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Resumo

A presente tese aborda diferentes topicos sobre teoria espectral, problemas de agrupamento e
equagoes diferenciais em grafos métricos. Na primeira parte, provamos uma teoria de existén-
cia geral para problemas de minimizagdo condicionada para funcionais definidos em espagos
métricos de medida (M, d, ). Aplicamos esta teoria a funcionais definidos em grafos métricos

G, em particular problemas L? de minimizagio condicionada para funcionais da forma

1 1
E(u) = §a(u,u) - a/lclu|qda:,

onde ¢ > 2, a(-, -) é uma forma sesquilinear simétrica adequada, definida num espaco de fung¢aes
em G e K C G. Mostramos como a existéncia de solu¢des pode ser obtida por meio de métodos
de decomposig¢do, usando propriedades espectrais do operador A associadas a forma a(-, ), e
discutimos as quantidades espectrais envolvidas. Um exemplo que consideramos € a variante
de ordem superior do funcional de energia NLS (Schrodinger ndo linear) estacionédrio com
potencial m € L? + L>(G)

1 1
E(k)(u):§/|u(k)\2+m(x)|u|2dx——/ lu|? da
g P Jk

definido num dominio denso. Tratamos em particular o caso em que K € um subgrafo limitado,
que sua vez corresponde a ter uma nao linearidade localizada. Quando £ = 1 também conside-
ramos gréaficos métricos com um nimero infinito de arestas, bem como potenciais magnéticos.
Neste sentido, o operador A associado a forma linear € um operador de Schrodinger e, no caso
L2-subcritico 2 < ¢ < 6, obtemos generalizacdes de resultados de existéncia para o funcional
NLS obtidos por Adami , Serra e Tilli [JFA 271 (2016), 201-223], e Cacciapuoti, Finco e Noja
[Nonlinearity 30 (2017), 3271-3303], entre outros.

Na segunda parte da tese, lidamos principalmente com grafos métricos compactos com um
ndmero finito de arestas. Neste caso a existéncia de estados fundamentais € uma consequéncia
imediata do método direto de cédlculo das variagdes. Estudamos particdes espectrais minimas
no ambito de Kennedy et al [CVPDE 60 (2021), 61], ou seja, estudamos parti¢des no grafo que

minimizam uma quantidade espectral do tipo
i%f A(P). (0.1)

Neste ponto, consideramos dois exemplos principais. Primeiramente, como motivac¢ao, conside-
ramos os problemas de estado fundamental de Nehari relacionados com a mistura de condensados
de Bose-Einstein. Estendemos os resultados de Chang et al [Physica D 196 (2004) 341-361]
e Conti, Terracini, Verzini [AHIP 19 (2002), 871-888], [JFA 198 (2003), 160-196] para grafos
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quanticos; as respectivas solugdes dos sistemas penalizados convergem num sentido apropriado
separando os suportes das solu¢des no limite, que ainda definem uma particdo no grafo que
minimiza um problema de parti¢do minima da forma (0.1)). Quando k£ = 2 mostramos que existe
A € Rtal que

—Au+ (m+ Nu = pfulu, u € D(—=A)

tem uma solucao de troca de sinal.

Em segundo lugar, estudamos a parti¢do espectral minima associada aos funcionais A, com
p € [1, 0] consistindo na p-média dos valores préprios dos respectivos elementos de particéo
com o primeiro valor préprio de Dirichlet, com pontos de Dirichlet nos pontos de fronteira da

parti¢do, ou o primeiro valor préprio ndo trivial de Neumann. Respetivamente,

1 ok )\ /P
a Py = | (i (@)Y) 1<p<oc
max{jiz(Gi), ..., p2(Gr)} p = 00
1 ok »\ /P
AkD,p(P) _ (E Zi:l (Al(gz)) ) 1<p<o .
max{A1(G1), ..., \(Gk)} p = 00

Investigamos as propriedades das energias espectrais minimas Lﬁp(g) e £gp(g) associadas
a A{X » € Aﬁp respectivamente. Em particular, mostramos estimativas inferiores e superiores
Optimas para as energias de particio minima e, para p = oo, fornecemos desigualdades entre-
lagadas entre £ (G) e L} (G), que envolvem grandezas topoldgicas tais como o nimero de
ciclos independentes no grafo ou o nimero de vértices de grau 1 do grafo, uma reminiscéncia
de estimativas e desigualdades entrelacadas para os valores préprios do Laplaciano de todo o
grafo. Em particular, obtemos uma desigualdade entre essas energias e os valores proprios do
Laplaciano, vdlidos para todos os grafos compactos, que complementam uma versao para grafos
de arvore das desigualdades de Friedlander entre valores proprios de Dirichlet e Neumann de
um dominio de RY. Combinando essas estimativas com os limites obtidos para as energias es-
pectrais minimas, inferimos uma estimativa superior dos valores préprios do Laplaciano padrao,
que em alguns casos resulta em melhores estimativas de valores préprios do Laplaciano do que
aquelas obtidos anteriormente em Berkolaiko et al [J. Phys. A 50 (2017), 365201].

Na terceira parte da dissertacdo, estabelecemos as versoes para grafos métricos do teorema
de Pleijel sobre comportamento assintotico do nimero de dominios nodais v,, da n-ésimas
funcgado prépria de uma ampla classe de operadores em graficos métricos compactos, incluindo
operadores de Schrodinger com potenciais L' e uma variedade de condi¢des de vértice, bem
como o p-Laplaciano com condi¢des naturais de vértice, € sem quaisquer suposicdes sobre 0s
comprimentos das arestas, a topologia do grafico ou o comportamento dos func¢des préprias nos
vértices. Entre outras coisas, esses resultados caracterizam os pontos de acumulagdo da sucessao
(¥2),en, que formam um subconjunto finito de (0,1]. Consequentamente, estes resultados

n

estendem em vdrias direcoes o resultado anteriormente conhecido de que, genericamente, v,, ~
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n, para certas realizagdes do Laplaciano. Em particular, nos casos especiais do Laplaciano
com condig¢des naturais, mostramos que para grafos com comprimentos de aresta racionalmente
dependentes, podemos encontrar fungdes proprias para as quais v, ¢ n; mas, neste caso, mesmo
o conjunto de pontos de acumulaciao pode depender da escolha da base propria.

Concluimos a tese com algumas desigualdades numéricas sobre os valores proprios do
Laplaciano padrdao num grafo. Com base no teorema de von Below, propomos uma técnica para
aproximar os valores préprios de Kirchhoff-Neumann de um grafo métrico geral. A técnica
mencionada envolve um processo com trés etapas. Primeiro, para um grafo métrico geral G,
consideramos o grafo métrico equildtero que “melhor” aproxima G. Desta forma, podemos
usar esta aproximacdo para criar uma sequéncia de grafos discretos {Gx} com N vértices
que convergem para G no sentido de Hausdorff. Finalmente, provamos estimativas de erros a
priori e a posteriori para os valores préprios do Laplaciano em G usando as valores préprios de
G n. Essas estimativas de erro permitem-nos aproximar os valores proprios do Laplaciano em
G para uma precisao desejada, usando os valores préprios do Laplaciano normalizado de um
grafo discreto. Este € um problema de valor préprio de matriz semidefinida para o qual estdao
disponiveis ferramentas de dlgebra linear numérica muito eficientes.

Os novos contetidos da presente tese irdo aparecer nos seguintes artigos de investigagao, que

foram desenvolvidos durante o doutoramento:

M. Hofmann. “An existence theory for nonlinear equations on metric graphs via energy
methods”. arXiv preprint arXiv:1909.07856 (2019).

M. Hofmann, J. B. Kennedy, D. Mugnolo, and M. Pliimer. “Asymptotics and Estimates for
Spectral Minimal Partitions of Metric Graphs”. Integral Equations and Operator Theory
93 (3) (2021), 1-36.

M. Hofmann, J. B. Kennedy, D. Mugnolo, and M. Pliimer. “On Pleijel’s Nodal Domain
Theorem for Quantum Graphs”. Annales Henri Poincaré (2021), 1-30.

M. Hofmann and J. B. Kennedy. “Interlacing and Friedlander-type inequalities for spectral
minimal partitions of metric graphs”. Letters in Mathematical Physics 111 (4) (2021),
1-30.

Palavras-Chave. Teoria espectral, cdlculo de variagdes, andlise de EDPs, grafos quanticos,

particdes espectrais minimas.






Abstract

In the first part we prove a general existence theory for constrained minimization problems for
functionals defined on function spaces on metric measure spaces (M, d, p). We apply this
theory to functionals defined on metric graphs G. We show how the existence of solutions can
be obtained via decomposition methods using spectral properties of the operator A associated
with the form a(-, -) and discuss the spectral quantities involved. Concrete examples considered
include higher order NLS functionals and metric graphs with infinite edge set and magnetic
potentials. This generalizes results obtained by Adami, Serra and Tilli [JFA 271 (2016), 201-
223], and Cacciapuoti, Finco and Noja [Nonlinearity 30 (2017), 3271-3303], among others.

In the second part we consider spectral minimal partitions of compact metric graphs. We
motivate their study through Nehari ground state problems and certain penalized systems. We

relate a class of minimal partitions to eigenvalues of the Laplacian and show sharp lower and

N

I oo» €Stimates between

upper estimates for the associated spectral minimal energies ﬁkDm and £
these energies and eigenvalues of the Laplacian, which in some cases result in better estimates
than the ones previously obtained in Berkolaiko et al [J. Phys. A 50 (2017), 365201]

In the third part we establish metric graph counterparts of Pleijel’s theorem on the asymptotics
of the number of nodal domains v,, of the n-th eigenfunction(s) of a broad class of operators on
compact metric graphs. Among other things, these results characterize the accumulation points
of the sequence (“*),cn, Which are shown always to form a finite subset of (0, 1].

In the final part we introduce a numerical method for calculating the eigenvalues of the

standard Laplacian based on a discrete graph approximation and von Below’s theorem.

Keywords. Spectral theory, calculus of variations, analysis of PDE, quantum graphs, spectral

minimal partitions.
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Chapter 1

Introduction

1.1 Extended Abstract

In the first part of the thesis we deal with different topics on spectral theory, clustering problems
and differential equations on metric graphs. We prove a general existence theory for constrained
minimization problems for functionals defined on function spaces on metric measure spaces
(M, d, ). We apply this theory to functionals defined on noncompact metric graphs G, in

particular L?-constrained minimization problems for functionals of the form

1 1
E(u) = éa(u,u) - 5/]C|u|qu,

where ¢ > 2, a(-, -) is a suitable symmetric sesquilinear form on some function space on G and
IC C G is given. We show how the existence of solutions can be obtained via decomposition
methods using spectral properties of the operator A associated with the form a(-, ) and discuss
the spectral quantities involved. An example that we consider is the higher-order variant of the

stationary NLS (nonlinear Schrodinger) energy functional with potential m € L? + L>(G)

1 1
E(k)(u):§/|u(k)\2+m($)\u|2dx——/ |u|? da
Y P Jk

defined on a densely defined domain, that we further specify. When K is a bounded subgraph
one has localized nonlinearities, which we treat as a special case. When k£ = 1 we also consider
metric graphs with infinite edge set as well as magnetic potentials. Then the operator A associated
to the linear form is a Schrodinger operator, and in the L2-subcritical case 2 < ¢ < 6, we obtain
generalizations of existence results for the NLS functional as for instance obtained by Adami,
Serra and Tilli [JFA 271 (2016), 201-223], and Cacciapuoti, Finco and Noja [Nonlinearity 30
(2017), 3271-3303], among others. In the rest of the thesis we deal mainly with compact metric
graphs with finitely many edges. Note that for such graphs existence of ground states of the
energies we consider is typically an immediate consequence by the direct method of calculus of

variation.
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In the second part of the thesis, we study spectral minimal partitions within the framework
of Kennedy et al [CVPDE 60 (2021), 61] , i.e. for £ € N we study k-partitions on the graph that
minimize a spectral quantity

i%fA(P). (1.1)

Here we consider two principal examples. Firstly, for a motivation we consider Nehari ground
state problems related to k-mixtures of Bose—Einstein condensate equations. We extend results
from Chang et al [Physica D 196 (2004) 341-361] and Conti, Terracini, Verzini [AHIP 19
(2002), 871-888], [JFA 198 (2003), 160-196] to quantum graphs; the respective solutions of the
penalized systems converge in an appropriate sense separating the supports of the solutions in
the limit, which yet define a partition on the graph that minimizes a spectral minimal partition
problem of the form (L.T].

Secondly, we study spectral minimal partitions associated with functionals A, with p € [1, oo]
consisting of the p-mean of eigenvalues of the respective partition elements with either the first
Dirichlet eigenvalue with Dirichlet points at the boundary points of the partition or the first

nontrivial Neumann eigenvalue

1 2\ /P
A{C\{p(,P) = (E Zf:l (12(Gi)) ) 1<p< |
max{2(G1), ..., p2(Gr)} P =00
1 k p 1/p
AP (P) = <E > ie1 (A1(G) ) p < o0 |
max{A(G1),..., \(Gk)} 1<p=o0

We investigate properties of the minimal spectral energies £}, (G) and L, (G) associated to A
and A,’ip respectively. In particular, we show sharp lower and upper estimates for the minimal
partition energies and for p = oo provide interlacing inequalities between £ _(G) and L} (),
which involve topological quantities as the number of independent cycles in the graph or the
number of degree one vertices of the graph, reminiscent to estimates and interlacing inequalities
for the Laplacian eigenvalues of the whole graph. In particular, we obtain an inequality between
these energies and the actual Dirichlet and standard Laplacian eigenvalues, valid for all compact
graphs, which complements a version for tree graphs of Friedlander’s inequalities between
Dirichlet and Neumann eigenvalues of a domain. Combining these estimates with the bounds
obtained for the spectral minimal energies, we infer an upper estimate on the eigenvalues of the
standard Laplacian, which in some cases result in better Laplacian eigenvalue estimates than
those obtained previously, such as by Berkolaiko et al [J. Phys. A 50 (2017), 365201].

In the third part of the thesis we establish metric graph counterparts of Pleijel’s theorem
on the asymptotics of the number of nodal domains v,, of the n-th eigenfunction(s) of a broad
class of operators on compact metric graphs, including Schrédinger operators with L!-potentials
and a variety of vertex conditions as well as the p-Laplacian with standard vertex conditions,

and without any assumptions on the lengths of the edges, the topology of the graph, or the
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behavior of the eigenfunctions at the vertices. Among other things, these results characterize the
accumulation points of the sequence (“*),cn, Which are shown always to form a finite subset of
(0, 1]. This extends the previously known result that v, ~ n generically, for certain realizations
of the Laplacian, in several directions. In particular, in the special cases of the Laplacian with
standard conditions, we show that for graphs with rationally dependent edge lengths, one can find
eigenfunctions thereon for which v,, % n; but in this case even the set of points of accumulation
may depend on the choice of eigenbasis.

We conclude the thesis with some inequalities and numerics on the eigenvalues of the
standard Laplacian on a graph. Based on von Below’s theorem, we propose a technique for
approximating the Kirchhoff-Neumann eigenvalues of a general metric graph. This involves a
three step process. First, for a general metric graph G, we consider an equilateral metric graph
that ‘best’ approximates G. Thus, we may use this approximation to create a sequence of discrete
graphs {Gy} with IV vertices that converges to G in the Hausdorff sense. Finally, we prove
a-priori and a-posteriori error estimates on the eigenvalues of the Laplacian on G obtained using
those of G. These error estimates allow us to approximate the eigenvalues of the Laplacian
on G to a desired precision, using the eigenvalues of the normalized Laplacian of a discrete
graph. This is a semi-definite matrix eigenvalue problem for which very efficient numerical

linear algebra tools are available.

1.2 Motivation

Metric graphs, and quantum graphs, have been appearing as early as the 1930s in the context
of molecule models, and were studied in various areas, including chemistry, physics, and
mathematics. A metric graph is essentially a collection of intervals joint together in a network
like fashion (see [BK13]], [Mug19])) In recent years differential operators on metric graphs, in
this context we call metric graphs also quantum graphs, were studied in various contexts and
we present in the following some areas of interest on metric graphs as a motivation to place it in

context with the main results of this thesis, which will be presented in §1.3]

1.2.1 On network analysis and relationship to metric graphs

On given networks, be it social networks or otherwise linked structures, detecting clusters, i.e.
the grouping of items in a network, is an essential task. There are several quantities to determine
the “importance” of an item in a network and to determine clusters (c.f. e.g. [OG12], [TPFG18]])
and there are several interdisciplinary approaches at network analysis and we refer to [Prel12] for
an overview and history on the area of research. Note that applications can be found in everyday
instances, for example through Google web search feature, which is based on the PageRank
algorithm (c.f. [PBMW99]), which revolves around a simple eigenvalue problem to determine

the relevance of web pages given a search term.



4 CHAPTER 1. INTRODUCTION

A viable approach of clustering is based on the study of eigenvalues of the discrete Laplacian
on a given network. Let G = (V| E) be a combinatorial graph, then we define the discrete or

normalized Laplacian L € RIVI*IVI yia the linear map

<Lu)v = Z uvd_ uav

v:(vv)EE v

where d, = deg(v) is the degree of the vertex v € V. The eigenvector of the smallest nontrival
eigenvalue changes sign and the graph can be divided in two subgraphs of similar “spectral”
size via the subgraphs restricted to where the eigenvector is positive and negative respectively.
This is referred to as spectral clustering. The corresponding eigenvalue can be variationally

described with the discrete Rayleigh quotient

Z(u,v)eE |f(u) = f(v)]?

R =
G(f) ZUEV d’uf(v)Q
via
p2(G) = min  Rg(f).
ferIVI\{o}
> ey f(0)=0

The other eigenvalues can be then characterized via the minmax principle

G) = min max R )
Mk( ) Fi, Fe€RIVIN{0} fEspan(fi,....fx)\{0} G(f)
fi- ;=0 for all i£j

A related concept from spectral geometry on manifolds involves partitioning the graph into

connected subsets 57, ..., S, C V of similar conductance
|E(S)]
QOG(S) = )
5|

where E(S) denotes the subset of edges that connect S with its complement in S and |S| =
> ves deg(v) is the volume of the graph. A Cheeger cut is a configuration (S, ..., Sy), that
attains the infimum

hi(G) = min, max ge(S:),

also called k-th Cheeger constant of G, where the minimum is taken over k-partitions of k

nonempty vertex sets.

An adaptation of Cheeger’s original result from [LGT14] for combinatorial graphs is given

by the following:

Theorem 1.2.1 (Cheeger inequalities). Let G = (V, E) be a combinatorial graph, then there
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exists C > 0 such that for all k € N

MkéG) < hi(G) < Ok (G).

In fact, this result was used this result on combinatorial graphs in [Mic135] to prove higher-

order Cheeger inequalities for manifolds.

Similarly to the combinatorial Laplacian, for metric graphs G = (V, ) (see §2.1)) we can
define the standard Laplacian as the operator —A associated to the form

Qu) = /g /2 da

with D(Q) = H'(G) C L*(G). Then as a consequence of the spectral theory (see also
in particular, we define the relevant function spaces on metric graphs therein) the discrete
eigenvalues of —A are given by the minimax principle

1 (G) = min Qlu) (1.2)

ut s € HU(G\{0} uespan(ur,...ux)\{0} [|ul| 2
Jg wiuj de=0 for all i#j
Eigenvalues between metric graphs and combinatorial graphs can be related through von
Below’s Theorem. In [Bel85]] was shown (see for details §6.4)

Theorem 1.2.2 (von Below). Let G be an equilateral compact metric grapi|such that each edge
has length ¢ > 0. For any eigenvalue p # 0,2 of the Laplacian L of the underlying discrete
graph G, there is an eigenvalue \ of —A on G, such that (x/X\/7 ¢ Z and

1—cos€\/X:,u.

Furthermore, the multiplicities of the two eigenvalues \ and | coincide and the values of the
associated eigenvectors and eigenfunctions can be chosen such that their values coincide at the

corresponding vertices.

In particular we have the simple relation between the first nontrivial eigenvalues of the

Laplacian on an equilateral metric graph G with basis length ¢ and underlying metric graph GG

1 —coslr/p2(G) = ua(G). (1.3)

In [KKMM16] this was used for instance to show estimates and surgery principles for the
first nontrivial eigenvalue of the Laplacian and the results were extended to the first nontrivial

eigenvalue of the Laplacian on the underlying combinatorial graph via (1.3)).

'We always assume compact metric graphs to only consist of finitely many edges throughout the thesis.
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In fact, there is a natural connection between spectral clusters of metric graphs and com-
binatorial graphs due to Theorem [[.2.2] There are several similarities that combinatorial and
metric graphs share. For example, it was shown in [KM16] (see also the references therein) that
Cheeger type inequalities can be also shown for (1.2)). In the context of spectral clustering of
the Laplacian in [KKLM21] the spectral quantity

££oo(g) = gnn% max{)\l(gl, 8@1), Ce ,)\1 (gk, 8Qk)} (14)
L1yeeey k
minimized over all connected k-partitions on the graph, where \(G;, 0G;) denote the first
nontrivial Dirichlet eigenvalue with Dirichlet points at the boundary set 9G; to be understood
as the topological boundary of G; as a subset of G. Relationships to (1.4]) were already initially

investigated in [KKLM?21]] and in fact it was shown

LP(G) > (G) (1.5)

for all & € N with p(G) given as in (I.2). This will be one of the topics of study in the present
thesis: we will discuss properties of the associated spectral minimizers and spectral minimal
energies in §E] and our main results can be found in In fact, von Below’s theorem can
be used to compute the eigenvalues of an equilateral graph and is essential in our approach in
§6] to approximate eigenvalues of a Laplacian, and we will further elaborate on the approach in
§L.2.5

In the context of spectral clustering it is natural to study the number of so called nodal

partitions of eigenfunctions of the Laplacian as defined as follows:

Definition 1.2.3. Let G be a metric graph and v € C(G), then we define the nodal set of u as
N(u) = {z € Glu(z) = 0}

and we define the connected components of G \ N(u) as the nodal components of u. The

nodal partition associated to u is the partition on G consisting of the connected components of

G\ N(u).

On euclidean domains, Courant’s theorem guarantees the k-th eigenfunction to have at most
k nodal domains. For graphs only a weaker version of this result holds (from [KKLMZ2I,
Proposition 8.6])

Theorem 1.2.4 (Weak Courant Theorem). Given an eigenvalue j1,(G) and an associated eigen-

function 1, denote by k(i (G)) the integer

k(pr(G)) == max{j € N: 11;(G) = x(G)}

and by v(1)) the number of nodal domains of 1. Then v(v) < k(u(G)).
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In other words, the k-th eigenfunction, up to algebraic multiplicities, partitions the graph
in at most k spectral clusters. Every eigenfunction restricted to its nodal domain is the first
eigenfunction of the Dirichlet Laplacian with Dirichlet vertices at the respective cut vertices
of the nodal partition. Similarly, given a Dirichlet vertex set V', the eigenvalues of the

corresponding Dirichlet Laplacian can be characterized via the minmax principle

. U
(G, VP) = min Q 2) :
w e €HY (G VP)\{0} wespan(ur,.u)\ {0} || w7
Jg Wiuj dz=0 for all i#j

In particular, suppose G = (G, ..., Gy) with £ < k is a nodal partition associated to the k-th

eigenfunction with eigenvalue i, then (see for notation §2)
M = max{)\l(gl, 891), Ce ,/\1(gk/7 8gk,)}

In [KKLM21] a related partitioning problem was studied. Namely, let €, be the set of connected

k-partitions on G, then we minimize
AR oo(P) = max{Ai(G1,0G1), ..., \(Gr, Gk )} (1.6)
among all k-partitions P = (G, ..., Gx) € € and we define
L7(G) = Pig& max{\1(G1,0G1), ..., \(Gw,0Gw)}.

This quantity is closely related to the k-th eigenvalue of the Laplacian (see also [BB18; BHH17;
BL17¢c; HHTO9] for domain counterparts). In fact, if the k-th eigenfunction has exactly k£ nodal
domains, then we have equality in (I.5])

1 (G) = L. (G).

In this case one says the k-th eigenfunction is Courant-sharp and the nodal partition associated
to the eigenfunction minimizes (1.6). Minimizers of (1.6)) are an example of spectral minimal
partition problems that we will discuss in §4] In particular, we discuss relations to solutions of

eigenvalue problems for the linear but also the nonlinear eigenvalue problem.

