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Preface to the Series

Young men should prove theorems, old men should write books.

—Freeman Dyson, quoting G. H. Hardy1

Reed–Simon2 starts with “Mathematics has its roots in numerology, ge-
ometry, and physics.” This puts into context the division of mathematics
into algebra, geometry/topology, and analysis. There are, of course, other
areas of mathematics, and a division between parts of mathematics can be
artificial. But almost universally, we require our graduate students to take
courses in these three areas.

This five-volume series began and, to some extent, remains a set of texts
for a basic graduate analysis course. In part it reflects Caltech’s three-terms-
per-year schedule and the actual courses I’ve taught in the past. Much of the
contents of Parts 1 and 2 (Part 2 is in two volumes, Part 2A and Part 2B) are
common to virtually all such courses: point set topology, measure spaces,
Hilbert and Banach spaces, distribution theory, and the Fourier transform,
complex analysis including the Riemann mapping and Hadamard product
theorems. Parts 3 and 4 are made up of material that you’ll find in some,
but not all, courses—on the one hand, Part 3 on maximal functions and
Hp-spaces; on the other hand, Part 4 on the spectral theorem for bounded
self-adjoint operators on a Hilbert space and det and trace, again for Hilbert
space operators. Parts 3 and 4 reflect the two halves of the third term of
Caltech’s course.

1Interview with D. J. Albers, The College Mathematics Journal, 25, no. 1, January 1994.
2M. Reed and B. Simon, Methods of Modern Mathematical Physics, I: Functional Analysis,

Academic Press, New York, 1972.
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xii Preface to the Series

While there is, of course, overlap between these books and other texts,
there are some places where we differ, at least from many:

(a) By having a unified approach to both real and complex analysis, we are
able to use notions like contour integrals as Stietljes integrals that cross
the barrier.

(b) We include some topics that are not standard, although I am sur-
prised they are not. For example, while discussing maximal functions,
I present Garcia’s proof of the maximal (and so, Birkhoff) ergodic the-
orem.

(c) These books are written to be keepers—the idea is that, for many stu-
dents, this may be the last analysis course they take, so I’ve tried to
write in a way that these books will be useful as a reference. For this
reason, I’ve included “bonus” chapters and sections—material that I do
not expect to be included in the course. This has several advantages.
First, in a slightly longer course, the instructor has an option of extra
topics to include. Second, there is some flexibility—for an instructor
who can’t imagine a complex analysis course without a proof of the
prime number theorem, it is possible to replace all or part of the (non-
bonus) chapter on elliptic functions with the last four sections of the
bonus chapter on analytic number theory. Third, it is certainly possible
to take all the material in, say, Part 2, to turn it into a two-term course.
Most importantly, the bonus material is there for the reader to peruse
long after the formal course is over.

(d) I have long collected “best” proofs and over the years learned a num-
ber of ones that are not the standard textbook proofs. In this re-
gard, modern technology has been a boon. Thanks to Google books
and the Caltech library, I’ve been able to discover some proofs that
I hadn’t learned before. Examples of things that I’m especially fond
of are Bernstein polynomials to get the classical Weierstrass approxi-
mation theorem, von Neumann’s proof of the Lebesgue decomposition
and Radon–Nikodym theorems, the Hermite expansion treatment of
Fourier transform, Landau’s proof of the Hadamard factorization theo-
rem, Wielandt’s theorem on the functional equation for Γ(z), and New-
man’s proof of the prime number theorem. Each of these appears in at
least some monographs, but they are not nearly as widespread as they
deserve to be.

(e) I’ve tried to distinguish between central results and interesting asides
and to indicate when an interesting aside is going to come up again
later. In particular, all chapters, except those on preliminaries, have
a listing of “Big Notions and Theorems” at their start. I wish that
this attempt to differentiate between the essential and the less essential
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didn’t make this book different, but alas, too many texts are monotone
listings of theorems and proofs.

(f) I’ve included copious “Notes and Historical Remarks” at the end of
each section. These notes illuminate and extend, and they (and the
Problems) allow us to cover more material than would otherwise be
possible. The history is there to enliven the discussion and to emphasize
to students that mathematicians are real people and that “may you live
in interesting times” is truly a curse. Any discussion of the history of
real analysis is depressing because of the number of lives ended by
the Nazis. Any discussion of nineteenth-century mathematics makes
one appreciate medical progress, contemplating Abel, Riemann, and
Stieltjes. I feel knowing that Picard was Hermite’s son-in-law spices up
the study of his theorem.

On the subject of history, there are three cautions. First, I am not a
professional historian and almost none of the history discussed here is based
on original sources. I have relied at times—horrors!—on information on the
Internet. I have tried for accuracy but I’m sure there are errors, some that
would make a real historian wince.

A second caution concerns looking at the history assuming the mathe-
matics we now know. Especially when concepts are new, they may be poorly
understood or viewed from a perspective quite different from the one here.
Looking at the wonderful history of nineteenth-century complex analysis by
Bottazzini–Grey3 will illustrate this more clearly than these brief notes can.

The third caution concerns naming theorems. Here, the reader needs
to bear in mind Arnol’d’s principle:4 If a notion bears a personal name,
then that name is not the name of the discoverer (and the related Berry
principle: The Arnol’d principle is applicable to itself ). To see the applica-
bility of Berry’s principle, I note that in the wider world, Arnol’d’s principle
is called “Stigler’s law of eponymy.” Stigler5 named this in 1980, pointing
out it was really discovered by Merton. In 1972, Kennedy6 named Boyer’s
law Mathematical formulas and theorems are usually not named after their
original discoverers after Boyer’s book.7 Already in 1956, Newman8 quoted
the early twentieth-century philosopher and logician A. N. Whitehead as
saying: “Everything of importance has been said before by somebody who

3U. Bottazzini and J. Gray, Hidden Harmony—Geometric Fantasies. The Rise of Complex
Function Theory, Springer, New York, 2013.

