2 ACB

that is, DK.

“
E1. GK m therefore DL

‘

1 3 . CL .

7 But if AG be taken
“
9 . BC, then DL {h al l b e

“
CL

J DL q GL q . P A O P .



i n .

Do as is enp ided, i ii the
Lemma next preceding.

Then hecaufe AC, 80 , a are“
9 . b alfo DK (ACq 4 F NHK
Ecg)(hall be ACq c th ereforeDK. is iv. d where

fi tcDL is 5
"

D DE . e L ikewife thé reaangle GK
2. ACB) is v. { therefore GL is 5T L DE, g aridcp n

-J

uently DL
‘
n . GL h But DL q

"

I1 .GL q , k th erefore

D6 is a rehdual, I and that of th e flrfi oi‘der (bee
and therefore DL

'

n . DLq s

P R O P . XCIX.

‘

a

f
r}?

cpp
‘

i

‘

i

z
t

jf;
a ratibota if?” DE,”lai dthe breadth

n we.

Suppofingthe foregoing Lemma b ecaufeAC andBC
a are athence {hall DK (Acq 3 061) be 1 3 .

ACq . cw erefore DK is p r . d th ereforeDL is f
‘
D .

DE . e all?)GK z ACB)is "v
. f therefore GL is ;

‘
D .

DE g wherefore DL
“
n .

'

L
,
h ButDL q

“
D .

l thereforem is a refidual line : And becaufeBL is

J D GLq , m therefore thanDG be a(econd

td idna! hich was tobe detrt.
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E u ex. 1 1) ix
’
s Elements . 22;

Again a make AB .DE AC .DF, 6whence AC a 12.

BC T l DE -

t EF. c therefore DE FF is a b ime b lem. 10 3 .
dial of th e fame order wi th AC BC, d and confe l o.

quently DE EB {hall b e a med ial refidual of th e c 68. l o.

fame order with AC BC W h ich was to he dem. d 75 and

76. to.

P R O P . CVI.

A r ight line DE commea A

[arable to a Minor line AB
(AC — BC ) is it [elf alfo

Make A.R. DE AC .DE .

a thm is AC BC ‘

U . DF EF. but AC+ BC 6 alm a og.
‘

is aMajor line ; c therefore D EF is alfo aMajor
line ; at and confequently DE FF is aMinor . line 5

?7W hich was to he dem. c 9. Io.

P R O P . CVII.

A r ight line DE comme A E C"

make: with a rational [pace the
“
fwhole[face medial, is i t [elfalfoa

D F

line making with a rationaljj’ace thewhole[pace medial.‘

or , accordingly as in the former
, we may fhew

DF EF to contain in POWCI
‘

‘

y and y, 4 wh ence a 78.
DE i EF i s a l ine making. 69°c.

P H

P R O P . CVIII.

A r ight line DE commenfarable A
to a line AB (AC BC )¢wh ich
with a medial [pace make: the
whole [pace medial, i ; itfey

'

a line D
making with a medial [Pace the
whole[Pacemedial.
For accord ing to the preced in

B
DF EF{hall con

tain in wer 2 y a. a therefore EF[h all be
, as

in the rop

P R O R



3 28 . gm: tenth Book of

P R O P .

dteal line, or aMinor line.
Upon CD5 make th e reazangles CI A B, and

Fl : 3 . whence CE a A : H wherefore beGaufi:
CI h is fir . c th erefore is T l A but b ecaufe Fl h

i s w,

‘

d fl\all FK be p
‘
D . CDe whence CK T J . FK.

f therefore CF i s a refidual line. Wh erefore if
b e
“m. J CKq FKq , g then CF mall be a firfi

refidual . 6 therefore J CE (H)is a refidual line. But

if CK
‘
t L J CKq FKq k then CF {hall b e afifth

refidual ; and confequently [l (J CE )l {hall be aM}
nor line. W h ich was to b, dem.

P Ro P. ex.

1 95. 10 . See thepreceding Scheme.

1 rational rec‘tang le B being taken awayfiom a medial
r efiangle A+B, other twoi rrational line: ar e made, name
ly ; either afir/t medial re/idual line, or a linemaking with
a rational[jui ce the who

’
e[juice medial .

Upon CD th e pmpounded [5make th e reétangles CI

3 1 . = A + 3
,
and FI = B a whence CE = A Hq .

b byp , and Th erefore becanfe CI 6 is v ; c(h all CK be {i
‘
11 CD,

cola/h . but becaufe F1 6 is 159 . d thenceFK p n CD. ewh ence

c 2 3 , to. CK ‘
n . FK . f th erefore CF i s a relidual, g and th ata

d 1 0 .
fécond . If CK ‘ m. s/ CKq FKq , h then H (J

c 1 3 . 1 0 .
CE ) i s a firf

’
tmed ial refidual. But ifCK“a . J CKq

f 74. I O .
FKq , It th en {h all CF b e a fifth refidual ; and Icon

g fequently H (V CE ) fli all b e a l i ne making I ” with
1 0 f'. 17Vh ieh was t

'

o he dem.

5defi $ 5.
1 0 0

P R O P.

A medial r eflatg le 8

being takenfrom a rati

onal refi ang le A B,
the r ight line H which
containeth in pow" the

[Paceremaining A ,
is one

of thefe two irrational
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E ucu n n
'
s E lemeitts

.

untoall is agreeab le that i s prog
ounded in the theorem;

For by com ound ing, FE . E

therefore PH
)

. EH e EH. CH f FE . ECf tz BD. e 1 2, 5.
DC. wh erefore huge BDg DC h th ence ihall EH
be "

9 . CH, h and FHq
"

CL Hq Th erefore becaufe
fi
lo?

FHq . BHq k : : FH. CH. h fllall EH b e "

EL CH. l and
fo FC "m. CH. Moreover CD g is 5, and DF(Aq ) k eor .

g is fit . 77: therefore FC is CD. whence alfo C H 1 16. 10.

13 51 1 . CD. n th erefore 1
,
CHarchand

"

9 , as be m 2 1 . 10.

fore. 0 therefore EC is refidual line
,
towh ich CHmay fi fth 17

b ejoined. Furth ermore EH. CHf BD.DC
,and fo by

permutation EH. BD CH. DC wh ence becaufe CHf 0 74 10
‘

D . DC
, I: {h all EH b e 1 1. BD. But flippofé BD

'

n . p 10 10 .

,f
’ BDo UCq ,

6
th en fhall EH EHq . q 1 5. no.

Cl lq . Alfo if B p propou nded , then fh all EH 1
‘

I ?" 1 0

be 1 1 to th e l i me 5. f that is, if BC be a firfi b ino f 1 . def43 1
'

mial, t EC {h all b e a firfi refidual . In likemanner
, if 10

DC be to th e propounded 5, r then is CH to t 11 4785.
the fame i . a that is

, if BC be a fecond b itiomial, n 10

EC {hall b e a fecond refidual And ifth is b e a th i rd U 7

b inomial, then that {hall be a th ird refidual, 8
’
e. But 10

if BD b e ‘
n . J BDq — DCQJ

' then filall EHb e
'
t L

g/ EHq GHq . th erefore i f BC be a 4, 5, or 6 hi 1 0 .

nomial, EG {h all b e likewifi: a 41 5, or q refidual. y 1 5. 10,
Which was to he dem.

p R o. P. cxrv.

A a refidieal lineBC

QB
make: the breachh

a binomial ; who/enames
BE

,
GE are common/arable

to the names BD, BC 9
"

the
rejidxtal lineBC, and in the

[amepropor tion,andmoreover ,
the binomial line wh ich it
made (BE ) is of the fame
order with the re/idnal line(B



Elhe tenth Book if
b ecaufe P . GE

g
g : :BG . GF. b lh allBG b e

‘

11 F.k and i i) mor eover BD e is 5, and th e rec
tangleDF Aq e is fir . l thereforéBF i s 51 3 . BD. m
therefore alfo 86 is 5 BD. n th erefore BG , GE

0 wh erefore BE is a b inomial. Lafil be~

CD BG . GE . and b y permutation BD. BC 3 :

CD.GE ,
andBD'

n BG th ence flxallCD b e
a refidual, BE (hall b e a firfi

b i nomi al
,
8 c. asm th eprec. therefore, &c.

P R O P . CXV.

If a[pace AB he I line AC

(CE AE and a

are common/arable to

i s rational .

L et G b e and make the CH: Gq a

th en ih all B (HI IB)b e a and Ill a
"

CL CDh T L CE aand BI ° CD

DB6 CE . EA . therefore b
y p

ermutation HI. CE
BI . EA. c therefor e EH. AC HI . CE BI. EA:

wh erefore fmce d HI CB e thence EH AC.

f th erefore the refi angleHC
t
tl BA . ButHC(G 1)

6 is fit . g therefore BA (Fq ) is fr. and confequently F
isp. W h ich was to be dem.

Hereby it appear s that a rational filperficiesmay be.
contained under two i rrational r tgh t‘

lines.

P R O PO.
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E uci m a
’s Elements.

V. The inclination of
a r igh t lineAB to a Plane
CD, is when a perpendi

cular AB is drawn from
A th e h ighett point of

that line AB to th e plane
CD, and another lineEB
d rawn from the point B,
wh ich th e p endicular

makes i
.

n
.
t e plane CD, to the end B of the fii id

l ine ABwh ich is in the fame plane, wh ereb y the ao

g
le ABE Wh ICl‘l i s contained under th e infill ing Jim
B
, and the line drawn in the plane EB is acute.

VI. T h e inclination
ofa plane AB to aplane
CD is an acute

3
1

1

1

‘nFGHcontained er

the r igh t lines FR, GB
wh ich b eingdrawn in ci
ther of th e planes AB,
CD to th e fame pointH
of th e common fe&ion BE , make r igh t anglesFHB,
GHE, with th e common (cation BE .

VII Planes are faid to b e inclined to other. planes

in th e fame manner, whe n th e faid angles of inclina
tion are equal one to another;
VIII. Parallel planes are thofi: wh ich being prof
lon ed never meet .

L ike folid es are fuch as arecontained un

der like planes equa in number .

X . Equal and like fitlid es are foch as are con
tained under li ke planes eq both in multitude and
ma n itude.

I. A folid angle is the inclination of more than
two r igh t lines wh ich
in th e li me fuperficies.

A
“

folid angle is thatwh ich i s containedundermon:
than two p lane angles not b eing in the fame fuperfi

i

tcies, b ut confifi ing all at one pom
XII . A Pyramxde is a iclid figure comprehended

l‘l‘d“divers planes fet Upon one plane (wh ich isga
b
;a

’3-3 3
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the common fearion be“I t? 0 I .
Q notar i t linc

,
4 thcn i

AB draw the r igh t line
“
F. a and in

b
line EHF. therefore two r i

14 4” t. EGF. i nclude a(uperficies. b W hich
‘

is ojard.

P R 0 P . IV.

[fat E fe8 tan two
r ight lines AB, CD, a r ight ”3 15?
fiends at r ight angles to them, it
jball 4116 be at right ang les to the

plane ACBD drawn thro
’

the[aid

one to the O ther , andjoin th e r ight
lines

'

AC,CB, BD,AD. drawany r i h t line GHth ro
’

E,

fi j
o in FA, PC,

FD, FB, FG ,F BecauieAE is a
and DE a EC, and the angle AED6 CEB,

c th erefore AD is CB, el ikewife AC DB. d th ere»

fore AD is rallel to CB, d and AC toBD. owh e
th e an le AE=EBH,

and th e an le AGE EHB.

But 0 AEf EB. 3 therefore E E l ]
, g and

AG EH. whence b y reafon of th e r igh t ang
les

, b

the hyp . and fo equal, atE , b th e bafesPA ,FC, B
,
FD
Y
,

are equal. T herefore the tri angles ADF, BBC, are e

qui lateral one to anoth er, It and thence the an leDAF
BCF T herefore in th e tr ian les AGP , EH

,
the

fides FG,
FH I are equal ; and o b y confequence the

tr iangles PEG and FEH are mutually equilateral m
th erefore th e angles FEG,

FEH are equal, and n (0

r igh t angles. In l ike manner, FE makes r igh t angles
with all the lines drawn th ro

’

E i n the plane ADBC,
0 3 def?1 1 ° o and is th erefore perpendicular to the {aid p lane.

P R O P.



E n ci i fi n
’
s

P R O P . V.
‘

the other at theoom

thefame plane
For AC, AD, a are in one plane

FC aandAD,AE ,
are in oneplane 3 z , I I .

BE, wh ich if on conceive to be feveral planes, then
let th ei r inte cation 6 b e the r igh t line AG there

becaufi: BA by the Hyp . is perpend icular to the
r ight linesAC,AD. oand fo to th e lane FC, d it is ali‘o
perpendicular to the righ t line A th erefore (fince a
that AB i s in th e fame plane with AG; AE) th e angles
BAG, BAE , are r i h t an

g
l

li
s
,
and confequently equal,

th e part and th e w ole. hich it abfnrd.

P R O P. VI.
IfMia right line! AB, DC, be e

n fl edMenditalar to one and the

flameplane EF, tho/b r ight line: AB,
DC, areparallel one to the other .