1.2.2 Ground states of nonlinear Schrodinger energy functional

In recent years, there has been a growth of interest in functionals on metric graphs G of the

stationary NLS (Nonlinear Schrédinger) energy functional

1
Erus(v,6) = 5/ T de - 5/ uffde,  we H'(G), Jult =1, ¢>2 u>0 (17)
g g
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and associated ground states of the stationary NLS energy functional, i.e. minimizers for the

constrained minimization problem

Enis(9) = ueil?lf(g) Enis(u, G), 2 <q<6. (1.8)
fJull? 5 =1

Minimizers of (1.8) are solutions to the stationary nonlinear Schrodinger equation on G given
by

.
—u" 4+ M= plul??u edgewise,
u is continuous on G and satisfies the Kirchhoff condition

ou
2. 3

\ ece>v

(v) =0, YWev,

e

where A € R is a lagrange multiplier, > 0, e > v denotes the relation that the edge e is

du
ovle

interior of the edge e. For compact graphs, due to the compact imbedding of H'(G) in L*(G)

adjacent to the vertex v € V and (v) denotes the inward pointing derivative at v towards the
and L7(G) and Gagliardo—Nirenberg inequality, existence of minimizers is a consequence of the
direct method of the calculus of variations. For noncompact graphs the existence of minimizers
is not necessarily guaranteed. Existence of ground states of (I.8)) was researched extensively
throughout the last few years.

Among the physical motivations for this problem, the most notable one is given by the Bose-
Einstein equation from solid-state physics (see e.g. [DGPS99]; and [BK14] for some discussion
in the context of many-particle quantum graphs). Under a critical low temperature, a boson gas
is forced in a large number of NV particles in the same quantum state given by the minimizer of

the Gross-Pitaevski functional

1
E(p) = §Hso’lliz + 8malpl| 7

under the normalization ||¢||7, = N and « € R being the scattering length associated with the
two-body interaction between the particles in the gas. In general, the importance of quantum
graphs, i.e. metric graphs associated with differential operators, comes from being simplified
models in ramified structures appearing in molecule physics or chemistry. Specifically, in
the context of ramified traps, Bose-Einstein condensate equations on quantum graphs were
previously considered as a theoretical model in [KFTKO3|] and [VLL11].

For the real line or even the half line, existence of ground states in is knowrﬂ For
general metric graphs, however, [AST15] shows that graphs of a particular topological structure,
such as the graph of two half-lines joint together with a double bridge (see Figure [L.T]), do
not admit ground states. For graphs satisfying a certain threshold condition (as discussed in

[AST16]) one can show existence of ground states however:

2See [[AA11} §13] for a proof based on rearrangement techniques.
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g

0

Figure 1.1: Double bridge graph. The double bridge (left) as an example for which NLS ground states do not exist. However,
the graph consisting of two half-lines and a pendant satisfies the threshold condition (T.9) and we have existence of NLS ground
states as discussed in [|[ASTI15].

Theorem 1.2.5 ([AST16|]). Let G be a noncompact metric graph with finitely many edges and
2 < q < 6. Assume
Enes(G) < Encs(R), (1.9)

then there exists a minimizer for Eyps(G).

Theorem [I.2.5] provides an existence principle based on an energy threshold condition and
we will in fact prove several generalizations in term of the considered functional and even the
underlying function spaces in §3| Thresholdestimates like (I.9) allow to deduce existence of
minimizers in certain situations as shown in [[Ten16]] and [AST17].

A variant of this problem with potential was considered in [CFN17]] and [[Cac18]], where the

energy functional was given by

1
Gstw) =5 [l emlufde =2 [ urdz, uf=1 o)
g qJg

withm € L'+ L>(G), i.e. there exist m; € L'(G) and m., € L>=(G) such thatm = m; +m..
In [CEFN17] the existence of minimizers of (I.10) was related to the existence of eigenvalues of

the Schrodinger operator —A + m below the essential spectrum:

Theorem 1.2.6 ([CEN17]). Let G be a noncompact metric graph with finitely many edges and
m € L' + L>®(G) withm_ = min{0,m} € L"(G) forr € [1,1+ (13—2] and 2 < q < 6. Assume

Yo:=info(—=A+m) <info,(—A+m_) = 0. (1.11)

Then there exists p* > 0 such that for p € (0, u*) the functional (1.10) is bounded below and

the associated constrained minimization problem

EYig:= inf EY¢(u)
ueH(G)
]| =1

admits a minimizer.

In a sense the inequality (L.11) replaces the inequality (1.9) in Theorem[[.2.5]to achieve the

existence results.
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Remark 1.2.7. [Cac18|] quantifies the result in Theorem|1.2.6f given the stationary NLS ground

state energy on the real line

1 1
Ve = inf —/ l/|” da — —/\u|qu <0
ueHl(R)2 R q Jr

lull2,=1

and Xy = inf 0(—A + m) < 0 as in (I.I1) one can choose p* > 0 as
* 3_4g
W= (EO/fYq)Q 1,

In §3|we consider an abstract theory to recover these results (see also §1.3.T]for the statement
of the main results). Firstly, we develop a general existence theory in a far more abstract setting
which can be applied to a variety of problems as for example Enis and Efjg, providing in
particular a unified approach to these problems. However, this theory is not limited to metric
graphs, and may be also applied to functionals defined on function spaces on metric measure
spaces, such as combinatorial graphs or general domains in RY. Secondly, we use the flexibility
of this existence theory to obtain generalizations of the results in [AST16]], [CEN17] and
[Cacl18] in several directions by considering more general graphs and higher-order derivatives
in the functionals. We also tackle different variants of the problems, including the case of
decaying potentials and localized nonlinearities, i.e. we replace the set of integration in the
term corresponding to the nonlinearity by a bounded subgraph I C G, as well as a variant
with magnetic potential and higher-order derivatives. Thirdly, we provide a spectral theoretical

foundation for this type of existence theory.

1.2.3 Spectral minimal partitions and Bose-Einstein condensate equations

Let G be a compact metric graph. We already discussed the importance of spectral minimal
partitions in connection with spectral clustering in §I.2.1] There are also connections between
spectral minimal partition problems and the study of functionals as considered in as
we will see in the following in the context of limiting profiles of k-mixtures of Bose-Einstein

condensate equations. Consider the coupled system of stationary Bose-Einstein condensate

equations
— (@) + (mi(@) + M) = wluilPu — 83w,
; e (1.12)
S 2uw=0 =1k

erv
withm; € L*(G), \; € R, u; > O0foralli = 1,...,k,and $ > 0. An analogue of the system of
differential equations in (I.12)) was proposed as a mathematical model for multispecies Bose—
Einstein condensation in £ different hyperfine spin states (see [CLLLO4] and references therein)

and experimentally such a condensation was observed in so-called triplet states (see [Riie+03]]).
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We search for existence of solutions in H'(G) to (I.12) via the study of critical points of the

functional

k 1 ] )

i=1 =

i#]
For 3 = oo we define
k
Z [1/ i |* + mifu]? doe — /—L/ |Ui|4d$:| , U; - Uy = 0 a..e.
Tooltny ) = 57 12U 4 Jg for all i # j

> otherwise.

)

Critical points can be obtained via the study of minimizers on the Nehari manifolds

N ={U = (uy,...,u) € (H(G)\ {0D*: 0y, Js(U)u; = 0,i = 1,...,k}
- {U = (ur,...,up) € (HY(G)\ {0})* :

k
/|u;|2+(mi+)\i)|ui|2dx:,u/u?—/ﬁu?Zui,i:1,...,k}.
g g ¢ ‘o

i#]
for 5 € [1,00) and for 5 = oo

Noo ={U = (u1,...,u) € (HY(G)\ {0})" : u; - u; = 0 ace. forall i # j,
Ouy Joo(U)u; = 0,0 =1,...,k}

- {U = (up, ... wp) € (HYG)\ {0D)F : ;- u; = 0 ae. foralli # j

g g

for the minimization problem

Jnf Ja(), (1.13)

Existence of a minimizer in (I.13) was already previously considered for domains (see e.g.
[Tav10, Part I §1], [CTV02], [CTVO3]]). We show in §4] existence of minimizers of (I.13) on
compact metric graphs. As in the case of domains, as 5 — oo, we obtain minimizers for the
problem 3 = oo, and the supports of the minimizer uy, . . ., ux of (I1.13)) define a partition on G;

we will see (c.f. Example §.3.1) that it solves the minimization problem
EkD,4,4 = i%f AkD,4,4(7D)

minimized among k-partitions as defined in We will in fact study different minimization
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problems of the form
inf A(P)
P

where the minimum is taken among k-partitions and refer to minimizers of the respective
quantity as spectral minimal partitions.

The theory on spectral minimal partitions from [KKLM21], strongly motivated from exis-
tence theory on the plane (see [[CTVOS], [HHTO9]), allows the consideration of a broad class
of spectral clustering problems. Another spectral minimal partition problem we consider in the

thesis are Neumann partitions. More exactly, we minimize

AY o (P) = max{p2(G1), . .., 12(Gr)}

among all connected k-partitions P = (Gy, ..., Gx) (see for more details) and define

Eﬁoo(g) = 731£€fk A,]f,oo(”P).
In fact we will differ between different types of partitions. The most natural notion, is a
partition of a graph in closed subgraphs, so called faithful partitions. These inherit all possible
connections from the original graph and reflect its topology as closely as possible. Any other
partition where we are still only altering the connectivity of our clusters at separating points we
call rigid; this is, in particular, the case of the partition in Figure (though it is also true of
the faithful partition from Figure|[I.2]

1

Figure 1.2: Faithful partition on the lasso graph. A faithful 2-partition of the lasso G; the only cut vertex is v. (c.f [KKLM21}
Figure 3])

<

€1

v 3

Figure 1.3: Rigid partition on the lasso graph. A rigid 2-partition of the lasso G; again, the only cut vertex is v. (c.f. [KKLM21,
Figure 4])

Rigid partitions may appear less natural than faithful ones. However, the spaces of graph
partitions with respect to rigid partitions is not closed (in the sense explained in c.f. §2.T} see
[KKLM?21]| for details). This decisive topological feature is the main reason it is appropriate

to consider them. We conclude by considering a further relaxation, which also explains the
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use of the term rigid: namely, we may allow cuts not only at the points separating clusters but
also at interior points of clusters (note that these points are not necessarily interior points on
some edges: these points could be vertices lying inside clusters), as long as each cluster stays
connected. We shall refer to partitions which may involve cuts in interior points as connected

(see also Figure [[.4]for an example).

€9

€1

€3 z

Figure 1.4: Connected partition on the lasso graph. A connected 2-partition of the lasso G; in this case, the only boundary
vertex of the partition is v but we are additionally cutting through z (c.f. [KKLM21| Figure 5]).

Under this distinguishment let €, be the set of connected k-partitions and $R; be the set of
rigid k-partitions. Then more specifically we define
Lyo(G) = inf AP (P) = inf AL (P),
’ PeCy ’

PR (1.14)

£,5(9) = inf AYL(P),  £5(G) = inf AY(P),
where we have equality in the first quantity since cutting a partition element does not decrease
the eigenvalues due to the variational characterization (c.f. [KKLM?21, Lemma 4.3]) and without
loss of generality we can restrict ourselves to faithful partitions.

In §4] we discuss the relations between these quantities and the eigenvalues of the Dirichlet
Laplacian. In particular, we establish interlacing inequalities, which remind of the interlacing
inequalities between eigenvalues, obtained via finite rank perturbations and establish the Weyl
asymptotics of the quantities (see also [BK13, §3] for basic properties of the operators consid-
ered). We refer to our results in The results are based on the joint works [HKMP21a]
and [HK21].

1.2.4 Pleijel’s theorem

The classical Sturm Oscillation Theorem, first proved in Sturm’s paper [Stu36], states that the
n-th eigenfunction 1, of a Sturm-Liouville operator with continuous coefficients and separated
boundary conditions on a compact interval has n — 1 zeros in the interior of the interval, that
is, v, = n nodal domains. We refer to [HinOS5|] for a historical overview of the generalisations
of this result, including more general coefficients and boundary conditions.

The counterpart in higher dimensions, Courant’s Nodal Domain Theorem [Cou23|], states
that the number v,, of nodal domains of the eigenfunction v,, associated with the n-th eigenvalue
of the Dirichlet Laplacian on a bounded domain in R? is no larger than n. Pleijel’s theorem

[Ple56], which establishes an asymptotic bound on the quotient v, /n, sharpens Courant’s result
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by implying that the number of eigenvalues for which equality may hold is finite if d = 2. In
fact, Pleijel’s argument can be extended to the case d > 3 (see [BM&2]]) and the same conclusion
holds for d > 2.

In the case of quantum graphs which may have cycles, the Courant—Pleijel theory was first

obtained — again, only under the genericity assumptions (generic in the sense of [BL17b]]) that
* the spectrum is simple,
* no eigenfunction vanishes at any vertex

— by Gnutzmann, Smilansky and Weber in [GSWO4]]; their proof mirrors the original one
by Pleijel but, unlike in Pleijel’s result, it only yields that the number v,, of nodal domains
associated with the n-th eigenfunction is generically bounded from above by n. Under the same
assumptions, the nodal deficiency n — v, has since been studied by Band, Berkolaiko and their
co-authors in several papers since [BBRS12] (see, e.g., [ABB18; BW14] and the references
therein).

In the joint work [HKMP21b] we showed Pleijel type results for general graphs without
any additional assumption of genericity of the eigenvalues, which we present in §5| (see also
§1.3.3] for our main results). With the aim of showing the flexibility of our approach — which,
unlike that of [GSWO04] does not rely on global linear algebraic manipulations, but rather
on isoperimetric inequalities applied locally to the nodal domains — we turn to an important
nonlinear operator. §5.5|is devoted to the theory of p-Laplacian, and to obtaining a Pleijel-type
theorem in this context. Closely related, we obtain Pleijel type theorems for a broad class of
differential operators of second order. In particular, this will include the important special cases
of Schrodinger operators with smooth (or even zero) potential and (possibly) delta couplings, or
else any of the usual vertex conditions, at the vertices.

In §5|given a sequence of the k-th eigenfunctions 1),, we present the behavior of the sequence
v, /n for quantum graphs and explore the validity, or lack thereof, of Pleijel’s theorem. In this

context, we prove

va [t # 0}
n”

Refer to §1.3.2|for the precise statement and consequences of this result for Schrodinger operators

(n — 00).

with standard vertex conditions and the p-Laplacian.

1.2.5 Finite element methods on metric graphs

Via introduction dummy vertices (see §2.1.2) in G to obtain so called extended graphs Gy, in
[AB18] a finite element method was developed and a discretization for eigenvalue problems of

differential operators derived, which reduces to a generalized algebraic eigenvalue problem

Auh = /\Muh
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with a discretization parameter h — 0 and numerical approximations of eigenvalues were
computed for some examplary graphs. For such a discretization an extended graph is considered,
i.e. the edges are partitioned and without loss of generality the discretization points can be
considered as dummy vertices. However, if we consider the Kirchhoff-Neumann eigenvalue
problem
—Au = Au
Z 88 u(z) =0, Wev, (115)

e incident to v

then its eigenvalues can be related to the eigenvalues of the corresponding normalized Laplacian
of the underlying combinatorial graph for equilateral graphs due to Theorem[I.2.2] as discussed
in §I.2.1 We will evolve this result to general graphs, that we review in detail in §6.4|for graphs
with pairwise rational edge lengths, and present a technique for approximating the Kirchhoff—
Neumann eigenvalues of a general metric graph based on the joint work [HST].

To this end, our approach is three-fold. First, for a general metric graph G, we consider an
equilateral metric graph that ‘best’ approximates G. Thus, we use this approximation to create a
sequence of discrete graphs {G } with N vertices that converges to G in the Hausdorff sense.
Finally, we prove a-priori and a-posteriori error estimates on the eigenvalues of G obtained using
those of G . These error estimates allow us to approximate the eigenvalues of G to a desired
precision, using the eigenvalues of the normalized Laplacian of a discrete graph. This is a
semi-definite matrix eigenvalue problem for which very efficient numerical linear algebra tools
are available.

More precisely, given a metric graph G = G(G, £), i.e. the metric graph with underlying
combinatorial graph G = (V, E) and associated length vector £ € R!”!, with rationally dependent
edges, i.e. forall i # j f—] € Q, we show in §|§ how one can compute the eigenvalues of the

Laplacian. Given two metric graphs G = G(G, £) and G = G(G, £) we define the distance
dist(G,, G) = max |l — Ze|
eck
and we say a sequence of graphs G,, with same underlying graph converge towards G if
dist(G,,, G) (n — 00).

We then introduce an approximation technique based on the SDAP-Algorithm (c.f. §6.5) to
approximate a graph G by graphs G,, with rational dependent edge lengths such that

dist(G,,G) — 0 (n — 00).

Then by analytic dependence of the eigenvalues with respect to the edge length for each & one

has
IAe(Grn) — A(G)] — 0 (n — 00).
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More specifically we show bounds for the relative error

rel err(\g)

Ak(G)

Me(G) — )\k(é) ‘
using spectral bounds obtained previously in [BKKM17].

1.3 Main results

In this section we summarize the main results of the thesis. In we have the results from
[Hof19] on the existence of ground states of the NLS energy functional, in §1.3.2] the results
from [HK21]] and [HKMP21a] on interlacing inequalities, estimates and asymptotics involving
spectral minimal partitions, in §I.3.3|we formulate Pleijel type theorems for the eigenfunctions
of the considered operators from [HKMP21b], and in §I.3.4|our results regarding approximation

estimates and a-priori/a-posteriori estimates for the Laplacian on metric graphs from [HST].

1.3.1 Existence principles for Ground states of NLS energy functionals

Let G be a finite metric graph. In §1.2.2|(for £ = 1) we introduced the minimization problem

1
E® = inf —/\u(k)|2+m|u]2da:—H/]u\qu, (1.16)
2 Jg q.Jg

for p > 0 and 2 < ¢ < 6 and the development of existence principles for (I.16) with k& € N
is subject of §3] Our general existence principle will be developed in §3.2]and then applied to
general NLS type energy functionals in While it would be not feasible to reproduce the

definitions and main abstract results here, we present here our principal applications:

Theorem 1.3.1. Let G be a noncompact metric graph with finitely many edges. Assume that

either

(i) there exists m = my + My, such that my € L*(G) and m+, € L>(G) and
Meo(z) — 0 (x — 00)

on all edges of infinite length, or
(ii) A= (—A)* +m admits a ground state, i.e. inf o(A) is an eigenvalue.

Then E%) is strictly subadditive, i.e.

1
t+— E,:= inf —/\u(k)\2+m]u\2dx—ﬁ/\u|qu
uel*(G) 2 Jg q.Jg

lull2,=t
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satisfies By < Ey + Ey_ forall t € (0,1), and if additionally

—_—

E® < E® .= sup inf E® (v), (1.17)
KeG ueH*(G)
HuHQLQ:l, supp uCG\ K

then E%) admits a minimizer.

Analogously to (T.8) and (T.10), we will refer to the minimizers of E*) as ground states.
Theorem|[I.3.T|generalizes Theorem|[I.2.5]since satisfies the prerequisites of Theorem([I.3.1]
Indeed, one can show with a test function argument (see Example that if G is a metric
graph with finitely many edges then

ENLS (= sup inf ENLS (u) = ENLS(R)
Keg u€HY(G)
||u||12:1, supp uCG\ K

and we recover Theorem

Under the assumption that eigenvalues exist below the essential spectrum, i.e.
inf o((—A)* +m) < inf oo ((—A)* +m),

by a perturbation argument one can ensure that (1.17) is satisfied for small nonlinearities and

deduce a generalization of Theorem [I.2.6}

Theorem 1.3.2. Let G be a noncompact metric graph with finite edge set. Let m € L*>+ L>(G).
Then (—A)* +m : D((=A)f+m) C L*(G) — L*(G) is a self-adjoint operator. Furthermore,
if

inf o((—A)* +m) < inf ou((—A)* +m)

then (1.16)) admits a ground state for sufficiently small 11 > 0.

Note that Theorem@] also includes the critical case ¢ = 6, which is considered as a special
case, since the functional is bounded below only for sufficiently small ;¢ > 0. It is reasonable to
expect that a similar result as in Theorem [I.3.2] holds in this particular case.

Let now G be a locally finite graph, i.e. we consider a broader class of graphs, the NLS
ground state problem with magnetic potential, but second order in place of k-th order. Namely,

we consider the minimization problem
1 d
K . _
EIS,L)S: min _/g <z£+M)u

with g > 0, m € L* + L*°(G) and 2 < ¢ < 4k + 2. The following theorem is an analog

2

+m|u\2dx—ﬁ/ lu|? dx,
b Jk

of Theorem [1.3.2] Interestingly, if one considers localized nonlinearities, i.e. /C is a bounded
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subgraph of G, then the existence result can be shown independent of the parameter ;1 > 0 in

the nonlinearity:

Theorem 1.3.3. Let G be a noncompact locally finite metric graph and K C G a connected
subgraph. Let V € L* + L>(G) and M € H* + W'*(G). Suppose AM = (i< + M)? + m

admits a ground state that does not vanish identically on .

(i) If inf o(AM) < inf g, (AM), then

1 d 2 W
EX) .—  inf —/ (z—+M)u —|—mu2dx——/ u|?dx
B s | U =2 [
2 ,=1

admits a minimizer for sufficiently small (1 > 0.

(ii) If K is a bounded subgraph of G, then minimizers exist for all ;1 > 0.

In we are going to show that for a tree graph G the ground states of Schrodinger
operators with magnetic potential do not vanish anywhere on G. Then, given a decaying
potential m € L* + L*°(G) with m = my + me,, such that Vo € L*(G) and my, € L>(G)
satisfying

sup |meo(z)| — 0 (n — 00), (1.18)
zeG\K

we show:

Theorem 1.3.4. Let G be a noncompact locally finite tree graph with finitely many vertices of
degree 1. Suppose M € H' + Wh>°(G) and V' € L? + L>(G) that satisfies (1.18). Then

admits a minimizer if
d
— + M
(45 +3) u

1
EM = inf —/
we s ),
d 2
infa((i——i—M) —l—m) <0,
dx

Jull2,=1
then we have existence of minimizers of Egg for 0 < p < (3g/v,)
Remark

2

+mlul*dr — H/ lul?dx < Ens(R).
qJk

In particular, if

3_p
274

with Yy, v, defined as in

1.3.2 Estimates and Asymptotics of Spectral minimal partitions

Given a compact metric graph G = (V, £) with (first) Betti number 5 = |€| — |V| + 1, which
is the number of independent cycles on the graph, and | N| vertices of degree one. Recall the
expressions ﬁk]\f g? [,kN’;f, and ££ , from (L.14). First of all we get the following estimates on the
quantities:
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Theorem 1.3.5. For all k € N such that k > 3 we have
(£02(9) 2) £5(9) = £8.1 5 (9).
Theorem 1.3.6. For all k € N such that k > 3 + |N| we have
L2(9) 2 L5 i1.00(9).

A consequence of these inequalities is that we can relate these spectral minimal energies
with the eigenvalues of the Laplacian on the whole graph, both with standard conditions at
all vertices and with Dirichlet conditions at all vertices. Indeed, recall that 1(G) denotes the
k-th eigenvalue of the Laplacian with standard conditions on G (starting at y;(G) = 0 and
counting multiplicities) and let A\, (G, V?) be the k-th eigenvalue of the Laplacian with Dirichlet
conditions at a distinguished set VP of Dirichlet vertices and standard conditions on the rest,
which we abbreviate to A\, (G) := A\x(G, V) for when all vertices are Dirichlet vertices. Then the

following result is a fairly direct consequence of Theorem [[.3.5]

Corollary 1.3.7. Let G be a (connected, compact, finite) metric graph with first Betti number
B > 0. Then for all k > [ + 1 we have

M(G) > LR5(G) = L1 5.0(9) > prya—5(G). (1.19)

Due to Weyl’s asymptotics (c.f. Lemmal[5.3.5) we have

m2k2

)\k(g),uk(g) = W + O(k) (/ﬂ — OO)

and in particular, by (1.19) Weyl asymptotics holds for the spectral minimal partitions

w2 k2

LYE(G), LYT(G), LR 5.00(G) = ot Ok) (k- o). (1.20)

In §4.4] we study spectral estimates, and recover the Weyl asymptotics independently. Denote
with (/) the lengths of the edges and let /,,,;,, be the length of the shortest edge and L = sum(¥,)
be the total length of the graph. We show the following:

Theorem 1.3.8. Ler p € [1,00]. Then

2

42L2 (K> +3(k—B—|N|)?*) < L,(G) < Z—Z (k: + (|5| —1- {@D)Q

for all sufficiently large k > 2, in particular for

L
kZmax{ﬁ+\N\,—+\5]—1}.

gmin
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In particular,

2
LP(G) =K +0(k)  ask— oo (1.21)

=73
Theorem 1.3.9. Let p € [1,00]. Then

N

71.2

LQ

| 3

K2 < Ly(G) < LY (G) < w5 (k+ (€] - 1)%

2

h

for all k > 1 in the case of the lower bound, and for all sufficiently large k in the case of the
upper bound, in particular for k > 5|E| — 1. In particular,

2
LY5(G), £Y,(G) = 5k + O(k)  ask — o, (1.22)

=73
Theorem [[.3.8] and Theorem [1.3.9] give an estimate for a second term in the asymptotics, if

it exists. The sequences

are then bounded by (I.2T)) and (1.22). Unlike on the interval for a general metric graph the

sequence we may have mixing properties in the corresponding sequence. In fact, dynamical

systems on graphs are known to be able to admit mixing dynamics due to the existence of
ramification as shown in the context of a discrete scattering system introduced in [GS06].
Unlike on intervals due to the junctions in a metric graph, we see in §4.4.6| that no second term

in the Weyl asymptotics in (I.20) exists in general. In other words, the sequence

£ﬁ;(g)v ££{oo<g)7 'CkD-i-l—/B,oo(g) - T;?Z
k

may not converge. For simple examples we study the dynamics of the sequence ¢, and categorize

when the sequence either contain finitely many limit points, or have as a limit set whole intervals.