4V. I. Arnol’d, On teaching mathematics, available online at http://pauli.uni-muenster.

de/~munsteg/arnold.html.
5S. M. Stigler, Stigler’s law of eponymy, Trans. New York Acad. Sci. 39 (1980), 147–158.
6H. C. Kennedy, Classroom notes: Who discovered Boyer’s law?, Amer. Math. Monthly 79

(1972), 66–67.
7C. B. Boyer, A History of Mathematics, Wiley, New York, 1968.
8J. R. Newman, The World of Mathematics, Simon & Schuster, New York, 1956.

http://pauli.uni-muenster.de/~munsteg/arnold.html
http://pauli.uni-muenster.de/~munsteg/arnold.html


xiv Preface to the Series

did not discover it.” The main reason to give a name to a theorem is to have
a convenient way to refer to that theorem. I usually try to follow common
usage (even when I know Arnol’d’s principle applies).

I have resisted the temptation of some text writers to rename things
to set the record straight. For example, there is a small group who have
attempted to replace “WKB approximation” by “Liouville–Green approxi-
mation”, with valid historical justification (see the Notes to Section 15.5 of
Part 2B). But if I gave a talk and said I was about to use the Liouville–Green
approximation, I’d get blank stares from many who would instantly know
what I meant by the WKB approximation. And, of course, those who try to
change the name also know what WKB is! Names are mainly for shorthand,
not history.

These books have a wide variety of problems, in line with a multiplicity
of uses. The serious reader should at least skim them since there is often
interesting supplementary material covered there.

Similarly, these books have a much larger bibliography than is standard,
partly because of the historical references (many of which are available on-
line and a pleasure to read) and partly because the Notes introduce lots of
peripheral topics and places for further reading. But the reader shouldn’t
consider for a moment that these are intended to be comprehensive—that
would be impossible in a subject as broad as that considered in these vol-
umes.

These books differ from many modern texts by focusing a little more on
special functions than is standard. In much of the nineteenth century, the
theory of special functions was considered a central pillar of analysis. They
are now out of favor—too much so—although one can see some signs of the
pendulum swinging back. They are still mainly peripheral but appear often
in Part 2 and a few times in Parts 1, 3, and 4.

These books are intended for a second course in analysis, but in most
places, it is really previous exposure being helpful rather than required.
Beyond the basic calculus, the one topic that the reader is expected to have
seen is metric space theory and the construction of the reals as completion
of the rationals (or by some other means, such as Dedekind cuts).

Initially, I picked “A Course in Analysis” as the title for this series as
an homage to Goursat’s Cours d’Analyse,9 a classic text (also translated
into English) of the early twentieth century (a literal translation would be

9E. Goursat, A Course in Mathematical Analysis: Vol. 1: Derivatives and Differentials,
Definite Integrals, Expansion in Series, Applications to Geometry. Vol. 2, Part 1: Functions of a
Complex Variable. Vol. 2, Part 2: Differential Equations. Vol. 3, Part 1: Variation of Solutions.
Partial Differential Equations of the Second Order. Vol. 3, Part 2: Integral Equations. Calculus
of Variations, Dover Publications, New York, 1959 and 1964; French original, 1905.
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“of Analysis” but “in” sounds better). As I studied the history, I learned

that this was a standard French title, especially associated with École Poly-
technique. There are nineteenth-century versions by Cauchy and Jordan
and twentieth-century versions by de la Vallée Poussin and Choquet. So
this is a well-used title. The publisher suggested adding “Comprehensive”,
which seems appropriate.

It is a pleasure to thank many people who helped improve these texts.
About 80% was TEXed by my superb secretary of almost 25 years, Cherie
Galvez. Cherie was an extraordinary person—the secret weapon to my
productivity. Not only was she technically strong and able to keep my tasks
organized but also her people skills made coping with bureaucracy of all
kinds easier. She managed to wind up a confidant and counselor for many
of Caltech’s mathematics students. Unfortunately, in May 2012, she was
diagnosed with lung cancer, which she and chemotherapy valiantly fought.
In July 2013, she passed away. I am dedicating these books to her memory.

During the second half of the preparation of this series of books, we
also lost Arthur Wightman and Ed Nelson. Arthur was my advisor and
was responsible for the topic of my first major paper—perturbation theory
for the anharmonic oscillator. Ed had an enormous influence on me, both
via the techniques I use and in how I approach being a mathematician. In
particular, he taught me all about closed quadratic forms, motivating the
methodology of my thesis. I am also dedicating these works to their memory.

After Cherie entered hospice, Sergei Gel’fand, the AMS publisher, helped
me find Alice Peters to complete the TEXing of the manuscript. Her experi-
ence in mathematical publishing (she is the “A” of A K Peters Publishing)
meant she did much more, for which I am grateful.

This set of books has about 150 figures which I think considerably add
to their usefulness. About half were produced by Mamikon Mnatsakanian,
a talented astrophysicist and wizard with Adobe Illustrator. The other
half, mainly function plots, were produced by my former Ph.D. student and
teacher extraordinaire Mihai Stoiciu (used with permission) using Mathe-
matica. There are a few additional figures from Wikipedia (mainly under
WikiCommons license) and a hyperbolic tiling of Douglas Dunham, used
with permission. I appreciate the help I got with these figures.

Over the five-year period that I wrote this book and, in particular, dur-
ing its beta-testing as a text in over a half-dozen institutions, I received
feedback and corrections from many people. In particular, I should like to
thank (with apologies to those who were inadvertently left off): Tom Al-
berts, Michael Barany, Jacob Christiansen, Percy Deift, Tal Einav, German
Enciso, Alexander Eremenko, Rupert Frank, Fritz Gesztesy, Jeremy Gray,
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Leonard Gross, Chris Heil, Mourad Ismail, Svetlana Jitomirskaya, Bill John-
son, Rowan Killip, John Klauder, Seung Yeop Lee, Milivoje Lukic, Andre
Martinez-Finkelshtein, Chris Marx, Alex Poltoratski, Eric Rains, Lorenzo
Sadun, Ed Saff, Misha Sodin, Dan Stroock, Benji Weiss, Valentin Zagreb-
nov, and Maxim Zinchenko.