Draw AD, wh ereunto let DG
AB b e per pend icular in the

lane EF
,
and join BD,

BG, AG .

ufe in the tr iangles BAD, ADG, the angles
AO G a are r igh t angles, and AB 6 DG

, and AD is a

common, c therefore 3 0 is AG . whence in the tr i
angles AGB, BGD, equilateral one to the other , the
angle BAG is d BDG ; of wh ich fince BAG is a
r igh t an le, EDG {hall be (0 alfb , but the an le GDO
is fuppo ed r ight, therefore th e r ight line is per

pendicular to the th ree lines DA,
DB,CD. ewh ich are

therefore in th e li me planefwh erein AB i s. W h ere
fore fince AB and CD are i n the fame

internal an les BAD, CDA,
are r igh t angles, I AB R 3 3 , I .U

and CD {ha 1 be parallels. W h ich was to bedern.

P R O P . VII.

Ifthere are twoparallel r ig ht lines

AB
,
CD, and any point: E ,

F
,
be ta

lten in both of them,
thelineEFwh ich

isjoined at thefiepoints, i t in thefame

planewith theparallelt AB,CD.



L et the plane inwh ich A£,
GB

, are, be cut b y ano

th er plane at the poin ts E ,
th en if FF is not in the

planeABCD, it lh all not be th e common fearion. Th ere

a 3 . u . fore let EGF b e th e common feétion ; wh ich a th en is
r i h t line, th erefor e two r igh t lines EF, EGF, iaa

b 14.an. 1 . d u e a fuperficies . b W hich is abfard.

P R O P . VIII.

there ht line:

Pendimlar
ther CDjball he perpendicular to the

fame planeEF.

T h e preparation and demonfira

tion of th e fixth of th is Book b e

ing transferr
’

d h ith er ; th e an les GDA ,
and GDE are

r igh t les : a T h erefore G is perpend icular to the

plane, w erein are AD,
DB (6 in wh ich alfo AB, CD,

ar e. )4: th erefore GD is perpendicular to CD. b ut the

angle CDA is alfo d a r igh t angle, e th erefore CD is .

perpend icular to th e plane BF. W hich was to he do“
monflrated.

P R 0 P . IX .

B

I? parallel to thefame lineBF, but

not in the fameplanewith it, areal
C 1 D [ap

arallel one to the other .

n the plane of th e par
allels AB,

BF, drawHG pt: ndicular to BE alfo in th e plane

of the parallelsJ CD,
drawIG perpendicular toEF:

4: th erefore EG is perpendicu
lar to th e p lanewh ere in

HG,
GI are ; and AH,

CI are erpendicular
to th e

fame plane, cth erefor
eAHand C are parallels. W hich

was to he dem.

P R O P . X .

If two right knee A
B
,
AC,

touch ing one

another he parallel to two other r ight lines

ED,
DF,

touch ing one another, and not be

ing in thefame plane, t
ho/e r ight

tain equal ang
les, BAC,

EDF.

L et AB, AC,
DE,

DE, b e equal one

to th e oth er , and drawAD,
BC, EF, BE,

CF. SinceAB,
DE , a are parallels an

d e

BE, AD,
are parallels and eq

ual . In like

manner
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242. 97” eleventh Book of

parallels
/

wh ich is repugnan t to the definition of pa
ralk l lines.

P R O P . XIV.

P lanes CD,
FE, to which thefame

right line AB isperpendicular, are pa

If you den th i s ; then let the

lanes CD,
meet, fo that their

mon feétion be th e r igh t line

GH, inwh ich takeany point I, draw
to i t th e r igh t lines IA, IR, in the

faid planes. wh ereb in the tr i a le IAB, two angles
IAB

,
IBA a ar e r ig t angles. b h i

'

ch

P R O P . XV.

Ifttvo r ightlinesAB,AC, touching on!
the other ,are arallel

lines DE,
D touch ing one the other,

and not being in the fame planewith
them, the plane: BAC, EDF, drawn
by thofe r ight line: are parallel one to
the other .

-From A a drawAG perpendicular to the planeEF.

’

6and let GH, GI b e parallel to DB, DF. c thefe alfo
{hall b e arallel to AB, AC . T h erefore fince the an

gles IG HGA
,
d are r igh t angles, alfo CAG, BAG,

e {hall be r igh t an les .f th erefore GA is perpendicu
lar to the lane b ut th e finme is perpend icular to
th e p laneEF, h therefore the p lanes BC,
rallel. t ich w : to he dem.

P R O P. XVI.

If two parallel planet AB, CD;
are cut by jbme other planeHE IGF,
thei r common fefi iont EH, GF are

parallel one to the other .

For if th ey are laid to he not

parallel, then, fiuce they are in

th e fame cutting plane, theymull

meet fome wh ere, fuppofe in I,
wherefore fince th e whole lines

HE I,



E u cf I D 5
’
s Elements. 243

RBI, FGI a art: in the planes AB, CD, produced, the a l . 1 1 .

planes alib ib all meet . contrary to theH” .

P R O P. XVII.

If two r ight liner ALB, CMD,
are

6 parallel planes EF, GH,
IK they

,(ba
l
lgécutproportionally, (AL . LB CM.

M
L et the r igh t lines AC,

BD
, be0

d rawn m the planes EF, IK ; as a]
.

and jo in NL ,NM, th e planes of th e tr i:
angles ADC,ADB, make th efeétions BD

,
LN , and AC,

NM, a parallels . Ther efore AL . LB AN. ND 61 :
CM; MD. W hich was to he dent.

P R O P. XVIII.
'

Ifa r ight lineAB heper

jhmeplaneCD,

all theplanesEFpafl
'

i np th ro
’

that r igh t line AB jh

perpendicular to the fame

plane CD.

Let th ere be fome p lane
BF drawn th ro

’

AB
, mak

i ng the feétion EG wi th th e plane CD; from (ome

fig
h twh ereofH, a drawHI parallel toAB in the plane
h then {hallHI b e perpend icular to th e planeCD,

and fo l ikewife al

f

ly oth er lines
,
th at are perpendicm

lar to EC c th er
to th e plane CD ; and for th e fame reafon any oth er

drawn th ro
’

AB {hall be perpendicular to CD.

P R O P .

If two planer AB, CD, cut

ting one the other,areperpendicu
lar tojbme plane GH, th ei r line

bf common fefl ion EF jhall he
perpendicular to the fame plane
(GH
Becaufe th e planesAB, CD,

(L 2

ore the plane FF is perpendicular c4.def.t 1
°



a

flh e eleventh Book of
are taken perpend icular to th e laneGH it appear s b y

4. def. 1 1 . that from th e pointI"th ere niay bedrawn in
both planesAB, CD,

a perpendicular to th e planeGB ,

wh ich fhall b e a one and th e fame line, and th erefore

th e common feétion of the fi id planes. W h ich was

to he demonji rated.

PR O R xm

Ifa jh lid ang leABCD becontained
under threeplane ang les, BAD,

DAC
,

BAC,
.

any two ofthem how/b etter taken
are g reater thanthe th ird.

If th e th ree angles are equal, the

allertion is evident if unequal, th en let the greatell

b e BAC ; fromwh ence a take awa BAE BAD
,
and

make AD AE ; and alfo drawB C
,
BD,DC.

Becaufe th e fide BA is common, a nd AD 6 AE

and th e angle BAE 6a:
BAD

,
c th ence is BE BD.

but BD DC i s d c: BC. e th erefore DC EC.

W h erefore fince AD 1: : AR,
and the tide AC is com

mon , and DC C
" EC . f th e an le CAD (hall b e C

“

EAC, g th erefore th e angle BA BAC.

W h ich was to he dem.

P R O P . XXI.

Every jb lid angleA i: bontained
under lefs ang les than four plane
r ig ht ang les .

For let a plane any
-wife cut

ting th e fides of the foli d an le

A make amany
- lided 5 re C.

DE, and as many tr iangfi
‘

ds ABC
,

ACD,
ADE ,

ARB.
denoteall th e anglesof th ed ~

gone b y X ;
and I term th e fum of th e angles at the

h f f th e tr ian 18 Y . wh ereofX 4r igh t an lesa

fi
t

A . but be
g
caufe th at (of all th e angles at )h

th e angle ABE
ABC is C

" CBE , and th e flame is

true alfo of th e angles a
t C,

at D,
and atE

, c i t i sma

n ifefi that Y is E.

“ X ,

°

and confeqnently A {ball be 1
O

4 r igh t angles.
W h ich was to he dem.

P R O P
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e 1 1 . wherefore fince th e angle IILMe is a r igh t angle, f
f47 1 . th ence isME Bb q LMq g ADq . th erefore“mgr . MH AD . th e flame way of reafoningMK,MI,
Econ/tr . AD(that i s Ad EB, 8 °

c. ) are equal ; therefore fince

k 8, 1 , RM7 : AD, andMI AB ,
and DE h I ll , It th e

angle A {h all b e HMI, k as likewife th e angle IMK
B
,
k and th e angleHMK= C, wherefore a folid

angle is made atMof th e th ree given p lane angles.
W h ich was to he done. AD is allumed to b e HL .

But th is i s
’

man ifel’t For if AD be or HL ,
th en

I eonfi r . 63
° is the angle A l m or tr

" HL I . In like manner

8. 1 . {h all B b e equal or C
“
IILK, and C or r: KL l

'

,

m t . wh erefore A B C ikall eith er equal or ex
‘
ce

'

ed
four r igh t angles . contro

l?
to the Hy . therefore rather

letAD be C.

" HL . W ich was to he dem.

P R O P. XXIV.

under parallelplanes, the po

lite planes thereof (AG ,

”

BD,

8cc are lilte andequal paral‘
lelrg rams .

T he plane ACcuttin the

h 16 1 1 . parallel planes AG , D a

makes the fé&ions AH
,
DC,

parallels, and for the flame
r eafon AD, HC are parallels . T h erefore ADCH is a

pgr . By th e like argument
th e oth er planes of th e pa

~

b SS'd‘fiI ° rallelepx on are 6 pgrs wh erefore fince AF is paral
c lel to H and AD to HC, c the an le FAD th all be
d 3 4° 1 ‘ G I lC,

therefor e b ecaufeAF d G, and AD d z :
7' 5' HC, and fo AF. AD HG . BC

,
the tr iangles FAD,

6° GHC g are l ike and h equal ; and confequently th e pgrs.
1 ° AH,

HB are like and k equal, and the flame ma be
I ° lh ewn ofthe tell ofth e oppofne p lanes, therefore, c.

P R o P. XXV.

pipedon ABCD hecut

by a plane EFparal
lel to theoppq/i teplanes
AD

,
BC; then as the

hall: AII is to the
BH

,fi_/halljblidA
he tojolid BHC.

Conceive



E u ci I D a
’

s Elements . 1147
Conceive th e parallelep ipedon ABCDto b eextended

on eith er fide, and take A I AE; and BK EB
,

and put th e planes IQ , KP, parallel to the lanes AD
,

BC ; th en the pgrs. IM,
AH,

and a BL , h and IQ ,

AD,
EF, 8

°
c. are a like and equal, cwhe refore the Pri

rallelep ifi
edon AQ is AF ; and for th e fame reafon

th e Para elepipedon BP : BF. th erefore the folids IF,
EP are as multiple of th e folids AF, FE , as the ball s

IH
,
KH, are ofth e b all s AH,

EH. And if the b afe IH
b e r , z ,

“
1 : KI], d likewifi: ih all th e folid IE be d 24. I I .

C
"

,

"

3 EP . 0 confequently AH. BH AR EC.

W h ich was to he dem.

The [m e may he accomodated toallforts of prifmu ,

If any pr ifmewhatfoever b e cut byaplane parallel
to th e oppoli te planes, the fi fi ion lhall be a figure

qual and like to the
'

oppofite planes.

P R O P . XXVI.
‘

Upon a r ight lineg iven

AB,
~

and at apointg iven

in it A , to make a folid
ang le AHIL equal to a

folid angle g iven ODE-F.

From fhme po intFa a I I . I I ,

drawFG per ndicular

ne E, and drawthe r igh t lines DE, FE,

CG. Make AH CD
, and th e an le l lAI

DCE ,
and AI CE ; and in the plane H make

th e angle HAK DOG
, and AK 2 a }, th en ereél:

KL perpend icular to the planeHAI, and letKL
GF, and draw AL : T hen AHIL ib all be a folid an

gle equal to that iven CDEF. For th e co nfiruétion
‘

pf th is does wh o ly refemb le the fram ing of that
,
as

wi ll ealily appear to any who examine i t.



‘

248 9
’

h e eleventh Book of

P R O P. XXVII.

Upon a r ight lineg i j
ven ABtodejirr iheapa
rallelepipedon AK, like,
and in li ke manner[5

O f th e p lane angles, BAH,

qual to FCB, ECG , BCG, amake th e folid angle A e

qual to th e folid angle C. allh 6 make PC. CE BA.

AH. h andCE CI ; AH. AI (cwhence byequali ty FC
CG BA . AI) and finilh the parallelepipedon AK,
wh ich lhall be like to thatwh ich is iven.

For b
p
th econfir ufitidn, the Pgr. d His like toFE,

and d H to EG, and d BI goFG , and efo the oppolites
of th efe to th e o

'

ppoli tes of them Th erefore the fix

planes of th e folid AK are l ike to th e fix p lanes of the
f 9 . def ! r. folid CD, f and confequently AK,

CD, are like folids.
W h ich was to hedem.

P It0 P. xxvm.

‘

If afi nd puffi flelef edon A.B
he cut by a plane FGCI) drawn
thro

'

the diagonal lines DF, CG,
of the oppojite lanes AE , HB,
that[ol d AB all he e stall] hi

feél ed by the lane FGCI).

