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EXAM PAPERS PRACTICE

Graph Theory

Mark Schemes

Question 1

Let G be an unweighted graph with 5 vertices. The adjacency matrix of G is shown below.
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(a) Draw the graph of G.

(b) (i) Define an Eulerian trail.

(ii) From which vertices in graph G must an Eulerian trail start and finish. Give a
reason for your answer.

(iii) Write down an Eulerian trail in G.

Let G be an unweighted graph with 5 vertices. The adjacency matrix of G is shown below.
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(a) Draw the graph of G.

(b) (i) 'Define an Eulerian trail.

(ii) From which vertices in graph G must an Eulerian trail start and finish. Give a
reason for your answer.

(iii) Write down an Eulerian trail in G.

feom rnrt (o

Hn Ed\ef"o.n t(o-'-\ trowe.rses
e.mr.\n ec‘je E.Xo.r.t‘y once .,

b) (i)

(i) B and E ace tWeiliwo oél veelices.
So on Eularion Trail must stoet ot
oneQ de QnJ At "C\w. ot\nQr.

E\J‘Ef;an Teail 15

B=2C>D-D—=2E->C—-8
2 E—>8—A—->E

(W) One
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Question 2

The graph G shown below is a strongly connected, unweighted, directed graph with 5
vertices.

0~) lstrans\y connqcte.cl‘ wmeons t\nat o
wo”( con be. co'\struLtP.A \w_'two.u

any two verlices in aither

A5 el iams

(a) Explain why the graph is considered to be strongly connected.

(b) Write down the adjacency matrix M for the graph G.

(c) Find the total number of walks of length 5 that both start and finish at vertex A.

(d) Write down a possible walk of length 5 that starts and finishes at vertex A.

The graph G shown below is a strongly connected, unweighted, directed graph with 5

vertices.
b)) | fup A B CDE
01 0 0} A
Il 000 | |8
M=|1 001 O|C
i O OO0 | D
o1 1 00| E
(a) Explain why the graph is considered to be strongly connected. K

To

(b) Write down the adjacency matrix M for the graph G.
[3]

(c) Find the total number of walks of length 5 that both start and finish at vertex A.

(d) Write down a possible walk of length 5 that starts and finishes at vertex A.
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. . . . s
Thegrathshown below is a strongly connected, unweighted, directed graph with 5 <) Leagth S, so sa levlate M7 GDE i
vertices.
xiis is the From ATe A'anlry
-7
oo\ 0O (j o 1 2 2
o 1000 1 s 2 441
M ={1 0010 = 32 6 12
I 0 00 | 5 2 4 4 |
o! 100 G I S 2 4
(a) Explain why the graph is considered to be strongly connected. TL“.Q ace 1 wolks °§- \e,‘jt\ﬂ S that
fem? A B C D E -
0co100)A [1] s'tart o\né 'Fln-sL o.t ﬂ
1000 1|8
(b) Write down the adjacency matrix M for the graph G. M=t 2 g; ? <
| D
ol 100/|E
3
() Find the total number of walks of length 5 that both start and finish at vertex A.
[2]
(d) Write down a possible walk of length 5 that starts and finishes at vertex A.
(1
The graph G shown below is a strongly connected, unweighted, directed graph with 5
vertices. A} H_)s_)E_gD_;C_,A

The ﬂt\-lr t\u—zg are *

ADCACA
AC EDCA
ACADCA

(a) Explain why the graph is considered to be strongly connected.
(b) Write down the adjacency matrix M for the graph G.
[3]

(c) Find the total number of walks of length 5 that both start and finish at vertex A.

(d) Write down a possible walk of length 5 that starts and finishes at vertex A.
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Question 3

Consider the weighted graph G below.

A . B &) (i) | A Homillonian cyglz s o walk
N , Thal sTocls ond ends ot the
E 5 F some veclex, and posses theovgh
0 : . 6 each ofher vertex axo.f-t\y once.
2 H 8 6\ g
D P c () Dne HomilTonion r_yc.\z st
(a) (i) Define a Hamiltonian cycle. A~ B S C->2D2H-2G-2F2E-2A

(if) Write down a Hamiltonian cycle starting from vertex A.
[2]

(b) Use Kruskal's algorithm to find the minimum spanning tree. Show each step of the
algorithm clearly.