1.3.3 Pleijel’s theorem on metric graphs

As mentioned in §I.2.4)we consider second order differential operator with a possible relaxation
of the continuity condition at the vertices (see §5.1I). In particular, suppose v, € N is the
nodal count of the n-th eigenfunction ,, of the Schrédinger operator —A + ¢ with real-valued

q € L'(G) potential. Then we have:

Theorem 1.3.10. The nodal count (v,,)nen satisfies

, le
acc{%” ‘n € N} = acc{% 'n € N} - {X:TTEF : E D Ey isanonemptysetofedges}.
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In particular, acc {”7" 'n e N} is a finite set, and

Cops LV . v,
0 < —== < liminf = < limsup — < 1.

We show that, this result in fact even holds for the p-Laplacian on metric graphs, i.e. the

Fréchet derivative of the functional
¢, u— / |u/|P dz, u € D(&,) == WH(G).
g

In the particular case (p = 2) of the free Laplacian with standard conditions at all vertices, we
can say somewhat more. The following, our second main result, is a complement to the main
result in [GSWO4|], whose scope we also extend by removing the genericity condition therein.
Note, that the first statement in the following theorem is simply an immediate consequence of
Theorem [1.3.10]and [BL17b], [GSWO04] (see also §5.4).

Theorem 1.3.11. Suppose v,, € N is the nodal count of the n-th eigenfunction of the Laplacian

with standard vertex conditions. Then the following assertions hold.

1. If G does not contain any loops, then the set of edge length vectors in R‘f' for which, for
the corresponding graph with the given topology and these edge lengths, all eigenvalues
are simple and lim,, ., “> = 1, is of the second Baire category (i.e., is a countable

intersection of open dense sets).

2. If G contains a loop of length {, then é is a point of accumulation of =*. In particular,

the lower estimate of (5.10) is sharp whenever (i, is realized by a loop.

3. Ifall edge lengths of G are rationally dependent, then lim sup,,_, ., “* = 1. If G contains a
cycle, and is not a loop, then the basis may be chosen so that additionally lim inf,, ., “> <
1 holds.

1.3.4 Approximation of eigenvalues of the Laplacian

To specify the metric graphs we also denote a metric graph via G = G(G, £) to emphasize its
dependence on the underlying combinatorial graph G = (V, F) and length vector £, which we
introduce in this subsection to emphasize the dependence of the length of the given graph. In
particular, for the Laplacian with standard vertex conditions and its k-th eigenvalues \; we have

the following approximation theorem:

Theorem 1.3.12. Let G = G(G,£) and G = G(G, £) be metric graphs with sum(£) = sum(¥£),
then

Ak(G) — Me(9)
Ak(G)

<O maxu

rel el"l"(>\k) = ecE min{f Z}




22 CHAPTER 1. INTRODUCTION

where (3 is the Betti number of G,

N| is the number of pendants, i.e. vertices of degree 1, and

2
k— 2+ 382X
Cy, = 2 < 8, (38+ |N| —1)?
‘ (mm{kﬁ%%} < max{8, (36 + [N| - 1)’}

Moreover, we have the following asymptotic estimate:

Corollary 1.3.13. Suppose G = G(G,£) and G™ = G (G, £™)) with sum(£) = sum(£™),
and
dista(G™,G) == [|€™) — £] o — 0

as n — oo, then for sufficiently large n, there exists C' > 0 independent of k such that
rel err(\) < C'dist(G™, G).

In this flavor, we show also a-posteriori and a-priori bounds (see §6.3) and regarding con-
verging speed we have the following result, which guarantees the existence of graphs that

approximate G arbitrarily exactly:

Theorem 1.3.14. Let G = G(G, £) be a metric graph with (€, 1) = 1, then for all ¢ € N there
exists a metric graph G, = G,(G,mn,/q) with n, € NI¥l such that

dist(G, G,) < %

for some Cy > 0. Furthermore, for every q € N there exists () > q, such that

Co
Qv

dist(G, Gg) <

for some Cy > 0.

1.4 Structure of the Thesis

Let us briefly summarize the structure of this work. §2]is a preliminary chapter devoted to
collecting definitions and basic results and fixing notation — even if a number of basic results are
actually, in principle, new on metric graphs, being graph versions of known results on domains.
In §2.1) we introduce the notation for metric graph, combinatorial graphs and partitions. In §2.2]
we introduce the function spaces, show imbedding inequalities and prove basic properties of
the function spaces considered. In §2.3] we discuss the spectral theory of the operators to be
considered. In §2.4) we characterize the infimum of the spectrum and essential spectrum, also
known as Persson theory. In §2.5|we show some rearrangement inequalities for graphs and use
them to prove Sobolev inequalities on graphs. In §2.6 we discuss the analytic dependence of

eigenvalues of the operators considered with respect to the lengths.
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In §3| we prove the general existence result motivated in[1.2.2] and summarized in [I.3.1] for
constrained minimization problems of the form (3.1]) and apply it to the stationary NLS energy
functional for domains and metric graphs. In §3.2] we prove the general existence theory that
we will use throughout §3] In §3.3] we prove general results for abstract NLS type functionals.
The results obtained in §3.3|apply in particular for metric graphs and the stationary NLS energy
functional, and we recover results obtained in the literature. For metric graphs however additional
results can be shown in this case, which are discussed in §3.4]

In §4] we formally introduce and motivate spectral minimal partitions and study their basic
properties, and their relations to limiting profiles of k-mixtures of Bose—Einstein condensate
equations. In §4.1| we provide an overview of the topic and formally introduce the notion of
spectral minimal partitions. In §4.2] we prove existence results of spectral minimal partitions
as limiting profiles of solutions of k-mixtures of Bose—Einstein condensate equations. In
we show spectral estimates for £,]€V7 . Eﬁp as defined in (I.14). In ~ we show interlacing in-
equalities between L',]X ~ and EkDm and discuss some consequences of the interlacing inequalities

obtained from §4.5.4]and §4.5|in §4.5.4]

In §5|we discuss Pleijel-type (non-)theorems for metric graphs. We give the general setting,
i.e. the forms of the operators considered, in §5.1] We prove an estimate on the first eigenvalue of
the operators considered in §5.2.1] In §5.3|we show Pleijel type theorems for general Schrodinger
operators and give a stronger Pleijel’s theorem for the Laplacian with standard vertex conditions
in §5.4 In §5.5| we show Pleijel’s theorem for the p-Laplacian by adapting the proofs in the
previous sections to the setting, this involves the discussion of Weyl’s law in §5.2.2]

In §6]we consider Approximation techniques for metric graphs for computation of eigenvalues
of the Laplacian via von Below’s theorem. In §6.1|we fix the notation and introduce basic results.
In §6.2) we give an overview of the operators considered and discuss the results summarized
in In we prove estimates on the relative error given for the k-th eigenvalue of
two metric graphs with same underlying combiantorial graphs. In §6.4] we discuss how given
a rational metric graph one can find the eigenvalues of the Laplacian with standard vertex
conditions and give a concrete function that evaluates the eigenvalues. In §6.5| we elaborate on
the Simulataneous Dirichlet Approximation (SDAP) Theorem and prove an adapted version of
the SDAP Theorem to approximate graphs by equilateral metric graphs. Based on the algorithm
from the SDAP Theorem in §6.5| we summarize a method to approximate the spectrum given a

tolerance for the relative error and give a few examples regarding efficiency of the algorithms in

§6.6l



Chapter 2

Spectral Theory on Graphs for

Schrodinger Operators

In this preliminary section we set the notation and discuss aspects regarding the operators
involved including self-adjointness and spectral theory of the operators considered. We adopt
the framework from [BK13] and [Mugl9] for metric graphs and [KKLM21] and [HK21] for
cuts of graphs and partitions in the following in §2.1] In §2.2] we introduce the function spaces
we consider and show basic properties, such as density and can also be found in [Hof19]. In
we discuss the self-adjointness of Schrodinger operator and characterize the infimum of
the spectrum and essential spectrum in §2.4] via Persson theory for the operators considered,
adapted from [HS96, §14.4], for metric graphs and can also be found in [Hof19].

2.1 Metric Graphs, Combinatorial Graphs and Partitions

2.1.1 Basic assumptions

For us, a metric graph G = (V,€) will consist of a union & = {[zy, x2|, [, x4],...} Of
closed intervals in R, turned into a metric space by gluing the intervals at the endpoint set

X = {xy, 29, x3,...}, viaapartition V = {vy,vq,...} on X,
X = UUZ'.
i

We call each element of V), which is formally a set of endpoints, a vertex of G; we call V the
vertex set of G and & the edge set of G.

We turn G into a metric space by identifying each vertex with a point, treating each edge
e € & as asubset of G, and introducing paths between pairs of points on the graph in accordance
with this identification (cf. [Mugl19]]). The length of an edge e, i.e., the length of the interval

to which it corresponds, will be denoted by |e| or £. € (0, 00|, and we say e is a ray or lead if

24
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le| = oo the total length of G will be denoted by

Li=(0] =Y el

ec&

Given a metric graph G we define its underlying combinatorial graph G:

Definition 2.1.1. The underlying combinatorial graph G = (V, F) of a metric graph G = (V, £)

is the graph where we identify every vertex
veV
with an element v € V and the edges e € £ with an edge e € E consisting of a pair of vertices
e={v,v} € E
with v, v € V in which their correspondent endpoints are contained in v, v respectively.

We say G is connected if it is connected as a metric space. We assume that the corresponding
underlying combinatorial graph is locally finite, i.e. deg(v) = |v| < oo for all v € V, and that
inf |e| > 0.
ecf
In particular, any precompact set intersects with at most a finite number of edges. We refer to
such graphs also as locally finite graphs in contrast to finite graphs, which we call graphs that
have a finite edge set. Note that under these assumptions a metric graph is compact if and only
if it is finite and does not contain any rays.
We can define an equivalence relation on the class of all such metric graphs via isometrically

isomorphisms, bijective mappings between graphs which preserve the metric; if two graphs are

isometrically isomorphic to each other, then we are in one or both of the following situations:

(1) the edge and vertex sets of one graph are permutations (i.e. a relabelling) of the edge and

vertex set of the other;

(i1) the graphs differ by the presence of dummy vertices, i.e. vertices of degree 2 that can be
added at will essentially subpartitioning an interval in two intervals of total length of the
original interval (see §2.1.2]for details).

We will always identify graphs that are isometrically isomorphic, and choose a convenient
representative of the corresponding equivalence classes (called ur-graphs in [KRKLM21]) in any
given context, without further comment.

This way the graphs G = (V, E) are undirected graphs, such that e = {v;,v,} connects the

vertices v; and v;. Then e is always associated to the two bonds, i.e. directed edges, that is the
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pairs

be = (Vi,Vj),Ee = (Vj,VZ‘).
Given a bond

be = (Viv Vj)

we associate e = {v;, v;} with the interval I, = (0, £.), such that (0, b.) is associated to v; and
(¢, b.) is associated to v; and we identify the points on the intervals on the two bonds associated
to e via the relationship

Ty, = Le — T3,

Naturally, if /. = oo we assume the graph to be connected back to the rest of the graph and only
consider the bond b, such that (0, b.) refers to the vertex, which we refer to as rays or half-lines,
which is not a vertex at infinity, i.e. (0o, by) associated to such a vertex for any f € £; we
denote the set of vertices at infinity with V.. In particular, we do not consider graphs with edges
between vertices at infinity.

In other words, we can characterize a graph by associating the edges with a length vector
E - (gl,gg, . )

and we will sometimes write G = G(G, £) to specify the dependence of a graph on their
underlying combinatorial graph G and the edge lengths £, which we will mostly use in §6| In
particular, a metric graph is uniquely determined by associating intervals Z, = (0, ¢.) for a
choice of bonds b.. Given two graph with the same underlying combinatorial graph we can then

define the Hausdorff distance:
Definition 2.1.2. Given two graphs G;(G;£M), G,(G;£®) with underlying combinatorial
graph G = (V, E') we define the Hausdorff distance

da(Gy, Go) = sup [(V — 1), 2.1)

eck

We say a sequence of graphs G = G(G, £(™)) converges to G = G(G, £), and write G — G,
if and only if

lim dg(G™, G) = 0.

n—oo

If we want to describe the graph locally at a vertex v € V \ V., i.e. restricted to edges

incident to v, then we can choose the bonds b, associated to the edge e, such that
Ocv == (0,0)
is associated to the vertex v. If e is incident to v, we also write e > v and we say

Dy i=v={2s,. .., Tigy,} (2.2)
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is the incidence set of endpoints associated to a vertex v € V. In this manner we define

£ = @Iezu U(x,e)

ecf ec x€l,

endowed with the disjoint union topology. This topology is induced by the pseudo-metric

de((z,€), (y, f)) = lz—yl, e=Ff

00, otherwise.

Then a metric graph G as a metric structure can be characterized by
G=E/~,

where

def
T~y < x=uy orz,y € D, forsomev e V.

Then G becomes a topological space with the quotient topology. Edges e € & are then by

identification given by

e = Jl(z )l ~ I,

:L’Ele
and for each £ € e there exists a canonical representative z¢ € I.. Vertices v € V are identified
via D, as defined in (2.2)) and we identify V with V C G.

We also endow G with the quotient pseudo-metric

k
dg(&,0) = inf Y~ de (&, 0;) 2.3)
=1

where the infimum is taken over all &£ € N and all pairs of k-tuples (&1, ...,&) and (64, ..., 0k)
with & =€, 0, =6 and 0; ~ &1 forv = 1,...,k — 1. When G is connected, then d = dg
defines a metric on G and (G, dg) becomes a metric space. Moreover, suppose 7 : [0, 1] — G is

a simple curve with bounded variation, i.e.
ns—1

L(y) = sup Z dg(v(ti), v(tiv1)) < o0

where the supremum is taken over all partitions 0 = (¢;);*, with
=t <ty <:-- <tn§_1 <tn5 =1,

then equivalently
dg(¢,0)= _inf  L(y). 24)

7 simple curve
7(0)=¢, v(1)=0
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2.1.2 Dummy vertices and isometries on graph
By definition, given a metric graph G = (), £), we have
|v| = degw

for all v € G. Suppose degv = 2, then suppose w.l.o.g. eq, ez > v. Suppose e; is connecting
v) and v and e is connecting v(?) and v. Consider the metric graph G = (€,V)) given by

52{5763,.-.}, ]/}:V\{UL RN ORVC

such that
0,0, + L], e=¢€

[0, L], otherwise.

Proposition 2.1.3. The metric graphs G and G are isometrically isomorphic, i.e. there exists a
isomorphism ® : G — ,C’j such that

dg(®(x), ®(y)) = dg(z,y)

forall z,y € G.

Proof. Suppose [(z,e)]. € G. Then given a choice of directed bonds (b.).ce, such that
be, = (v1,v) and b., = (v, vs), i.e. v is associated to (0, b.) for each e > v, consider a choice of

directed bonds @e)e <7+ such that

-~

be = be, foralle € E\ {e}

and bz = (v, v®), i.e (0,be) is associated with v() and (¢,, + ¢,,, be) is associated with v(®.

Then we define the map ¢ : G — G via

[<£61 xz, bg)]~7 €E=€
O([(2,00)]) = { [(ley + 2, b)), € =e3 (2.5)
[(x,ge)]N, otherwise.

One easily checks, that the map is invertible and the inverse is given by

[(z, (v,v))]~, f=ec¢and0 <y </,
O ([y,bs]) = S [(x — b1, (v,v®@))]o,  f=¢candly <z </l + 0,

[(z,bf)]~s otherwise.
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It only is required to show that the distance is preserved under ®. From (2.4)) we have

dg(®(x), 2(y)) = inf L(v)

7 simple path
7(0)=@(x), 7(1)=2(y)
Suppose vy is a simple path connecting x and y, then ® o v is a simple path connecting x and .

Then it is sufficient to prove a local property, that is suppose £, 6 € e.. for some e € £, such that

dg(.ﬁlfe, ye) < ;Ielggea

then
dé(@(ﬂ?), CI)(y)) - df(ge; 9@) = |q)(x)e - (I)(y)el = |ZE€ - ye| - dg(:t, y)‘

We infer
nsg—1

L(vy) = Sup Z dg(v(ti), v(tis1))

ng—1

= sup Y dg(® 0 1(t), @ 0 (tin)) = L(® o).

and conclude
dg(®(z), (y)) = dg(z,y).

For our purposes we will not distinguish between metric graphs that are isometrically
isomorphic to each other. As a consequence of Proposition [2.1.3] given any metric graph
G = (V, &), there exists a canonical representative in the category of metric graphs (so called
(ur-)graphs according to [KKLM21]), which are isometrically isomorphic to G = (V, ), by
removing all dummy vertices, also referred to as clean graphs in the literature. On the other
hand, suppose = ¢ V and w.l.o.g = € (vy,v9)~. there exists a representative G = (17, 5 ) given
by

E=(E\{(vv)) U{(viv). (vw)}l, Y =VU{y)
such that
[0, de(0yy vy va)s )] e = (vi,V)
Ie = 5[0, de(Ouy, vy v0)s )] e = (v,v)
1., otherwise.
Given a choice of bonds (b.).cp, as constructed in 2.3) ¢ : G — G defines an isometrically

isomorphism between G and G By construction, ®~!(z) = D, and we can construct for

each finite set of V C G a representative G = (E, ‘7) among the category of metric graphs
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isometrically isomorphic with each other, such that

V=YVUuV.

Important quantities that are invariant with respect to isometric isomorphisms are the first Betti

number £, i.e. the number of independent cycles of a graph, and the number of

2.1.3 Cuts of Graphs

The notion of cutting a graph will be used extensively. While it is by no means new —among other
things it has appeared frequently in the context of spectral geometry of graphs as a prototypical
“surgery principle” (see, for example, [BKKM19] and the references therein) and was also used
in [KKLM?21] as the basis for defining partitions of graphs — we will need to study this notion
far more carefully than in those works, and introduce a number of new concepts around it. We

thus start with the basic definition.
Definition 2.1.4. Let G and G’ be metric graphs. Then G’ is a cut (or cut graph) of G if
(i) G and G’ have a common edge set, and
(ii) for all v' € V' there exists v € V such that v’ C v.
In this context we define cut vertices and their corresponding cut set.

Definition 2.1.5. Suppose G’ is a cut graph of G. We say v € V is a cut vertex if there exists
v" € V' such that v C v, and denote the set of cut vertices, the cut set, by C(G' : G), which we
treat as a subset of G. If C(G' : G) = {v}, then we say G has been cut at v. For v € C(G' : G)
we define

C,(G)={v eV Ccuv} g,

which we refer to as the cut set at v.

In practice this definition allows for cutting through the interior of edges of G, as in accordance
with our observation in §2.1.2] we may always insert dummy vertices at the cut locations before
making the cut. The process of “undoing” a cut, i.e., reverting to G from G’, will as usual
be called gluing. In particular, we say G has been obtained from G’ by gluing the vertices
V1,...,0, € V(G if G isacut of G such that C(G' : G) = {v}, where v = v; U... U v,.

The next notion will be central for all our interlacing results in the proofs of our results in
§1.3.2} in what follows we will adapt from [HK21] §2].

Definition 2.1.6. Let G, G’ be compact metric graphs. Suppose G’ is a cut of G, such that the

graphs have vertex sets V' and V), respectively, then we say

(i) G'isacut of G of rank
rank(G' : G) .= |V'| — |V|.
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(ii) G’ is a simple cut if
rank(G' : G) =1,
i.e. there exists a unique v € V and v}, v, € V' such that v = v] U v}, (see also [KKLM21),

Definition 2.7(1) with k£ = 1]).

The rank, thus defined, is invariant under relabeling of the edges and insertion or removal
of dummy vertices in G (which by definition of a cut must then also be inserted or removed

simultaneously in G’), and is hence invariant under isometrically isomorphisms of the graph.

Lemma 2.1.7. Let Gy, G, G3 be compact metric graphs with common edge set. Suppose G is a
cut of G and G- is a cut of G, then

(1) Gy is a cut of G3 and

rank(G; : G3) = rank(G; : Go) + rank(Gs : Gs);

(2) ifrank(G; : G3) = rank(G, : G3), then G = Go.

Proof. Suppose G1, G, G5 have a common edge set, and vertex sets V;, Vs, V3 respectively, then
(1) follows immediately from the definitions of cut and rank. Now suppose that rank(G; : G3) =
rank(G, : G3), then rank(G; : Go) = 0 and so k := |Vy| = |Vs]. Let

V= {0V, oV, V= {0, o)

Since G, is a cut of G, we may assume, possibly after a relabeling, that vfl) C Ui(Q) for all

t = 1,..., k. Butsince there is a bijection between the two vertex sets there must be equality,
o _ @ -

v, =wv;” forall: =1,... k. [

[

A graph G; being a cut of G, defines a partial ordering on the set of metric graphs. Given
a compact metric graph G (with a fixed vertex set, i.e., where we do not permit the insertion or
removal of dummy vertices), the set of its cut graphs becomes a partially ordered family, and by
Lemma the rank is additive on this family.

Lemma 2.1.8. Let G, G' be compact metric graphs. Then G' is a cut of G of rank k € N if and

only if there exists a sequence of cuts of G
G = g(O) 7 g(l) e g(kfl) : g(k) -G
such that GV is a simple cut of G foralli =0, ...,k — 1.

Proof. Suppose G’ is a cut of G of rank k£ € N, where the graphs have common edge set £ and

vertex sets V', V, respectively. For the “only if” statement we give a constructive proof. Let
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v €C(G":G)and v € V' such that v' C v, then we define
VO =Y\ {v} U {v, v\ v'}.

Then by construction GV = (V1) £) is a simple cut of G and [V| = |V| + 1 and GV is a
simple cut of G. One easily sees that G’ is a cut of G(*) and by Lemma (1) we have

rank(G’ : g<1>) =k—1.

We sucessively construct metric graphs G, ..., G* such that G¢+Y) is a simple cut of G*)
and rank(G® : G) =i foralli = 1,..., k. Then rank(G' : G) = rank(G"®) : G) and so by
Lemma (2) we conclude that G**) = G'. The other direction is a direct consequence of the
additivity of the rank in the sense of Lemma (1). OJ

Definition 2.1.9. Let G be a metric graph and ), C V a distinguished vertex set. Then we call

the graph G; with common edge set and vertex set

Vii=V\W)u lJ U=}

vEYVY TEV

the total cut (graph) of G at V.

Figure 2.1: An example of a total cut of a graph at one vertex.

Example 2.1.10. Let G be the metric graph depicted in Figure Then the total cut at the
indicated vertex disconnects the graph into 3 components, and the corresponding cut is of rank
2.

We finish with the following notion, which also goes to the structure of the partial ordering

of the set of all cuts of a fixed graph G.

Definition 2.1.11. Let G = (V, £) be a metric graph. Suppose G;, G, are cuts of G with vertex
sets ) and Vs, respectively. We define the common cut (graph) Gs = (V3, E) of Gy, G, via

Vi ={v1Nuvy C X :v; € V), 05 €V, such that vy N vy # P}
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Equivalently, the common cut of two cut graphs G;, G, of G is the cut G’ of G of minimal

rank such that G’ is a cut graph of G; and Gs.

2.1.4 Partitions

We can now introduce partitions that are the central object of study in context of spectral minimal
partitions in §4} and also are relevant in the context of nodal clustering in §5] The next definition
follows [KKLM21, §2].

Definition 2.1.12. Let £ > 1 and let G = (V, £) be a metric graph. Then:

(i) P :=(Gi,...,Gx) is a connected k-partition of G, or k-partition for short, if there exists a
cut G’ such that Gy, . .., G are connected components of G'. We refer to the components

G1, ..., G as clusters or partition elements;,

(i) P = (G, ..., Gx) is an exhaustive connected k-partition if G' = I_Ile(]i is a cut graph of

G and Gy, ..., G, are its connected components.

Since we will only be interested in connected partitions, that is, partitions whose clusters are
themselves connected metric graphs, we will drop the adjective “connected” and simply refer to
connected partitions as partitions. In principle there could be multiple cuts of G which generate
‘P if the latter is not exhaustive, cf. Figure However, there will always be a cut of minimal

rank which gives rise to P; we will call this cut graph the canonical cut graph.