Much of these books was written at the tables of the Hebrew University
Mathematics Library. I’d like to thank Yoram Last for his invitation and
Naavah Levin for the hospitality of the library and for her invaluable help.

This series has a Facebook page. I welcome feedback, questions, and
comments. The page is at www.facebook.com/simon.analysis .

Even if these books have later editions, I will try to keep theorem and
equation numbers constant in case readers use them in their papers.

Finally, analysis is a wonderful and beautiful subject. I hope the reader
has as much fun using these books as I had writing them.

www.facebook.com/simon.analysis


Preface to Part 2

Part 2 of this five-volume series is devoted to complex analysis. We’ve split
Part 2 into two pieces (Part 2A and Part 2B), partly because of the total
length of the current material, but also because of the fact that we’ve left out
several topics and so Part 2B has some room for expansion. To indicate the
view that these two volumes are two halves of one part, chapter numbers
are cumulative. Chapters 1–11 are in Part 2A, and Part 2B starts with
Chapter 12.

The flavor of Part 2 is quite different from Part 1—abstract spaces are
less central (although hardly absent)—the content is more classical and more
geometrical. The classical flavor is understandable. Most of the material in
this part dates from 1820–1895, while Parts 1, 3, and 4 largely date from
1885–1940.

While real analysis has important figures, especially F. Riesz, it is hard
to single out a small number of “fathers.” On the other hand, it is clear
that the founding fathers of complex analysis are Cauchy, Weierstrass, and
Riemann. It is useful to associate each of these three with separate threads
which weave together to the amazing tapestry of this volume. While useful,
it is a bit of an exaggeration in that one can identify some of the other
threads in the work of each of them. That said, they clearly did have
distinct focuses, and it is useful to separate the three points of view.

To Cauchy, the central aspect is the differential and integral calculus of
complex-valued functions of a complex variable. Here the fundamentals are
the Cauchy integral theorem and Cauchy integral formula. These are the
basics behind Chapters 2–5.

xvii
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For Weierstrass, sums and products and especially power series are the
central object. These appear first peeking through in the Cauchy chapters
(especially Section 2.3) and dominate in Chapters 6, 9, 10, and parts of
Chapter 11, Chapter 13, and Chapter 14.

For Riemann, it is the view as conformal maps and associated geometry.
The central chapters for this are Chapters 7, 8, and 12, but also parts of
Chapters 10 and 11.

In fact, these three strands recur all over and are interrelated, but it is
useful to bear in mind the three points of view.

I’ve made the decision to restrict some results to C1 or piecewise C1

curves—for example, we only prove the Jordan curve theorem for that case.

We don’t discuss, in this part, boundary values of analytic functions in
the unit disk, especially the theory of the Hardy spaces, Hp(D). This is a
topic in Part 3. Potential theory has important links to complex analysis,
but we’ve also put it in Part 3 because of the close connection to harmonic
functions.

Unlike real analysis, where some basic courses might leave out point set
topology or distribution theory, there has been for over 100 years an ac-
knowledged common core of any complex analysis text: the Cauchy integral
theorem and its consequences (Chapters 2 and 3), some discussion of har-
monic functions on R2 and of the calculation of indefinite integrals (Chap-
ter 5), some discussion of fractional linear transformations and of conformal
maps (Chapters 7 and 8). It is also common to discuss at least Weier-
strass product formulas (Chapter 9) and Montel’s and/or Vitali’s theorems
(Chapter 6).

I also feel strongly that global analytic functions belong in a basic course.
There are several topics that will be in one or another course, notably the
Hadamard product formula (Chapter 9), elliptic functions (Chapter 10),
analytic number theory (Chapter 13), and some combination of hypergeo-
metric functions (Chapter 14) and asymptotics (Chapter 15). Nevanlinna
theory (Chapter 17) and univalents functions (Chapter 16) are almost al-
ways in advanced courses. The break between Parts 2A and 2B is based
mainly on what material is covered in Caltech’s course, but the material is
an integrated whole. I think it unfortunate that asymptotics doesn’t seem
to have made the cut in courses for pure mathematicians (although the ma-
terial in Chapters 14 and 15 will be in complex variable courses for applied
mathematicians).
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ries in Computational Mathematics, Springer-Verlag, Berlin, 1991. (Cited on 304.)

[74] E. Brieskorn and H. Knörrer, Plane Algebraic Curves, Birkhäuser Verlag, Basel,
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2008, first edition, 1986. (Cited on 117, 335.)

[218] J. D. Gray and S. A. Morris, When is a function that satisfies the Cauchy-Riemann
equations analytic?, Amer. Math. Monthly 85 (1978), 246–256. (Cited on 68.)

[219] G. Green, An Essay on the Application of Mathematical Analysis to the Theories of
Electricity and Magnetism, Nottingham, 1828. (Cited on 315.)

[220] R. E. Greene and S. G. Krantz, Function Theory of One Complex Variable, 3rd
edition, Graduate Studies in Mathematics, American Mathematical Society, Provi-
dence, RI, 2006; first edition, 1997. (Cited on 156, 468.)

[221] P. A. Griffiths, Introduction to Algebraic Curves, Translations of Mathematical
Monographs, American Mathematical Society, Providence, RI, 1989. (Cited on 267.)

[222] P. Griffiths and J. Harris, Principles of Algebraic Geometry, Pure and Applied Math-
ematics, Wiley-Interscience, New York, 1978. (Cited on 267, 589.)

[223] A. Grothendieck, Sur certains espaces de fonctions holomorphes. I, J. Reine Angew.
Math. 192 (1953), 35–64. (Cited on 230.)

[224] Chr. Gudermann, Additamentum ad functionis Γ(a) =
´∞
0

e−x · xa−1 ∂x theoriam,
J. Reine Angew. Math. 29 (1845), 209–212. (Cited on 440.)

https://archive.org/details/disquisitionesg00gausgoog


Bibliography 603

[225] H. Guggenheimer, Differential Geometry, corrected reprint of the 1963 edition, Dover
Books on Advanced Mathematics, Dover Publications, New York, 1977. (Cited on
21.)