For b ecaufe DC,
FG, are a equa and arallels, h the

plane PGCD is a Pgr and becaufe a th e grs . AE H
l
B
,

are equal and like, 6alfo th e tr ian les AFD, HGC,
CGB,DFE are equal and l ike . But t e Pgrs. AC .AG,

are equal and like to PB and FD, th erefore all the

p lanes of the pr ifme FGCDAH are equal and l ike to

all th e planes of th e p r ifme, FGCDEB, and c confe

quently th is pr ifme i s equal to that. Which was
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use
f

r ee eleventh Book 4
and drawAP,DO .B . CN. a th en ih allDC,AB,

HG, EF, PQ ,
O N b e as we e qual and parallel one to

b 29- 1 x th e other as AD
, HE ,

GF
,

- BC, KL ,
IM, QN . P0 . 1.

wh erefore th e parallelep ipedon ADCBPO Nt all be
6 x. 41 . I equal to eith er parallelep ipedon ADCBHEFG,

ADGE
IMLK ; and c confequentl th ef

'

e two are equal one to
the other . W hich was tohe dem.

P R O P . XXXI .

Solid parallelepipedcm,
ALEKGMBI , CP OHQDN,“’hy height being con/l ituded upon equal h zjes ALEK, (Two, and 1‘

fi nderfland in thefame heig ht are equal, one to the other .

the parpen Fi rfi, let th e paral lelepipedom AB, CD, have the

drealar fides per pendicular to th e b afes, and at the fide CP be

draemgfiom ing produced, a make the Pgr . PRTS equal and
{

like

theplane qf to th e p r . KELA . b and fo th e parallelep ipedon PR
o

the hafi: to TSQVXX equal and like to th e parallelep ipedon AB.

the oppojz
'

te P roduce O wE, NDJ I, wPZ ,
DQF, ERB, J

‘Vy ,
TSZ ,

plane. Y KP and drawE J‘, By , Z F.

'

a 1 3 . 6 T h e planes O eJ
lN

,
CRVl I

,
Z TY F, e are par allels

53 " one to the oth er ; 41 and th e Pgrs. ALEK, CPeoO .

1 0 . ciefl t I . PRTS, PREZ are eq ual. The refore fince th e parallele

ego def. 1 I . p ipedon CD. PVJ‘a e Pgr . Cw(PREZ )R
‘

w paral

d hyp. and lelep ipedon PRBZ QY
B

’ F. PVJ ‘w; the parallelep ipedon

3 5. I . CDf {h all be PR %QV3 /Fg : PRVQST Y X h
e 25. I 1 . AB. W h ich was to he dem .

f 9 . 5. But if the parallelep ipedons AB, CD,
h ave fides oh

29 . 1 I . l ique to th e b alk
,
then on th e fame b afes and in the

con/tr . fame h eigh t p lace parallelepipedonswhofe {ides are per

k 1 I . pendicular to th e bath . kT h e?{h all be cqual toone ano
I . ax. I . th er , and to th ofc th at are ob lique, mwh ence alfo the.

obl ique parallelep ipedonsAB,CDare equal
.W hich was

tohe demonfirated.
FR QBu.



E uc r. t 1) 11
’
s Elements,

P R O P . XXXII.

SolidparallelepipedomABCD,EPGL ,ofthefameheight,
are one to the other , as their bafes, AB, EF. Q

Produce EHI, a and make th e p r . FI AB
,
and a 45. I .

h comp leat th e parallele

flq
ipedon FINi 'L It is clear th at b 27. I ‘4

'

the parallelep ipedon F M. (e ABCD)EFGL d FI C 3 1 . I L

(AB )EB. W h ich d 1 1.

P R 0 P. XXXIII.‘

L ike fi lid parallelepipedons
ABCD

, EFGH, are to one a:
notha' in tr iplicate ratio of their
h omologous[ides A I, EK .

P r oduce the r igh t l ines
A IL

, DIO ,
BIN,and a make a 3 . 1 .

IL . IO , IN, equal toBK,KH,

KF, h and fo th e parallelep i b 27. I I .
pedon IXMT equal and like
to th e parallelepipedon EF
GB . 0 L et th e paralle ps. IKPE DL Y Q b e fini ih ed. d
Th en lh all b e AL . I (EK) DI . IO BI. IN.

(KF)e that i s the pgr. AD. DL DL . IX BO . IT .

f i t: th e parallepp . ABCD. DLQY DLQY . IXBP
IXBP . IXMT . (g EFCH.) h th erefb re th e p roportt ion of ABCD to EFCH is tr ipl icate of th e roportton

O fABCD to DLQY ,
k or ofA I toEK. h ich was to

he demmfirated.

Hence it appears th at if four r igh t l ines h e continu
ally proportional, as th e firfi is to the fourth , (0 is a

parallelep ipedon defcr ibed on the firfi to a parallele

pipedon defcr ibed on th e fecond, being l ike and in l i ke

manner defcr ibed.
i i

P 3 O
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t: 3 1 . u .

fi h JWmfi l M&d
'

taining equal angleswith the lines firll given, each to
each ;

r
perpendiculars drawn ti on) the extreme points

of th o e elevated lines to the lanes of the angles firli

given, are equal one to th e ot er
, v iz . LM2 BK.

P R O P. XXXVI.

Becauf
'

e DE . IK a IL . DF, 6 th e pgr . LKfltall be
FE,

and by reafon of th e e uali ofth e plane angles
at D and I, and of th e l ines D

,
M

,
alfb th e altitudes

of th e parallelepps. are equal b y th e preced in Coroll .
c th erefore the parallelepps . are equal one to t e oth er .

W hich was to he dent.

P R 0 P. XXXVII
0

Ifthere are finer r ight lines A; B,C,D, proportional, the

fi lid parallelepps. A , B, C,
D being like, and in likefort de

fi
'

r ihedfi om them,[hall beproportional . And if the jh lidpa
rallepps . being like and in like fort defcr ihed, be proportional

(A . B C . D. )then thofe r ight lines A ,
B
,
C
,
D

,
fhall be

pro rtional.

or th e propor tions of th e parallelepps. a are tr ipli

care of thofi: lines ; th erefore ifA .B C. D
,
h th en {h all

th e par allelpp . A . parallelpp.
B parallelpp . C. parak

lelpp . D. and (0 alfo contrarsly.

P R O P.

If there are th ree r ight
lines DE , DC,DF pro

por tional, the jblidparal
lelpp. DH. made of them,
i s equal to thejb lzdparal
lelpp. INmade if them id
dle lineDC(IL)wh ich i s

equiangular to the[aid parallelepipe



E u cu n a
’
s Elements.

9 R or . xxxvm.

Ifa plane ABheperpen
dicular to a plane AC, and

a perpendicular line EF he

drawn from a point E in

one if the planes (AB) to

the other plane AC,
that perpendicular EFjhall fa ll upon

the commonfeétion of the lanes AD.

If i t he pofiib le, let fall without th e interfeélzion
AD. and in the lane AC a d rawFG perpend icular to
AD, and join E T he an Le PCB h is a r igh t angle,
and EFG i ppofed to be uch alfo therefore two r igh t
angles are in the triangleEFG . cW h ich is ahfurd.

P R O P. XXXIX .

the[ides (AE, PC, AF,

and DH, GB, DG , HB)
ojite planes AC,

DB
,

of a[b lid parallelpp. AB
,
he di

n ided into two equal parts, and

planes ILQO PKMR he

drawn thro
’

their feéi ions, theD

commonfec
‘h

'

ouoftheplanesST,

and the diameter ofthejolid P4“
rallelpp. ABfhall

’

div ide one
the

other into two equal arts .

Draw the r igh t ines SA , SC, TD, TB.
-Becaufe a

the tides DO , O T are equal to the fides BQ , QT , h
and the alternate an les TOD,

TQB e ual, alfo c the
bafes DT,TB, and the an les DTO ,

B
’ll are equal,d

ther eforeDTB is a r igh t inc. and (0 in li ke manner is
Moreover e as well AD is parallel and equal to

FG e as FG to CB
, and f th ence AD is parallel and e

qual toCB;g and confeqently AC toDB h wh erefore AB

and ST are inthe fame p lane ABCD.

‘

T h erefor e fince fi
th e ver tical angles AVS,BVT and th e alternate angles
ASV,

BTV are equal ; k and AS BT ; th erefore {h all
AV be BV

, l and SV 2 VT . W h ich was tohe dem.

Hence in every parallelep ipedon. all the diameters
hifefi:one another in one point, V. P R O P .

255



flh e eleventh Book of
P R O P. XL .

3 twoprifmes ABCFED,
GIlMLIK,

he «feq lcd alti-l

tude
,whereofone hath its hafeABCF aparallelog ram, and

the otherGHMatr iang le ; and if theparallelogram ABGE
he double to the tr iangleGEM; tho/e przfmes ABCFED,
GHML IK are equal
For i f the parallelepps . AN ,

GQ ,
b e compleated, a

th ey {hall be equal, becaufe of th e equal ity b
“
ofth e ba

{és AC
, GP, ahd c ofthe alti tudes, d th erefore alfo the

pr ifmes, e the h alfs theereoffltall be qual . W h ich was
to he dem.

Schol
From thepreceding demonflrations

gular pr ifmes, and quadrangular , or is learnt ;
Viz . by multiplying the altitude into
As if th e altit ude b e 1 0 foot, and the bafe I O O fquare

foot(th e hatemay b e meafisred byjob . 3 5. 1 . or by 41 . 1

th en multiply 100 by to, and 1 0 0 0 cub ic foot lh all be

p roduced for the foh di of th e pr ifme iven .

For as a reétanglefo (0 is a r igh tpar elepp . p
ccd from the alti tudemultiplied into the bafe. T h ere

fore every parallelepp. is produced from th e altitude

multiplied into the b afe,asappears b gI . ofth isBook .

Moreover , fince the whole parallelepp . i s produced

from the altitude drawn into th e b afe, th e h alfthereof

(th at is, a tr iangular pr ifme){hall b e p roduced from the

alti tude drawn i nto halfth e b afe, namely th e tr iangle.

An J dvertijbment
O bf That if thofe letter s which denote it[did ang le, the

firfi is always at the point inwhich the angle is ; hut of thofe
letters wh ich denote a pyramids, the laji is at thefupreme
point thereof.

Ex. gr . th e folid angle ABCD is at th e point A ; and
th e fup reme po int of th e pyram ide BCDA isat the point

A . and th e b afe is the tr iangle B

g he End of the eleventh Book . T H E
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11 l o 1 2 .

We twefi
‘ih Book qf

P R O P . II.

a

Ci rcle: AB
’

I
‘

,
KFR, tire if!pfopof

tion one to another , a: the[queu es of
their diameter : AC, II ; are.
Sn pofe ACq . EG9 th e circle

AB I I fay th en I i s equal to the
circle EFN .

For firfi
,
if i t he pofiib le, let I

he lefe than th e circle EFN , and let K be th e
or d ifference . Infcr ib e th e f uare

‘

EFGH in th e cir
cleEFN, a it b eing th e half 0 aci rcumfcr ihcd fquare,
and (0 greater than the femicircle. 6Div ide equally
in two the arches EF, FG,

GH
,
HE , and at the points

of the d ivifionsjoin the r igh t l ines th ro
’

L

d rawthe ta PQ (cwh ich is parallel to EF and

{I
roduce HE GF th en i s th e tr iangle ELF d the
aIfof the p EPQ and (0 teater th an th e h alfof

the fegment£11
"

and in like ort th e tell ofthofé tri

angles exceed the h alfs of th e. refi of the fegments.
And ifthe arches EL ,

LF
,
FM,8

°
c. be again h i fe&ed,

and th e r igh t lines joined, the tr iangles wi ll likewifé
exceed the h alf of th e firgments W herefo re if the

fquane E hG i l be taken from th e circle EFN , and the

tr iangles from the oth er fegments, and th is b e done

continual] at len h e th erewill remai n fome magn i

t ude lefs t anK. t us h ave one (0 far , namely, to

th e fi gments EL ,
LF, FM, c. taken together Ief

'

a

than K. T h erefore I (f th e circle EFN K )
"

3

the pol g ELFMGNHO (th e ci rcle EFN the feg
ment EXL -

'

l LF, 8
°
c. ) In th e ci rcle ABT g concei ve

a like olygon AKBSCT
'

DV infer ibed . there fore fince
‘

AKES DV. ELFMGNHO h Acq . EGq k the

ci rcle



I . and th e

El
l

i s
AKBSCTDV

t ircle ABT . th e polyg. MGNHO m {hall be "

3

I . but b efore, I was
“
3 ELFMGNHO . wh ich is re

IJ am.

i
)

.gain, if it be
‘
p

'

oflib le
,

.let I be C
"

the ci rcle EFN .

Therefore hecau e ACq . Em: thecircle ABT I ;
and inverfely I. the circle A EGq . ACq . fuppofi:
I . th e ci rcleABT the ci rcle EFN .K. 0 th erefore the

ci rcle ABT C
“
K . p and EGq . Aq z the circleEFN.

K . wh ich was juil nowfhewn to be repu nt.

it mull be concluded , that i s

éircle BFN. W hich was to he dem.

Hence it follows, that as a crrcle is toacircle, ti)
’

i s a polygon infEr id m th e firfl to a like polygon in
;

fcribed in th e (econd.