Figure 2.2: On canonical cut graphs. The clusters in Figureare connected components of the two cut graphs presented. The
cut graph on the left is the canonical cut graph associated with the partition, as any other cut giving rise to these three clusters
would have higher rank (that is, it would involve cutting the original graph more), as is the case for the cut on the right. In fact,
it is easy to see that the right cut graph is itself a cut of the left cut graph.

Definition 2.1.13. Let £ > 1, G be a metric graph and P = (G,...,Gx) be a k-partition
of G = (V,€). Suppose G; = (V1,&1),...,G = (Vi, &) with disjoint subsets &, ..., E
and Vi, ...,V of £ and V respectively. Then we define the canonical cut (graph) Gp of G
associated with the partition P as the unique cut graph of G of minimal rank such that Gy, ..., Gy
are connected components of the cut graph. We will refer to the quantity rank(Gp : G) as the

rank of the partition P.
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Remark 2.1.14. Let G be a metric graph and let P be a k-partition, £ > 1. Then, keeping the
notation of Definition [2.1.13] the canonical cut graph Gp can be constructed as the unique cut
graph with the following properties:

(i) for any cut vertex v € C(Gp : G) there exists at least one cluster G; = (V;,&;) and v; € V;
such that v; C v;

(ii) if a cut vertex v € C(Gp : G) is not divided among vertices of the G;, that is, if w :=
v\ Uﬁeu’il v, is non-empty, then there is exactly one connected component of Gp such
that w is a vertex of that connected component.

Hence the canonical cut graph Gp may be described formally as the metric graph with the same
edge set as G and vertex set

k k
Ve = Jviuo\ |J Tivev\|Jw
=1 1=1

el vi
We have the following concrete bounds on the rank of a partition:

Lemma 2.1.15. Let G be a metric graph with first Betti number 3 > 0. Suppose P =
(Gi, ..., Gy) is an exhaustive k-partition of G, k > 1. Then

k—1<rank(Gp:G) <k—14p. (2.6)

Proof. Assume without loss of generality that G; = (V;, &) and Gy = (Vs, &) are neighboring
clusters. Suppose there exists v; € Vi, v2 € V5 and v € V such that v1,v5 C v. We glue
G, and G, at v, i.e. we obtain a graph G with edge set EM = & U &, and vertex set
VO =Y UV, U {v Uvg} \ {v1,v2}. By construction P = {GW) Gs ... G} defines a
k — 1-partition and Gp is a simple cut of G1). Applying this procedure iteratively and invoking
Lemma[2.1.8] we end up with an exhaustive 1-partition G~ such that Gp is a cut of G*—1),
G*=1V isa cut of G, and rank(Gp : g<k—1>) =k — 1. Lemma|2.1.7|now yields the lower bound
in (2.6).

On the other hand, since G admits /3 independent cycles any cut of rank 541 would necessarily

disconnect G; since G*~1) is a connected cut graph of G we thus have rank(G*~V : G) < 3.
Lemma now yields the upper bound in (2.6). O

Definition 2.1.16. Let G be a metric graph and let P = {G,...,Gi} be a (non-exhaustive)
k-partition of G, k > 1, with edge sets &;,...,& C €. We say that P’ = {G],...,G.} is an

exhaustive extension of P if
(i) Gpisacutof Gp

(i) & Cc &l foralli=1,...k
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(i) U;_, & =€.
We next introduce the following notation for the boundary points of a partitions.

Definition 2.1.17. Let P = (Gy,...,Gx) be a (not necessarily exhaustive) k-partition of G,
k > 1, and let Gp the canonical cut graph of G associated with P.

(i) Wesay G; = (V;, &) and G; = (V}, &;), @ # j, are neighboring clusters, or just neighbors,
if there exist v; € V;, v; € V; and v € V such that v;,v; C v. We call any suchv € V a
boundary vertex (or boundary point) of ‘P, and define the boundary set of P to be the set
of all such boundary points:

OP ={veV:Iv eV, € Vi v, Cu}

(ii) We define the boundary set of the cluster G; = (V;, &;) by

G, ={veV,: W eC(Gp:G): v}

We consider besides connected partitions also rigid partition. We take the definition of rigid
partitions from [KKLMZ21]], where cuts can only be made at the boundary between neighbors;

these can be characterized conveniently using the notion of canonical cut graphs.

Definition 2.1.18. We say a k-partiton P = (G, ..., Gx) of G is rigid if its boundary set P
coincides with the cut set C(Gp : G).

Remark 2.1.19. We denote the class of all (connected) exhaustive k-partitions of G by €;(G)
and the class of all rigid exhaustive k-partitions of G by R, (G). The set of connected partitions
¢ = ¢(G) and rigid partitions R = R(G) we define then as as the disjoint union of the the sets
of k-partitions
Q) =Je(©G), RO =JR(©).
k>1 k>1

Given a partition P = (Gy, ..., Gx) by our definition each cluster is a metric graph them-

selves. However, often it will be useful to consider the subset of G which corresponds to the

clusters; to this end we define:

Definition 2.1.20. Let G be a metric graph, £ > 1 and let P = {G, ..., G;} be a k-partition of
G and let Gp be the canonical cut graph such that G and Gp have common edge set £, then for

each7 =1,..., k we denote by (; the unique closed subset of G such that
{ee€:eCG}={ecf:eCQ}

and call the set §2; the cluster support (associated with the cluster G;), or just support for short.
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In particular given a partition P = (G, ..., Gy) with D = (4, ..., ) is a partition on G,
such that

for i # j. The best partition type to reflect its cluster support as closely as possible is a partition
of a graph in closed subgraphs, so called faithful partitions, since they inherit all possible

connections from the original graph:

Definition 2.1.21. We say a k-partition P = (G, ..., Gy) is faithful if for all v € C(Gp : G) the

cut set of C,,(Gp) of v contains at most one element in any cluster support of P.

In this context, we refer to Figure[I.2] [[.4]and[I.3]for a comparison of the different types of

partitions for a graph with identical cluster supports.

2.2 Function spaces

2.2.1 Preliminaries: L” spaces and first order Sobolev spaces
Given a metric graph G = (V,€) and p € [1, 00), we define the function spaces

LP(G) := {u e @ rru)llull =" llullp < oo}

ecf eef

wir(g r={u€@W” G)l[ulfyns =3 el < }

ec& ecf
and we also write H'(G) = W'2(G. For p = oo we define

L*(G ={UE@L°° |||u||oo._supr|ue||oo<oo}

ccE ec&

Whe(G) = {u e P wh=(L) N CG)l[ullwr~ = sup l[tte||lriee < oo}
ec

ecf

Since the isomorphism in §2.1.2] under removal and addition of dummy vertices preserves

the measure, we have for all p € [1, ]

LP([0, 61 + £o]) >~ LP([0, £1]) @ LP([€1, 41 + £2])
WP([0, 0, + £o]) ~ WHP([0, £1]) @ WEP([€1, €1 + £5]) N C([0, £y + £o])

_ {u € C([0.4 + &) | ], € WH((0,61])

A u’[@l,fﬁrb] € Wl’qul?fl + gQ”)l}
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Indeed, the spaces L*(G) and H'(G) are isometrically isomorphic under addition or removal
of dummy vertices and hence, do not dependant on the represantative of the metric graph. In

particular we can define the imbeddings

. C(G2) = C(G1)

(2], = u([z],)] = ([2]ey = u[z]s,)]

In a similar fashion we can also define imbeddings L?(G,) < LP(G,) and W'P(G,) —
Wl’p(gg).

Proposition 2.2.1. Let Gy be a cut of G, of rank nand p € [1,00]. Then

dim C(G,)/C(Gs)
dim W'P(G,) /WP (Gy)

n

n.

Proof. There exist representatives of G; and G,, such that
G1 =&/ ~, Go=E/ ~s.

Suppose v € C(G; : Gy), then for each v/ € C,(G;) we can construct a function u,, € H'(G;)
such that

Uqy (U) - 5v,v’a

for all v € V,, where 9, is the Kronecker delta. Then
dim C(G,)/C(Gs) = n, dim WP (G1)/WP(Gy) = n
since for each u € C'(Gy) and each v € V we can choose a linear combination of
Dy -1

functions w,-, such that
u — Z )\V/UV/

coincides for all D, C G;. Indeed, suppose u(v) = u;, then for each u € C(G;) oru € W'?(G;)
there exists a linear combination of | D, | — 1 linearly independent functions w,, in C'(Gy)/C(G2)
and WHP(G,)/WP(G,) respectively such that

u — E )\V/UV/

coincide for all D, C G;. Then by iteration we can construct such functions for each cut vertex
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and we conclude

dim C(G1)/C(Ga) = dimW'P(G)/W'P(Go) = Y [D|—1= V1| = Vo =n.
veC(G1:G2)

For our purposes we also consider Dirichlet vertices. Given a set V', referred to as Dirichlet

set, we define

Wol’p(Q,VD) = {u € W'(G)|u(z) = 0 for all z € VP},
HY (G, VP) ={ue H(G)|u(x) = 0forall z € V"}.

For a function u € C'(G) we define the support

suppu = {z € Glu(z) = 0}.
Then we define
Wl?(G) = {u € W"P(G)| supp u is compact},
HYG) = {u € H'(G)| supp u is compact}.

We introduce canonical spaces of first order Sobolev functions, since they become relevant
in §4/and §6] given a combinatorial graph G = (£, V) with Dirichlet vertex set V? C V which
corresponds to the equilateral metric graph G = G(G, 1) with Dirichlet vertex set VP C V

corresponding to V' C V and we write

W (G)=W'(G),  HYG)=HG),
Wo(G,VP) =Wy?(G,VP),  Hy(G,VP)=Wy?(G,VP).

2.2.2 Higher-order Sobolev spaces

In this section we introduce the notion of higher-order Sobolev spaces on graphs for p € [1, o0].

Let G be alocally finite metric graph. One naive way of doing so is simply defining it analogously
as in WP (G)

Wkp(G) := {u € @W’”’(Ie) NCG)|Jullfes == sup Z ||ue||€vk7p(le) < oo}

PP
e€eF &' CE is a finite subset cce!
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Then for u € VI/;“/P(Q) we always have u, € C*~1(1,) for all ¢ € £. However, we also want to

specify a condition on the higher-order derivatives at the vertices. We define

WhP(G) = {u e W%(g)\u(j) € C(G) Vj<k-—1leven
o7

—U
ovi
e.e-v

A (v)=0 Vj<k—1lodd VYveV}
where e : e > v denotes the set of edges e adjacent to a vertex v.

In the thesis we will refer to the conditions at the odd derivatives as Kirchhoff-Neumann, or
just Kirchhoff or Neumann, conditions. Otherwise the derivatives satisfy continuity conditions.
In the context of operators we will also say that the operators with domains W*?(G) satisfy
standard conditions.

This definition is natural in the sense that if we consider a dummy vertex ¢ of degree 2,
i.e. subdividing an edge e € £ connecting two vertices v;, vs into two edges e;, es connect-
ing vy,0 and v, vy respectively such that the total length of the graph is preserved, then the
Kirchhoff condition simply reduces to a continuity statement of the derivatives. As usual we
define ;17“(9) = ﬁ/\k/?(g) and H*(G) = W"2(G). Thus, in particular, the spaces defined are
isometrically isomorphic under isometric isomorphisms of the graph, such as the insertion or

deletion of dummy vertices.

Remark 2.2.2. While the Sobolev spaces as defined here are domains of self-adjoint realizations
of differential operators on L?(G), the definitions are not necessarily canonical. We refer to
[GM17] for a discussion on self-adjoint extension of the Bilaplacian, and a discussion for W27

spaces on graphs.

In this context, we are going to define some useful related spaces:

WP (G) = {u e Whr(@)luP(v) =0, VI<I<k—1, WeV}

BP(G) = {u € I/I//}’/p(gﬂ supp(u) compact} .

Of special importantance will be the following test function spaces:

C=(G) = \Wi=(G), ) = (\WE=(©), C=G)=WE™0). @

keN keN keN

Consider the norm on WP defined as

1/p
[l = ( [+ |u|2d:c)
g

and for p = 2 we define as usual | - |gx := | - |yr2. Then due to the Gagliardo-Nirenberg

interpolation inequality on intervals (see e.g. [Leol7, Theorem 7.41]) applied edgewise we
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have:

Proposition 2.2.3. Let G be a locally finite graph, then the norms || - ||y+.» are equivalent, i.e.
foru € WEP(G) we have

[l < lullfyes < Clulfys,

for some C > 0.

2.2.3 On the density of Sobolev spaces

Proposition 2.2.4. Let G be a finite, connected metric graph and p € [1,00), then W"?(G) is
dense in W™P(G) form >n > 1.

In particular, when n = 0 this includes the statement that W/ is dense in L? for all m > 1.

Proof of Proposition[2.2.4} Tt suffices to prove that W**1?(G) is dense in W*?(G). To this
end, let u € W*(G) arbitrary and u,, be an edgewise approximating sequence in P.csC>(1.) N
WHktLr(],) such that
1
2 M = s < 55 (28)

ec&

for all n € N. The general idea is to construct sequences v, € @qceWrH1P (I.) such that

Uy, + v, € WFLP(G) and

3
Up + U 25 (n — o0).

For fixed v € V and for n satisfying

2
— < inf|I]
n ec&

forall e = vand k € {0, ...k} we define

C"k—’fxff (1 —na,)", for z € e with z, := dist(z,v) < &

0, otherwise.
where ¢, ; | is given by

fork =0: Cnoy = U — un‘e(()v)

S
I
—_

forl<k<k—1: Crbw = u® — uﬁfﬂ)\e(ov) — > (k4 1)(—n) cnipn-
¢

Il
o

We can extend the functions v, ; , by zero on the rest of the graph. With the Leibniz rule for
1 < /¢ < k+ 1 we compute

l
¢ 1re -m/7 k—m m+1—
v;,;,v<x>|€:x{xv<;}25(m oo (1) T (R () ey ™" (1 = i, ) (2.9)
m=0 """
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Then

satisfies 0,, € Bece WHT1P(1,) and u,, + v, € W"P(G) since u,, + 0, coincides in all k — 1
derivatives with u by construction. Indeed, the restrictions of the k™ derivatives at the vertices

are of rank < 2|&|. Then we can find ¢, ., forallv € V

ek (1 —max{n, 2, ) " forz € e with
Un,k,v‘e(x) = r, < min{n cﬁw}
0, otherwise.
such that
U + T+ Y Unpw € WHIP(G).
vey
By assumption (2.8)) we deduce by applying the Sobolev imbedding edgewise
=l lows < 55
- 2
ecf
for all n € N and some C' > 0 and satisfies by construction
(—n)ecnkv —0 (n — 00) (2.10)

forall 1 < /¢ < kandv € V. By a change of variables we then compute for 0 < m < ¢ < k

\Y

. . orl
ném/ .Tkim(l _ nl,v)k+m+lf£ dz, = nelk/ tkfm<1 _ t>k+m+1fé dt
Ie 0

Cn e AX{ 1, Ci,k,v}e_m/ ze ™ (1 — max{n,cl , Jx,)"" " da,

Ie

) Unuk,v

1
= Cp gy min{n~", ¢ kH_e/ gh=m (] — p)erml=t g g
0
(n — 00)

and with (2.9) and (2.10) we conclude

U — |Up + ,/l\]n + Z UTL,]{),V
vey Wk.p
< ||U_un||W’€,P+ ’27n+zvn,k’,v — 0 (TL—> OO)
vevy Wk.p
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Lemma 2.2.5. Let G be a locally finite, connected metric graph and p € [1,00). Then
Whr(G) = {u € W' (G)| supp u is bounded}

is dense in WhP(G).

Proof. Let K be a bounded, connected subgraph of G. For R > 0 set
Kpr = {x € G| dist(z, K) < R}.

We define the cut-off functions ¢, via

Py = %max{n, dist(xz, Ky}, ¥ =1-— Un

For all u € W'?(G) one then computes

d — —
limsup |[u — Ypul|j1, = limsup {/ — U Ypu
g dl‘

n—oo n—oo

p
d:t:+/
G

p
dx]

P ~ P ~ P
< limsup {—/ |ul? dz + 2p/ Youl dr —|—/ (1) dx} =0,
n—oo [P Jo\K, G\K G\K,
where in the equation we used
/ |%u|p dz < / |ulP dz — 0 (n — 00).
G\Kn, G\Kn
As such ¢, u — win WHP(G) as n — oo. O

A simple consequence of Proposition [2.2.4]and Lemma[2.2.6]is then the following:

Proposition 2.2.6. Let G be a locally finite, connected metric graph and p € [1,00). Then
W2P(G) = {u € W*P(G)| supp u is bounded}

is dense in WP,

Proof. Letu € W'P(G). By Lemma we can find a sequence u,, € W ?(G) with u,, — u
in W'?. Then by Proposition for each n we find a sequence u,,,,, € W*P(G), after
extending by zero on the whole graph, converging towards u,, in W'?(G) as m — oo. Then

one can construct a sequence in W?2?(G) converging to u in W1? by a diagonal argument. [

Remark 2.2.7. Proposition does not depend on the particular choice of vertex conditions.
For instance, if M € H' + W1°°(G) then we may equally show

D (AM) = {u € V?Q/P(Q)\ Z (z% — M) ue(v) = 0 and suppu is bounded}

exv
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is dense in W'?(G). The vertex conditions are special cases of complex delta conditions and it

can be similarly shown for all such conditions.

2.2.4 Characterization of 11/ 1>

We give a characterization of W1 on locally finite, connected metric graphs in the following:

Proposition 2.2.8. Let G be a locally finite, connected metric graph. Then W1 (G) = C,? 1(G)

is the set of uniformly bounded, Lipschitz continuous functions.

Proof. Assume u € W1>(G). Let x,y € G and 7 be a path of length L(~y) connecting z, y,
parametrized by arc length. In the first step let us assume u € C' edgewise, then using the

continuity of u we have

L(7)
lu(z) — u(y)| < /0 ' (7)[ d[y] < ess sup, [u'(v(2))|L(7)-

Due to density this holds also for W1°°(G). Taking the infimum over all paths connecting ., y

we conclude
[u(z) — u(y)| < [Ju']|oo dist(z, y)

and thus u € C;"'(G). On the other hand, let u € C}"'(G), then

ju(z) = u(y)|

<L
dist(xz,y) —

for some constant L. > 0. Using the fact that the characterization holds for intervals on each
edge e € & then uw € W*°(1,) and v’ exists a.e. and

[0/]]oe < L.

We conclude u € Wh>°(G) since wu is also uniformly bounded by assumption. ]

2.3 Self-adjoint realizations of Schrodinger operators

2.3.1 On Higher-order Schrodinger operators

LetG = (V, £) be a finite metric graph. We will discuss however some extensions to locally finite
metric graphs in Consider the quadratic forma : H*(G)NH}(G) x H*(G)NH}(G) — R
defined via
a"(p,9) = / M +mey da (2.11)
g

with m € L] (G) real-valued satisfying m_ € L' + L>(G), i.e. there exists m; € L'(G) and

loc

Moo € L®(G) such that m_ = my + M.
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Theorem 2.3.1. Let G = (V, E) be a finite metric graph. Then o™ defines a semibounded form,
i.e. for every 0 < € < 1 there exists C. > 0 such that

a™ (u,u) = (1= &) ulze — Cel|ul|Z.

Proof. Let€,d > 0 arbitrary but fixed. Consider a decomposition of m_ € L' + L>®(G) such
that

m— =my + Moo, ma|li <e.

Then there exists Cs, C' > 0 such that

@™ (u,w) 2 [[u™f3 — llmalls fJull, = lmesollZ|lull?

> (10— Ce)|ufie — (Csllmoolloc + 1+ [lmal1)]lull2
and the statement follows since ¢, ) were arbitrary. 0

Let A™ : D(A™) — L*(G) be the Friedrichs extension of a™. Let us further characterize

the operator A™ under some additional assumptions.

Lemma 2.3.2. Let G = (V, £) be a finite metric graph. Then

AO — (_A)k
(2.12)
D(A%) = H*(G)
is the Friedrichs extension of the form a°, where (—A)* is defined edgewise by (—1)2’“3%‘.

Proof. D(A°) is densely defined in H* by Proposition Hence, there exists a unique
self-adjoint extension of the operator, with form domain contained in H k(g ) (see also [RS75,
Theorem X.23]). It suffices therefore to show that A° is a self-adjoint operator.

For o, € D(A") with integration by parts one easily computes

(A%, 0) ,, = a™ (@, ¥) = (p,A%) ,

and A° is symmetric, hence A° C (A°)*. Let ¢ € & be fixedbut arbitrary, then suppose
u € D((A%)*) and v € D(A°) to be supported on e and v, € C°(1,), then

(Per (A%)e) 12 = (0, A) 1o = ((A) "0, 9) 1o = (((A°)"Q)e, Ve 12
Since e and v were arbitrary we deduce
(_A)kSOG € LQ([E)

in the distributional sense. Thus, ¢, € H?*(1,) for each e € £. Now, suppose ¢ € D((A%)*)
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and 1) € D(AY) arbitrary. Then by integration by parts we compute
k—1 _ _
7 —1—3 i 2k—i—1
(. A , = (A%, ), +> Y ) (s@é)@bé% 10— Dl )> (v)
i=0 veV exv
Since the choice of ¢, 1) is arbitrary we deduce ¢ € H?*(G) and we compute
(A%, 0) = (@, A%) ,
= (W)t D DY P

0<i<k—1veY e~v

= D D2 WPW Y W)

0<i<k—1veVY e>v
DD VDB

0<:i<k—1 vey e>v

4 odd
- Y WY el
0<i<k—1 e-v
i 0dd
= (A%, %),
Hence D((A%)*) = D(A%) = H?*(G) and we infer A° = (A%)*. O

Proposition 2.3.3. Let G be a finite metric graph. Suppose m € L*> + L*°(G), then the
multiplication operator associated to m, i.e. u — mu, is relatively bounded to A°, such that for

every 0 < € < 1 there exists C. > 0 such that
Imull3 < ellullzo + Cellulls. (2.13)

In particular A™ is self-adjoint.

Proof. Let € > 0 arbitrary but fixed. Consider a decomposition of m € L? + L>°(G) such that
m = Mgy + Moo, [ml5 < e
Then there exists C' > 0 such that
Imall3 < lmell3llulls + Imol*lull; < CellullZo + llmecl*|lull3

and since € was fixed but arbitrary we deduce the statement. Since the multiplication operator
associated to m is a symmetric operator the selfadjointness of A is an immediate consequence

of the Kato—Rellich theorem (see e.g. [RS75, Theorem X.12]) since for every ¢ there exists
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Cs > 0 such that
lullgo = (A%, u) < [[Aullaflull < 6l A%l3 + Cillulls.
and with (2.13)) we infer for all € > 0 that there exists C. > 0 such that
Imullz < el A%|* + Celull3.

]

In the following we will be interested in the spectrum of A™. Of particular interest in our
context is the decomposition of the spectrum in essential and discrete spectrum. In fact, there

exists a decomposition of the spectrum o(A™) in essential and discrete spectrum
O'(Am) = O'eSS(Am) L UdiSC<Am)
where

oaisc(A™) = {X € R|\ is eigenvalue of A™ with finite algebraic multiplicity }
Tess = 0(A™) \ 0gisc(A™).

The essential spectrum can then be characterized by Weyl’s theorem [RS80, Theorem VII.12]

AE O’eSS(Am) — 3 (un)

n=1
u; Lug, i#£j

lim [ (A™ = A)up |2 = 0.

An important set in the context of the spectrum is the numerical range of a self-adjoint

operator:

Definition 2.3.4. Let A be a self-adjoint operator on a Hilbert space H with inner product (-, -),

then the numerical range of the operator A is given as
num(A) = {(u, Au)|u € D(A) with [Ju|| = 1}.
The spectrum of (—A)* can then be related with the numerical range as the following shows:
Theorem 2.3.5. Let G be a metric graph with at least one ray. Then ogise((—A)F) = ) and
o((=A)*) = ous((=A)*) = [0, 00).
Proof. By [RS75, Problem VIIL46] we have o((—A)¥) € num((—A)¥). In particular, since

(u, (—A)*u) >0
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for all u € D((—A)*) we infer o((—A)*) C [0,00). Then the result is a consequence of the

result on the real line, i.e.
Tess ((=A)F) = a((=A)*) = [0,00)

holds since the operator is equivalent to a multiplication operator with range [0, c0) under
Fourier transformation. Indeed let A > 0 and consider a Weyl sequence ¢, € C'>°(R) such that
1(((=A)* — N)p,||3 — 0 as n — oo. Then w.lo.g. by translation invariance we may assume
©n to be supported in (0, co) and since by assumption G contains a ray we can extend ¢,, by zero

on the whole graph and by construction this is a Weyl sequence on the respective graph. Hence,

inf o((—A)*) = inf o ((—A)*) = [0, 00).