[226] R. C. Gunning, Lectures on Riemann surfaces. Jacobi varieties, Mathematical Notes,
Princeton University Press, Princeton, NJ, 1973. (Cited on 589.)

[227] R. C. Gunning and H. Rossi, Analytic Functions of Several Complex Variables,
Prentice–Hall, Englewood Cliffs, NJ, 1965. (Cited on 585.)

[228] J. Hadamard, Sur le rayon de convergence des séries ordonnres suivant les puissances
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fonctions monogènes, Bull. Soc. Math. France 41 (1913), 171–178. (Cited on 239.)
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[423] P. Painlevé, Thèse d’Analyse. Sur les lignes singulières des fonctions analytiques,
Thesis, Paris, 1887. (Cited on 323.)

[424] H. Pajot, Analytic Capacity, Rectifiability, Menger Curvature and the Cauchy Inte-
gral, Lecture Notes in Mathematics, Springer-Verlag, Berlin, 2002. (Cited on 128,
378.)

[425] R. E. A. C. Paley and N. Wiener, Fourier Transforms in the Complex Domain,
reprint of the 1934 original, American Mathematical Society Colloquium Publica-
tions, American Mathematical Society, Providence, RI, 1987. (Cited on 562.)

[426] R. E. A. C. Paley and A. Zygmund, A note on analytic functions in the unit circle,
Proc. Cambridge Philos. Soc. 28 (1932), 266–272. (Cited on 58.)

[427] P. Pesic, Abel’s Proof: An Essay on the Sources and Meaning of Mathematical Un-
solvability, MIT Press, Cambridge, MA, 2003. (Cited on 499.)

[428] P. Petersen, Riemannian Geometry, Graduate Texts in Mathematics, Springer-
Verlag, New York, 1998. (Cited on 21.)

[429] E. Phragmén, Sur une extension d’un théorème classique de la théorie des fonctions,
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[489] E. Röding, Über die Wertannahme der Ahlfors Funktion in beliebigen Gebieten,
Manuscripta Math. 20 (1977), 133–140. (Cited on 378.)

[490] W. W. Rogosinski, On the order of the derivatives of a function analytic in an angle,
J. London Math. Soc. 20 (1945), 100–109. (Cited on 182.)

[491] A. Ros, The Gauss map of minimal surfaces, in Differential Geometry (Valencia,
2001), pp. 235–252, World Scientific, River Edge, NJ, 2002. (Cited on 578.)

[492] H. A. Rothe, Systematisches Lehrbuch der Arithmetic, Johann Ambrosius Barth,
Leipzig, 1811. (Cited on 534.)
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[499] L. Saalschütz, Bemerkungen über die Gammafunctionen mit negativen Argumenten,
Z. Math. Phys. 32 (1887), 246–250. (Cited on 430.)

[500] S. Saks and A. Zygmund, Analytic Functions, 3rd edition, Elsevier, Amsterdam–
London–New York; PWN—Polish Scientific Publishers, Warsaw, 1971 (Polish orig-
inal first edition in 1938). (Cited on 149, 157, 238, 574.)

http://www.maths.tcd.ie/pub/HistMath/People/Riemann/Geom/
http://www.maths.tcd.ie/pub/HistMath/People/Riemann/PFunct/
http://www.maths.tcd.ie/pub/HistMath/People/Riemann/PFunct/
http://www.maths.tcd.ie/pub/HistMath/People/Riemann/AbelFn/
http://www.maths.tcd.ie/pub/HistMath/People/Riemann/AbelFn/
http://www.maths.tcd.ie/pub/HistMath/People/Riemann/Zeta/


Bibliography 617
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Symbol Index

A ∩B, intersection, 3
Ac, complement, 3
A ∪B, union, 3
a ≡ b, 3
A \B, set difference, 3
Ar,R, annulus, 2
A�B, symmetric difference, 3
A(Ω), all analytic functions on Ω, 228
A∗, adjoint, 6
Aut(S), analytic bijection of S, 257

B(x, y), beta function, 417

C×, C \ {0}, 2
C(X), family of rational function, 286
C+, upper half-plane, 2
C, complex numbers, 2
̂C, Riemann sphere, ̂C ∪ {∞}, 2
cn(x, k), Jacobi elliptic function, 531
CP[1], complex projective line, 256
CP[n], complex dimension-n projective

space, 268

d | n, divisor, 3
Dδ(z0), disk of radius δ about z0, 2
∂D, unit circle in C, 2
D×, D \ {0}, 2
D, unit disk in C, 2
∂̄, del bar map, 34
det(A), determinant, 6
dn(x, k), Jacobi elliptic function, 531

F , fundamental domain for SL(2,Z),
484

f̂ , Fourier transform, 124
‖f‖K , supz∈K |f(z)|, 228
f 	
n(r), Fourier series coefficients, 124
˜F , fundamental domain for Γ(2), 488

Γ(2), { (α β
γ δ) | α, δ odd integers;

β, γ even integers; αδ − βγ = 1},
325

Γ(T (M)), vector fields, 14
Γ(z), gamma function, 410
Γi
jk, Christoffel symbol, 19

Γ(T ∗(M)), one forms, 15
gij , metric tensor, 18

H+, right half-plane, 2
H1(X), homology group, 25

ins(Γ), inside of Γ, 143

Jτ1,τ2 , complex torus, 259

K∞
j=1 bj/aj , continued fraction, 295

log(z), natural logarithm, 2
Lτ1,τ2 , lattice generated by τ1 and τ2,

258

M(Ω), functions meromorphic in Ω, 249

N, natural numbers, 2

out(Γ), outside of Γ, 143

π1(X,x), fundamental group, 22
PSL(2,C), set of FLTs, 275
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Q, rational numbers, 2

R×, R \ {0}, 2
R, real numbers, 2
Ran f , range of a function f , 2
�, restriction, 3