[3]
(c) State the total weight of the minimum spanning tree.
[1]
Consider the weighted graph G below.
A 4 B b>
11 7
E 5 F
9 ) 5 6
2 H 8 6N\ 5
D 8 C
(a) (i) Define a Hamiltonian cycle.
(ii) Write down a Hamiltonian cycle starting from vertex A.
[2]
(b) Use Kruskal's algorithm to find the minimum spanning tree. Show each step of the
Igorithm clearly. . .
SRR HAJ QAjQS tn tL|5 at‘Jqf'—
[3]
EH, DH, AB, EF, F&, 8C, BF
(c) State the total weight of the minimum spanning tree. f\ T
(1 Note: EF and F& could

trm«la ?la.ces \r\Q(’Q4
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Consider the weighted graph G below.

A 4 B
11 7
B s F feom pact (b)
9 1 5 6
5 H & 6\ i
D 8 C

C) Add vp wg;j\-\ts of &les Bt e sfaﬂnlnj freo -

(@) (i) Define a Hamiltonian cycle.

(ii) Write down a Hamiltonian cycle starting from vertex A.
1+2+4+5+5+6+7 =30
[2]

(b) Use Kruskal's algorithm to find the minimum spanning tree. Show each step of the
algorithm clearly.

[3]

(c) State the total weight of the minimum spanning tree.

Question 4

Celeste is building a model city incorporating 6 main buildings that need to be connected

LAl SInniz o) Add eéjes in this ocdec:

Each vertex listed in the table below represents a building and the weighting of each edge
is the cost in USD of creating a link to the electrical supply between the given vertices. H F ] D F ] g D ) & F ? & E

A | B | C|DJ|E/|F
Al - A s 2[m B
B | 4| - |13 | 2|5 |
cleylm| - | ¥ @|x
b HF @D 7| - |w|x
E || 5| & |1 - | 35
A EAdEIIOIHOCIEIE

Celeste wants to find the lowest cost solution that links all 6 buildings up to the electricity
supply.

(a) Starting from vertex A, use Prim’s algorithm on the table to find and draw the
minimum spanning tree. Show each step of the process clearly.

(b) State the lowest cost of connecting all of the buildings to the electricity supply.

(1]
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Celeste is building a model city incorporating 6 main buildings that need to be connected
to an electrical supply.

Each vertex listed in the table below represents a building and the weighting of each edge
is the cost in USD of creating a link to the electrical supply between the given vertices.

A C D E F
A - 9 8 11 3
B 4 = 13 2 5 12
C 9 13 - 7 1 4
D 8 2 7 : 10 3
E 11 S 1 10 = 15
F 3 12 4 3 15 -

\D) Add vp welets of ulljzs in minimowm anmn'Mj teree

Celeste wants to find the lowest cost solution that links all 6 buildings up to the electricity
supply.

(a) Starting from vertex A, use Prim’s algorithm on the table to find and draw the {+2+3+3+ Ur = $ | 3 usD
minimum spanning tree. Show each step of the process clearly.

(b) State the lowest cost of connecting all of the buildings to the electricity supply.

(1]

Question 5

5 scientists each have their own laboratory, and each laboratory is connected to other

laboratories by a series of doors. Some of the doors can only be opened from one side. a)
The table below lists which other laboratories can be accessed from the laboratory in the

heading.

Anne’slab | Bilalslab | Cariad’slab | Diego’slab Ebele’s lab 0
Cariad Anne Anne Anne Anne

Cariad Bilal Cariad
Diego Ebele Diego

Ebele E

(a) Show the information from the table in a directed graph. \ I B

(b) Show that it is possible to move through the laboratories visiting each laboratory
exactly once, and write down a viable path.

(2]

(c) Comment on any restrictions that determine the start and finish points of a path that
visits each laboratory exactly once.

[2]
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5 scientists each have their own laboratory, and each laboratory is connected to other
laboratories by a series of doors. Some of the doors can only be opened from one side.
The table below lists which other laboratories can be accessed from the laboratory in the
heading.