2.3.2 On Schrodinger operators with magnetic potentials

LetG = (V, €) be a metric graph. Consider the quadratic forma : H!(G) x H}(G) — R defined

via

d d
a™m(u,v) = /g <z£ + M) u (25 + M) v+ muvdr + ZA\,EU(V). (2.14)

veV

withm € LL_(G) and M € C(G) N L>(G) real-valued satisfying m_ € L'+ L>(G), i.e. there

loc

exists my; € L*(G) and mo, € L>(G) such that m_ = m; + mq, forallv € V.

Theorem 2.3.6. Let G = (V, £) be a metric graph. Then o™ defines a semibounded form and
for every 0 < ¢ < 1 there exists C. > 0 such that the energy estimate

™ (u,u) > (1= e)|ullfp — Cellulg
is satisfied.

Proof. Let €, 6 > 0 arbitrary but fixed. Consider a decomposition of m_ € L' + L>(G) such
that

m_ = my + Meo, Hm1”1 <e.

Then there exists Cys, C' > 0 such that

™™ (u,u) > ('ll2 = (1M 12l3)? = [[malilJullZ, = lmsol|Zlull?

> (1= 0= Ce)l[ulli — (Csl Mlloo + 1+ [[moo]l1) [l

and the statement follows since ¢, ) were arbitrary. [
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Let AMm™ . D(AM™) — [%(G) be the Friedrichs extension of the operator associated to
the quadratic form a™™. Let us further characterize the operator A™"™ under some additional

assumptions:

Lemma 2.3.7. Let G = (V, £) be a metric graph. Suppose M € H' + W1>(G), then
2
AMO — (ii + M)
dx
D(AM0) = {u € C(G)|u. € H*(e) forall e € € and

> <z% + M> ue(v) = Avu(v) forallv € v}

exv

is the Friedrichs extension of the form a°.

Proof. D(AM)is densely defined in H'(G), such that a*** is the closure of the form associated
to AM0_ Hence, there exists a unique self-adjoint extension of the operator, with form domain
contained in H'(G) (see also [RS75, Theorem X.23]). It suffices therefore to show that A = AMO
is a self-adjoint operator.

For p, 1 € D(A) with integration by parts one easily computes

(Ap, )12 = alp, ) = (@, AY)

and A is symmetric, hence A C A*. Let e € & be fixed but arbitrary, then suppose p € D(A*)
and 1) € D(A) to be supported on e and 1), € C°(1,), then

(Pes (A)e) 12 = (@, AY) 12 = (A%, ¥) 12 = ((A"Q)e, Ye) 12

Since e and v were arbitrary we deduce

d 2
— + M . € L*(I,
(Zda:+ )906 (1)

in the distributional sense. Thus, ¢, € H?(I.) for each e € £. Now, suppose ¢ € D(A*) and
1 € D(A) arbitrary. Then by integration by parts we compute

(0, Ab) 2 = (A, s + 30 (@ (150 + 3 ) = v (i + 1) soe> 9

veY exv
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Since the choice of ¢, 1 is arbitrary we deduce ¢ € C'(G) and we compute
@4*¢7¢0 ::<¢7f4¢>L2

= (A, )2+ ) (@(V) (

vey

> (ia% + M) ¢6(v)>

exv

u(w) (Z (i) mw))

= (Ap, )12+ > _W(v) (Z (z‘a% + M) goe<v>> .

veY e>v

Hence u € D(A) and we infer A = A*. O

Proposition 2.3.8. Let G be a metric graph. Supposem € L?*+L>®(G)and M € H'+W1H>=(G),
then the multiplication operator associated to m is relatively bounded with respect to AM°. More

precisely, for every 0 < € < 1 there exists C. > 0 such that
Imullz < elfullgao + Cellull;. (2.15)
In particular AM™ is self-adjoint.
Proof. Let ¢ > 0 arbitrary but fixed. Consider a decomposition of m € L? + L>(G) such that
m = ma + Moo, |m3 < e
Then there exists C' > 0 such that
lmallz < Imall3llulls + llmec*llully < Cellullgane + mool*lullz

and since € was fixed but arbitrary we deduce the statement. Since the multiplication operator
associated to m is a symmetric operator the selfadjointness of A™ is an immediate consequence

of the Kato—Rellich theorem since for every ¢ there exists Cs; > 0 such that
[ullzaro = (A%, u) < [|AYOulla[|ulla < 8[| AM ull3 + Csllull3.
and with (2.15)) we infer for all ¢ > 0 that there exists C. > 0 such that

Imull < ell A0 + Celfull3.

As in §2.3.1] we can characterize the spectrum if the graph contains at least one ray.
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Theorem 2.3.9. Let G be a metric graph with at least one ray. Then ogis.(—A) = () and

0(—A) = 0,45(—A) = [0,00). (2.16)
Proof. This is a direct consequence of Theorem in the case k = 1. O

Example 2.3.10. For a metric graph without rays (2.16) does not necessarily hold. Consider
the binary tree graph 7 which is an equilateral tree graph such that every vertex has degree 3

one can show the Poincaré inequality
1115 = Adlfull3 (2.17)

with A\; > 0 (see e.g. [[SSO2]]). For completeness let us give a short sketch of a proof for (2.17).

Consider any fixed vertex K = {v} and let us set
K, = {u € T|dist(u,v) < n}

By Lemma it suffices to show the statement for v € H!(G). Suppose n is large enough

such that supp v C K, then one can show

1 1

—/ (u)*dx < —/ vudz

4 Ko \Kn—1 2 Kn\Kn—1
1 , 1 , | ,
- (u)*de < - uw'udx + = uw'udx
4 JKy \Kn s 4 JK, <K, 2 JKy \Kn s

or more generally

1 =

A
1
2 /
[ ey i
Kn+1—i\Kn—i j=1 Kn+1_]'\Kn_]-

In particular follows

n n n+l—i
1/ 2 2 1 l /
— [ (w)*de < / u dr < —/ wudr < ||u|| 2 ||ul| Lz
4 g ; Knt1-i\Kn—; ; ; 2 Kny1-i\Kn_;

Hence,
[ull2 < 4[[u']]-

In particular, we have
[ o']13

info(—A) =
1mn U( ) weH(G)\{0} Hu”%

In [DST19] the Poincaré inequality (2.17) has been used in the context of nonexistence of

minimizers to the stationary NLS energy functional for binary tree graphs.
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2.3.3 Minimax principle for Schrodinger operators

Suppose G is a metric graph. In the following we will give a variational description of the
eigenvalues of a Schrodinger operator. Let A™™ be the Schrodinger operator M € C(G) N
L>*(G) and m € L' + L>(G), defined as in §2.3.2} then for n € N denote

f (AM™) = inf sup a™™ (u, ). (2.18)
uy,-un€Hz (G)\{0} uespan(u,...,un)\{0}
u;Lu;, for ij ||u|\§:1

By the minimax theorem for semi-bounded selfadjoint operators (see [ Tes14, Theorem 4.14]; one
can also find therein a max-min version [Tes14, Theorem 4.12]) (2.18) describes all eigenvalues
below the essential spectrum. When G is compact AM"™ has compact resolvent due to compact
imbedding AH'(G) in L*(G) and its spectrum is purely discrete in particular all eigenvalues can
be characterized by (2.18) Note, that we may also treat Dirichlet conditions by replacing H'(G)
by H, (} (g, pyb ) for a set of vertices VP V, the so-called Dirichlet set. Similarly, the associated

operators have purely discrete spectrum and we denote their eigenvalues by

A (AMm PP = inf sup a™™(u, ). (2.19)

ut,..un €Hg (G,VP)NHE(G) u€span(ut,...,un),||ul|3=1

If we suppose VP = V), then the associated eigenfunctions satisfy Dirichlet vertex conditions at

all vertices and we denote
AD(AM™Y = N (AM V). (2.20)

Ifitis clear what Schrodinger operators and Dirichlet sets we consider we also drop the arguments

and write /i,,, \p, A,

2.4 Persson’s Theorem for Schrodinger operators on Metric

Graphs

In the following we want to establish a Persson theory, i.e. the development of decomposition
type results which can be used to establish a characterization of the infimum of the essential
spectrum for a general class of Schrodinger operators. A major tool is the choice of a sequence
of partitions of unity to separate the supports of test functions. Let us briefly discuss the theory
(see [HS96, §14.4]) for Schrodinger operators in RY. Schrodinger operators can be shown to
satisfy the IMS formula (c.f. [HS96, (19.54)])

k
Au=>"JiAJu+ |V J;u. (2.21)

=1
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where Jy, ..., Jy € C°(RY) is a partition of unity that satisfy the normalization condition

Then holds (c.f. [S1g82) §2]):

Theorem 2.4.1. Suppose A : D(A) C L*(R™) — L?*(R") is a self-adjoint operator that satisfies

(2.21), then

inf 0,5 = sup inf (u, Auy 2.
KeRn u€D(A)
[[u]l2 ;=1, supp uCR™\K

2.4.1 Persson theory for Higher-order Schrodinger operators
2.4.1.1 Partitions of unity in 6?5

Let G be any locally finite, connected graph and O be a finite covering of . We construct a
partition of unity in 6’?(9 ) (c.f. (2.7)) by choosing appropriate partitions of unities subordinate
to the covering. One rather different “normalization” of the usual partition of unity will be

especially useful in applications in §3}

Lemma 2.4.2. Let G be a metric graph. Consider any finite open covering O of G. There exists

a partition of unity subordinate to O in Cy° satisfying

dug=1. (2.22)

0cO

Proof. Consider any smooth partition of unity {0 }oco on the graph subordinate to the open

Z\I/()E]_

covering O satisfying

Then we may define

‘1’0 = —wO 5
V2 0co Vo
forall O € O, which is smooth restricted as functions on all edges since Y, V5 (y) # 0forall

y € G. Furthermore, it is constant in a neighborhood of any vertex and we infer Uy € Cp°(G).

2‘112051.

0ec0

By construction we conclude

]

Remark 2.4.3. The normalization in (2.22)) replaces in this context the typical normalization,

Zonl

where one assumes
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Mostly, we will work with partitions of unity that satisfy the normalization (2.22).

In the following we define for R > 0 the open and closed R-neighborhoods of a subset
K C Gby
Kpr = {x € G| dist(z, K) < R}

_ (2.23)
Kpr = {x € M|dist(z, K) < R}.

Example 2.4.4. Let G be a finite, connected metric graph with core K = G \ &€,,. Consider on
G the open covering O given by K, and G \ K3, where K and K are the neighborhoods of K
given as in (2.23), such that G \ K only consists of disjoint rays. Consider the partition of unity
subordinate to O from Lemma 2.4.2] given by 1, {t). }cce.. respective to K and G \ K, then
we define slight modifications

1, on K
Vi r(z) =
Y (z/R) on all rays e € E;
o) = 0, onG \ {e}
Ye(x/R) one € E.

By Lemma [2.4.2] there exists a sequence of partitions of unity

\I[n = \IJK,na {—1;7/1 = Z \Ije,n

e€€0

in 6*}5(g ) satisfying
—2
2+, =1.

Then by definition, {\Iln\TJH} satisfies furthermore
e supp ¥, supp \in define a covering of G
* supp ¥, = Ky,
* supp U, =G \ K.

These properties make the choice for the sequence of partitions of unity useful in applications,
among others in §3| this sequence will be an example for a vanishing-compatible sequence of

partitions of unity subordinate to the open coverings given by Ky, and G \ K, (c.f. .

24.1.2 A decomposition formula

In the following we identify a given function f € 6;’5@ ) with its corresponding multiplication
operator My := fo. Let A be an operator such that fD(A) C D(A), then we can define the
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commutator [A, f] = Af — fA and

fAf=fPA+ fIA, f]
fAf = AP +[A fIf.

Averaging the two preceding equations we conclude
1 1
JAf = S(PA+AP) + 5 A 1 = [A 1)), (2.24)

Lemma 2.4.5. Let G be a locally finite metric graph. Assume {1} }2_, is a family of function in
ZJ\,,O?(Q) with 0 < ¢ < 1forallk € {1,...,k} and

Mz
|||

Assume D(A) is invariant under multiplication by elements in 6}5((] ), then

N
1
A= Z YAy — 5(%[14, Vi) — [A, Yln). (2.25)
k=1
Proof. Follows immediately with (2.24)). O

We refer to (2.23) as a decomposition formula for A. In the following, we develop a

decomposition formula for the Polylaplacian A = (—A)*.

Lemma 2.4.6. Let G be a locally finite connected graph. Let A = (—A)* with D(A) = H?*,
then

(i) fD(A) C D(A) forall f € C=(G).

(ii) Let | € 6’;03(9), then the operator f Af is given by

(fAf) ¢ (sz + Af2)s0

/-\
,_.
[\.’)
,_.
[\
?T‘
3

forall p € D(A).
Proof. We apply Leibniz’ formula and compute
[A, flo = (=D) fo = f(=A)
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Then we apply Leibniz’ formula again and compute

(A=Y Y :(%) (% m) 7 ) 2k

k
m=1
2k 2k—m

(Qk)m—l-n

- AT p(m )f(n)(p(%*m*n)
mlin!

- (-1

m=1 n=0
and we conclude
 1\k+1 2k—12k—m L
W T R o

In!
2 — = mh!

The statement follows upon combining this with (2.25)). O

2.4.1.3 A Persson type theory for Higher-order Schrodinger operators on metric graphs

Let G = (V, ) be a connected finite metric graph in this first part of the section. In particular
G consists of a compact subset K C G, which we call the core graph of G, upon removal of
the rays £, C &€ of G. Consider the Schrodinger operator with m € L? + L*>(G) as defined in
§2.3.1] Combining Lemma [2.4.5] and the abstract decomposition formula in Lemma [2.4.6 we
have the decomposition formula for the Polylaplacian:

Lemma 2.4.7. Let G = (V, &) be a connected finite metric graph and assume {¥y, ..., Un} to
be a partition of unity subordinate to an open covering O = {Oy, ..., O, } satisfying

Then
k 2% 2k— (2k)
=D WA, Z > Bt gy 0 o 227)
J=1 =1 n=1
forall p € D(A).
Given the core graph
K=G\&x (2.28)

we define for R > 0

Dg = {p € D(A™)|supp(¢) C G\ Kr}
St = inf{(p, Ap)|¢ € Dg, |l¢ll3 = 1}.
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Since D(A™) is nontrivial and invariant under multiplication by test functions in C2° the set
Dp, is nonempty.

For R = 0 we set

Dy = D(A™)
o ) (2.29)
Yo = inf{{p, Ap)|lp € D(A),[[¢l; =1}
and recall that
Y" = lim ¥ =supXy. (2.30)

R—o0 R>0

In the following we characterize the quantities that were central to the existence theorems in the
existence results before. Since A is self-adjoint one can show (see also Remark

Yot =info(A™).
By the following theorem also holds
Y™ =inf o5 (A™);
with Yy, 3 analogously as in (2.29) and (2.30) defined for a general self-adjoint operator A we

get:

Theorem 2.4.8. Assume G is a connected finite metric graph. Let A be a self-adjoint, nonnegative
operator on L*(G) that satisfies the decomposition formula Z.27). Additionally let f(A +1)7*
be compact for all | € 6’;0/0(9) Then

Y = inf 0,.(A).

Proof. inf o,,(A) > X. Let A € 0es(A) and let (p,,) be an associated Weyl sequence satisfying
|©n||3 = 1. Consider the sequence of partitions of unity ¥, v, from Example

Since W% (A+1)~! is compact for all R > 0, and since (A +1)p, — 0asn — oo we deduce
that
1@ renllz = 1PR(A+ ) (A+D)pallz =0 (n— o)

and passing to a subsequence, still denoted by ¢,,, we may assume
[spnllz = 1 Wn(A + )7 (A + pulla — 0.

Furthermore, with (2.39) we deduce that

) 1/2

HSDnHHQ’“ < C|90n|H2’“ =C (HAQOan + H%OnH%

is uniformly bounded. Since ¢, is a Weyl sequence for A € o0.(A) with the decomposition
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formula in Lemma we then compute

A= lim (p,, Ap,) 2

n—oo

— 1
= lim (V,,0n, AV, 0n) 2 + (V0on, AV, 0n) 12 + O (E)

n—00

Since A € o.s(A) was arbitrary, we conclude inf oo (A) > 3.
inf o,5(A) < X. Assume for a contradiction that inf oei(A) > ¥ + 3¢ with ¢ > 0. Then
o(A) N (—o0, X + 2¢] is discrete and since A is bounded from below, the spectral projector

Ps := P(_s x+42¢) 18 of finite rank. Assume ¢, € D, (A) is a sequence such that
(on, Apy) <X +¢
and ¢, — 01in L2. Then since (A + X + 2¢) Px is a compact operator and
(A+ X+ 2¢) Psp,, — 0 (n — 00).

Hence
(@n, Apn) 12 = (Pn, A(L = Ps)on) + (pn, APspn) 2

> (X 4 26)(on, (1 — Pe)pndre + (on, APspy) 12
> %+ 26 + (¢, (A+ X+ 2¢) Papn) o -

Passing to the limit we conclude
liminf(p,, Ap, )2 > X + 2¢
n—oo

and we infer the statement by contradiction. [

2.4.2 Schrodinger operators with magnetic potentials on general metric
graphs
2.4.2.1 Partitions of unity in W1°°(G)

Here we give an important example for a partition of unity in W5>*(G) = Cy"'(G). Given any
partition of unity in W>°(G) one can always find a renormalization as in Lemma

Lemma 2.4.9. Let G be a connected, locally finite metric graph. Consider any finite open
covering O of G. Then there exists a partition of unity in W1°°(G) subordinate to O satisfying

Z\Ifzozl.

0e0
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Proof. Consider a partition of unity {10} oco on the graph subordinate to the open covering O.

Then we define

Yo
V ZOeO w%

for all O € O. As a product of uniformly bounded Lipschitz continuous functions, ¥ is also
one; and by Proposition we conclude 1o € WH(G). Moreover, Y., 05 = 1 by

construction. ]

\I]O =

Example 2.4.10. Let G be a locally finite metric graph and let & be some bounded, connected
subgraph. Consider the partition of unity in W1 (G)

(x) = max{dist(G \ Ky, ), 1}, P(x) =1—=1Y(z).

We construct a sequence of partitions of unity via

() = %max{dis‘c(g \Kom 2)n}, On(z) = 1 — tu(x).

By Lemma [2.4.9| we can rescale them in such a way that

24+, =1.
Then as in Example the sequence V¥,,, U, satisfies
supp V¥,, = Ko, supp E/n =G\ K,.

This sequence will be used in applications in §3]and is also an example for a vanishing-compatible
sequence in W1°°(G) (c.f. Definition [3.2.16|for details).

Definition 2.4.11. Let f € C%!(G). We call a point # € G a Kirchhoff point of f if one of the
following holds:

(1) = € Vis a vertex of degree d, # 2, the derivatives f!(z) exist for all e > z, and f satisfies
the Kirchhoff condition
Z %f e($> = O’
e>x

(2) = € G is an interior point of an edge (equivalently, a dummy vertex of degree 2), and f is

differentiable at x.

We call the set
Ny =G\ {z € G : zis aKirchhoff point of [}

the non-Kirchoff set of f.



2.4. PERSSON’S THEOREM FOR SCHRODINGER OPERATORS 59

Remark 2.4.12. The approach to construct sequences of partitions of unities in 5’;}0(@) in
Example [2.4.4]is not applicable due to the absence of a core graph here. Instead, We are going
to consider the sequence of partitions of unity in Example 2.4.10] This concrete sequence has

some interesting properties, such that for all n € N

1 —~ 1
Y5l = - [¥n [l = -
and in particular
C —~ C
Wl < — W e < —
n n

for a C' = C(G) only dependent on the graph.

2.4.2.2 A decomposition formula

For the Schrodinger operator with magnetic potential

~ d 2
A=(1—+M
(de * )
D(A) = HX(G)
one can show as in §2.4.1.2] see Lemma[2.4.6;

Lemma 2.4.13. Let G be a locally finite connected metric graph. Let

A= <i% + M)2
D(A) := H*(G)

edgewise defined, i.e.

(&p)e = Ap,.
Then A defines a closed operator on L*(G) and satisfies
(i) fD(A) C D(A) forall f € C=(G).

(ii) Let | € 503(9), then the operator fAf is given by
1 1 20 | A f2 712
FAf =5 (fPA+A8) + 11! 231)

Proof. The proof is analogous to the one in Lemma[2.4.6 O

Remark 2.4.14. (2.31)) does not uniquely determine an operator. Indeed (2.37)) is the special
case of (2.26) when k£ = 1. In particular, formula (2.26) in the case & = 1 holds for all
self-adjoint realizations of the magnetic Schrodinger operators and independent of the choice of
M € H' + W'>=(G) as we will see in the following Lemmal[2.4.15]
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We will be interested in a decomposition lemma for the form associated to A as given in

.10).

Lemma 2.4.15. Let G be a locally finite, connected metric graph and a(-,-) be the symmetric

sesquilinear form given by

d
a(u,v) :z/(ii—i-M)u(i—%-M)vdx
g \ dz dx

foru,v € HY(G) Then for f € WH>=(G) N 6\05(g) we have

(ag(u, fZU) + a(f2u7 U)) + <|f/‘2u7 U>L2(g)‘

N[ —

a( fu, fv) =

Proof. By Proposition we may assume u, v € D.(AMY) and fu, fv € IEIVQ(Q) NHNG).
Integrating by parts on an arbitrary bounded subgraph K containing supp v and suppv we

compute

a(fu,fv):/f(mvdx—l— > Z[(i%JrM) fu] fo(v)

veNFNK e~v

:/K (% <f2g+gf2>u+\f’\2u>vdx

+ ) Z[(z’%+M> fu] fo(v)

vENNK exv

e

e

Similarly we compute
(a(u. f20) + a(f2u, ) + / P de
g
— /K (% (f2g+ ﬁf2> u + \f’Pu) vdz
+ Z Zl (zi—i-]\/[) f?u v(v)+1
2 dx 2

VEN;NK e>v e

N =

(z‘% + M> u] e fro(v)

Moreover, we have

E2p

for all v € N; and we deduce

(z’% + M> u] fo(v)

e

fo(v) = % [(i% + M) f2u] v(v) +%

€ €

(alu, f2v) + a(f*u,v)) + / |f'Pav dz
g

N | —

a(fu, fv) =
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for all u,v € D.(AM) and the statement follows by density of D.(AM) in D(AM). O

2.4.2.3 Persson’s Theorem

In this section we discuss quantities related to the spectrum and essential spectrum to treat the
general case. In fact, by [RS80, §6 Problem 44] for a self-adjoint operator A we have o(A) C
num(A) and furthermore we can even characterize the bottom of its spectrum and essential
spectrum via the numerical range of the operator and show a form version of Theorem [2.4.8|for

Schrodinger operators:

Theorem 2.4.16. Suppose AM™ is the self-adjoint operator associated to a™™, then

inf o (AM"™) = inf {aM’m(ap,gp)]go € H'Y(G) with ||¢|| = 1} = nihm

inf g, (AM™) = sup inf {aM’m(w, o) € HY(G) with ||| = 1 and supp(p) C G \ K} = pMm,
Keg

Remark 2.4.17. In fact, by the arguments below

inf o(4) = inf {ali, o)l € H1(9) with o =1}
holds for any self-adjoint operator with associated form given by the Friedrichs extension a(-, -).

Proof of Theorem|[2.4.16] Let us define

syt {4 o)l € HG) with o]~ 1}
(2.32)

yMm . — sup inf {aM’m(go, ©)|e € H'(G) with ||¢|| = 1 and supp(p) C G \ K}.
Keg

Let Ao := inf o(AM™). From Weyl’s theorem we infer the existence of a sequence {u,, }
with ||u,||2 = 1 such that

||(AM’m — Ntz =0 (n — o0)
and we infer
[((AM™ — XY, un)| < [[(H = A2 = 0 (n — 00).

Hence,

inf o (AM™) = \g = nliﬁn;)(AM’mun, u,) > Nph,

The reverse inequality is an immediate consequence of the fact that o(A™™) C num(AM.m)
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(see also [RS75| Problem VIII.46]) and we infer
inf o (AM0) = p)im,

Consider the sequence of partitions of unity W, @1 from Example [2.4.10| and the proof
of the statement follows verbatim as in Theorem [2.4.8] using the decomposition formula in

Lemma [

If we have

sabm < sMm

then by Theorem [2.4.16]in particular there exists discrete spectrum below the essential spectrum

and there exists a spectral minimizer of

inf{a(p, p)|p € H'(G) with [[¢[|7. = 1}.
In the following we will refer to such minimizer as ground states of AM™:

Definition 2.4.18. Suppose H is a Hilbert space and A is a self-adjoint operator on H. We say
¢ € D(A) with ||¢|| = 1is a ground state if and only if

info(A) = (Ap, p).