Sα,β , sector, 2
(A), number of elements in A, 2
SL(2,Z), 2× 2 matrices with integer

elements and determinant 1, 482
sn(x, k), Jacobi elliptic function, 531
SO(3), 3× 3 orthogonal matrices, 286
SU(2), 2× 2 unitary matrices, 286

T (M), tangent bundle, 14
T ∗(M), cotangent bundle, 14
Tx0(M), tangent space to a manifold, 13
Tx(M)∗, cotangent space, 14

{x}, fractional part of x, 2
[x], greatest integer less than x, 2

Z+, strictly positive integers, 2
Z, integers, 2
Zk, conjugacy classes, 3
Z×

k , invertible conjugacy classes, 3
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Abel map, 587

Abel’s convergence theorem, 61

Abel’s theorem, 493, 524

abelian functions, 404

abelian integrals, 315, 498

accessible point, 321

addition formula for ℘, 510

adjoint, 6

affine map, 284

Ahlfors function, 373, 374, 376

algebraic curve, 260, 261, 267

algebraic function, 109

algebraic geometry, 265

algebraic multiplicity, 6

algebroidal function, 109

alternating group, 286

analytic arc, 196, 320

analytic bijection, 135, 229, 276, 290,
320, 509

analytic capacity, 373

analytic continuation, 54, 232, 320

analytic corner, 198

analytic curve, 259

analytic function, 50, 257

analytic iff holomorphic, 81

analytic inverse, 104

analytic slit maps, 200

analytic structure, 257

analytically continued, 565

angle-preserving, 36

annulus, 2, 294, 357

Appell’s theorem, 61

approximate identity, 196

arcwise connected, 21, 27, 75

argument principle, 95, 101, 105, 127,
130, 144

arithmetic geometric mean, 533

Ascoli–Arzelà theorem, 234

atlas, 13

attracting fixed point, 279

Baire category, 241

Baire category theorem, 243

Baire generic, 241

Banach indicatrix theorem, 27, 28, 151

Basel problem, 387, 393

Bergman kernel, 316

Bernoulli numbers, 92, 395, 434, 437,
441

Bernoulli polynomials, 434

Bessel function, 123

beta function, 417

beta integral, 418

Bieberbach conjecture, 89, 369

big oh, 8, 12

bijection, 31

bilinear transformation, 274

Binet’s formula, 436, 446

binomial theorem, 62

bipolar Green’s function, 365, 370

Blaschke condition, 452

Blaschke factor, 119, 449

Blaschke product, 453

Bloch’s principle, 578

Bloch’s theorem, 579

Bochner tube theorem, 584
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Bohr–Mollerup theorem, 420, 423, 424,
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Borel–Carathéodory inequality, 94, 120
boundary, 24, 25
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canonical product, 462
Carathéodory function, 182, 236, 239,

240
Carathéodory–Osgood–Taylor theorem,
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Cartan uniqueness theorem, 584
Cartan’s first theorem, 581, 585
Cartan’s second theorem, 582
Casorati–Weierstrass theorem, 125, 126,
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Cauchy determinant formula, 457
Cauchy estimate, 83, 89, 93, 122, 234,

276, 471
Cauchy integral formula, 69, 76, 140,

142, 151, 164
Cauchy integral theorem, 46, 67, 69,

140, 142, 151
Cauchy jump formula, 78, 166
Cauchy ODE theorem, 567
Cauchy power series theorem, 80
Cauchy radius formula, 49, 57
Cauchy transform, 166, 188
Cauchy–Hadamard radius formula, 49
Cauchy–Riemann equations, 32–34, 69,

192, 265, 315
Cayley–Klein parameterization, 287
chain, 24, 139
chain rule, 31
Chebyshev polynomials, 90, 91, 397
Christoffel symbol, 19
circle of convergence, 50, 82
circle or line, 285
circle or straight line, 270
circles and lines, 284
classical Green’s function, 316, 317,

324, 370
closed curve, 40
clothoid, 214
compact exhaustion, 228
compact Riemann surface, 263, 265
compatible analytic structure, 257
compatible atlasses, 13
complete elliptic integral, 341, 541
complex analytic manifold, 269
complex Poisson kernel, 178

complex Poisson representation, 178,
182

complex projective line, 268
complex tori, 258, 362, 552
confluent hypergeometric functions, 220
conformal bijection, 256
conformal equivalence, 257
conformal map, 35, 341
conjugacy class, 3, 8, 277, 292
conjugate, 8
connected, 26
connected component, 27
continued fraction, 255, 295, 304, 305
continued fraction approximant, 296
continuity at analytic corners, 197
continuously differentiable, 9
contour, 41
contour integral, 43, 100, 201
convergent power series, 52
coordinate map, 256
coordinate patch, 13
Cornu spiral, 211, 214
cotangent bundle, 14
covectors, 14
covering map, 22
covering space, 22, 23, 571
Cramer’s rule, 131
critical point, 104, 108, 264
critical value, 264
cross-ratio, 275, 285
cross-section, 17
cubics, 272
curve, 21, 40
cusp, 161, 320, 325
cuts, 262
cycles, 25
cyclic group, 286

Darboux’s theorem, 43
de Moivre formula, 59, 90
Dedekind reciprocity, 222
Dedekind sum, 222
definite integrals, 201
del bar notation, 34
deRham’s theorem, 26
derivation, 13
derivative, 9
determinant, 6
diagonalizable, 5
diagonalization trick, 238
differentiable, 9
differentiable manifold, 12
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differential form, 267
dihedral group, 286
Dirichlet principle, 316
Dirichlet problem, 184, 186, 314, 317
discontinuous groups, 335
discriminant, 514
divided differences, 102
divisor, 3
Dixon’s proof, 142
dodecahedron, 286
domain of holomorphy, 409
dominated convergence theorem, 183
double point, 260
doubly connected, 151, 233
doubly connected region, 357, 360
doubly periodic, 513
doubly periodic function, 501
duality, 230
Dunford’s theorem, 85
duplication formula, 510

edge of the wedge theorem, 195
eigenvalue, 5
Eisenstein series, 504, 518
ellipse, 348
elliptic curve, 261, 502, 509
elliptic FLT, 278, 289, 291, 293
elliptic function, 135, 512, 543
elliptic integral, 341, 418, 502, 516, 522,