Anne’s lab Bilal's lab Cariad’s lab Diego’s lab Ebele’s lab
Cariad Anne Anne Anne Anne
Cariad Bilal Cariad
Diego Ebele Diego
Ebele

(a) Show the information from the table in a directed graph.

(b) Show that it is possible to move through the laboratories visiting each laboratory
exactly once, and write down a viable path.

(2]

(¢) Comment on any restrictions that determine the start and finish points of a path that
visits each laboratory exactly once.

[2]

5 scientists each have their own laboratory, and each laboratory is connected to other
laboratories by a series of doors. Some of the doors can only be opened from one side.
The table below lists which other laboratories can be accessed from the laboratory in the
heading.

Anne’s lab Bilal's lab Cariad’s lab Diego’s lab Ebele’s lab
Cariad Anne Anne Anne Anne
Cariad Bilal Cariad
Diego Ebele Diego
Ebele

(a) Show the information from the table in a directed graph.

(b) Show that it is possible to move through the laboratories visiting each laboratory
exactly once, and write down a viable path.

[2]

(c) Comment on any restrictions that determine the start and finish points of a path that
visits each laboratory exactly once.

[2]

(&
feom part (a)

e,
N St e

\9) OvnQ suc\n fxo.t\n ;5
R D—->E—-RA—C

T\nqu orce ot\aqrs l_

(&
‘From ?mrt (ﬂ)

S
\’

¢) A and C can on\y access eoch
ot\ner, so t\ney muST_ come

\Ast ('\r\ Q'\t\«ar orc\c.r‘)_

E;tLQr B, D, or E con be the
St&rt;nj ?o]r\t_
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Question 6

Let G be the graph below.

(a) Construct the transition matrix for a random walk around G.

[3]

(b) Determine the probability that a random walk of length 3 starting at A will finish at C.

[2]
(¢) (i) Find the steady state probabilities for the graph.

(ii) Hence rank the vertices in terms of importance from highest to lowest.

Let G be the graph below.

(a) Construct the transition matrix for a random walk around G.
[3]
(b) Determine the probability that a random walk of length 3 starting at A will finish at C.

[2]
(¢) (i) Find the steady state probabilities for the graph.

(ii) Hence rank the vertices in terms of importance from highest to lowest.

feem® A B C D E

0% hO0%K)\ A

000 |B
T=|hooh'\]|C feom Fo.rt (a)

oo 'm0 |D

5h O] E

AN

Il

a) =

-

Note that

b) Gse GOL fu waleslate

Ta ,3 S.f.,
0.1319
0.190
k)

AB CDE
0'% %0\ A
s 0 00 'Y | B
/B0 0hY|C
00 As0Y |D
$s'h's'hO )| E
Kto

Lo‘u-’\'\! o.“ mAl -’r tﬁ on@ .

T2
0.235 0.287 0.146 0.215
0.0833 0.0972 ©0.139 0.174
0.140 0.139 0.285 0.21%
0.139 0.19p 0.0833 0.4
0.2347 0.287 0.347 0.2722

l“tfy

This is tha 'feom A TeC’
The rro\:m\;il"tr 16

31

5y = 0287 (3 s5.1.)

X

Exact value feom GDC

For more help, please visit www.exampaperspractice.co.uk



http://www.exampaperspractice.co.uk

=

EXAM PAPERS PRACTICE

Let G be the graph below.

(a) Construct the transition matrix for a random walk around G.

[3]

(b) Determine the probability that a random walk of length 3 starting at A will finish at C.

[2]
(c) (i) Find the steady state probabilities for the graph.

(if) Hence rank the vertices in terms of importance from highest to lowest.

feem A B C D E (2]
0% 5 0%\ A
%0 OO0'Y%)B .
T=(As00hf|C Frain Fm‘t Lo\) (”)
o0 s0'%|D
f'h/a'hO | E
R

Question 7

The graph G below shows 7 towns and the train tracks that the connect them, with the
vertices representing the towns and the weighting of each edge indicating the time taken
in minutes to walk along the section of track. ‘1)

Awford A Brightside ©

Gloom DarksideD

Town Clearville

Forest Easyview

Way ¢ E

(a) State the degree of each vertex.