By Theorem [2.4.20] there exists a minimizer of

sy =t {4 (. )l € H(G) with ] = 1.
An important class of potential we refer to are potentials that have certain decaying properties:

Definition 2.4.19. Let G be a metric graph. Then we say m € L' + L°°(G) is a falling potential
if

inf sup |me(z)| =0.

K@g:ceg\K| (z)]

As a consequence of Theorem [2.4.16 we get in particular:

Theorem 2.4.20. Let G be a metric graph. Suppose m € L'+ L*>(G) is a falling potential, then
Y™ — inf g, (AM™) > 0.

In particular, if
o™ = inf o (AM™) < 0,

then Eéw’m € O gise(AM™),
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Theorem [2.4.16|can be generalized to a wider class of operators, namely those satisfying the
so called IMS formula (see [Sig82]]):

Definition 2.4.21 (IMS formula on locally finite metric graphs). Let G be a locally finite,
connected metric graph. Let A : D(A) C L*(G) — L?*(G) be a densely defined, self-adjoint
operator and assume a(-, ) is the associated symmetric, sesquilinear form, defined on H'(G).
We say A satisfies the IMS formula if for all f € W1(G) N C>(G)

a(fu, fv) = (a(u,f20)+a(f2u,v)) + (If)Pu, v) e, Yu,v € D(A). (2.33)

N | —

From Lemma 2.4.15|one easily sees that the magnetic Schrddinger operator AM™ associated
to the form a*™ as considered in §2.3.2|satisfies the IMS formula (2.33); and in particular the
Persson theory can be generalized to a broad class of operators:

Theorem 2.4.22. Assume G is a locally finite, connected metric graph. Let A be a self-adjoint,
nonnegative operator on L*(G) that satisfies the IMS formula (2.33). Additionally let f(A+i)~*
be compact for all f € C*' N C™ then

Y = inf 0,.(A).

2.5 Rearrangement techniques and Sobolev inequalities on

graphs

2.5.1 Decreasing and symmetric rearrangement

Let G be a locally finite metric graph. In this section we introduce rearrangement techniques on

metric graphs. For intervals our main references are [[Kaw85|] and [Dut67].

Definition 2.5.1. Given v € H'(G) with u > 0 we define the distribution function
p(t) = {z € Glu(z) > t}|
for ¢t > 0. Furthermore, we define
* the decreasing rearrangement v* : H*(G) — H'(I*) with I* = (0,]G|) via
u*(xz) =inf{t > 0|p(t) <z}, =xe€l

9] 19l

« the symmetric rearrangement @ : H'(G) — H'(I) with I = (-5, %) via

U(z) = inf{t > 0|p(t) < 2lz|}, wzel.
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Let us briefly in heuristic terms explain what these rearrangement do — «* is a monotonically
decreasing function each of whose sublevel sets has the same total length as the corresponding

sublevel set of v and u(z) = u*(@—') be definition.

Definition 2.5.2. Given a function u € H'(G) N C(G) we define the number of preimages
N(t) = #{z € Glu(z) = t}

fort € im(u).

The following results are well known for intervals, and the statements in fact transfer to

graphs with no major complications:

Lemma 2.5.3. Let G be a locally finite metric graph and o € (0,1]. Let u € C%*(G), then

u*,u € C%(G) and monotone.

Proof. Monotonicity is easy to see and can be inferred by definition. Let u;,us > 0 such that
im(u) = [ug, us]. To show the Holder continuity suppose ¢, ¢; € im(u) and w.l.o.g. ¢; > ¢a,

then we have

1 — o = inf u(z) — u <L inf dist(z,y)”
‘ ! 2 mEu*l(cl),yEu*1(02)| ( ) (y)‘ T zeu—1(c1),yEu—1(ca) ( y)
Then
|p(c2) = pler)] = [{z € Glar < u(z) < ca}]
= 1dt
/{$Eg|c1<u(t)<cg} (2.34)

> inf dist(z,y) > e — eV
T (o)) eu1 (ea) ( y) el Ll/a’ 1 2|

p is monotone decreasing, hence p~! exists and

y—al > 2o () — (@)

By definition u*(z) = p~!(z) for z € im(p) and is locally constant otherwise and with (2.34)
we infer u* € C%%(G).

Similarly @(%) = p~'(]z]) for |z| € im(p) and is locally constant otherwise and we easily
infer u € C%*(G) as before. O

Proposition 2.5.4. Let G be a metric graph and p € [1,00). Suppose uw € LP(G), then

o~

u* € LP(I*),u € LP(I) and

/ |u*(x)|P doz = /\@]p dz = / |ul? dz.
I* T g
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Proof. By equimeasurability, i.e.
Hz el (@) >t} ={zreG:ulx) >t} =|{zel:u) >t} (2.35)

for all ¢ > 0 we have

|u(x)|p :/0 ﬂ{y;|u\p>t}(x) dt
(@) = /0 Ly ey () dt

|ﬂ(az)|p:/0 Liyijurjp>ey () dt

With Cavalieri’s principle and (2.35) we therefore infer

|u*|pdx:/|ﬂ|pdm:/|u|pdx.
I T g

Theorem 2.5.5 (P6lya-Szeg®). Let G be a metric graph and let 1 < p < oo. Let u € WP(G),
then u*,u € WYP(G) and the following properties hold:

]

* the decreasing rearrangement satisfies

|G|
/ |(u*)’|pdx§/|u’|pdx
0 g

with strictness in the inequality if and only if there exists N(t) > 2 for some t > 0

* then suppose N (t) > 2 for all t > 0, then

1G|/2
/ |(ﬂ)’|pdx§/\u’|pdx
-1G1/2 g

with equality if and only if N(t) = 2 for all t € im(u).
Proof. By density it suffices to show the statement for simple functions u € C(G), i.e. u, is

piecewise linear for all e € £. Consider a partition of im(u) in

[ah a2], [az, GS], ceey [aM—h CLM]

with
a < ag <ag <---<apy
such that for each a; there exists z; € G such that u(x;) = a;, but the function is not extended

on the particular edge by a linear function smoothly. If we define

D; ={x € Gla; < u(z) < ais1}, i=1,...,M—1
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then each D, decomposes in intervals (Y; ;) possibly supported on different edges such that u
restricted to Y; ; = [b; j, b; j4+1] is linear and u(Y;) = [a;, a;11]. Then if p;(\) is the unique value

for which u(p;) = A for A € [a;,a;41]. Then

p~H(x) =) (—sign o], )pj(x) + const (2.36)

J

With Jensen’s inequality we infer

> / P do = (a1 — Zz (Insl ™) (Zw)

o) ()

Using (2.36) and u* = p~! on D; we compute

k

= (aip1 — a;) (Z ‘Pﬂ) <Z ’PH)

> [ wpars [ jyra
j Yi j D;

/D wYPde, = (4 — o) <Z<—signu'|m>p;)

and we deduce

Summing over all 7 leads to
@yPde =Y [ Jwypae <3 [ wpdes [upae
I* i D; ij Yi,j g

since v’ and (u*) are piecewise constant. The inequality is strict if and only if there exists
N(t) > 2 for some ¢ > 0 due to strictness in Jensen’s inequality. Similarly, strictness in the
inequality can be shown for u € W'?(G). In fact, following [Duf70, Theorem 1] supposing
N(t) > N for almost all ¢ € im u the inequality can be strengthened to

p

dx

!/

u
u*)|Pdr < / —
wyrae< |5
and similarly we get

2
/ (@) de =2 / (Y|P de < / 2P de < / P de
T I* QN G
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and the inequality is strict if N(¢) > 2 for any ¢ > 0.

2.5.2 Gagliardo-Nirenberg and Sobolev inequalities

Gagliardo—Nirenberg inequalities on metric graphs were discussed also in [AST15]] for finite

metric graphs, we will need an adapted version here:

Proposition 2.5.6 (Gagliardo—Nirenberg inequality). Let G be a locally finite, connected metric
graph and M € C(G). For p € [2,00) there exists a constant C' > 0 independent of M such
that

p—2

.d pt2
ol < ¢ | (i +ar) | * 37

2

forallu € H(G).

Proof. Suppose G is a tree graph at first. Then using the unitary gauge transform G : H'(G) —
H'(G) (see also §3.4.4{for details) we deduce that (2.37)) is equivalent to

p=2 pt2
lull; < C (122 flully?

which can be shown via symmetrization methods as considered in [AST135]]; although this was
shown there for finite metric graphs, the proof can be simply adapted to locally finite ones. In
particular, the constant C' > 0 can be chosen independent of M. Cutting the graph at a discrete
set of points on the metric graph, i.e. we can find a tree graph G such that identifying a discrete
set of points on the graph results in a graph isometrically isomorph to G. Hence, there exists

lifts of the norms on H'(G) to H'(G) preserving the norms and (2.37)) also holds for H'(G) and
the constant C' > 0 can be chosen independent of M € C(G). O

Proposition 2.5.7 (Sobolev inequality). Let G be a locally finite, connected metric graph and
M € C(G). Let p € [2, 0] then there exists a constant C' > 0 independent of M such that

) 1/2
ull, <C (/ (zi + M) ul daz + / |u|2dx> , (2.38)
g |\ dz G

forall w € H'(G).

Proof. The aproach is similar as before, indeeed we can use the known result in absence of M
and use a gauge transform to show that (2.38) holds with a constant C' > 0 independent of the
potential M € C(G). O

Proposition 2.5.8 (Gagliardo—Nirenberg interpolation inequalities). Let k € N and G be a finite
metric graph. Then

(2k—1)p+2 p—2
Jullp; < Cllully = ful g
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forallu € H*(G).

Proof. From the Gagliardo—Nirenberg inequality on metric graphs and Gagliardo—Nirenberg

interpolation inequality on intervals we compute

1 7_1 1)p+2
lully < Oyl el << Gulull, T Jul

Consider the norm on H*(G) defined as

1/2
|u| g = (/ lu™)? + ]u\zdx) :
g

Then due to the Gagliardo—Nirenberg interpolation inequality on intervals (see e.g. [Leol7,

Theorem 7.41]) applied edgewise
[ulfp < lJullze < Clul (2.39)
and we conclude that || - ||+ and | - |+ are equivalent norms in H*(G).

Proposition 2.5.9. Let k € N and G be a finite metric graph. Then

(2k—1)p+2 p—2

Jully < Clull, * Jul i
forall u € H*(G).

Proof. From the Gagliardo—Nirenberg inequality on metric graphs and Gagliardo—Nirenberg

interpolation inequality on intervals we compute

241 21
lully < Cullullz ™ w5
(2k—1)p+2

< Celull, * |u \

2.6 Analytic dependence of eigenvalues

The proof of the analytic dependence of the length parameter of the Laplacian on a given metric
graph G = G(G, £) is due to Kato’s perturbation theory. For accessibility we would like to
summarize the result with the following theorem. Note that the statement and proof of the
following theorem is loosely based on [BKL19, Theorem 4.1], in which a similar study on

analyticity of the Robin Laplacian on a domain in the real space was made.
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Given a metric graph G = G(G, £) we consider a rescaled operator which is isospectral to
the Laplacian. Namely, \ € R is an eigenvalue with eigenfunction u € H*(G(G, 1)) if and only
if
/ —uv —Auvdr =0
ecE

for all v € H'(G(G, 1)) and we apply the Kato theory to the operator associated to the corre-

sponding closed form

ag(c.e(u,v) / E—Qu’eve dz

eckE
D(age) = H(G(G,1)).
Hence, the form domain is independent of length parameter and we may apply Kato’s theory
[Kat13) Chapter VII, §4] as we shall lay out below.

Since ag(ge) : H'(G(G,£)) x H'(G(G,£)) — R is a bounded symmetric form. Consider
the weak formulation of the eigenvalue problem associated to the (I.13), i.e. A is an eigenvalue
if and only if

ag(G.e)(u, v) = AU, v) 12
for all u,v € H'(G). Then the operator —A associated to agc ¢ has compact resolvent and the

spectrum is purely discrete and there exists a sequence of eigenvalues
0=X(G) <X(G) <

such that A, (G) — oc.
In this context, suppose () : [0,1] — R|>E0‘ is a locally analytic curve, then in an abuse of

notation we define

—A(t) := —AQ(G,W)), aG.t = Ag(G(t)) (2.40)

Theorem 2.6.1. Let G be a metric graph. Consider the family of sesquilinear bounded forms
ac ) as defined in (2.40). Then

(i) agy is a self-adjoint holomorphic family of Kato type (a), i.e. for allu € H*(G)
ag(u,u) = ag(u,u).
(ii) Each eigenvalue \i(t) can be extended to a real locally analytic function for t € R, and

their eigenfunctions u(t) can be chosen to form an orthonormal basis of L*(G).

(iii) The algebraic multiplicity of each eigenvalue is constant up to a finite number of points

and at most finitely many eigenvalue branches can meet in these algebraic singularities.

Proof. We follow closely the arguments in [Katl3|, Chapter VII §4]. By definition, it is imme-
diate that a¢ +(u, ) is locally analytic for all ¢ € R. By analyticity, there exists a holmorphic
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extension of the associated form operator 7'(-) : H'(G) — H'(G) on a domain [0,1] C D C C
and by construction 7'(¢t)* = T'(t) for all t € D. Then T'(t) defines a selfadjoint family of
operators in the sense of Kato. In particular, by [Katl3, Chapter VII §3.1] each eigenvalue can
be extended locally analytically to a function \;() and the eigenprojectors also depend locally
analytical on the parameter. As discussed in [Katl3, Chapter VII §3.1] one can then find an
orthonormal basis of eigenfunctions w;(t) associated to \;(¢) each dependending locally analytic
on t.

For the last part of the statement we give a slightly different proof. In fact, by [GS06] each

eigenvalue A = k% > 0 is characterized by the secular equation
Ch(, k) :=det (I —Sy(£,k)=0

such that Sy (£, k) € CIVI*IVlis unitary and all the entries are analytic functions. Suppose 0 € I
is a finite interval,

v Iy RY

and \;(t) > 0 is an analytic curve such that

In particular, there exists a orthonormal basis of eigenfunctions u;(t) associated to eigenvalue
wi(t) of Sy (v(t),/Ai(t)) by [Katl3, Theorem 1.10] and the algebraic multiplicity of the
eigenvalue of any eigenvalue of 1 for any ¢ € I, coincides with the algebraic multiplicity of the
eigenvalue \;(t) > 0.

Then for any j € N either

G, VA =0 @41

or the set of zeroes is finite. In other words, there are at most finitely many points such that the
algebraic multiplicity is unequal to j, where 7 € N is the smallest integer such that 1s
not satisfied. Since the algebraic multiplicity of any eigenvalue by the spectral theory is at most
finite, at most finitely many eigenvalue can meet at any such point. In particular, the number of

such intersections is locally finite. 0



Chapter 3

Stationary NLS ground states on metric

measure spaces

In this chapter we discuss the existence of ground states for energy functionals via a general
existence theory for functionals on metric measure spaces. In particular, we show existence
principles for NLS type functionals, which we previously introduced in §I.3.1] In §3.2) we
introduce the theory and give first examples for domains. In §3.3| we show an existence theory
for ground states of general NLS type functionals with application to the stationary higher-order
NLS functional on finite (noncompact) graphs. In §3.4 we conclude this chapter with some
discussion on the stationary NLS functional on locally finite graphs with application on infinite
tree graphs. This chapter is based on [Hof19]]; however with some additions, most notably the
discussion of the general existence theory applied on general NLS type functionals in §3.2] We
note that one can find more discussions on the higher-order NLS energy type functional, that
was considered in §3.3.2] therein.

3.1 Overview and definitions

In general, one cannot expect existence of ground states of functionals in the noncompact
case via the direct method of the calculus of variations due to the lack of strongly convergent
subsequences. In this context, [Li084] invented a very effective principle based on concentration
compactness for functionals defined on R™Y, where in principle strongly convergent subsequences
could be reached in the compact setting. In general, the dichotomy result obtained here, but also
for instance in [AST17] or [CEN17] are in the flavor of Lion’s original result. Namely, due to
the subadditivity of the functional for a minimizing sequence either the so called concentration
function goes to zero or one has in fact existence of minimizers. In principal there are two
strategies to retrieve strongly convergent minimizing sequences. Either to exclude the case where
the concentration function goes to zero or to retrieve non-vanishing minimizing sequences by

construction due to translation invariance, which in principal on general metric measure spaces

71
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might not be possible due to the lack of concept of translation invariance. In our context, we
strengthen the structural setting based on spectral theoretical results that we develop to exclude
that minimizing sequences vanish and infer therefore existence of minimizers to the ground state

problems considered.

Let us be now more precise about the abstract setting we will consider. Let (M, d, u)
be a nonempty metric measure space (see also Definition . Assume p € [1, 00| and let
X (M) C L?(M) be a Banach space continuously and locally compactly imbedded in L”(M),
i.e. for any precompact, connected subset K, the restriction X (K') is compactly imbedded in
LP(K). In the case of a metric graph G a prototype would be H'(G), but we will also apply this
to higher-order Sobolev spaces H*(G) with k € N and H*(£?) for an open subset 2 C RY with
N eN.

In §3.2] we establish a general existence theory for constrained minimization problems for
functionals of the form
E:= inf E(u) (3.1

ueX (M)
lJullzp=1

with £ € C(X(M),R), and E(0) = 0, such that the mapping

t— Ey:= inf E(u)
ueX (M)
l[ullpp=t

is continuous for ¢ > 0. To motivate our approach, let us briefly revisit a classical method in RY
that has served as inspiration to obtain results on metric graphs in previous works. In general,
one cannot expect existence of minimizers when X (M) is only locally compactly imbedded
into L? due to the lack of globally strongly convergent subsequences. P.L. Lions introduced in
[L1084] a very effective dichotomy principle based on concentration compactness for functionals
defined on RY to tackle this major difficulty. We will make some technical assumptions (see
Definition and Definition that guarantee a dichotomy result (Theorem [3.2.8)) for
the constrained minimization problem (3.1)) in the flavor of Lion’s original result, as has also
appeared in adapted form in [AST17] and [CEN17] in specific applications. Namely, due to
the subadditivity of the functional either the so called concentration function for a minimizing

sequence tends to zero or one has in fact existence of minimizers.

In principle there are two strategies to recover strongly convergent minimizing sequences.
Traditionally, one uses translation invariance to recover non-vanishing minimizing sequences
from vanishing ones; however, on general metric measure spaces this is not possible. The
second possibility is to exclude the case of vanishing minimizing sequences altogether by other
means. Under the correct assumptions, including the structural assumption that roughly speaking
E € C(X(M),R) is of the form

1
E(u) = §a(u, u) + nonlinear perturbation ,
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where a(-, ) is a suitable sesquilinear form, more specifically under the assumptions in
associated to some self-adjoint operator A, we draw connections to spectral theoretical quantities
of A to exclude the case when minimizing sequences of (3.1)) vanish. In particular, this covers
the problems considered in [AST17] and [[CEN17].

More specifically, we show as a consequence of Theorem [3.2.19](see Corollary [3.2.20) that

existence holds for ground state energies that satisfy the additional relation

E < E:= lim inf E(u), (3.2)
n—00 ueX (M)
supp uCM\Kn, |lull? ;=1

where K,, := {z € M|d(z, K) < n} is the expanding ball around some precompact set K
this will turn out to be a generalization of (I.9). But (3.2) has a natural spectral theoretical
interpretation. In fact, given a Schrddinger operator A = —A + m on R” there exists an
analogous result for the linear ground state problem. As a consequence of Persson’s Theorem
(see for instance [HS96, §14.4]) ground states of A exist if

inf (Au,u) < lim inf (Au, u), (3.3)
ueD(A) n—oo u€D(A)
[lul|2=1 supp uCRN\ K, (0), HuHQLQZI

which is equivalent to (I.TI) (cf. §2.4.1.3). In our applications, we will use (3.3) and a
perturbation argument to show (3.2) for small nonlinearities, although in some cases we can
remove or specify this restriction. In this context, the IMS localization formula (see [S1g82]])
and analogues for similar problems which we will develop will be useful tools (see
and §2.4.1.2). We note that unlike [AST16]] the general existence principle does not rely on

symmetrization techniques.

As alluded to, the functionals and (I.10) as considered in [AST16] and [CEN17] satisfy
the prerequisites of this theory (see Example[3.4.13|and Example[3.3.13). In fact, one application
of the existence theory constructed in will be to a natural generalization of (I.10), namely
the higher-order stationary NLS energy functional in §3.3.2] We will also generalize existence
results on the stationary NLS energy functional with magnetic potential for general locally finite

graphs, using the abstract structural assumptions of the spaces considered, which main results

we present in §1.3.1]

Let us now be more precise about the operators we investigate in this context. Given a metric

graph G we define the higher-order stationary NLS energy functional

1 >0, 2<qg<4k—+2,
E(k)(u) = 5/ |u(k)|2 + m|ul?dz — H/ |u|? dz, H qL2 () (3.4)
g q.Jg m e L°+ L™
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and consider the ground state problem

1
E® —  inf —/\u(k)|2+m|u|2dx—H/|u|qu, (3.5)
qﬁeﬁk(gﬂ g qJg
u L2:1

with H*(G) being a higher-order Sobolev space as defined in When k£ = 1 the energy
functional (3.4) reduces to the stationary NLS energy functional and we derive conditions for
which the theory is applicable. Minimizers of (3.5)) satisfy the stationary higher-order nonlinear
Schrodinger equation

)
(D% 4+ (m+ A) ue = plueltue, Ve e &

u) € C(G) foralli <2k —1even (Continuity)

A uP(v) =0 Vi<2k—1lodd WeV

ee>v

(Kirchhoff condition).

\

for some Lagrange multiplier A € R. While to the best of our knowledge this functional has
not yet been considered on metric graphs, the stationary higher-order nonlinear Schrodinger
equation on the real line of 4™ order is for instance related to traveling wave solutions of the
nonlinear higher-order Schrodinger equation for the pulse envelope with higher-order dispersion
as shown in [Krul9, §II]. For combinatorial locally finite metric graphs a discussion on the
existence of solutions of the nonlinear higher-order Schrédinger equation of 4" order was for

instance considered recently in [HSZ19].

A minor difficulty in defining (3.5) is that one needs to define higher-order Sobolev spaces
H*(G), as to date no standard way to define these spaces has emerged. We will define them in

such a way that the formal Polylaplacian

A= (=AY +m
D(A) = H*(G)

is a self-adjoint operator on L*(G) as shown in §2.3.1l We remark that the choice is not
necessarily unique. A discussion of self-adjoint realizations for the Bilaplacian on metric
graphs can be for instance found in [GM17].

The results in Theorem [I.3.T] and Theorem [1.3.2] are shown for metric graphs with finitely
many edges, which we refer to as finite metric graphs throughout the thesis. Such graphs consist
of a finite number (possibly zero) of edges of infinite length, i.e. half-lines, which we call rays,
and a complement, which is compact, and which we will call the core of the graph. In [CEN17]],
[Cac18] such graphs are called starlike (see also Figure [3.T}left).
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o0 o0

Figure 3.1: Finite vs locally finite graphs. An illustration for the classes of graphs that are considered. To the left a finite metric
graph, sometimes referred to as starlike, consisting of a core graph K and attached rays and to the right an infinite tree graph as
considered in Theorem[@]as an example for a locally finite metric graph, i.e. finite on any precompact set.

Our theory also allows us to handle more general graphs, however, in the case £ = 1 (c.f.
Theorem [[.3.3]in §I.3.1). It remains an open question if for the stationary higher order NLS

ground state problem on locally finite graphs one can show similar existence results. If £ = 1
the minimization problem (3.5) reduces to the existence of ground states of the stationary NLS
energy functional. In fact we will consider a class of graphs with countable edge set, which is
finite when restricted to any precompact subset. We will refer to such graphs as locally finite
metric graphs in the following as introduced in §2.1 Moreover, to illustrate the scope of our
techniques, we will consider (without much extra effort) the more general situation of a magnetic
Schrodinger operator. On locally finite metric graphs we consider the following variant of the
NLS energy functional

2 u>0, 2<q<4k+2,

m € L* + L™(G)

+m|u|2dx—ﬁ/ |ul? dz,
pJk

(3.6)
where IC C G is a subgraph of G and consider the ground state problem
EXL = inf ELL(w). 3.7
NLS T Ci(g) nLs(w) (3.7)
Jully® =1

Here we focus on the subcritical case 2 < ¢ < 4k + 2, but we remark that the general existence
theory developed in this chapter can be also applied in the critical case ¢ = 4k + 2 if (3.7) is
bounded from below.