P n on lm

Eo
'

ery Pyramide ABDC hav ing
tr iangular hafe, ma be div ided

iti toMopyramid“H
,
HIKC,

canal,and
likeone to the other ,ha'u

mg hafet tr iangular , and like to th e
whole ABDC ; and into two e ual

pr ifmet, BFGEIH
,
FGDI

wh ich twopr ifi
'

ner aregreater
'

than

the half ofthewholepyramideKEUG
Di vide the tidesof thepyramide into two partsat the
ints E ,

F G H
,
I
,K,and join the r igh t linesE

‘F,FG,

813
,
El

,
IE

,
EK, KG ,

GH, HE . Becaufe th e (ides of

th e p amide are pr0portionally
‘

cut, a th ence HI,AB ;
and F

,
AB ; and IF, DC andHG , DC,

’ 8 r
'

are pa
n

rallels, and confe uentlyHI,
’ FG ; and GH,

FI are ai

fo parallels, there
q
fore it i s ap aren

'

t that th e tri angles

ABD,
l\EG

, EBF, FDG,
HHS, b are equiangular , and b 29

that th e four lafi are cequal : In like manner the tr ian
0 26°

gles ACB, AHE, E IB,HIC,FGKare equiangular and

th e four lalt are equal one to
’

th e oth er . A lfo th e tr ian.

gles BFI, FDK, IKC, EGH ; and lafily, the tr iangles
AHG,

GDK
,
BKG, EFI are like and equal. Moreover

th e tr iangles, HIK to ADB, ECU to EDG, and EFI
toADC, and FGK to ABC, 4 are parallel From

R a whence



The twelfth Each of
it evidently follows, firfi, that th e pyramide!

e 10 . def AEGH,HIKCare equal, and e like to thewholeABDC,
and to one another . Next

,
th at the folids BFGEIH,

FGDIHK are pr ifines, and th at of equal h eigh t, as be
ing placed b etween th e parallel p lanes ABD,

HIK,
but

th e bafe BFGE isf doub le ofth e ball: FDG . wh erefore
th e (aid pr iftnes are equal ; wh ereof th e one BFGEIII

reater than th e pyramideBEFI, that i s,thanAEGH,
wh ole than its part and coni

'

czquently th e two

p r ifmes are gr eater than th e two pyramides and (0 ea

coed the h alf of thewhole pyrami de ABDC. W hid;
was to he dem.

P R O P. N :

If there are twopyramides ABCD,
EECII, ofthefame

altitude, hav ing tr iangular hafizs ABC, EFG and either

qf them he div ided into twopyramid“(AILM,

and BPRS, STVH)equal one to the other and like to the
whole; and into two equal pr ifmes IBKLMN,

KLCN

MO ; and PFQRST , QRGTSV and if in like man
ner either of tho/épy r t . made by theformer dioifion hedioid

~

ed,
'
and th is he done continually ; then at t

he hafe ofonepy
rani ide is to the hafe of the other pyramide, [0 are all the

prifmes wh ich are in one py ramide, to all the pr ifmes which
are in the other pyramide, being e ual in multitude.

For (a pl ing th e confirm ion of th e precedent

prop. )BC? C a FG . QC . 6 th erefore th e tr ian le

ABC is to th e like tr iangle LKC as EFG is to c t e

l ike RQG . th erefore b y permutation ABC. EFG d

LKC. RQQ e th e pr ifme KLCNMO . QRGTSV

(for th efe are ofequal altitude)f IBKLMN. PFQ;
RST , g wh erefore the tr iang . ABC. EFG th e r ifme

KLCMNO 4 IBKLMN . th e pr ifme Q G I §V
PFQBST . Wh ich was to he dem.

Bat
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262.

e 5. 1 2 .

9h ; twelfth Book of
P R O P.

idesABCDEF,GHIKLM, hein ofthefameai~
titude, and having polygonous ha es ABCD GHIKL

,are

to one another as their bafes CDE ,GHIKL are.

Drawthe r i h t lines AC, AD, GI, GK. th en is th e
b afe ABQ A a th e pyr . ABCF.ACDF b th erefore
b compofition, ABCD. ACD : : th e pyr . A

,

BCDF. AC
F. a b ut alfo AGB ADE th e r . ACUP . ADEF.

c th erefore b y equality ABCD A E ABCDF. AD
EF, and b th ence b y compofition .ABCDE ADE the

pyr . ABCDEF. ADEF. moreover ADE. GKL d th e

p .ADEF GKLMand as b efore, and inverfelyGKL .

HIKL th e pyr . GKLM. GI-IIKLMc th erefore a

gain b equality ABCDE . GHIKL th e pyr . ABCD
tF. GhlIKLM. W h ich was to he dem.

Ifth e b all s h ave not {ides
of equal multitude, the de
monll ration will roceed

thus. T he bafe AB Gi ll i:
the ABGE GHIK.

and A GHI th e pyr .A

CDF.GHIK, therefore th e
DH I hafe ABCD. HI th e pyr.

ABCDF.GHIK. eMoreover th e hafe ADE GHI the

pyr . ADEF.GHIK. th erefore thebafcABCDF..GHI
th e pyr . ABCDE GHIK.

P R O P u VII.

hafe, ma hedi

v ided intothree pyrs . AGBf, AC
DF,CDFE , equal one tothe other ,
and having tr iangular hafes.

Draw th e d iameter s of th e parallelo rams AC, CF,
FD. Th en th e tr iangle ACE is a A h theref

pl
t

l

'

e

e



E u cI. 1 n a
’
s Elements,

{h ep amidesofequal h ei ht ACBF,ACDF. areequal.

In 11 e manner the pyr . D AC= th e pyr .DFEC, but

ACBF and DFACare one and th e fame pyr . ctherefore c I . ax. l

th e th ree pyramidesACBF,
ACDF

,
DFEC, intowh ich

th e pr ifme is div ided, are equal one to th eoth er . Wh ich
was tohe demoryi rated.
Hence, every pyramide is th e

th ird part of the pr ifme th at has

th e fame bafe and h eigh twith it,
or every pr ifme is treb le of the

pyramide that has th e fame bafe
and h eigh twi th i t .

For refolve the polygonous

pr ifme ABCDEGHIKFinto tr i
an ular pr ifines and th e pyr .AB

CDF.“into tr iangular yramides
a th en all the par ts 0 the pr ifme {hall be treb le to all
th e par ts of th e pr

amideh confequently th ewhole pr i lf

me ABCDEGH KF is treb le to th e whole pyr . AR
CDEH. Wh ich was tohe dem.

P R O P . VIII.

L ilee ramides ABCD,
EFGH, which have tr iangular

hufes A C, EFG are in ratio of their homolo:

gousfides AC, EG .

a Compleat the parallelpps. ABICDMKL ,
EFNG

HQO P, wh ich 6are l ike, and c fextuple of th e pyra

mides ABCD,
EFCH. d and th erefore th e pyrs. h ave

th e fame proportion to one anoth er as th e parallelpps .

h ave, that 18, e tr iplicate of thei r homologous lid

Hence alfo like polygonous py
ramides are in tr ipli

cate ratid o

g
t

i
lei r h omologous tdCS ; as may be eafily

roy
’

d b y r e o g

ving th em into tr iangular p ramides .

'

B q
j
P R Q E
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P R O P. IX.

Sec theprec. Scheme.

haj
'

es EFG,
the hafes and altitudes are reciprocal ;

And pyramides hav ing triangular hafes,whoj
'

e 41mm},3 and
hafes ar e reciprocal, are equal.
1 . H Th e compleated parallelpps. ABICDMKL,

EFN ® P are afextuple ofth e e ual pyramidesAB

CD
,
EFGH(each to each ) and 2) equal one to the

oth er , therefore the alti tude H.)th e alti tude (D)6
ABIC . EFNG c ABC. EF W hich was to he dem .

z Hyp. T h e altitude (H.)th e altitude(D d ABC.

EFG e ABIC EFNG f th erefore th e parallelpps.

ABICDMKL ,
EFNG I lQO P are equal, g confequent

ly alfo.
th e pyramides ABCD,EFGH b eing fubféxtuple

gf the fame, a
re equal W h ich was to he dem.

7hefame is applicable to polygonous py ramides, for thy
may all?) in likemanner he reduced to triangulars.

W hatfoever is dent. ofpyramides -in prop. 6, 8, 9 does
any [art ofpr i/

‘

mes ; feeing they are triple

of thepyramides that have thefame hafe and altitudewith
them. Therefore

1 . T he proportion ofpr ifines ofequal alti tude is the

fame with th at of th eir bafes .

z . Th e proportion of like pr ifines is tr iplicate of
that of th eir h omologous tides.

3 . E ma] pr if
'

mes h ave th eir b afés and altitudes r eci

procal ; and pr ifmeswh ich are (0 reciprocal ; are equal.

Fromwh at has been h itherto dem. the d imenfion of
any pr ifmes and pyrami

des may be colleéted .

a Th e folidityof a pr ifme i s p roduced from th e al

tudemultip lied i nto the bafe ; h and th erefore l ikewiih

that ofa pyr . from the th ird part of the alti tude mul

tiplied into the bfifi .

P R OB:



https://www.forgottenbooks.com/join


Thetwrlfl h Book J
'

P R O P. XI.

Cylinders and Cones ABCDK, EFGHM, heiv
c
tg
b
qf the

me altitude, are to one another at their hafetAB EF~

Let the circle ABCD. th e cit. EFGH: th econeAB-

g

CDK.N.

.

I layN is equal to th e cone EFGHM.

For if i t b e poflib lve, letN be th econeEFGHM,
and let the excelsb e O . T h e preparation and argumen
ration of th e prec. p rop . b eing fuppofed then {hall 0
b e greater than th e fig

ments of the cone EP, PF, FQ,
fif e. and fo the folid —

3 th e pyr . EPF RE SM In

thecircleABCDamakealike polyg.E
gg
} . BVCXDY

'

.

Becaufé then
'r. ABVY K . the r . INLSMh the

W . th e polygonH’F S c the circle0 1.

gs
mA

KB .the ci r .EFG Hd : theconeA K.N. e thence

the pyr . EPF(X;RHSMfilall be
“
3 N. contrary to

whatwas affirmed b efore . Again conceive N t: the

cone EFGHM. and make the cone EFGHM. O z : N.

th e cone ABCDKf z z th e cir. EFGH. ABCD. g there

fore O "

3 th e cone ABCDK ; wh ich is ah/Urd, as ap

pears b y wh at is ih ewn in the firfi part.

T h erefore rather admit ABCD. EFGII : : th e cone

ABCDK. EFGHM. W hich was tobe dem .

T he fame may be dem. ofcylinders, ifcyli

p r ifmes b e conceived in th e place of cones andpyra
'

.

mides. th erefore, 8
’
s: Schol.

Hence, is gathered the dimet

f
yi on of all fort: yfi lin

ders and cones. Th e folidity o a r igh t cyl. i s p ed

from th e circular bafe (a the d imenfion wh ereof is to
be learnt outofA rchimedes)multiplied into th e h eight ;
h wh ence in like manner that of every cylinder .

cTh erefore th e folidity ofacone is p roduced from

th i rd part of th e altitude multiplied into thebare.



E nc i r o n
’
s Elements.

PR O P. x11.

L ike cones and cylinders ABCDK,BEGUM, are inWe

plicate ratio of the diameters TX,
PR

, if their ha

fes ABCD, GH.

L etth econe A have to N a tr i licate ratio ofTX t

i
?

PR . I fi yN is the cone EF HM For if it he po

fib le let N b e EFGHM,
and let th e excefs be 0 ,

th ereforeN
—
_ l the pyr EPFQ iRHSM. Let the axes

of the cones be IK, LM, and
’

oin the r igh t linesVK,

CK,
VI,CI,andfl

M’GM’%
l
-

Z
GLBecaufe the cones are

like, a th ence V 1K Q LM. b ut th e anglesVIK,

Q
f
I

:
Mh are r igh t ang

les
, 0 th erefore th e tr iangles VIK,

Q Mare equian at , d whence VC . VI Q
I
I

E
.

alfoVI. VK z zQ QM. th erefore b y equality C V
(X; QM. e moreover VK . CK MMG . th ere~

fore .again by equality VC.CK QG . M,f th erefore
th e tr i angles VKC, QMG are l ike ; and by a like way
of reafonmg th e oth er tr iangles of th is pyr .are like to

the oth er of that, g wherefore th e pyrs. themfelves

are like In But th efeare in tr iplicate reportion of that

pfVC to QC, k that is, of VI to Q l or TX to PR

therefore the pyr . ATBVCXDY K . the pyr . E

GRHSM the cone ABCDK . N . n wh ence th e pyr .

EPFCKi RHSM“z :N.wh ich is repugnant towhatwas
affirmed before.

A in
,
take N tr

‘

th e coneEFGHMmake the cone

E HM.O N . the coneABCDKo: th e pyr . EPRM.

A
'

TCK p : :GQ VC th r ice PR. TX th r ice, th ere

fore O r is ABCDK. wh ic was b efore fli ewn to be

repugnant. W h ereforeN : the cone EFGHM. W h ich
was to he dem
But forafmuch as what proportion foever cones have,

ders, being tr iple of th em, h ave the fame
cyl . Sh all be to cyl . in triplicate ratio of the

diameters ofth eir bafes.



b u . 12.

and 7. 1 2 .

The twelfth Book a
P R 0 P. X III.
If4 cyl. ABCDhedividedby aplane

EFparallel to the oppofite planes BC,
AD, then as one cy l . AEPD is to the
other cyl. EBCF, fl) is the axis GI to
the axis IH.