[2]

(b) Explain why G does not contain an Eulerian circuit.

(1]

The railway company in charge of maintaining the track wishes to inspect all sections of
the track for defects after a storm event.

(c) Find the minimum time it would take for a railway worker who was walking to inspect
all of the track.

[4]

TD

mo N ® >

E

@ M"MONO®D

Stof :_\no.«jlnj, For exANF\e'-

3

..,

0.2\4
0.143
0.2
0.143
0.286

0.214
0.1473
o.214
0.143
0.23806

0.21%  0.2'%
0.143  0.143
0.2\4 0.2'%
0.143 0.143
0.286 0.286

(3 s.f.)

0.214
0.14%3
0.214
0.143
0.286

C) (i) Considec Llj\n pevers of T, swit vl Tha enfeias

0.214
0. 1493
0.214
0.143
0.286

then A and C, then B and D.

NWN FWPNF
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The graph G below shows 7 towns and the train tracks that the connect them, with the

vertices representing the towns and the weighting of each edge indicating the time taken b) ﬂ 3¢- o P \,‘ on l co r\t it s on Evlerion
in minutes to walk along the section of track. 7

cireuiT iF the Jtﬁreo. of all

verfices is even.

Awford A, Brightside &

Gloom Darkside

Town Clearville ¢
G
A: 4
Forest Easyview 8: 2
Way ¢ £ c: 3
D: 4
(a) State the degree of each vertex. £ 2
F: 3 21
G: 2
(b) Explain why G does not contain an Eulerian circuit.
[1]

The railway company in charge of maintaining the track wishes to inspect all sections of
the track for defects after a storm event.

(c) Find the minimum time it would take for a railway worker who was walking to inspect
all of the track.

[4]

The graph G below shows 7 towns and the train tracks that the connect them, with the
. ' )
vertices representing the towns and the weighting of each edge indicating the time taken (_) This s The Chinese Posloon pre blem.
in minutes to walk along the section of track.
Find the som of all edges, then odd the
S\nortest Ai sT_Aﬂ ce L?_tvlein t\,\g t wo vng_i«_gs

with on odd éeerE.

Awford A 23 Brightside 8

D
Darkside

Gloom
Town Clearville C
G 22+ 23+18+23+10+24+26+29+14+17 = 2006
A 4
Forest Easyvi B: 2
‘;:;SF asgwew c: 3 S\'\ortest ?mt\-\ 'F(‘em C teo F Te
D: 4
(a) State the degree of each vertex. E: 2 29 24
g iy C—D—F  29+24=53
G: 2 (2]
(b) Explain why G does not contain an Eulerian circuit. 206 + 53 = 2 5 q -t nu-t e
[1]

The railway company in charge of maintaining the track wishes to inspect all sections of
the track for defects after a storm event.

(c) Find the minimum time it would take for a railway worker who was walking to inspect
all of the track.

[4]
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Question 8

The graph below contains 6 vertices representing villages and their connecting bus routes. The
weighting indicates the cost of each bus route in AUD.

(a) Explain why G is not a complete graph.

(b) Complete the table of least weights below.

A B C D E F
A
B 4
C 6 8 -
D 9 9 -
E 10 15 -
F 2 5 7 9 4

o) Not every verfex is conneeled
1o every other verfex. For
Qxa-mrle H :s nnt C.onﬂat.tié

o E.

(1]

[4]

(c) Starting at town A, use the nearest neighbour algorithm to find an upper bound for the cost of
a journey that will visit each vertex and return to A. Be sure to include the precise route of

the upper bound journey.

[5]

The graph below contains 6 vertices representing villages and their connecting bus routes. The
weighting indicates the cost of each bus route in AUD.

(a) Explain why G is not a complete graph.

(b) Complete the table of least weights below.

Al Bl c|pbo]E F
A Y16 |V |6 |2
B | 4 | - 8[9(9]|°5S
cC |6 | 8 -9 (wo] T
D [ 1] 9 g - |18 ]9
E |G |9 |10([15] - |y
F |2 5 719 | a4 -

(1]

[4]

(c) Starting at town A, use the nearest neighbour algorithm to find an upper bound for the cost of

a journey that will visit each vertex and return to A. Be sure to include the precise route of

the upper bound journey.