In this context, we study properties of the magnetic Schrodinger operator with potential

M - d ’
AV = z£+M +m

for M € H' + W1*°(G) and m € L? + L>(G) with its natural domain of definition, which we
described in detail in §2.3]



76 CHAPTER 3. STATIONARY NLS GROUND STATES

Let us finish this section by mentioning a few other recent results on related topics and that the
corresponding research can be also found in [Hof19]. For a broad overview of spectral theory
of operators we refer to [RS80]. We refer to [EKMN18]| for a recent article on spectral theory
for metric graphs with infinitely many edges. The stationary energy functional

1
Exis(u,G) = _/ [o/[* dz — H/ ul? dz, Jull72 =1,
g

2
| n (3.8)
E3(u,G) = 5/ ? da - H/ ultde, [l = 1,
g q Jk
and the corresponding ground state problems

ENLS(g) = inf ENLS(”, g), El(\I’IC,)S(g) = inf Eﬁ]ﬁ;(u, g) (39)

ner, @) e\ )

ullz=1 ul|3=1

with I = G was considered in [ACFN12], [AST15]], [AST16], [AST17] among others. A
variant of the problem with localized nonlinearities in the L2-subcritical case was considered
in [Ten16] and for the L>-critical case extended in [DT18b] and [DT18a], where the area of
integration in the nonlinearity is taken to be a bounded subgraph K. A very recent survey on
results on the stationary NLS energy functional with localized nonlinearity can be found in
[BCT19]. Recently, classes of graphs that do not necessarily consist of finitely many edges have
also been considered. For instance, [DST19] deals with a certain class of infinite tree graphs,
which fall into the category of the locally finite metric graphs that we consider here. We would
also like to mention the results obtained by [AP19] for the NLS energy functional with growing
potentials for a class of general metric graphs satisfying certain volume growth assumptions

using a generalized Nehari approach.

3.2 A general existence theory

In this section we derive an existence theory for ground states of functionals as in (3.4) and
(3.6). To do so, we derive a more general existence principle for functionals on function spaces
defined on metric measure spaces, which we will apply later to the functionals introduced before
to discuss the existence of minimizers. We prove a dichotomy result for minimizing sequences
and discuss in this context the existence principle based on threshold energies for the stationary

higher-order NLS functional.

3.2.1 Preliminaries: Metric measure spaces and Brézis—-Lieb Lemma

Metric measure spaces are general objects that contain a large class of spaces such as oriented
Riemannian manifolds, but are not limited to manifolds and in fact metric graphs or combinatorial

graphs are not manifolds due to ramifications but are still metric measure spaces by definition:
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Definition 3.2.1. A metric measure space (M, d, i) is ametric space (M, d) with Borel measure

L.

Then any oriented Riemannian manifold becomes a metric measure space with an intrinsic
metric and induced volume form. In particular, open domains €2 C R" with Euclidean distance
and Lebesgue measure are metric measure spaces. Metric graphs as discussed in §2.1] have
a notion a distance and inherent a measure from the Lebesgue measure on the edges. In the

following, we will statea useful result we will need a few times throughout this chapter:

Theorem 3.2.2 (Brézis—Lieb Lemma, [BL83]). Let (€2, 3, i) be ameasure space and let { f,, }2°
be a sequence of complex values measurable functions which are uniformly bounded in LP =

LP(2, %, ) for some 0 < p < co. Suppose that f,, — f pointwise almost everywhere, then

T 1fally = o = S15 = 171

In the following we work with functions defined on an abstract space X (M), namely a

function space on a metric measure space (M, d, ;1) with the following properties:

Assumption 3.2.3. Letp € [1,00). Let (M, d, i) be a metric space with a locally finite Borel
measure i on M. Assume X = X (M) C LP(M) is a nontrivial Banach function space
continuously and locally compactly imbedded in LP(M), i.e. M restricted to

Kr(y) := {x € M|dist(z,y) < R}

is compactly imbedded in LP(Kr(y)) forall R > 0 and y € M.

Remark 3.2.4. Our prototype to satisfy Assumption is X(G) = HY(G) where G is a
connected, locally finite metric graph. However, it is for instance also satisfied by X (Q2) =
H'(Q) for a bounded domain 2 C RY with N € N.

If the underlying function space of our functional satisfies Assumption [3.2.3| the following

is a known consequence:

Corollary 3.2.5. Suppose (M, d, i) be a metric measure space and X (M) be a function space
satisfying Assumption Suppose f, is a bounded sequence in X (M), then there exists
f € LP(M), such that up to a subsequence f, — f a.e. and

T [ fullp = I fn = Sl = 1115

Proof. By continuous imbedding f,, is a bounded sequence L”(M) and by locally compact

p

imbedding there exists a subsequence f, — f in L,

(M) and in particular we can find a
subsequence such that f, — f almost everywhere. The statement is then a consequence of

Theorem O
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Let us conclude the prelimary section with a similar result for Hilbert spaces H.

Proposition 3.2.6. Let H be a Hilbert space with scalar product (-, -, ) and norm || - || = \/(-,-).
Suppose f, — f weakly in H, then

Tim (£l = 15— £ = 112
Proof. By weak convergence {f,,, f) — || f||* as n — oo and by definition

1 full® = 11fu = FI* = 2R(fa, £) = IFI° = IFI* - (0 — o0).

3.2.2 A dichotomy result

We consider the constrained minimization problem

E:= inf E(u)
ueX (M)
lullp=1

for a functional £ € C'(X (M), R) satisfying the following technical properties:

Definition 3.2.7. Let p > 2 and let M and X = X (M) be as in Assumption Let
E € C(X(M),R) such that £(0) = 0 and

E = inf E(u)>—o0
uEXIgM)
”u”p:t

forany t > 0 and £(0) = 0. We say:

(1) t — E is strictly subadditive if

E, < B+ El—t; YVt € (0, 1)

(2) E is weak limit superadditive in X if for all ¢ > 0 any weakly convergent minimizing

sequence u,, — u in X (M) of E, satisfies

limsup F(u,) > E(u) + limsup E(u, — u).

n—oo n—o0

up to a subsequence.

Theorem 3.2.8. Let p € [2,00), and let M, X = X (M) be as in Assumption Let
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E € C(X(M),R) be a weak limit superadditive functional in X. Let

t— Ey= inf FE(u)
ueX (M)
lullp=t
be a strictly subadditive, continuous function of t € [0, 1]. Let u,, be a minimizing sequence of
E, and assume there exists u € X such that up to a subsequence u,, — u weakly in X. Then

either u = 0, or u, — u strongly in LP(M) and u % 0 is a minimizer.

Remark 3.2.9. Theorem gives rise to a dichotomy. If the requirements of Theorem 3.2.8
are satisfied, then a minimizing sequence satisfies either u,, — 0 in X or there exists a strongly
L? convergent subsequence converging to a minimizer of . In case a minimizing sequence does
not strongly converge towards a minimizer of £ from u,, — 0in X (M) we infer ||uy, || L»(x) — 0
on any bounded subset K of M. In particular, since ||u,[|? = 1 for all n € N the mass needs to

move outside any compact set.

Definition 3.2.10. In virtue of Theorem we say a minimizing sequence of ' is vanishing

if u,, — 0 in X and non-vanishing otherwise.

Proof of Theorem[3.2.8} Suppose u,, € X (M) be aminimizing sequence of £. Letu € X (M),

such that u,, — u weakly in X with u # 0. Then since u,, — u in L? we deduce u # 0 and

loc
1> lullp > 0.

Up to a subsequence u,, — « pointwise almost everywhere, and from Theorem [3.2.2]the Brézis—
Lieb Lemma, we conclude

[|ul[b + limsup [|u, — ul[) = 1.
n—oo

By weak limit superadditivity, strict subadditivity, and continuity of ¢ — FE; we deduce that up

to a subsequence
E.> E(u) + limsup E(u — u,)
n—oo

> Ejyp + limsup By, 2
n—oo

2 Bz + Erimsup, o, llun—ulp = E1-

where equality is only attained when [|u||> = 1 and lim sup,, ., ||u, — ul[} = 0. Thus [Jul} = c
and we conclude
and v is a minimizer of £. O

Example 3.2.11 (Subcritical NLS ground states). Let N € N. Suppose 2 C RY is a connected,

unbounded, open set, then with the Euclidean metric d and Lebesgue measure dx the triple
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(Q, d, dx) defines a metric measure space. For every precompact open set X C € the Rellich—
Kondrachov theorem asserts that H'(K') compactly imbeds in L?(K) for 1 < p < p* with

If N = 1,2 we have p* = oo and H'(K) compactly imbeds to LF(K) forall 1 < p < co. In
particular, Assumption [3.2.3]is satisfied for 1 < p < p*.

Consider the NLS energy functional

1
Enis(u) := 5/ |Vul?dz — g/ |u|? dx
Q Q

D(Exis) = {u € Hy(Q)|[ull3 = 1}

forpy>0and2 < g <2+ %. We are going to demonstrate in the following that this functional
satisfies continuity, subadditivity and weak superadditivity and that Theorem [3.2.8] is in fact
applicable.

With the Gagliardo—Nirenberg inequality we have

luall <l 1]l "

N(q—2)

2 Hence for sufficiently small € > 0 there exists C. > 0 such that

for o =

1
ENLS(U) Z (5 — 8) / |u’|2d1’ — Ca 2 _Cg
Q

and F\is 1s bounded below.

Define
t— B, = inf ENLS (u),
u€H(Q)
l[ull3=t
then since ¢ — FE(t'/?u) is concave for each fixed u € D(Ex.s) and ¢ € (0, 1), we deduce
Enis(t?u) < tEnis(u)

and hence F; < tF;. For a contradiction, suppose E; = tF; for some ¢ € (0, 1), then we have

1 o=
E, =t inf —/\vuﬁdx—tfﬁ/myqu. (3.10)
Q q.Jq

uED(ENLs) 2

Let u,, € D(Enis) be such that Enis(u,) — Fp. With (3.10) we deduce

/ |up|?dz — 0
Q
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since otherwise
E, < lim ENLs(tl/Qun) < lim tENLS(“n) =tE;.

n—oQ n—oo
In particular, we infer £y > 0. Then E; is strictly subadditive if the ground state energy is
negative, i.e.

E1 = min ENLS(“) < 0,
uED(ENLs)

since F; < tFE; and we have

Ey+FE < Ey.

In fact, for sufficiently large 1« > 0 this condition is always satisfied by a test function argument.

In fact, suppose ¢ € C>°(2) with ||¢||3 = 1, then for sufficiently big > 0 we have
1 2
Ey < - ]ch| dr — ](p\qd:v < 0.
q

We remark, that in fact ¢ +— FE; is concave as the infimum of concave functions and
therefore in particular continuous. The weak superadditivity is then an immediate consequence
of Corollary [3.2.5|and Proposition [3.2.6] In fact, there exists then a subsequence such that

i a3 = [Juf]® + T flu = |7
T |2 = [fullg + N flu— |

and we have
lim E(u,) = E(u) 4+ lim E(u— u,)

n—oo n—oo

for a subsequence of u,,.

Example 3.2.12 (NLS with potential). Suppose m € L7 + L>=(£2), then the NLS energy

functional with potential is defined via

Efis(u /|Vu]2+m|u|2dx——/ lul? dz

D(EXis) = {u € Hy(Q)l|lull; = 1}

for p > 0and 2 < ¢ < 2+ +. Suppose m = my + my with m; € L%(Q) and my € L>(Q)
such that ||m;||_» < e with € > 0 sufficiently small. With the Holder inequality we compute
2% 2

'/ mlul? da

Then as in Example [3.2.T1] we infer that £j ¢ is bounded below and as in Example [3.2.T1] we

<l 2=,

<Nl + el pullZ:

< C(Qellullz + [Imall < [[ullZ-.
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infer that
t— E;m = inf ENLS (U)
weHL(Q)
l[ull3=t

is strictly subadditive, if

1
ET" < inf §/|Vu|2+m|u|2dx,
Q

UED(ENLs)

which is satisfied for sufficiently large 1« > 0. In fact, by the same arguments as in Example[3.2.11
we also can infer continuity and weak limit superadditivity and Theorem [3.2.8]is applicable.

3.2.3 Vanishing sequences and threshold energies

As in the previous subsection we consider M to be a metric measure space and X (M) C LP(M)
to be a function space which is locally compactly imbedded in LP(M). In the following we

want to introduce partitions of unity and therefore assume the following:

Assumption 3.2.13. Ler (M, d) be a metric space with locally finite Borel measure p on M and
X (M) as in Assumption Then we assume Y (M) to be a set of © measurable functions
on M such that X (M) is invariant with respect to multiplication of elements in Y (M).

Remark 3.2.14. For our prototype X (M) = H'(G), then Y/ (M) = W*(G) would be an ex-
ample to satisfy Assumption(3.2.13|and we refer to the more detailed example in Example|3.2.18

In this section we show that the existence of vanishing sequences gives a bound from below
on the ground state energy [, which allows us, under stronger assumptions, to deduce an
existence result from Theorem

Definition 3.2.15. Let Y (M) be as in Assumption [3.2.13] Assume UpcpO = G is a locally
finite open covering O of M. Then we say a family of nonnegative functions )o € Y (G) is a

partition of unity subordinate to O if

suppvo C O, YOO A Usuppwo:g A 0<yYp<1
0€0

and ) . Yo(x) # 0 for all z € M and
Uo(z) =1, Vo € supp Vo \ U supp V5.
Oeco\{0}

Given a vanishing sequence, the following property of a functional characterizes decom-
posability with regards to sequences of partition of unity with increasing core, namely given an

arbitrary precompact subset K of M, which we refer to as the core, we define the expanding set
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Kp for R > 0 analogously to (2.23) via
Kg = {z € G|dist(z, K) < R}. (3.11)

Definition 3.2.16. Let £ € N and let M be a metric space. Let K be a bounded subset of M and
K, be defined by (3.11]) forn € N. We say a sequence of open coverings O,, = {OS), ce Oﬁf)}

consisting of k£ open subsets (not necessarily connected) is vanishing-compatible, if
K,nOW =0, VYie{2,...,k}
and O is bounded for all n.

In particular, K,, C O'V. That is, for a sequence of open coverings O,, = {O,(zl), e ,Off)}
all its members except O move away from K. Furthermore, this notion does not depend on the
choice of K, i.e. up to a subsequence any sequence of open coverings is vanishing-compatible

for any other K, since { K, },en defines an open covering of M.

Definition 3.2.17. Let k € Nand O,, = {O,(@l), e ,Off)} be a vanishing-compatible sequence
of open coverings. Then we say £ € C'(X(M),R) is k-superadditive with respect to a fixed
sequence of partitions of unity

{Yo}toeco, = {@/1053), . ,@/Joge)}

if for any vanishing sequence (v, ), there exists a subsequence (keeping the indices by abuse of

notation), such that
k

lim sup E(v,) > Z lim sup E(¢ ) ).
n—o0 i oo "
Given a fixed sequence of vanishing-compatible partitions of unity a functional may or may
not satisfy this property. In other words, we need to construct a suitable sequence based on the

problem. Let us consider the case on domains:

Example 3.2.18. Let n € N and N € N. Suppose € C R¥ is a connected, unbounded, open
set, then with the Euclidean metric d and Lebesgue measure dz the triple (€2, d, dx) defines a
metric measure space. If X (Q2) = HF(Q) and Y (Q) = Wk°(Q), then X (1) is invariant by
multiplication of elements in Y (). In fact, for f € H'(Q2) and g € W1>(Q) by the product
rule we have fg € H'(Q2) and

V(fg)=(Vfg+(Vg)f.

Let ¥ € C*°(R) with supp ¥ C [—2,2], suchthat 0 < ¥ < 1 and ¥ = 1 on [—1, 1]. Consider
the open covering O defined by K5,(0),Q2 \ K,(0), then we can define a partition of unity
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subordinate to O given by

U, (z) =W Il . U, =1-17,
n

and by construction V¥,, 4 (I\Jn =1.
Recall the stationary NLS energy functional in Example [3.2.12]

1
E{s(u) := §/Q|Vu]2+m|u|2 dz — g/ﬂ|u|qu

D(ERis) = {u € Hy(Q)[ull; = 1}

withm € L¥2 + L>(Q) and 2 < ¢ < 4 4+ % as in Example [3.2.12| We consider the ground

state problem

m . m
Eis = inf By (U)
weD(ET

Let us show that Eyj ¢ satisfies superadditivity with respect to a vanishing-compatible sequence
of partitions of unity.

Suppose u,, € C2°(£2) is a vanishing sequence, then there exists a subsequence, still denoted

by wu,, with abuse of notation, such that
/ [un|? — 0 (n — 00). (3.12)
Kon

Then the IMS formula (c.f. (2.33)) states that

v v
(—A+m)u:—k/\(—A+m)—k/\u
\ i+ R R+ 03
v v
VA VA
2 o 2
d v d v
+ |5 i U+ |- i U

For all u € C$°(£2) we compute with integration by parts
1
Exis(u) = S((=A +m)u, u) 2 — §||u||g. (3.13)

In particular, with (3.12)) and (3.13) we have

WV, ¥y

— u, | 4 lim BB | —2—
V2 4+ T " V2 + T

lim Eyg(u,) = lim E{jg Up,

n—0o0
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and the functional Efj g is superadditive with respect to a vanishing compatible sequence of

partitions of unity.
This gives rise to our second main result:

Theorem 3.2.19. Let p € [2,00), and let (M, u), X(M) and Y (M) satisfy Assumption
[3.2.3| and Assumption 3.2.13] Let K be a bounded, connected, nonempty set in M. Let
E € C(X(M),R), such that

t— E,= inf FE(u)
ueX (M)

l[ullp=t
is continuous and assume E to be 2-superadditive with respect to a sequence of partitions of

unity {0 }oco, in'Y (M) subordinate to a vanishing-compatible sequence of open coverings

O, = (OYL), Oén)). If there exists a minimizing sequence which is vanishing, then

E = lim inf E(u)=:E.
R—00 ue X (M), |lul|p=1
suppuCM\Kgr

Proof. Let u, be a vanishing sequence. Assume (Or(ll), OT(E)) to be such that
K coW

and O,(}) is bounded.

For each fixed m € N we have
/ |un|Pdp — 0 (n — 00).
ol

Then for any m € N we find an n,,, such that for n > n,,

1
/ [un [P dp < —.
o m

Using a diagonal argument we deduce the existence of a subsequence of u,,, still denoted by wu,,,
such that

/om P di =0 (n— o).

In particular,

p p
0< /0511’ |w0ﬁl)u”| dp < /0511) [l dpe

— AP du < 2P dp < aPdu =1
o= [P ans [ o pans [ jupras

n
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and we obtain
/O(l) |¢O$})u”|p dp — 0 (n — o)

/(2) [Yo@unl” dp — 1 (n — 00).
O'VL

Then by superadditivity we have

E. = lim E(u,)

n—oo

> limsup £ (¢O(2>Un> > E.

n—oo

This concludes the inequality £ > E. The reverse inequality is trivial since

E< inf E(u)
u€X (M), [|ullp=1
supp uCM\Kgr

forall R > 0. L
Corollary 3.2.20. Suppose the assumptions in Theorem and Theorem|3.2.19|are satisfied

and
E < E,

then a minimizer of E exists, and any minimizing sequence for E admits a subsequence con-

verging in LP towards a minimizer of E.

Given a functional £ € C'(X (M), R) defined on a function space on a metric measure space

(M, d, i), we define the corresponding threshold energy

E := lim inf E(u). (3.14)
R—00 ue X (M), [ullb=1
supp uCM\Kgr
Remark 3.2.21. In the case of many-body quantum particle systems, a quantity similar to (3.14))
refers to the ionization energy (see [Gri04] and [Sim83|]), namely the quantity that characterizes
the bottom of the essential spectrum of Schrodinger operators associated to many-body quantum
particles in the Persson theory (c.f. §2.4). Similarly, existence of bounded ground states can be

inferred for measured energies below these theoretical thresholds.

Example 3.2.22. Let N € N. Suppose 2 C R is an open, unbounded domain. Recall the
stationary NLS energy functional in Example [3.2.12]

1
EQis(u) := §/Q|Vu|2+m|u|2 dr — g/ﬁ|u|qu

D(ERis) = {u € Hy(Q)[ull3 = 1}

with m € L7 +L>*(Q)and 2 < g < 4+ % as in Example 3.2.12, We consider the ground
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state problem

m : m
EXis = inf  EQg (u).
weED(Ef ¢

We already showed that EYj g satisfies the preqrequisites of Theorem [3.2.8]in Example [3.2.12]
and by Example [3.2.1§] also the prerequisites of Theorem [3.2.19] are satisfied.Suppose m €
L* 4 L*>(Q) is a decaying potential, i.e. SUp|,>p M| — 0 as R — oo, then

_ F0
EXis = Enis 2 Enus
and with Corollary [3.2.20| we deduce existence of minimizers if

Suppose 2 = RY. Then, by a translation argument, we can further characterize the threshold

energy. In fact, using the Polya-Szego Theorem (c.f. Theorem[2.5.5)) we can show

EQis = Encs(RY),

where .
Exis(RY) = inf —/ \Vu\de—H/ |ul? dz. (3.15)
2 RN q JRN

3.2.4 An existence result for translation invariant functionals on strip type

spaces

In this section we are going to study general translation invariant functionals defined on function
spaces X (M) satisfying Assumption on strip type spaces, that in principle could be
extended to other types of translation invariances (c.f. Remark [3.2.26), which we define as

follows

Definition 3.2.23. We say (M, d, ;) is a strip type metric measure space, if there exists a

measure space (M, dy) such that
M=RxM

p=dr®dy
where I x M’ C M is precompact for each finite interval / C R and dx is the Lebesgue

measure.

Theorem 3.2.24. Let p € [2,0), ¢ > 0, and M = R x M’ be a strip type metric measure space
and satisfy Assumption and Assumption|3.2.13} Suppose E € C(X (M), R) is translation
invariant, i.e. if T\xu(z,y) = u(x — A\, y) then

E(u) = E(Tyu)
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forall N € R. Let
t— E,= inf FE(u)

ueX (M)
llullp=t

be a strictly subadditive functional in X (M). Assume E to be superadditive with respect to a
sequence of partitions of unity in three parts {1 o }oco, subordinate to the vanishing-compatible

sequence of open coverings
O, ={(—2n,2n) x M, (n,00) x M’ (=00, —n) x M'},

then
E= inf E(u)
ueX (M)
lullp=1

admits a minimizer.

Proof. By Theorem [3.2.19) we only need to construct non-vanishing minimizing sequences.
Assume u,, to be a minimizing sequence of the functional £.. Then we may construct such

a sequence by using the translation invariance of the functional. Indeed, we may assume by

"Jo
0

For a contradiction, assume u,, is vanishing. Then since u,, — 0 in Ly, (up to a subsequence)

translation invariance

N~ DN~

due to a diagonal argument, we have that

/ / [V(—on,2n)Un|P dzdy — 0 (n — o00)
+Jr
1
+Jr
1
[ [l aray 5 0o
M JR 2

Then using the subadditivity of the functional and the strict subadditivity of ¢ — FE; we conclude

E = lim E(u,)

n—o0

> limsup £ (77Z)(—oo,—n)un) + limsup £ (@/J(nm)un)

n—oo n—oo

> B+ Eip > E.

By contradiction after translating the u,, if necessary we can find a non-vanishing subsequence.
Passing to a further subsequence there exists a weakly convergent subsequence in H'(G) that

converges up to a further subsequence to a minimizer by Theorem [3.2.8 [
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Example 3.2.25. Suppose 2 = R x [0,1]" and m(-,y) = m(y). By Example [3.2.12] and
Example [3.2.22] the NLS energy functional

1
E{js(u) := / |Vul? + m|u|® do dy — 5/ |ul? dx dy

D(EXis) = {u € Hy()l[[ull; = 1},

(3.16)

withm € L¥=2 + L>(G) and 2 < q < 2+ +, satisfies the prerequisites of Theorem 3.2.24|and

we have existence of ground states of (3.16) for all ;x> 0.

To see this, suppose ¢ € C°(£2) such that ||||3 = 1, then we rescale to obtain test functions

ex(z,y) = A%p(Az,y)

and we compute

B s(on) = / IV, 0l + mlel dedy
(3.17)

+ )\2/ Vool dady — N7 / ||? dz dy.
Q Q
Suppose w5 is the minimizer of

A(0,1Y) = min / Vul? + muf dy
) J[o,1)N

whose existence can be shown for instance by the direct method in the calculus of variations,
then suppose ¢(z,y) := u1(z)uz(y) with x € Rand y € [0, 1], then with (3.17) we compute

1
Bus(on) =3 [ 1Vl sl dy
0,1

+>\2/|Vu1|2dx—)\q22/ lp]? dz dy
R Q

< /\([07 1V) 1 inf f[O,l]N [Vul? + mlul® dy
2uer (oMo} Jigy [ul?dy

1
— inf / / |Vul? + mlu|? dz dy.
2 ue H () 0,1V

[ull3=1

for sufficiently small A > 0. In particular, EJj g is strictly subadditive for all ;1 > 0 due to the
arguments in Example [3.2.11]

Remark 3.2.26. Strip-type spaces are only one example of translation invariance that can help to
apply the theory in absence of energy thresholds in the setting of Corollary[3.2.20] In [DST19]
for binary tree graphs it was shown that when strict subadditivity of the NLS energy functional
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can be guaranteed (for instance when ;. > 0 sufficiently large as in the case of domains (c.f.
Example [3.2.12)) that one has existence of minimizers due to the fact that sequences can in a

similar fashion moved to a central vertex to prevent them from vanishing.