536
elliptic modular function, 325, 346, 355,

542, 571, 573
end-cut, 321
endpoints, 40
energy, 19
entire function, 83, 134, 135, 459
Erlangen program, 282
essential singularity, 125, 127
Euclidean algorithm, 8, 304, 306
Euler duplication formula, 437
Euler polynomials, 443
Euler product formula, 387, 393, 396,

467
Euler reflection formula, 413, 423, 424,

427, 429
Euler spiral, 211, 214, 220
Euler’s formula, 55, 59
Euler–Maclaurin series, 434, 438, 441,

444
Euler–Mascheroni constant, 410, 420,

444
Euler–Wallis equations, 297, 303, 304

Euler–Wallis recursion, 297
exponent of convergence, 460, 462
exponential decay, 557
exponential functions, 203
exterior algebra, 285
exterior Green’s function, 324
exterior potential, 324

Fabry gap theorem, 243
Farey series, 332
Farey tesselation, 332
Fatou set, 243
Fibonacci numbers, 91
field of fractions, 129
finite order, 459, 462
first-order Euler–Maclaurin series, 432
fixed circle, 288
fixed point, 274, 291
flow, 14
flow equation, 14
FLT, 255, 274, 277, 280, 284, 326
Ford circle, 304
formal product, 65
Fourier coefficients, 132
Fourier series, 134
Fourier transform, 124, 557
fractional linear transformation, 255,

274
fractional parts of x, 2
Fréchet space, 229, 230, 233
Fresnel functions, 211, 214
Fresnel integrals, 210, 211
Fubini’s theorem, 10
Fuchsian group, 256, 325, 331
functional equation for Γ, 411
fundamental cell, 491, 507
fundamental domain, 487
fundamental group, 22
fundamental lifting theorem, 571
fundamental theorem of algebra, 84, 87,

88, 97, 116, 118
fundamental theorem of calculus, 9, 45
fundamental theorem of complex

analysis, 81

Galois group, 286
gamma function, 208, 403, 410, 419
gauge invariance, 267
Gauss multiplication formula, 413, 423
Gauss’ criteria, 61
Gauss’ theorem, 16, 188, 317
Gauss–Green theorem, 68
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Gauss–Lucas theorem, 102
Gaussian integral, 208, 437
Gaussian sums, 223
generating function, 91
genre, 469
genus, 262, 462, 472
geodesic, 19
geodesic equation, 19
geodesic parameterization, 19
geodesically complete, 20
geometric multiplicity, 6
germ, 565, 566
global analytic function, 54, 565
golden mean, 91, 306
Goursat argument, 66
Grace–Lucas theorem, 102
gramian, 457
greatest integer less than x, 2
Green’s function, 324, 365, 370
Green’s theorem, 16
Gudermann’s series, 448

Hadamard factorization theorem, 464,
473

Hadamard gap theorem, 58, 64
Hadamard lacunary, 64
Hadamard product formula, 393, 462,

464, 466
Hadamard three-circle theorem, 116,

174
Hadamard three-line theorem, 174
Hahn–Banach theorem, 231
half-strip, 340
harmonic conjugate, 181
harmonic function, 35, 183, 184, 186,

257, 267, 314
Harnack’s principle, 187
Hartogs’ ball theorem, 584
Hartogs’ theorem, 581, 584
Hartogs–Rosenthal theorem, 157
Helmer’s theorem, 406, 409
Herglotz function, 236, 237, 239
Hilbert–Schmidt norm, 331
Hölders inequality, 176
holomorphic function, 30, 31, 34, 35, 46,

67, 69, 89
holomorphic iff analytic, 81
holomorphic one-forms, 588
holomorphically simply connected, 71,

150, 311
homologous chains, 25, 140
homologous to zero, 140

homology, 24
homology group, 25, 142
homotopic, 21
homotopic curves, 75
homotopy, 21
homotopy classes, 21
homotopy group, 22
Hopf fibration, 287
Hopf–Rinow theorem, 20
hsc, 71, 150, 151, 311
Hurewicz’s theorem, 25, 26, 142, 587
Hurwitz’s theorem, 245, 312, 356, 385,

576
hyperbolic FLT, 278, 288, 291, 293
hyperbolic geodesics, 334
hyperbolic triangle, 325, 330, 334
hyperplane, 574

icosahedron, 286
identity theorem, 54
implicit function theorem, 10, 105
indicatrix, 28
infinite products, 385
infinite sums, 212
inner product, 6
inverse function theorem, 10
isolated singularity, 124
isometric circle, 289

Jacobi amplitude function, 539
Jacobi elliptic function, 342, 497, 522,

529
Jacobi theta function, 528
Jacobi triple product formula, 537
Jacobi variety, 587
Jacobi’s construction, 495
Jacobian, 15
Jensen’s formula, 449, 451, 454, 460,

469
Jensen–Walsh theorem, 102
Jordan anomaly, 6
Jordan arc, 41
Jordan block, 5, 131
Jordan contour, 103
Jordan curve, 41, 103, 188, 321, 323
Jordan curve theorem, 162, 164, 165
Jordan normal form, 5, 131, 277
Jordan’s lemma, 217
Joukowski airfoil, 339
Joukowski map, 339, 351
Julia set, 243
Julia’s theorem, 573
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k-forms, 15
Kakeya–Eneström theorem, 104
Kármán–Trefftz airfoil, 339
Kármán–Trefftz map, 351
keyhole contour, 77
Kleinian group, 256, 335
Koch snowflake, 48
Koebe function, 338
Kronecker example, 243
Kügelsatz, 584

l’Hôpital’s rule, 438
Laguerre theorem, 474
Lambert’s series, 63
Landau’s trick, 473
Laplacian, 35
lattice, 482
Laurent expansion, 429, 506, 523
Laurent polynomial, 122
Laurent series, 120, 121, 125, 132
Laurent’s theorem, 120
Laurent–Weierstrass series, 123
Legendre duplication formula, 413, 427,