[5]
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The graph below contains 6 vertices representing villages and their connecting bus routes. The
weighting indicates the cost of each bus route in AUD.

(a) Explain why G is not a complete graph.
[1]

(b) Complete the table of least weights below.

(0|4 |w N[

A REEE N

m mo|lo|m| >

%[5 (@) x|
N[5(@] fele]-

A
4
6
Vi
%)
(©)

[4]

(c) Starting at town A, use the nearest neighbour algorithm to find an upper bound for the cost of
ajourney that will visit each vertex and return to A. Be sure to include the precise route of
the upper bound journey.

[5]

Question 9

The table of least weight for a graph G of 5 vertices is shown below. Each vertex listed in
the table represents a room in an art gallery and the weighting of the graph denotes the
distance in metres between the rooms.

A B C D E

A - 15 | 22 | 18 | 25
B 15 = 13 | 17 | 24
C 22 | 13 - 30 | 12
D 18 | 17 | 30 - 21
E

25 | 24 | 12 | 21 -

(a) Draw the graph G.
(3]

(b) By deleting vertex E and using Prim'’s algorithm, find a lower bound for the distance
walked to visit every room in the art gallery. Show each step of the process clearly.

(4]

(c) Show that by deleting a different vertex a lower bound can be found that is higher than
the one found in part (b).

[2]

<)

2 ° q 8 9
A-SsF —SE-—8—C—0D
1l

2+ +qQ+8+9+1l = 143
$""3 RUD ;5 o UPPQF Loonz}.
REmzm‘\:er t\nnt 'Une LLQGPEST umy ‘?(‘am E

to B s E'%F-—"Bl oa\A the c,‘nqa?est
woy feom DI A s D2F—A.

The rreglso_ covle 15

A2F2E2F=282C->0->F->A

\S \3
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The table of least weight for a graph G of 5 vertices is shown below. Each vertex listed in
the table represents a room in an art gallery and the weighting of the graph denotes the
distance in metres between the rooms.

%% x[w

EERELE
NHCCEE

SEERCE

® % R >

(a) Draw the graph G.

[3]

(b) By deleting vertex E and using Prim'’s algorithm, find a lower bound for the distance
walked to visit every room in the art gallery. Show each step of the process clearly.

(4]

(c) Show that by deleting a different vertex a lower bound can be found that is higher than
the one found in part (b).

[2]

The table of least weight for a graph G of 5 vertices is shown below. Each vertex listed in
the table represents a room in an art gallery and the weighting of the graph denotes the
distance in metres between the rooms.

B[R

SESEIEE

w5% /%[>
X|5/%| - [5]=
GEIRE

m o0 m >

(a) Draw the graph G.

[3]

(b) By deleting vertex E and using Prim'’s algorithm, find a lower bound for the distance
walked to visit every room in the art gallery. Show each step of the process clearly.

T8 mealres is o lower bound [4]

(c) Show that by deleting a different vertex a lower bound can be found that is higher than
the one found in part (b).

(2]

B
15 V3
925 30
p 24 D

b) Add alaes in the ocdec HB, BC, 8D

Total VJQ;jL\t oF v § v Sra\ﬂ“:nj free
foe ABCD s 15+13+ 17 =145

Add ‘"’2;3\"1'5 of tuwe e.cljes of leasT We;ﬁ\r\t
comnacled To E (CE and DE):

$YS+12+ 21 = 78

_18 rﬂltres ;5 o \ONQ\' ‘oounc!

from Pa\rt (o.)

£ 21 D

¢) Delete wveclex B. Eéjes AD, DE, CE qive
o wiiniemum Sanﬂ;nj tree 'For HCDE‘ wlt‘a
Lolol weight 18+ 21+12 = 51.

Add wg;j\‘ts of tuwo z:ljes of leasT we":\\qt
connacted To B (AB and BC):

SI+15+13 = 79

79 melces is o lower bound, Liqur
Than the one in (‘:)
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