The axis beingp
roduced, a take

GK -
z . GI, and II IH LM.

and conceive planes drawn at the
‘

points K,
L ,M, parallel to th ecir

0 cles AD
,
BC

,
6 th erefore th e c 1.

ED: th e cyl . AN , and th e cyl.

h BO 6: OP. therefore th e cyl,
EN is th efamemultiple of th e cyl.

EDas th e axis IK is of th e axis IG, and in like manner

th e c 1. EP i s th e fame multip le of the cyl. BF, as th e

axis{Mis ofth e axis IH. but as IK i s C
"

,

“
3 IM,

cfo is th e eyLEN r ,
EP . d therefore th e cyl.

AEFD. the cyl. EBCF GI. IH. W h ich was
P R O P . XIV.

Cones AEB, CFD, and cy lim
ders AILCK, infifling upon equal

hafes AB, CD, are to one another

as their altitudesME , NF;
T h ecyl.HA,

and th e axisEM
b eing produced, takeML
FN and th ro

’

the point L draw

a lane arallel to th e bafieAB, a then {h all the C I. AP

bf: c
p
x . 1. but th e cyl A11. AP . lx .ML

NF. W h
'

h t he dem.

l e ram

}

;mgije
o

afi rmfid O fCO DCSWt I'l are fi lb trl'

p ic ofCylinders
i t as alfo of pr ifines and pyramides .

P R O P . XV.

In equal cones
BAC,EDFandcya

linders BI1,BK, thebafes and edi t!

tudes are recipro.(BC. EF MD.

L A .) J ud cones and cylinders.

who/e hafies and altitudes are reci

trocal, are e

q
ual one to the other.

If th e alti tudes be equal then the afes are equal too,

and th e th ing is evide
nt. Ifunequal, then take away

M0 LA .

I . Hyp. Then isMO .MO (4 L A)6 : t the cyl.EK .(e

EH)EQ d th e Cir . BC EF. W h ich was to he dem .

2 Hy BC. EF e
° DM. 0M(LA)f th e cyl,EK.,

:BC EF 19 EH. EQ ltT h ereforeth e cyl . EK

BII. Wh ich was to he dem .

e ufed for cones.
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Twojhheres ABCV, EFCH, confifiing ahout thefame
center D, being g i ben, to infer ihe a felid of many fides (or
Polyedron) in the g reater [there ABCV, which jhall not

touch thefu
fi
erficies ofthe lefl

'

er 0 here EFCH.

L et bot th e fpheres be cut b y a plane pafling th ro
'

th e center ,mak in the circles EFCH, ABCV; and the
d iameters AC, B drawn, cutting derpendicular l In

g 16. 12
‘

th e ci rcle ABCV, a infer ibe the equilateral pol; on

VMLNC, 8 °
c. not touch ing th e circle EFCH T en

'

draw th e diameter Net, and g reat DO perpend icular
to th e plane ABC th ro

’

DO , and th ro
’

th e
‘

d iameters

AC, Nat, conceive planes DO C,
DON ereéted, wh ich

‘

ihall be h er pendicular to th e circle ARGV, and {o in

the
.

fitper cies ofth e f heremake cth e quadrants DO C,
‘

DON . In wh ich let t e r igh t l ines CP, PQ ,QR, R0 ;
NS, ST ,T7, 0 d be fitted , equal, and of equal multi

tude with C13,NL ,8
’
c make th e fameconfimfi ion ia

'

th e O ther quadrants 0 L , 0M, 8
°
c. and in the wh ole

fphere . Th en I {b y th e th i ng r equired i s done.

From th e points P , S,_to the plane ABCV d raw the
'

perpendiculam PX ,
bY , ewh ich i

'

hall fall on th e fee

tions AC, Ne. Th erefore b ecaufe both f th e r i gh t eu

gles PXC,
SY N

, g and PCX,
SNY infiil ing on is equal

circumferences
, f are equal, th e tr iangles alfb PCX,

’

SNY h are equtan lar W herefore ftnce PC k SN,
l alfo is PX S l and XC Y N ; m wh ence DX
DY , n and therefore DX. XC DY . Y N. 0 there

fore Y X , NC are parallels, but becaufe PX,
SY aree

qual, and fince Being perpendicular to th e fame lane

ABCV, th ey are alfo p parallels, q therefore YX
)

,
SP

{hall b e equal and parallels, r wh ence SP, NC, are a

rallel one to th e other ; and fo th e [quadr ilateral C

PS, and for th e fame reafon SPQT , TQRG,
as alfo the

t tr iangle y RO are (0 many planes In likemanner the
'

whole fphere may b e fhewn h i ll of fuch quadr ilaterals
and tr iangles, wh erefom the figure infer i bed is a po

Iyedron.

it I I . I i s From the Center D u drawDZ . erpendicularto the
'

lane NCPS; and jo in Z N,
2C , 25, Z P . BecaufeDN.

C x DY . XX,
thence NC isy C

“
Y X (SR )and in

'

likemanner SP T andT

cj
‘

yR . A nd becaufe"
th e angles DZ C,

DZ DZ S, Z P z. are r igh t, and

th e fides DC
,
DN,

DS
,
DP

, a equal, and DZ common,
6 th ence Z C,

Z N, Z S, Z P are equal one to th e oth er ,

and confequently about th equadr ilateralNCPS, caci
l

r

éé





flh e twelfth Book q}

P R O P. XVIII.

Spheres BAC, EDF, are in tr iplicate ratio if their didi

meter s BC,
EF.

L et the fphcre BAC be to th e fphereG in tr ip l i . p ro
-i

rtion of th at ofth e d iameter BC to the diameter EF.

fay G EDP . For if it be pofiib le , let e
‘

3 EDF.

and conceive th e fph ere G concentr ical with EDF. In

the fph ere EDP a infitr ib e a polyedron not touch i
?the fph ere G ,

and alike polyedron in th e fph ere BA
T h eie polyedrons b are in tr iplic

'

ate propor tion of the

d iameter sBC, EF, c th at is, of th e fph ere BAC to G.

d coniequently th e fph ere G is teater th an th e polye

dron infer i bed in the fphere F
,
th e part th an the

wh ole .

Again, if it b e poflib le, let th efph ereG b e C"

EDP.

and as th efph ere EDF is to anoth er fph ereH, fo letG

b e to BAC, e that is, in tr iplicate p ropor tion ofth edi

ameter EFtoBC,
th ereforefinceBACf C‘ H

,we {hall

i ncur th e ab furd i of the firfi par t, wh erefore rather

th e fph er e G F. W h ich was tohedem.

Hence, as one fph ere is to anoth er fphere, (O is a

pol edron defcr ib ed in that to a l ike polyedron def

cri d in th is.

The end if the trat Book.

T H E
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o 1 li t

n i n e. or es -la m : ze+n , h

b 3 . an. t . {b all as be z e. e wherefore z . a a. e. ”blah was to

c (7. 60

P R O P. 111.

If a r ight line 2 he divided according to extreme and

mean proportion (z . a a. e. )the lion madeof the left leg
ment e and half of the greater jegment a, i : in power

quintuple to the fquare, wh ich it defcr ihed of the hufflint
of the greattfifigment a.

I fayQ : e e

i a z a that is ee {as
a . h or ee- l ea

z e d=a8 . ”Thi i was ” hedemon

R 0 P. IV.

r ight line 2 he cut
accorditg to m m m m

I fay z n + g ee.

a or u + ee+ z ae ~

t3 am. For ae cc

z e c ao. d therefore a:

2. cc3 : 3 as . Which war to he demonfirand.

P R O P. V.

Di — A- i '
f
—Ch - ‘B If a right 5” A 8 he 0”

fegment BC, added

ended according to extreme and meanm orrion and the

gr eater figment it the r ight
'

Iine AB given at th e hegin

For becaul
'

e AB. AD a AC. CB. and b y 111m
AD. AB CB .

‘

AC. therefore by m p fition BB.A3

(AD.)Wh ich was to he demonfiratod.
sad .

But ifED.DA BA . AD. then (hell heMAD. : :AD.

BA—AD. For by dividin BD—BA
AD. AD. th erefore inverfey BA, AD 2AD.BA AD.

2R O P.



Eti e n n e
”
: Elemenln 173

P R O P. VI:

If a rational right lite

tu n e and meal! proportion in C, ei ther of thefigment: (AG
68 ) i t an irrational line of that kittdwh ich it called a

To the greater fegment AC a add AD={ AB. 6 ;
3 ‘ I ‘

th erefore DCq==s DAq . ctherefore DCq
“
q . DAq . con 2

l

g:
fi quently afince AB, e and fo the half th ereofDA are 5, z

l

likewifeDC is fl. But becaufe 5. t nor Q,Q, f thence
b

?
’

i. ne t -

L DA . gtherefore DC AD,
is
, AC, i.

°f‘

relidual line. Furth er, becaufe ACq h AB X BC, and

AB is fi, i likewife BC is a refidual line. Which one: to
f 9‘ w‘

8 74a 10'

h xmo.

t a o P. vn.

Let th e tigh t lines BE, AC,
’ BD, be fub tended to

'

the

Equal angles in o
’

i der.

Becaufe the (i dea EA, AB, BC, CD, and the included

l ngles e are equal, 6 therefore {hall th e Safe: BE, AC, tM.

BD, cand th e angles AEB, ABE, BAC, BCA, be e b 4. r .
,

ual . d W h erefore BF==FA, e and confequently PC: 0 4. and
E th erefore the tr iangles PCB, FED,

'

are equilateral
One to the other fwh ence the angle PCB FED. g d 6; r .
honfequently the angle AED=B CD. In like manner 6 3 . an. i t
the angle CDE is equal to

'

th e refi wherefore th e pen
: f 8. t ,“gone is equiangular. Whig:war to he demonfirated. g 2.at . r

2



B

But if th e angles EAB, BCD, CDE, wh ich are not

in o rder, be fuppofed equal, 6 then {h all th e an lo AEB

=BDC, and BE=BD. k and thence the anée BED
: : BDE. l confirquently the whole angle AED=CDE,
th erefore becaufe the angles A, E,D, in order, areequal,
as b efore, th e pen tagone {hall b e equiangular. Which war

P R O P. VIII.

If in an equilateral and equiangm
'

lar pentagone ABCDE , two r tght km:
8 D GB, fuhtend two ang le: BCD,

CDE fi llowing in order , tho/e line: do
cut one another according to extremt;
and mean propor tion and their g reat

er figment; BF or E? are equal to tu

fide of thepentagone BC.

aDefcribe about th e pentagone th e circle ABD. h

The arch ED is=BC, cth erefore th e angle FCb FDCJ

therefore the angleBFC==t FCD(PCB But the

arch BAE is=t ED, and confequently th e angle BCF. e

FCD BBC. f wherefore BF=:BC. Which coat to

he demon/ hated. Moreover , becaufe th e triangles BCD,
PCB, are g equiangular . h the

refore BD. DC (BF.)
CD. (BF FD. and likewife EC. EF BF. FC. Which
war tohe demonfirated.

P R O .P. IX.

If the fide of an Hexagone BE,
and the ji de of a Decagone A B both

defcr ihed in the fame circle ABC, he

added together , the whole r ight lino

C AB i t cut according to extr eme and

mean propor tion(1113 . BE BE . AB)
and the gr eater figment therefore it
thefdc of the Hexagone BE .

Draw th e diameter ADC, and join th e r igh t line!

a b” , 4 ,d .DB, DE . Becaufe th e angle BBC a 4 BDA and the

2 73 3 .
angle BDC h 2. DBA (DAB DBA thence {hall

1, 3 1 , 1 . DBA (h DBE+BED)c be aBDAd=.

-

z.BDE ,
whence

c 7. ar . 1 .

th e angle DBA or DAB e=ADB . Therefore the tri

d 5. 1 . angle: ADE , ADB,
.

are equiangular fwh erefore AE.

e L 4,“1 , AD (g BE) AD. (QB )AB. Wh ich war to he demon
£ 4 6. fiffl t‘do

g cor .1 5.4.
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E u e t t o a
’
: Elements.

Fl . th erefore by permutation PK. FL CI. CMd
CD. CK CM)and lb by oompoli tion cn+cx. on e 1 3 .

: :KL . FL. foonfequently Q : CD+ CK. (g 5 CKq ) f at . 6.

CKq KLq . FLq . therefore. KLq=sFLq . wherefore if
g t . I }.

EH (5) be taken 8, FH ib ali be 4, FL t ,
’

and FLq l ,

BL 5, and BLq as, KLq 5. b wh ich it appears that

BL and KL are i h 9 »
It and 0 BK is a reii dual, and h 9.

'

to.

KL its congruent or
'

adjoining line. but (ince BLq k 74 to.

KLq . to . l thenceBL
‘
EL 1/ BLq KLq wh ence l 9~ I O

3 K (hall be a fourth relidual line. Therefore b ecaufe
*
4def. 85

ABq m is 1-18 x BK, n (hall AB be a minor line. to

Webwas to he demonjirated.
P R O P. XII .

If in a circle ABEC an equi la

terai tr iang le 43 C he infer ihed,

cf thecircle to

The
'

diameter being extend:

Rd to E, drawBE . Becaufe th e

arch BE a=EC, the arch BB i s a cor . to

t

il
t

:
of the circumference

;
h therefo

i
BEz -DE.

nce c 4DEq (4BBq ) =AB BEq (
ADq .) t confequently ABq 3 ADq. dab tot
tllmpfifl'd ltd.