428, 437, 440
Legendre relation, 498, 540
lemniscate integral, 418, 498, 516
lens region, 337
Lie groups, 267
lifting, 22
Liouville’s first theorem, 491
Liouville’s fourth theorem, 492
Liouville’s second theorem, 491
Liouville’s theorem, 84, 87, 89, 126, 143,

525
Liouville’s third theorem, 491
little oh, 8, 12
local behavior, 104, 108
local coordinate, 13
local degree, 264
local geodesics, 20
local inverse, 31
log convexity, 414
Looman–Menchoff theorem, 68
lower triangular, 284
loxodromic FLT, 278, 291
Lucas’ theorem, 102
Lusin area integral, 47

M -test, 231
Maclaurin series, 57
Mandelbrot set, 243
manifold, 13

Marty’s theorem, 247, 252, 575
maximal type, 459
maximum principle, 114, 115, 119, 159,

184
mean value property, 183
Mergelyan’s theorem, 151, 156
meromorphic function, 129, 130, 193,

257, 264, 267
mesh, 145
mesh-defined chain, 146
metric tensor, 18
minimal basis, 483, 486
minimal type, 459
minimum modulus principle, 115
Mittag-Leffler theorem, 399, 401, 403,

405, 406
Möbius tranformation, 274
modular form, 550
modular function, 550
modular group, 550
modular problem, 514
modular space, 362
moduli, 362
monodromy group, 568
monodromy theorem, 355, 566, 571
Montel three-value theorem, 572
Montel’s theorem, 234, 235, 238, 239,

312
Montel’s three-value theorem, 238, 577
Morera’s theorem, 69, 70, 81, 82, 182,

183, 190
multiplicative linear functional, 233
multiplicity, 95
multiply connected, 151
Müntz–Szász theorem, 454, 456–458
MVP, 183, 192

n-connected, 151
natural boundary, 55, 58, 65, 241, 243,

332
natural logarithm, 2
Nevanlinna class, 452
Nevanlinna theory, 578
Nobel prize in mathematics, 400
non–self-intersecting curve, 41
noncritical points, 104
nonloxodromic FLT, 289
nonsingular algebraic curve, 260
nontangential limits, 166
normal convergence, 229, 249
normal family, 237, 238, 249, 252, 572,

575
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normal operator, 6, 7
normal subgroup, 288
normal type, 459
Nyquist–Shannon sampling theorem,

221

octahedron, 286
ODEs, ordinary differential equations,

11
one-forms, 15
open mapping principle, 114
open Riemann surface, 263
order, 95, 459
orientable, 15

℘-function, 501
Painlevé problem, 374
Painlevé’s smoothness theorem, 323
Painlevé’s theorem, 189, 194, 320
Paley–Wiener space, 562
Paley–Wiener theorem, 557, 584, 586
Paley–Wiener–Schwartz theorem, 562
parabolic FLT, 278, 288, 291, 293
partial fraction expansion of cosecant,

390
partial fraction expansion of cotangent,

391
partition of unity, 11, 13
path lifting theorem, 22
paving lemma, 47
period, 134
period lattice, 587
periodic analytic functions, 132
periodic entire function, 134
periodic functions, 201
permanence of relation, 567
Phragmén–Lindelöf method, 118, 171,

173, 564
Picard iteration, 12
Picard’s great theorem, 570
Picard’s little theorem, 570
Picard’s theorem, 238, 325, 543, 570,

573, 575, 577, 578
Poincaré metric, 292
Poincaré’s theorem, 581, 584
Poisson formula, 183
Poisson kernel, 179, 181, 183, 187
Poisson representation, 179, 182
Poisson summation formula, 213, 224,

443
Poisson–Jensen formula, 450, 472
polar decomposition, 7

polar decomposition theorem, 7
poles, 127, 480
polydisk, 580
Pommerenke’s theorem, 374
Pompeiu’s formula, 78, 189, 584
positive operator, 6
potential theory, 267
power series, 49, 66, 135
prime, 8
prime ends, 323
principal conjugacy subgroup of level 2,

487
principal part theorem, 493, 524
principal value, 202
Pringsheim–Vivanti theorem, 63
projective curve, 271
projective geometry, 272
projective space, 268
Prym’s decomposition, 430
Puiseux series, 108, 109, 113
pullback, 15
punctured disk, 357
punctured plane, 357
push forward, 15

q-binomial function, 534
q-binomial coefficient, 535
q-difference, 535
q-factorial, 535
q-Gamma function, 534
q-integral, 535
q-ology, 534
quadratic form, 270
quartics, 272
quasi-elliptic, 498
quasiconformal, 38

ramification index, 264
ramification point, 264
ratio of the base, 483
rational function, 130, 157, 201, 212,

286, 480
real analytic curve, 196
real Poisson kernel, 179
rectangle, 341
rectifiable curve, 42, 46, 99
refinement, 42
reflection, 289
reflection principle, 189, 191, 194, 320,

326, 327
reflections in circles, 282
region, 2
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regular function, 114, 178
regular point, 54
relatively prime, 8, 401
removable set, 373, 375
removable singularity, 125, 127, 293
reparamerizations, 40
residue calculus, 212
residue theorem, 130, 143
resolution of singularities, 260
Riemann curvature, 316
Riemann hypothesis, 316
Riemann map, 327, 336
Riemann mapping, 319, 320, 324
Riemann mapping theorem, 311, 314,

315, 325, 353, 369
Riemann metric, 18, 272, 316
Riemann removable singularity

theorem, 125, 142, 195
Riemann sphere, 257
Riemann surface, 54, 256, 259–261, 266,