1 . A 3 3 . ABq 3 .
2 ABq. AFq 4. 3 . f Por ABq. AFq t .

’ ABq .

.

3 . DPfl E . For the tr iangle EBDg is equi latera

find BF p rpendicular to BD. h therefore BP=.FD.

4. Hence, AF DE+ DF=3 13 9,
R R 0 P. Ki l l .

a pyramidmm; and comprehend it in a

and todemonfirate that the diameter of the
in potoer [efqnialter of thefide BF

'

of the py
ramid BOP}.



280 TbeThirteenth Book 9
‘

a to. 6.

'

About AB defcribe the femicircle ADB ; a and let
'

AC be 7. CB. From th e point C erefi the perpendi

lar CD, and ioin AD, DB, then at the interval ofth e ra

b can ! dius HE : CD defcr ibe the circle HEFG,
6wherein ih

c 1 2, 1 1 . fcribe the equilateral triangle EFG. fromH cerea IH

CA perpendicular to the plane BFG, produce IHto

K, d fo that IK=AB and join th e righ t lines IE, IF,
16 . Then BFGI (h all be the pyramid re uired .

For becaufe the angles ACD, IHE, IaF, IHG, e are

r igh t angler ; and CD, HE, HF, HG e equal, e and

IH=AC f th erefore AD, IE, IF, IG, (hall b e eq ual

among th emfelves. But b ecaufeAC (2. CB.)CB g zz Acq .

f CDq . th ence {hall ACq b e z CDq . therefore ADq
k u . l 3 . f : ACq+ CDq b CDq=3 HEq k=EFq . [th ere

1 t . ax. 1 .
fore AD,BF, IE ,IF, 16 areequal, and (0 the pyramidBBC !

i s equi lateral. But if the point C be placed upon H,
‘

and

m AC upon HI, the ri h t lines AB, IR, 0 3 {hall agree, as

b eing equal. W h ere ore th e feni ci rele ADB being drawn

n about th e axis AB or IR a {h all pafaby the point: B, F,G ,

3 x. def: and fo the pyramid BFGI {hall be inferibed in a fphere.

1 1 ,
wh ichwas to be done.

o cor . 8, 6. A lfo it is manifefi that BAq . ADq o :EA. AC pt : 3 .
Which war to bedemonfirated.

l . ABq . BEq : 9. a. For if ABq b e put 9,
then

ADq (EFq) (h all be 9. q ecafe uently HEq fhall be a.

a. If L be th e center, th en 1 AB. LC 6. 1 . For

ifAB be put 6, then A L (hall be 3 . r and thence AC4
wh erefore LC (hall be 1 . Hence,
3 . AB HI 2 z 6. 4 : : 3 21 . whence

4. ABq . HIq 9 . 4.

ex o n

'

xw

cutter B
'

ereé
'

t th e

7b deforihe an O 8aedrol

KEFGDL , and comprehend it
in the g ivenfi hm , wherein
a py ramid it ami to de

mon/i rate that AH, the dih

meter of the jhhere, i t in

power double of AC, thefile
of that oaaedeon.

About AH defcribe the

femici rcle ACH. and from

perpendicular BC. draw AC,HC 3
a then
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°

E u ca1 nal r Eleaestr,

ftMerihe an mfaeoh n

and to demufirate
of ths

‘

Icofaedml it

that irrational Em whi ch is kal
led a minor lint.
Upon AB the diameter of a

fpheredefcribe thefemicircleADB

and a make AB sBC. then

fromC ereét CDperpendicular,and

draw AD and BD. At the d i

fiance BB=BB defcribe the cir

cleBPKNG 6wherein inferibe the

equilateral pentagone fKIHG.

v ide equally in two parts the ar

ch es FG, GH, 8te. and ioin the r ight lines PL, LG, t e.
being the tides of a decagone. Then e emfi EQ, LR, c u . n .

Mam , ov ,ex equal to up , and perpendicular to the

plane PKNG ; andmonefi RS , ST, TV, VX, XR ; as
alib PX,m , GR, GS,HS,HT,

IV,XV, ltx. Laa

ly, produce
'

EQ and take QY==FL, and EZ=FL,
'

and conceive the righ t lines Z G, Z H, Z I, 2K, 2? to be
drawn as alfo YV,Y X, YR, YS, YT. Then I fay the

Iool
'

aedron required is made.

For bem rfe‘ EQ,
and e parallel, alfo thofe lines t h at join them

EM, Q 5, E T, 80 , QV, BP, X, f are

parallel. Afrit hence likewife L3 (or PG)
ST, 8tc. are equal one to theother . g thereb re th eplane g r 5. r 1 .
drawn th rough EL, BM, are. is equidifiant from the

p lane pairi ng th rough Q 1, Q3 , ac. h and the circle h r . defi ; .
QXRSTV drawn from the center s equal to th e cir

cle EPLMNO andRSTVX is an eq ui lateral pentagone.

But EF,
'

BG, EH,&c. and QX,(El , QS, Ste. being oon k 47. r
]

,

ceived to be
,
drawn g

'

then beca k=FL LRq ,
I or BFq m PGq

G

. it therefore BG, and 0 all RS,
FG, FR, RG, GS, H, Ste. {h alli se equal one to th e o m to . I }.
ther, . and oonfequently the ten triangles RFX, RFG,

are equi lateral and equal. Moreover, becaufe and l ax.

XQY i s aMight angle therefore XY q p=QXq+ o cor . 14,

QY q 9=VXq or PGq . wh erefore XY , VX, and llkC xx.

wife Y V, Y T, Y S, Y R, Z G, ZH, Ste. are equal. Th ere p 47. r .

iore other ten tr iangles aremade, equilateral and ca
n

;
q 10 . 1 3 .

J l 0 M U r

t



both ro one another, and to the ten former ; and fo an
Ioofaedron is made.

Moreover, divide equally EQ in as, draw the righ t

r s efJ . lines, otF, it X, or. V ; and becauih QX r QV, and
a. Q th e common tide, and ECLX, EQV are r ight an

gles, therefore (hall qt X be or.V and for the fame

reafon all th e lines at X, otR , at T, at V, otF, otG,
or.H, 4 1, a.K are equal . But beeaufe Z Q. QE t QB.

Z E . therefore Z cq a sa x EQq (BFq) Bag
1 =ot . therefisre in like manner otF=Y ou
therefore the fph ere, whofe center is a and « B th e ra

dius, (hall pafs through th e n . angular points of the loo

faedron.

2 1 5 . s. Lafily , a becaufe Z n, otE Z Y . Q 1}; a and (o Z otq ,
a at . 6. therefore Z Yq QEq , or sBDq
is re. 5. AB. BC 5. t . 4 therefore Z Y ==
cm . 8. 6. he done. Th erefore

'

ifAB be
‘

put 5,
d s . 43 . 1 . e then BF AB xBC (hall be shit 5. and confi q uent

e 12h . n . 1 PG the Ede of the pentagone, and likewife ofthe l oo

t o. edron, f is a minor line. Whichwas“
'

x. From hence is inferred, that the diameter of the
{phere is in power quintuple of the femidiameter ofthe
circle encompalli ng the five (ides ofthe Ioofaedron .

a. Alfo it is manifefi: that the diameter of th e fphere
is compofed of the (ide ofah exagone, that is, of
midiameter, and two (ides of the decagone of a circle en
oompafling th e five (ides of the IcOfaedron.

3 . It appears likewifi: that the appolite (ides ofan Ico
faedron, (

'

uch as RX, HI, are parallels. For RX 4 3

parallel to LP. 6parallel toHI.



https://www.forgottenbooks.com/join




Eu ch r b i ‘s Elementr. i s
“

;

P R O P. XVIII.
'

i'h full est the

Let AB be the dia

meter of the fphere
‘

gi

ven, and AEB the femi
ci rcle, and let AC be

a i AB, and AD6=§
AB. then ereé’t th e per

ndiculars CE, DF, and

G AB. join AF, AB,
BE, BP, co ; and let

A
fall th e perpend icular HI
fromH, and O Kbeing taken equal to CI, fromK erefi
th e perpendicularKL, and join AL. Lafily, emake AB.

C 3 0 . 6
AO 3 3 A0 . GPO

Therelb re 3 . a d : 3 AB. BD e ABq ,BFq the lide of d
a Tetraedron. and a. ) (L AB. AC : : ABq . Bq the e ear . 8.64
Erie ofan 0&aedron . f 14. 1 3 .

A lfo . 3 . 1 d z : AB. ADe : : ABq . AFq . g the Iide of
g
1 5. I ).

an Hexaedron '

.

Moreover, becaufe AF. AO h : AO . O F. R th ence k car . I f.
{h all AO be the fide of a Dodecaedron . Lafily, BG ,

1 3 .

(2. BC.)BC I HI. IC. m therefore HI 2. CI .sr=KI. 14. 6.

therefore Hiq o=4 Clq . confequently GHq p : sCIq m 14. 9.
‘

9 therefore ABq Klq . r therefore KI, or H1 i s aradi
us ofa circle enclofiog the pentagone of an Ioofaedron o 4. a.

and AK or ID r is the lide ofadecagone infcrib ed in the P47. r.

fame circle. whence AL fhall
‘

be the Ede of a penta q r s. s.

gone, t and alfo the lide of an Icofaedron. Wh ereby it r car . 16;
appears that BF, BB, AF are 5 and AL, AO 5 1 3 .

and BP C 'BE, and BB :
‘ AF, an AFc

- AO . And e f to. 1 3 .

eaufe 3 AF ==Aq r= s KLq , and AFX AO C
'

AFX t 16.

O F, 8
'
and AFxAO +AFxO F 2. AFxDF,} that u r . 6.

i s, AP t AO q . a thence {h a AFq (sKLq) be x 4. an. r .

r ent 9. oonfequently KL C
‘ AO r and much rather y r . z .

AL L- AO . z 17. 6.

That we may exprefi thel
'

e ti des in numbefl IfAB a 47. t .

b e fuppofed V.60 , then, reducing what is already ib ewa
to fupputation , BF=V o

,
and BE : Vgo, and AF

: :Mt o. A lfo AL J so 1 80 (for AK=¢ t §
and KL (HI) Lallly, so

-
1/soo (W's 1/ s.)
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E ti e n n e -

"
s Elmonts.

AG DP. DH. whence by compoundin .AO -l—A
'

G . AG

2 AB. AG t DEe DH. e e at . 5

arly AB. AG DH; fwhence b y diy i lion f 17. 5.

GB DH. HE. wh ich was to hedemonfirated.

P R O P. III.

16
t

1‘ Q

P

0

The/amecircle ABD comprehend: hoth 43 0153 the pen a[the
{agree of a Dodecaedron, and LMN the tr iangle qf an h 3 0 . 6.

h faedron infcr ihed in thefamefphere. c47. 1 .

Draw th e diameter AG, and th e righ t lines AC, CG d 4. a.

and let IK be th e diameter
'

of'the fph ere, a and IK e 1 0 . 1 3 .

s O Pq . h and make O lj. ()s O Q QP. Becan e A f z , ami
Cq

-d- Cq rz AGq d=4FGQ3 and ABq e=FGq -CGq . 3 . ax.

f\ thence Acq
-FABq=s FGq . moreover, becaufe CA . g 8. 1 3 .

AB g AB. CA— AH; and O P. O Q :: OQ. QP. h and h

fo CA . O P t z AB. 0 Q,
k th erefore 3 A

'

cq (I IKq .) S 16. s.

Q“; (m q ) 3 ABq .
4; O Qq . therefore 3 ABq==k

£
0Qq . But becaufeML r: i s th e ti de ofa pentagone in

»

4. 3 .

r ibed in
”

a circle, whol
'

e radius i s O P, thence 1 3 1 1 9. 1 3 .

RMq . O Pq+ $ O Qq=*3 ACq
3 ABq q

==t s PGq . r therefore RM==FG .f and con
e n cor . 16.

quen tly
the

,
ci rcle ABD is==to th e circle LMN. Wh ich I ;

m. tohe dem
'

ortfirated.



1 92 TheFoarteénth Book of
P R 0 P. IV.

If fiom F the center ofa circle encompafling the pent»
gene of a Dodecaedron ABCDE, a herpendzcular line PG he
drawn to one fidc of the Pentagone
tained render the

Iffiont the center L of a circle inclq/ing the triang le of
an [co/“dron HIK, a perpendicular line LM he dram to

onefdcof the triangle HR , the reliang le contained render

thejar fie. rm and the perpendicular LM,
times taken, flai l be equal ti the frrpevjiciet qf an Ioofae

a 8. 1 . DrawFA , PB, FC; FD, FE . a then {h all the trian

gles CPD, DFE, EPA, A FB, BFC be equal, but CDx
PG 6; 7. triangles CPD. therefore 3 0 CDxGP c:

60 CFDd u . pentagone
'

s ABCDE e to the fuperfi
cies of

“
a Dodecaedrun . which was tohe demonfirated.

Draw LI, (H, LK; then HltxLMf is=z triangles

LHK. th erefore :3 0 HKx LMg : 60 HLK; z o HlKh
to th e fuperficies of an Icofaedron. W was to he

den onfirated.

k 1 5 . CDx PG . HKx LM1: the fuperficies ofaDodecae
i

dron to th e fuperficies ofan Icofaedron.

P R O P
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a a. l ef.

b 14. s.

c 1 . def:

E v e n t n n
’
s D A TA

XII. AMagr itttde AB is [aid to be leji that: mother

Magnitade 3 0, by a given

A B Magnitttde AD,
and in ratio,

D —B when the g iven augnimde
AD being added thereto, the

whole DB hath to theotherMagni tude BC, 4 g iven ratio.

XIII. A r ight li rie is[aid to be draw downfrom a g iven

point, auto 4 right line g iven i t: Pofition, the r ight line
being drawn in 4 gi ven angle.

I IV. A r ight line. i s laid to he that” upfrom a given

point, to a r ight iitte giver: in Pqfitiofl, the r ight litre be

XV. A r ight another r ight line in Pofitiott,
a given poi nt .

B R O P O S I T I O N I.

B is am»given.

Demouflration. Par feeing that
n itude A is given, at we can fin
thereto, wh ich le ain,

as theMagnitude B is given, we can al find one equal
.

to
'

that, and let that be
‘D. Theteiore facing that A

‘

is

equal to C,
and B to D, as A is toC, h {b is B

and by permutation,
’

e as A (b all be to B, {o C {h all be

to D. T h erefore d the ratio ofA to B is giiren, fox:

i t is the fame ratio as ofC toD, as we have found,
and which ought.

to be demonfirate
’

d.

P R O P. II,
Ifagi venMagnitude A, hath to

i

owe other Magnitude
B, a g iven ratio, that other Mngmtade B, is aifa gives ,

toMagnitude.
B entonfi. For feeing that A is n, we

can find one equal thereto, let be

C : And forafinuch as the r i tio of A to B,
is alfo given, we can find a one of the

A B D ti me. Let it be found, and l et th e ratio
be of C to D. Now feeing that as A is

to B, fo Q is to D 3 and by permutation, as A is to

C, (0 B i s to D : But A is equal to C, therefore 63
{hall be alfo equal to D. Th erefore e th eMagn itude B is
given, i

'

ct ing that thereto theft hath been found~one

ual to t“l a : l}
BR ° P\
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B iscu it s
”
: DA TAr

P R 0 P. VIII.
Mag'w

'

tades A and q
o

wh ieh have
towe aad tbefame a stm fetid .

p als he to me another in a given

Dm onflr. For let the iven ma

n itude D be expofed, god feein
g

g
that the ratio of A to

‘

B is

g
iven,

let th e fame be done-of the id D to_E. Newfeeing
that D is given, a E is alfo given. A sin, Being that a a. prop.
th e ratio of B to C is given, let th e me be done of
B to F. But- E is given, and therefore F is alib given .

But facing that D is iven, h the ratio of the fameD
to F is vets ; and

'

teing that as A to ft o B,
and as to C, ib iaB to F ; in ratio 0 equali ty , o cat . 5.
as A is toC, fo i s D to P ; but th e satio of D to F

i s given. Th erefore the ratio of A to C is alfo

gi ven .

P R 0 P. 1X"

m o magnitudes A, B,
OMC

, an te one another in d g im

D5 By,MF, g iven ratio?3 , although
they he not the fame, tho/e. other

magnitudes D, E, and Fflail he dfi
to one another in g i oea ratio

’

s.

Demonflr . Forafmuch as the ratio of A to B is gi
ven , as alfo that of A

o

to b , the ratio ofD to B {h all

be given ; But the
‘

ratio of B to E is alfo given ;
th erefore the ratio of the fame D to E ihall b e sn like

manner given. Again, (« ing that the ratio of B to

Ci s .given, and alfo th at of B to E, the ratio of E

tO C iball be iven . . Ber the ratio of C to F is alfo

give-n Th erefc
g
src a th e ratio of E to .F {ball be gi a

v en. But it hath been deusoui lrated th at th e ratio of

D to E is alfo given and therefore h th e ratio ofD 5
to F {hall be given. Therefore th e magnitudes D, E,
and F are to one another in given ratio

'

s .

P R 0 B. X.

If amagnitude AB, be D B

greater than another
'

rnag A C

nitude BC, by a g iven
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“
E u o r. I nw B

'

d
'

iff-A .

Again, feeing that the fame CD is greater than BF by
a given Magn itude, arid ih ratio ; let theMagn i tude
DI b e cut off th erefrom Therefore the ratio of the te

mainder CI to BF is L et th
'

e
‘l‘ame be niade

‘

to FK Therefore the reafon of th e fai d DI to PK(h ell
he all

'

o given. But D1 is given
"

,
th erefore PK is a‘lfo

‘ '

i
‘

v en. A nd feeing that as Cl is tO
'

EF; fo
‘

is I'D to P

9 3 ! S fo alfo is the whole g; CD
‘

to th e w
'

ho
'

le BK; the retro
of th e faid CD to PK (h ell he

‘

given . But
'

the
‘

ratiod bf the fame CD to AH
'

is alih given Therefore d thi:

ratio of the faid A
’

H to
‘BK{h all b

‘

e given . A
‘

nd feeing
that from th e (aid AHand BK,

the given Magn i tudes
15 BI-I and FK are cut 05, the Magn itudes AB an d BF 6

are ei ther in a given ratio to one another, or
”

th e on e is

greater th an th e other by a
'

venMa
g
nitude,and in ratio.

G H
P R P. X X.

F

tie ; and that the[econd Ch
he greater than the th i rd E,

h] a g iven Magnitude, and in ratio ;
tude ABflail he greater than

3

Demon/tr . For fitt ing that CDis grtjater than B By a
gtven Magn itude, and in ratio ; let

‘

th e given Magn i
tude

, CF be taken therefrom: Therefore the ratio of
the remainder FD to B is iven. Again, fleeing tha

‘

t AB
is greater than

“
the fame D byagivenMagn itude, and

m ratto : L et
’

the Ma n itude A
'

O be
'

t
'

ak en th erefrom;
Th erefore the ratio 0 th e rem i nder GB to CD

‘

is

given Let the fame be
‘

madecfGH to CF. Th erefore
th e ratio of th e faid GH to CF is g iven. But

‘

CF is

given : Therefore alfo GH ts g
‘

iven
,

‘

and
‘

then
“
AG is alfis

i

gi ven , the whole a
t
i’LH {h all

G H be alfo given . But as GB
’

is
A - 1 - 1 -B to on, to is on w CF, and

F fo alfb h the remainder HR to

D th e remainder FD : Therefore
the ratio of the faid HR to

PD is given. But the ratio of
fitme '

PDto Bis alfo g iven

Thfff
’fore the ratio ofHB . to E is in like manner

1
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F u caxn n
’
s DA T A.

ofFA to AB is given . Therefore a the ratio of e 8 .Mi
EA to AF is given but as AB is to AF, inf the paral f
lelogram AH to the parallelogram AG but ACB 1s g g 41 . t

’

.

th e h alf ofAH, and ADB th e halfofAG th erefore the
ratio of the triangle ACB to th e tr iangle ADB i s given
for i t is th e fame ratio with that of

.

AH to AS b y that h r s. g.
i s to fay, ofEA to AP, wh ich is given .

P R 0 P. XLIX.

on one and the fame

bed a” two refl i linefigure:
ABCFB and ADB, gi ven in
kind, they mi ll have to one

amtber a gi ven ratio (to

Con/Yr . For let the lines
PA and FE be drawn
,Th erefore each of the tr ian
les 4 A.BF, AFB, and ECF

i. given in k ind.

a 47. tn”
Demonfir . Seeing that on one and the fame rightline EF there are defcr ibed the tr iangles ECF and BAP,

given in k ind th e ratio of ECF to EAF b i s given . b 48. pro).T h erefore by . compounding, c the ratio ofAECF to EAF c6. prop.is given .

b

But

{

th e

h

ratib of th e faid BAP to FAB i s'

veh , d ecau e t ey are trian les iven in kind de
ribed on one and the fame r

g
igh t
g
liri e AF : There

d 48 P"!
fore e the ratio of AECF to FAB is given . Where e 8. prop;fin e by compounding, f th e ratio of AECFB to FAB f 6. prop.

gs g iven. But the ratio of th e fame FAB to ABD g g 4s, 1mp.
‘

a given : Therefore b ath e ratio of AECFB to ABD is h 8.pro}.‘ lfi givm o
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E u e n r n n
’
s DA TA. 3 43

is given, and in a given ratio s to CB. Wherefore f e
CE is given . f. P'Q

‘

about me and tbefame dia
meter, batweflail tbtrs de
monfirate it Let CB and

6 3 be true alike paradela

g rams dgq /ed as above, that
is to fay , rbat the equa l
anglesjam together in E, the

fide CE meets di reblly with
h is homologous fide EH, and
tbejs

'

de BE, b is correj
'

pondesstfideBG and let the diameter
FE be ohm , [jay that tbefaiddiameter PB
pajfr tbroagb tbepoint X th at is tofay , theparallelogram
GHand CB, confifi about one and the fame diameter . m
if it be denied, the diameter BF being produced, wi ll paje

above the point X, or below it. Let it its tbefirfi place
pajs above i t, and let it out GK, prolonged in the point M,
and th ough tbe pointM let there be drawMN, parallel
toRH, wbieb pa”meet EH, prolonged in thepointN, and
P8 in O .

Demostfir . Foral
'

much as the parallelogram GN and

CB are with th e parallelogram LO about one and the

fame diameter, they areg alike to one another . Where g 6;
fore as FC is to CB, fo is EG to GM. In like manner,
feeing th e parallelograms CB and GHare alike, as PC

is to CE, fo is EG to GK: Therefore b as EG is to h r t . 3 ]
GM, fo is 56 to GK. Wherefore i GMand GK are i 9. 5.
equal, a part to the whole, wh ich is abfurd : By the

fame way of reafoning it may be demonfirated, that

the diameter prolonged wi ll not fall below th e point

K: Therefore the parallelogram CB and GE coolill about
one and the fame diameter.
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F ri ct i o n
}: p 4 2

’

4,
P Ko

{f a triangle ABC

beg iven i ts kind, the

on each of the fidefr,
fiall have a

“

g iven ra

Demonjlr . For

ing that
'

on one and

the fame right line

BC, there are de

fcri bed th e two refi i
l inefj resABC and

CD, gift s: in
f

iring,’

a the ratio 0 t e

fame ABC to CD is given 3
49-M

the fquares BB and CF, to

given.

ebgujfean lo ABC tom, thatfiat-e
'

by « th iefthe fife. ACfubtettdissg
”gle ABC, is more is?
the [ides AB and BC,
head the [aid angle,
'

g iv
'

est ratio to thetrt

tmgle Asp .

Confiré
'

Let the line CB Be

p rol
‘

on
‘

ed direétly,and
‘

from
the point A let th e perpendicular

3 0 be drawn: I fay that the (pace by which the fquare
of th e line AC doth exceed th e (quart s ofthe lines AB

. and BC,

1

that is
'

to (by, a th e doub le of the refiangle a

contained
'

uti del' CI}and BD, {hall have a
'

given ratio
'

to th e triangle ABC.

Demon For
'

féein that the angle ABC is given,
the ang

‘

e
'

ABD is al 0 given
‘

; but the angle ADB

i s alfo
‘

given
‘

;
"

therefore
'

the
'

oth fl angle BAD is

given : W h erefore b the trial; It ABD is given in b 40 . prop.
k ind ; th

'

erefo
‘

re e the ratio
'

0 AD to DB rs iven . c 3 . do]!
But as AD to DB,

‘
(0

.

d the
6

refiangle ofAD and C is d I . 6.

to the reéiangle bfBC
'

and BD. But the ratio ofAD to

BB is given Therefore alib is the ratio ofthe reélangle
of
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C

C I. I n

E U C L I D l
'
I DA TA.

Lailly, let theangleBAC
be fuppofed to beob tufe, and
having prolonged BA, flan
the point ,

C, i n th e perpen

dieulet CE
’

be drawn on the
faid line BA prolonged ; and
i n AF be prepnfed to be e

qual to AR.

Demenfir . Forafmuch as the angle BAC is ob ture, and

th e perpendicular CE bein

‘
g drawn, the fq uaree of AB

and AC, and th e doub le 0 the refiengle under BA and

AB, or AF, are all alike equal s to the uare of BC,
and adding th e common doub le refiangle BA and AG
the fq uares of th e faid AB and AC, with the doub le of

the refl angle of th e fame AB and AC, that is to
d the fq uare of th e line Contpounded of BAC and the

doub le of the r
'
efian le of BA and AF are together n

qual to the fquare 0 BC, with the doub le of th e refi
angleofBA and AC. Let thecommon double ofth e
angleofBA and AF be taken away , and there will
main the fquare of the line compounded ofBAC, equal

to the fquare ofBC, with the refiangle of AB and CF

(for the rectangle ofAB and AC is equal e to the

refiangles d AB and AH, and ofAB and CF There
fa t the f uare ofthe line compounded ofBAC is greater
than the uare of BC by the doub le of the reaangle
of AB and CF. And forafmuch as the angleBAC is

gi ven, the angle CABf is given. But the angle ABC
tealfi g iven ; therefore the other angle ACE is given :
Wherefore g the triangle ACE is in kind, and

b are
3

em

1 8. prop.

therefore the ratio ofCA to AB, that is to fay, to AA?

min e. Thereb re b the tariq of th e faid CA to PG is

given. But the ratio of the fame CA to CE 3

given ; therefore i the ratio ofCE to CF is alfo
Wherefitre the ratio ofthe refi a

'

ngle ofEC and AB to

the redangle ofFC and AB is g iven ; (for the refian It
i s to the refiangle k as CE is to CF) and alfo that of
refiangle ofAC and AB to th e refiangle of EC and
AB. Therefore I th e ratio ofthe reétangle ofFC

°

and AB
to the refiangle ofAC and AB is given. But the ratio

3 11 66. prep.
of the refl angle of AC and AB to th e tr iangle ABC at
i s given : Th erefore alfo the ratio of th e double of the
refiangle ofFC and AB, to th e triangle ABC i s given.