267, 269, 315, 362, 498, 553, 568
Riemann surface of the function, 565
Riemann tensor, 316
Riemann theta function, 588
Riemann zeta function, 421
Riemann’s P -functions, 316
Riemann–Stieltjes integrals, 42
Riemann-Hurwitz formula, 587
Riemannian manifold, 18
Riesz–Markov theorem, 231
Riesz–Thorin theorem, 175
right limit, 242
Rodgers–Szegő polynomials, 535
Rothe’s formula, 537
Rouché’s theorem, 97, 98, 100, 144
Runge’s theorem, 153, 159, 244

schlicht function, 246
Schobloch’s reciprocity formula, 421
Schottky’s theorem, 578
Schur algorithm, 302, 304–306
Schur approximant, 307
Schur function, 235, 301, 306, 307
Schur iterates, 302
Schur parameters, 302, 307
Schwarz integral formula, 178
Schwarz kernel, 178
Schwarz lemma, 116, 117, 120, 194, 236,

241, 290, 302, 312, 315
Schwarz reflection principle, 189, 194
Schwarz–Christoffel map, 351
Schwarz–Christoffel theorem, 343

Schwarz–Christoffel transformation, 342
Schwarz–Pick lemma, 119
sector, 2
self-adjoint operator, 6
sheaf of germs, 565
simple curve, 41
simple double point, 260
simple point, 323
simple pole, 127
simplex, 24
simply connected, 21, 151, 311, 319,

326, 571
singular homology, 24
singular point, 54
slice of annulus, 347
slit plane, 338
Sokhotskii’s theorem, 128
space of moduli, 362
spectral theorem, 7
spherical derivative, 250, 252
spherical metric, 247, 252
square root property, 310
star-shaped regions, 69
Stein interpolation theorem, 177
stereographic projection, 256, 268, 272,

284
Stern–Brocot tree, 333, 336
Stieltjes–Osgood theorem, 238
Stirling’s approximation, 431
Stirling’s formula, 437
Stokes’ theorem, 16, 68
strip, 346
strong Montel theorem, 252
subdivision, 42

tangent, 14
tangent bundle, 14
Taylor series, 52, 57, 61, 95, 120, 230,

301
Taylor’s theorem, 9, 51
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Kečkić, J. D., 214, 611
Kelvin, Lord, 17, 315
Khinchin, A. Ya., 304, 606
Khrushchev, S., 305, 306, 607
Killing, W., 404
Kim, S-h., 333, 607
King, R. B., 479, 607
Klein, F., 23, 266, 272, 282, 283, 292,

368, 404, 476, 480, 550, 568, 607
Knapp, A. W., 477, 607
Knopp, K., 12, 420, 607
Knörrer, H., 267, 595
Knuth, D. E., 333, 602
Kobayashi, S., 21, 607
Kober, H., 350, 608
Koblitz, N., 477, 550, 608
Koch, H., 368, 608
Koebe, P., 238, 314, 367, 368, 608
Kolk, J. A. C., 398, 593
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Lindelöf, E., 12, 172, 173, 177, 214, 239,

609, 613
Lions, J.-L., 177, 609
Liouville, J., 87, 497, 610
Littlewood, J. E., 562
Livio, M., 499, 610
Lohwater, A. J., 578, 610
Loomann, H., 68, 610
Loomis, L. H., 12, 17, 610
Lubinsky, D. S., 564, 610
Luecking, D. H., 229, 230, 233, 405, 610
Lützen, J., 87, 499, 610

Maclaurin, C., 438, 610
Markov, A., 305
Markushevich, A. I., 323, 502, 517, 574,

610
Martin, G., 128, 605
Martinelli, E., 584, 610
Marty, F., 239, 252, 610
Mascheroni, L., 420
Mather, J. N., 324, 610
Matheson, A. L., 188, 597
Maz’ya, V., 470, 610
McKean, H., 477, 610
Melnikov, A., 306, 606
Menchoff, D., 68, 610
Mergelyan, S. N., 156, 610
Minda, D., 378, 610
Minkowski, H., 246, 404
Miranda, R., 267, 589, 611
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Müntz, C., 456, 458, 611
Myland, J., 214, 612

Nahin, P. J., 17, 611
Napier, T., 589, 611
Narasimhan, R., 17, 68, 585, 589, 612
Nehari, Z., 350, 362, 612
Neuenschwander, E., 87, 128, 612
Neumann, C. A., 131, 612
Nevanlinna, R., 451, 612
Neville, E. H., 477, 612
Newman, F. W., 419, 612
Newton, I., 518
Nievergelt, Y., 68, 612
Noether, E., 26, 612
Nomizu, K., 21, 607
Novinger, W. P., 150, 323, 592

Ogura, K., 221, 612
Ohtsuka, M., 323, 612
Oldham, K., 214, 612
Olds, C. D., 304, 612
Osgood, B., 117, 612
Osgood, W. F., 79, 87, 128, 238, 314,

323, 612
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Carathéodory, C., 200
Cartan, H., 584
Cauchy, A. L., 38

d’Alembert, J-B., 37

Euler, L., 394

Hadamard, J., 469
Hartogs, F., 583
Hurewicz, W., 26
Hurwitz, A., 246

Jacobi, C. G., 534
Jordan, C., 164

Klein, F., 282
Koebe, P., 368

Landau, E., 470
Laurent, P., 123
Liouville, J., 499

Mittag-Leffler, G., 400
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A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 2A is devoted to basic complex analysis. It inter-
weaves three analytic threads associated with Cauchy, Riemann, and Weierstrass, 
respectively. Cauchy’s view focuses on the differential and integral calculus of 
functions of a complex variable, with the key topics being the Cauchy integral 
formula and contour integration. For Riemann, the geometry of the complex plane 
is central, with key topics being fractional linear transformations and conformal 
mapping. For Weierstrass, the power series is king, with key topics being spaces 
of analytic functions, the product formulas of Weierstrass and Hadamard, and 
the Weierstrass theory of elliptic functions. Subjects in this volume that are often 
missing in other texts include the Cauchy integral theorem when the contour is 
the boundary of a Jordan region, continued fractions, two proofs of the big Picard 
theorem, the uniformization theorem, Ahlfors’s function, the sheaf of analytic 
germs, and Jacobi, as well as Weierstrass, elliptic functions.
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