But the flamedoub le of the refiangle ofFC and A.B , i s

th e: whereby the fquare ofth e line compounded ofBAC
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two right angles, and taking away the eo'mmon
i

angle pBA,
there wi ll remain the angle A, equal to the angle BEG

and confi quently thei r oppq/i te ang les BER and
‘

Hare alji
equal to one another . Again, fleeing that 13 6 is a paral

-l

lelogram, the two lines BE and HG are parallels, onwhich

EH dt’tb fall , and therefore the two i nternal angle: A

d I . and EBH d are equal to two r ight
'

ang les . But i t hath

been démonfiraterl that H i s equal to BEE Therefore the

two angles EBK and EBH are aljb equal to two r ight

G 14» r . angles ; and therefore e the two li nes KB and BHdo meet

fi refl ly according to EUCL IDE .

“O T H E R W I S E.

Confir . Let the given r igh t line K be expofcd, and

freing that the ratio ofA to B is given ,
'

let th e fame be

made of K to L ; therefore the ratio ofKto L is alia

i ven .

‘
8
Demon/fr . But K is given th ereforef L is alfo given.

Again, feeing that the ratio of CD to BF rs gi ven , le
'

t
‘

the fame bemade ofK toM: Therefore th e ratio of R

g I .M' (0Mis given. gut K i s given ,
th erefore gM i s l lfO

gi ven ; and therefore
the ratio of L to M
i s given . Now feein
that A i s equianglefi

h 6. to B . h the ratio of
the

'

faid A to B is

compounded of th at

of th e ti des , that is
to ray, of CD to Br ;
and ofCG to EH. But

alfo th e ratio of K to

L is com nde
K toM, and ofMto L therefore the ratiogliipoundeci
bfCD toRF, and ofCG to EH

, is th e fame
‘

with that
wh ich 13 compounded of K toM,and of’M to L (the
rat io ofK to L being th e fame as of A to B Brit

.

th e ratio ofCD to EF is
’

the fame as ofK toM: Th ere-1
fo re the O th er ratio ofCG to EH is alfot h e fame as of
Mto L . But the faid ratio of Mm l. is given There-1
fore alfo the ratio ofCG to EHis given .
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se PG, fo is EF to CN. But the ratio of AC to Chg
is given Therefore as GB is to PG, (6

'

n BFto that to

wh ich AC hath a g iven ratio.

Coaj r. a. Now fuppofe AB not to be equiangled to

BG, and in th e given point
'C ofthe line CB

,
let there

he confiituted th e angle BCK equal to th e angle BBC,
and finiih the parallelogr

am Cl.
Dm oafir. a. Seeing then that the ratio ofAB to EC is

'

d 36. I . iven, and d that AB i s equal to CL, alib the ratio of

gL to EC is given, and the angle ‘

BCK is eq ual to the

angle F, and th erefore CL e is equiangled to E6

Therefore (by the firli part ofth is pmpolitson) as CB is
to FG , ia is BF to that to the wh ich CK hath a given

ratio. But the ratio oi:AC to CK is given ; (as appears
by what hath been demon lirated in the latter part of the
eeedent propoli tion .) Therefore as CB is to FG, (0 is

to that to which AChath agiven ratio.

P R O P. LXXV.

to the [ids DB of thefi oond, fothe

p art b. to am r ight h e: to

fide AC of the f r]? hath ag iven ratio.
Confr. For let the parallelogram

‘

AG
,
and DH° be fie

nifhecl.
Demonflr . Forafinueh as the ratio of th e triangle'

ABC to the tr iangle DEF is given, alfo the ratio of
the parallelogram AG to the parallelogram DH as gi

ven .
,

Seeing therefore that the two parallelogram AG and

DB in eq ual angles, or unequal angles (neverth elefs gi
ven) h ave to one another a given ratio as 4 AB is to
DE, {6 is DF to that towh ich AC hath agiven ratio.

P R O 'P.
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P R 0 P. LXXXIV.

If two r ight ltnes AB and

I ) 1? I E comprehending a g iven

[pace AF in a g iven angle

DAB, and that the one A B

be greater than the other

AB by a g iven line CB, alfo
each of the lines AB and AB

is g iven.

Demonfir . For feeing that

AB is greater than AH b y
the given line CB, the remainder AC is equal to AE :

Fin ifh the paralle logram AD. Th erefore feeing th at

AB is eq ual to AC, th e ratio ofAP. to AC is given,
and th e ang le A is alfo g iven Th erefore a AD is given

in k ind. W h erefore th e g iven fpace AF is
.
applied

to the given r igh t line CB , exceedin o it by th e given

IMP figure AD given in k ind ; and th erefore 6 th e b readth

of the excefs is given . Therefore AC is
CB is alfo given : Therefore th e whole is given .

But AB is alfo given : .Therefore each of th e r ight

lines AB and AB is given .

P R O P. LXXXV.

If two r ight lines AC and CD,
tlocomprehend ag iven[face AD in
a g iven angle AGB , the line com

pounded of theft lines AC and CD

i s g iven, alfit each of tho/e
‘
Iinrs

AC and CD ts g iven.

Conflr . For let ACbe prolonged
to th e point B,

and let CB be put
equal to CD, then th rough th e poin t B let BF be

,g
r

l ‘
awn parallel to CD, and lb fin ilh the parallelogram

Demonfir . Seeing th en that CB is equal to CD, and
the angle DCB is given ; for that angle that follows

as th e given
'
angle ; and therefore a the parallelogram

DB 1 3 given in k ind : and again , feeing that th e line
compounded of AGD is given , and CB is equal to

CD, alfo AB isgiven . And thus to the r igh t line
there i s applied th e given fpace AD, deficien t by th e

'

5 $8. trot. 5 m t DB given in k ind and th erefore h the b readth s
o th e d

g
fetts are allb given Therefore the r ight lines

pc
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is given ; and therefore the ratio of the quadruple of

the faid rcéiangle ofBC and CE to th e fquare of BE

is alib given ; and by compounding, d the ratio offour
times the refiangle ofBC and CE, with the fquare ofBB
to the(Bid fquare ofBB is iven . But four times the refi

angle ofBC andCE, with t e fquare ofBB; e is the fg
uaree 8, ;

l
;

of the compound line BCE : Th erefore the ratio 0 the

fquare ofthatcompound lineBCE to the fquare ofBB is

alfo given ; and th erefore theratiofof th e compound line f54, prop.
BCE to BE is given. Wherefore by compound ing g g 6.M
th e ratio ofthe fi nd compound line BCE and EB, that is

to fay, twice BC to BB is alfo given therefore the

ratio of the only line BC to BE is given . But the

ratio of the fame BE to AB is alfo given : Th erefore

h the ratio ofAB to BC is given . And feeing that the h 8.
ratio ofBC to BE is given , and that as the faid BC is

to BB, fo the fquare ofBC i to th e refi angle of _
BC i r. 6.

and BE, the ratio of the (quare of BC to th e refiangle
ofBC and BB is alfo given . But th e faid refiangle of

BC and BE is given, i t being that wh ich was taken
away, and wh ich was given . Th erefore the fquare of

BC k is g iven, and therefore the line BC is given . But k g ,

the ratio
'

of the fame BC to BA is given, therefore

AB is alfo given .

P R 0 P. LXXXVIII.

even in magnitude, than

he drawn a r ight line AC,
wh ich fiall take away a

fegment ABC, which doth
comprehend a g i ven an

g le AEC, that line AC is

g iven in magnitude.
Corgi s . For let D be

th e center of the circle;
and let the diameter

th ereofADB be drawn , and let EC be ioined.

Demon/hmThe angle ACE is g iven . h r a it is a rt 3 1 . t.
angle. But the angle AEC is alfo given . and there

fore the other angle CAF. is given . W h erefore the tr i
angle ACE b is given in k ind ; and therefore th e b 40 . pnp.
ratio of EA to AC is given . But AB is given in

magni tude, feeing that th e circle ABC is given in mag
nitude. Ther

'

efore e AC is alfo given in magn itude. a l .M
A a a P A G B
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prop.
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’
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P R O P. LXXXIX.

If in a circle ABC, g iven in magni tude, there he drawn
a r ight line AC, g iven in magni tude, that line AC wi ll

take away aJ
’

egment ABC, comprehending a given angle.

Confir . For hav ing taken the point D for th e center

of th e circle, let th e diameter ADE b e drawn, as alfo
the righ t line EC.

Demon/fr . Forafinuch as each of the r igh t lines AB

and AC are given, the ratio ofthe line A 5. to AC 4 as

g
iven and the angle ACE is a righ t angle : There

fore

th e triangle ACE is given in k ind, and th erefore

the angle AEC is given .

P R 0 P. XC.

If in the circumference ofa circle ABC, gi ven in pofition
and in magni tude, taken a g iven point B, and

thatfrom the point B to the ci rcumference qf the circle ABC,
a r ight line BAC he infleéi ed fir as to make a g iven ang le

BAG, the other extremi ty C ofthe inflefl ed line p ag: be
g iven.

Confir . For let the center of the circle be D, and let

the right lines BD and BC b e drawn .

n onfir . Forafinuch as each

point B and D is given , the r ight

line BD, a is given in pofition
and feeing that the angle BAC
is given, the angle BBC is alfo

g
iven . W herefore to the right
incBD, given in pofition, and

in the point D given therein,
th ere is drawn the r ight line
CD ; wh ich makes the given
angle BBC ; and therefore b the
lmc DC is given in pofition .

But th e Ci rcle ABC i s given in poii tion and magn itude
Th erefore c the r igh t line DC is given in pofition and
in magn itude: .

But the point D is given : Therefore d
the pomr C i s alfo given.

P R O P.
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f to the angle BED) as BB is to DE, fo is AC to CB.

But as AC i s to CE, fo is alfo th e
'

compound line BAC

to BC : Therefore as th e compoundJ ine BAC is toBC,
W h erefore the r eé’tangle of th e com

r6. 6. pound line BAC and DE g is e al to th e re&angle

ofBC and BD. But the reaang e of BC and BB is

given, (for th at thofe lines BC and BD are given

Therefore th e refiangle under the compound line BAC

i nd ED is alfo given.

0 T H E R W I S E.

Ganjir . Let CA be

I} prolonged to th e po int

B, and let AB b e put

equal to BA, and let

BF and BDbe io ined .

Demonjlr . Porafrnuch

as the angle BAC
is

double to each o f the

angles CAD and AEB

(for the angle BA C is
cut into two eq

ual parts

b y th e line AD, and

equal h to th e two art-r

gl
'

es ABE and ABB,
wh ich i are equal) the
angle ABE is equal to

the angle CAD,
that is

it at . 3 . to fay, k
,

to the angle

CBD ; adding therefore the common angle ABC, the

whole angle ABD fhall be equal to th e whole angle

PBE But th e angle AGB is k equal to the angle
ADB : Therefore the th ird angle AEB is

'

equal to

th e th ird angle BAD ; and th erefore the triangle

CEB is equiangled to the tr iangle ABD : W h erefore
as CE i s to CB, fo is AD to BD. But the r igh t line

CF. is compounded ofthe two lines CA and AB : Th eic
fore as the compound line BAC i s to CB,

fo is AD to

BD and b y permutation , as th e compound line BAC

i s to AD, fo is CB to BD. But th e ratio of' CB to

BD is given , feeing that each of thofe lines is given
Therefore the ratio of the compound line BAC to Al)
is alfo given . And feeing that the triangle CEB is

cquiangled to the tr iangle FBD (for the angle AFC is

sq ui d l to the angle BPD, and the angle BCB m

m
to

e
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R E GU L A R sou p s. 49 :

Nowlet us prove that the great fe ment ofthe diame
ter is doub le to QV th e fi de of the olid. Forafmuch as

th e (ides ofthe triangle AEB are in the points Q and V

d iv ided into
'

two e ual parts, the lines(Li! and BE are

paral lels k. W here
c

i‘ore as AB is to AV, fo ,

is EB to VQ 1.

I. But the line AR is’doub le to the line AV. W herefore l a. 6.

th e line BB is doub le to the line QY m. Now the line In 4. 6.

BE is equal to NI, or to the fide of the Cube st wh ich of
line NI is the greater fegment of the diameter NL . 17. 1 3 .
W h erefore the greater fegment of the diameter given is

doub le to the(i de ofthe Icofidodecaedron inferibed in the

given fph ere. W herefore we have defcribed, 69
's . W h ich

was requi red to be done.

A D V E R T I S E M E N T.

.To the underllanding of the nature ofth is Ieofidode

caedron, you mufi well conceive th e pallions and pro

pr ieties ofboth thefe folids, ofwhofe bafes it confifieth ,
to wit, ofth e Icofaedron and oftheDodecaedron . And

altho
’

in i t the bafes are placed oppofitely, yet have they
to one another one and the fame inclination . By rea

'

fon

whereof there lie h idden in it the afi ions and pallions

B b q of
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