3.3 A broad existence theory for ground states of a general

stationary NLS functional

3.3.1 A generalized problem

Consider a metric space (M, d) with its corresponding Borel algebra, suppose i1, i are two
locally finite measures on (M, d), and let a : D(a) x D(a) — R be a semibounded, closed
quadratic form and suppose D(a) C L*(M, uy) N LY(M, p) for some g € (2,00). Let C' > 0
such that

a(u, u) > —Cllulf3.

Then we define the scalar product
(u,v)q = a(u,v) + (C + 1){u,v)s

and D(a) becomes a Hilbert space. For the purpose of the application suppose the function space
D(a) satisfies Assumption and Assumption(3.2.13| In particular, we assume D(a) continu-
ously imbeds to L?(M) and L?(M) and in fact imbeds compactly to Lz (M, 1), LL (M, o).

loc

Let K C M. Suppose there exists C(||ul|2) > 0 such that

/K ful? dpaz < C(lull2)lul2

Suppose now the functional of the form

1
Bn) = galuw) =2 [ ful"des,

satisfies
E(u) > =C([lull3)

for some C' € R only depending on the L?-constraint (we do not track the constant C') and also

suppose it is coercive, i.e.

E(u,) "= 00 = |up|la "= 0.
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In the following we consider the minimization problem

E:= inf E(u). 3.18
uelg(a) (U) ( )
l[ull3=1

It turns out that for problems like this the problem reduces to respective form properties as we
already demonstrated for the NLS problem on domains in Example[3.2.12] Example [3.2.18|and

Example |3.2.22, More specifically we can show the following:

Theorem 3.3.1. Suppose D(a) D u — a(u,u) is superadditive with respect to a vanishing-

compatible sequence of partitions of unity and satisfies

Yo := inf a(u,u) < sup inf a(u,u) =: %, (3.19)
ueD(a) Kem weD(a)
lull3=1 l[ull3=1, supp(u) CM\K

then there exists ;1 > 0 such that (3.18) admits a minimizer for p € (0, u*). Furthermore, if

I € M then we can choose 1i* = oc.

Remark 3.3.2. In particular due to the decomposition formulas developed in the forms
associated to the Schrodinger operator and higher-order Schrodinger operators as defined in
satisfy this property. The quantities in (3.19) already appeared in this context and describe the
infimum of the spectrum and essential spectrum respectively (see §2.4)).

Proof of Theorem[3.3.1} E is strictly subadditive. In fact, one easily checks t +— E(t}/?u) is
concave for all w € D(a) \ {0} and ¢ € (0, 1). Hence,

E(tu) < tE(u) + (1 — £)E(0) = tE(u)

and we infer
E(tu) + E((1 — t)u) < E(u).

In particular
t— Ey= inf E(u)
ueD(a)
l[ull3=t

is subadditive, i.e.
Et1 + Et2 S inf E(U) = El.

u€D(a)
[ull3=t1+t2

It suffices to show that
E, <tE;

forall ¢ € (0,1). For a contradiction suppose

Et - tEl
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for some t € (0,1). Then suppose (u,,) is a minimizing sequence for £ with
lunllz = 1.
Then by scaling we infer

lim inf ta(u,, u,) — tq/QHuan > E, =tk

n—oo

= lim ta(u,, u,) — t]u,?
n—oo

and we infer

lim ||u,[|? = 0.
n—oo

Hence, u,, — 0 weakly and there exists a sequence of functions ¥,, with supp(¥,,) ¢ M\ K,
such that passing to a subsequence

lim/ W, u,|>de =1
M

n—oo

and with superadditivity we infer

1
inf —a(u,u) > inf FE(u)

ueD(a) 2 u€D(a)
[ull3=1 lull3=1

1 N
nh—golo 2a(un7un) q Huan

1
> liminf 5@(\Ifnun, U, uy,)

n—oo
1
> sup inf —a(u,u),
KeM u€D(a) 2

[[ull3=1, supp uCM\K

which is a contradiction to (3.19).

E is weak limit superadditive. Suppose u,, — u weakly in D(a), then by the continuous
imbedding of D(a) in L*(M) we have u,, — u weakly in L? and we infer with Proposition[3.2.6]

[ = ullz + flull; =1 (n— o0)

Similarly we have

lim a(uy,, u,) — a(u, —u,u, —u) = a(u, u)
n—o0

and passing to a subsequence by Corollary [3.2.5| we have

i 5~ = ully =
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Hence we have
limsup E(u — u,) + E(u) > liminf E(u,).

n—oo n—oo

E is superadditive with respect to a vanishing compatible sequence of partitions of unity.
Suppose u,, is a vanishing sequence, and suppose V,, is a sequence of functions with M \ K,
such that

lim sup a(u,,) > liminf a(¥,u,)
n—00 n—00

then passing to a subsequence using a diagonal argument we can show that there exists N,, such

that for m > N,, we have

nh_g)lo H\I’munug = Onh_fgo Huan - H‘I’nuan =0
and passing to a subsequence we may assume m = n and we have

nh_{ilo H\IJnunHZ = Onh_{go HUnHZ - H\Pnunug =0

and superadditivity with respect to a vanishing compatible sequence of partitions of unity is

inherited by the form property.

Existence of minimizers. Let u, € D(a) be a minimizing sequence. By coercivity any
minimizing sequence is bounded and there exists a weakly convergent subsequence in D(a).
Then the prerequisites of Theorem [3.2.8] are satisfied, and either u,, — 0 as n — oo or there
exists u # 0 such that u,, — u strongly in L?(M, ;) and v is a minimizer of (3.18) admits a

minimizer. In fact, if we choose

*

7

9L - % 2
R ENPR 11

- B+ CO(ull3) + 1 kem ueD(a) [ullg
HuH%:l, supp uCM\K

then for all p € (0, u*) there exists K € M such that for all uw € D(a) with ||ul|3 = 1 and
suppu C M\ K we have

and we infer

sup inf E(u) > %y > inf E(u)
KeM ueD(a) ueD(a)
l[ul|3=1, supp(u) CM\K [ull3=1

and since the prerequisites of Theorem [3.2.19]are satisfied as well we infer with Corollary [3.2.20]
that for . € (0, 00) the existence of minimizers of (3.18) is guaranteed. In fact, if £ € M we
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have
sup inf E(u) >  sup inf a(u,u)
KeM u€D(a) KeM:KCK u€D(a)
[[ul|3=1, supp(u) CM\K l[ull3=1, supp(u) CM\K
= sup inf a(u,u)
KeM:KCK ueD(a)

l[ull3=1, supp(u) CM\K
> inf a(u,u) > inf E(u).
u€D(a) u€D(a)

lull3=1 l[ull3=1

and the prerequisites of Corollary [3.2.20| are satisfied for 1 € (0, 00) and we infer existence of
minimizers for (3.18). O

3.3.2 NLS equation with Schrodinger operators with higher-order poten-

tials on metric graphs

In this section, we give a first application of the results derived in on finite metric graphs.

3.3.2.1 Formulation of the problem

Let G be a connected, finite metric graph and let /' be a connected subgraph of §. For k € N

consider the energy functional

1
E® (4) :§/|u(k)|2+m|u|2dx—H/|u|pdw
g pPJg

(3.20)
1
=—a"(u,u) — H/ |ul? d,
with 2 < p < 4k + 2 and a™ is the form as defined in §2.3.1} Suppose m € L[ is a real-valued
potential such that
m_ € L'+ L>(G).

Consider the minimization problem

E® .= inf E®(y) (3.21)
u€H"*(G)
lul3=1

and the corresponding threshold energy

E® = sup inf E® (v). (3.22)
KeM ueH"(9)
supp uCG\ K, [|u[3=1
In the following we will present existence principles for (3.21)) via Theorem [3.3.1] But first we
will see that the associated energy functional is semi-bounded:
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Lemma 3.3.3. Ler G be a finite connected metric graph. The functional E%®) under the L?-
constraint || - ||3 = 1 is bounded below for 2 < p < 4k + 2. Moreover, for each 0 < ¢ < 1 there

1 —
E® () > TE/ B2 dz — ¢
g

Proof. Let eq,e5 > 0 fixed but arbitrary. As in Theorem [2.3.1) we infer

1 11—
~ | [P+ mluf?de > o1 W™ dz — C.,.
2Jg 2 Jg '

exists a C. > 0, such that

From Proposition [2.5.8] (Gagliardo—Nirenberg inequality) we have
2k—
Jullz, < C IIUIILz 3 H H
for some C' > 0. Then with Young’s inequality we infer for all u € H*(G) with ||u|? =1
I €2
;IIUII’EP < S llulli + Ce,
for some C, > 0 and since €1, €5 are arbitrary in particularly we obtain

E® (y ®)2 dz —

for 2 < p < 4k + 2 for some C. > 0. [

Proposition 3.3.4. Let G be a finite, connected metric graph. Suppose m € L? + L>(G) and
u € H*(G) is a minimizer of EW®), then u € H**(G) and there exists \ € R such that

(=DFul + (m 4 N) e = plueP . (3.23)

foralle € E.

Proof. Since E%) € C'(H*(G),R) and the L?-constraint is also C', and u is a constrained

critical point we can compute the Gateaux derivative of the first variation

/ (u(k)n(k) — ulul’"*p) dz + / (m—+ A)undz =0, v € H*(G)
g g

where )\ is a Lagrange multiplier. Fixing an edge e, then with ) € COO( .) and integration by
parts we deduce (3.23) for each e € £ and by elliptic regularity v € H Qk(g ). Fixingnowv € V
and taking n € H*(G) to be locally supported near v and not supported at any other vertex, then
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by integration by parts and (3.23) edgewise we deduce

k
; (k+i—1) (k—3) _
(—1)7 Z 8“9(k'i7_ll)yuea“9(kk_jj)yne(v) = / (u(k)n(k) — ululP 277) dr + / (m+ A undx =0.
= g

1 exv g

J

Since the choice n € H* is arbitrary we deduce

Yery 2rte(v) =0, Yk << 2k—1odd,

e-v Ov
ul) (v) = uld) (v), Vk < ¢ < 2k — 1 even and Vey, e adjacent at v

forallv € V. O]

Let A™ = (—A)*¥ + m be the self-adjoint operator associated to the form a™ as defined in
§2.3.11 Given the core K = G \ € of G and R > 0 recall

Dp = {p € D(A™)[supp(p) C G\ Kr}

' ) (3.24)
Y o= nf{(p, A"p)|p € Dr, [ell; = 1},
where K was defined in (2.23).
For R = 0 we set
Dy :=D(A
| . (4) (3.25)
Xy = inf{{p, A"p)|p € D(A), [[ellz = 1},
The last relevant quantity we recall is
Y™ = lim g = sup Xg. (3.26)

By §2.4]due to the Persson theory there exists a relation to the spectrum via
Y5 inf o (A™), Y7 inf e (A™).
Theorem 3.3.5. Let G be a finite, connected graph and let ¢ > 0. Assume
o< X

as defined in (3.25) and (3.26)), then there exists * > 0 such that EH (G) admits a minimizer
Jor ji € (0, p*).

Proof. Let {V,, \T/n} be the vanishing compatible sequence of partitions of unity in Exam-
ple 2.4.4 Suppose ¢, — 0 is a vanishing sequence, then there exists a subsequence such

that
/|\Ifngpn]d:c—>0 (n — 00).
g
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By Lemma we infer

- - 1
a"™(Pns ) = @™ (Vpon, Vo) +a™ (Vnon, Uppp) + O (ﬁ> (n — o00)
and the statement follows from Theorem 3.3.11 ]

Remark 3.3.6. Similarly, if we consider the minimization problem under the prerequisites of
Theorem[3.3.5|we can derive existence of minimizers of the minimization problem with localized
nonlinearity K € G
) 1
inf —a
ueH (G) 2
l[ull3=1

m H P
u,u) — — ul? dx

for all ;© > 0 using Theorem For more discussions on ground state problems with NLS
type functional associated to higher-order Schrodinger operators we refer to [Hof19, §4].

3.3.2.2 Sufficient conditions for the threshold condition for the Polylaplacian

Recall the self-adjoint Polylaplace operator A™ = (—A)* + m with m € L? + L>®(G) as
considered in §2.3.1] Let us give in the following some sufficient conditions for existence of
spectrum below the essential spectrum using the characterization of the bottom of the spectrum

and essential spectrum in the context of the Persson theory in

Proposition 3.3.7. Let G be a finite, connected metric graph and k > 1. Assume 0 ,4((—A)* +

m) C [0, 00) and assume additionally either

/mdx<0
g

(i) m € L*(G) and

(ii) orm < 0Oong.

Then Xy < X (as defined in (3.38)) and (3.39)) and there exists ji > 0, such that the minimization
problem

E® = inf E®(y) (3.27)
ueH;(g)
lull3=1

admits a minimizer for . € (0, f1).

Proof. Consider as test functions ¥,, as defined as in Example[2.4.4] then we only need to show

that for n sufficiently large, the Rayleigh quotient

Jo 122 4 |, dar

vl
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Since ||\I/,(1k“')]|go < & for some C' > 0 we have
C
(k)12
A ||2§@%0 (n — o0).

If m < Othenlet K = G\ & be any core graph of G, then for sufficiently large n and ¢ > 0

sufficiently small
/m|\I/n|2dx <z e K, mx) < —e}e <0,
g

If | g mdz <0, using also that m is intergrable then by dominated convergence

n—oo

1iminf/m|\11n|2d$:/mdx<0
g g

We deduce R[¥,] < 0 for sufficiently large n and thus inf o((—A)* +m) < 0. Then 5 < %
and we conclude the existence of a minimizer of (3.27) by Theorem [3.3.5] O

Remark 3.3.8. If m € L? + L°°(G) is a relativly compact perturbation of (—A)*, i.e.

1

m ((—A)k + i)_
is compact, then inf oeg ((—A)* + m) = 0 and we deduce
Oess ((_A>k + m) - [0, OO)

Note that one can actually show using Weyl sequences on the real line that o ((—A)’C + m).

If G contains at least one ray by Theorem [2.3.5 we can infer then

UeSS((_A)k + m) = aess((_A)k) =0.

We finish the section by giving a criterion for the potential m such that

Y = lim inf (u, Au) > 0.
n—00 ueD(A™)
[ull3=1, supp uCG\Kn

which in particular due to Theorem [2.4.8]implies
Oess((—A)F +m) C [0, 00)

by Remark Consider in the following decaying potentials m = my+mq, withmsy € L*(G)
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and m, € L*(G) such that

sup |meo(z)| = 0 (n — 00). (3.28)
xEQ\Kn

Proposition 3.3.9. Let G be a finite metric graph. Assume m € L? + L>(G) satisfies (3.28).
Let A™ = (=A)* + m, then

Y = lim inf (u, Au)r2 = 0.
n—00 uEsz(g)
lull3=1, supp uCG\Kn

Proof. Assume u,, is a minimizing sequence, such that ||u,||%., suppu C G \ K,, and
(U, A up) 2 — 2.
With (2.39) we deduce that
[l < C ((tny A1) T2 + [[un[3) (3.29)

is uniformly bounded. Integrating by parts and using (3.29) we infer

N 1/2
/ ‘u,(f)‘z + mlu,[*dr > / ‘u;’“)f de —C (/ |m\2dx) + sup |meo(z)| ] .
g g G\Kn z€G\Kn

‘We have

1/2
(/ |m|2da:) + sup |meo(z)] | =0 (n — 00).
Q\Kn $€g\Kn

Y = lim (u,, A™up)r2 > 0.

n—oo

Thus,

In fact, suppose ¢ € C'2°(R), then we can define

We imbed ¢,, to a function ¢ € 6}?(9 ) on the graph by defining it on one ray and then extending
it to the rest of the graph by zero and w.l.o.g. we may assume supp ¢, C G \ K,,, then we have

S < lim / 6B 4 o2 da
n—oo g

. R 1/2
< [Shtae-c(([ mPac) 4 s oal) <o
gn G\Kn rz€G\Kp,
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3.3.3 Decaying potentials

In the following we study the minimization problem on finite metric graphs G under the assump-
tion as considered in Proposition that m = my + My, with my € L?(G), my € L>(G)
such that

Moo() = 0 (x — 00) (3.30)

on all of the rays. Consider the quantitities

E® = inf E®(u) E® = lim inf E®(w)

pED(A) R—00 p€DR(A)
lell? ;=1 lell? ,=1
E®R) = inf /|u 2 da — /|u]pdx
ueH'(R) 2
”u”LQ(R)

Lemma 3.3.10. Let G be a finite metric graph and assume that m € L*+ L*°(G) satisfies (3.30).
Then

E® = EW(R).
Proof. Due to density of C°(R) in H*(R), we can consider a minimizing sequence u,, for
E®(R) in C°(R) satistying ||u,||2 = 1, such that u,, — ¢ strongly in H* as n — oco. Now by
translation invariance we may assume that w,, is supported in [n, 0o) for n € N. identifying the

half-line with one of the rays of G, we may consider u,, as a function in H*(G). Then

/m|un|2dx = ‘/ m|u,|* dz
g G\Kn

<C ( sup  |meo(z)]? +/ |m2|2dx> — 0 (n — o0)

(EEg\Kn

and we compute
E®(R) = lim E® (u,)

n—oo

1
= lim = [ |[ul®? \u|pdx
n—oo 2 G
= lim E®(u,) > E*

n—oo

On the other hand given a minimizing sequence wu,, for E®)_ such that suppu, C G\ K, then

the functions in the sequence are supported on each of the rays and

/m|un|2dx / m|u,|* dz
g G\Kn

1/2
<C| sup |Voo(x)|+ (/ |m2|2dx) -0 (n — 00).

Recall that | €, | denotes the number of rays. By density we can consider a collection of sequences

(3.31)
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ug), cee ulf= in C>(R), one on each of the rays, and choose them to have disjoint supports.
Then if we define .
Eoo
Uy = Z uff).
i=1
Then with (3.31)) we compute

Eoo
£k — (F) (4,
B = Jim ) B )

= lim E® (%,) > E®(R).

n—0o0

Remark 3.3.11. Suppose G is a locally finite metric graph with at least one ray. Then the
inequality
EW < EW(R)

can still be shown as in the proof of Lemma [3.3.10] using the test function argument on the
half-line. Further using a rescaling argument using a suitable test function supported on the ray
we have

E®(R) <0

Theorem 3.3.12. Let G be a finite metric graph. Assume m € L* + L>(G) satisfies (3.30), then
EW) is strictly subadditive and if
ER) E(k)(R)

then there exists a minimizer of E®).

Proof. By Lemma any minimizing sequence admits a weakly convergent subsequence. By
Theorem|3.3.5|the functional is superadditive with respect to the vanishing-compatible sequence
of partition of unity and weak limit superadditive. It suffices to prove the strict subadditivity of
E®)_ Asin Theorem we can argue by contradiction. Assume namely that

EP ="
for some ¢ € (0, 1) and let u,, be a minimizing sequence for Et(k), then in particular we can show
/|un|pd:1:—>0 (n — 00).
g

But then w,, is a vanishing sequence and passing to a subsequence still denoted by w,, we

deduce with superaddditivity with respect to a sequence of partitions of unity as defined in
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Example [2.4.4]

E® = limsup E® (W,yu,) + lim sup E® (U, u,)

n—o0 n—oo
1
> — lim inf (Au, u)
2 n—oo @ng

lullZ=t, supp uCG\Kn

C 1/2
>—— lim [ sup |meo(x)|+ (/ | |? dx) =0,
2 n—oo \ 1eg\K, G\Kn

since ||u,|| g+ < C for some C' > 0 by Lemma On the other hand, by Lemma 3.3.10| and
Remark 3.3.11] we have

> =E®R) <0
and by contradiction we deduce strict subadditivity.

Hence, the prerequisites of Theorem and Theorem [3.2.19| are satisfied with X (G) =
H%(G) and Y (G) = 6’;’5(@) Then the energy inequality in Corollary [3.2.20| is satisfied. In

particular we deduce existence of a minimizer of E*)(G) under the stated assumptions. [l

Example 3.3.13. Let G be a finite metric graph and letm € L?+ L>(G) satisfy (3.30). Similarly
as in Lemma[3.3.10/ we can show

Y= lim inf (g, Ap)r2=0.

R—00 peDRr(A™)
lll? =1

In particular if ; < 0, then by Theorem there exists /i > 0, such that for ;. € (0, /1] there

exists a minimizer to £, As in [Cac18]] one can show due to scaling properties that
2D < By < pus 7 = EV(R)

forsomey, < 0and 0 < u < (3o/7,) 71 In particular, we can deduce existence of minimizers
for E® and 0 < p1 < (Sg/7,) 5" by Theorem|3.3.12

3.4 Existence theory for ground states of a stationary NLS

with magnetic potential on metric graphs

In this section, we study the NLS energy functional with potentials on more general graphs. We
show a decomposition formula for the form associated with the magnetic Schrodinger operator
and adapt previous arguments by introducing a suitable sequence of partitions of unity in the

case of locally finite metric graphs.
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3.4.1 Formulation of the problem

Let G be a locally finite graph. Consider for 2 < p < 6 the NLS functional

K 1 .d
EIEIL)S(u) = §L (7,5 + M) u
1
— 5w~ 2 [ jup s
pJk

2
+m\u!2dx—H/ lul? dz
b Jk

(3.32)

2

where a™™ is the form as defined in §2.3.2) m € L' + L>(G) is a real-valued potential and K
is a not necessarily bounded subgraph of G. Define the corresponding minimization problem

() . : (K)

Eys:= inf FEys(u 3.33
NLS T cH(G) nes (1) ( )
l[ull3=1

with threshold energy
EU = sup inf EX) (u) (3.34)
Keg ueH(G)

supp uCG\ K, ||ul|3=1

similarly as in §3.3.2] We consider two cases:
* The localized case, when K is a bounded subgraph of G;

e The global case, when K = G is the whole graph. In this case, we drop the superscript
and simply define

1 d
E == M
NLs (1) 5 /g (Zd:c + ) U

and for the ground state and threshold energy respectively

2

+m|ul*dz — H/ |ulP dz (3.35)
PJg

ENLS = inf ENL3<U>, (336)
wEHL(G)
[ull3=1

Exis := sup inf Ens(u). (3.37)
Keg uw€HY(G)

supp uCG\ K, |[ul|3=1

We define quantities analogous to (3.24), (3:23) and (3.26). Let A*™ be the self-adjoint operator
associated to the form a?"™ as considered in Given a bounded subgraph K of G and
R > O recall

Dr = {p € D(AY"™)|supp(yp) C G\ Kg}

Sy = inf{(p, AM™Mp)|p € Dg, |l¢|2 = 1},
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where K was defined in (2.23),
Dy := D(AM™
Mn(z . ( >Mm M,m 2 (3.38)
X "= inf{(p, AM"p)|p € D(AT™), |loll; = 1}
and
yMm.— lim Yp = sup Xp. (3.39)

By the quantities 234 ™ and Y M™ characterize the infimum of the spectrum and essential

spectrum of AM™ respectively.

3.4.2 Existence of NLS ground state for a class of Schrodinger operators
3.4.2.1 The localized setting

In the following we study the localized case. We also remark that some of the lemmas will also

apply to the global case. For ¢t > 0 we define

K ._ ()
BN = dnf EXL(u). (3.40)

lull2,=t

Lemma 3.4.1. Let G be a connected locally finite metric graph. Let IC be a not necessarily
bounded subset of G. The functional Eﬁ,’g under L*-constraint || - ||3, = 1 is bounded below for

2<p<6b.

Proof. From the Gagliardo—Nirenberg inequality (2.37) we have

/|u|pdx§/|u|pdx
K g
d
Se/ (z——l—M)u
g d:C

d
— + M
(de + )u

for all u € H'(G) satisfying ||ul|3 = 1. O

2

+m|ul|® do + C. / lu|? dz
g

and therefore

2

Egﬁé(u) > (1- 5)/ +mluf*de — C. > —C.

g

Lemma 3.4.2. Let G be a locally finite, connected metric graph. Assume A = (i% + M )2 +m

admits a ground state, then

The inequality is strict if the ground state does not vanish identically on IC
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Proof. Assume u is a ground state of AM™ = (id 4 M)? + V with |[u]|2, = t, then
Yot by
K 0 H 0
B (u) = - E/KMP de < ¢

and the inequality is strict if u is not identically vanishing on K. In particular

Yot
. K 0
nf Byg(u) < 55

ull2,=t

with strictness in the inequality if there exists a ground state, which is not identically vanishing
on K. [

Lemma 3.4.3. Let G be a locally finite, connected metric graph and let IC be any subgraph.
Assume AM™ = (i% +M )2 + m admits a ground state that is not identically vanishing on IC,

then the functional EI(\,IE; is weak limit superadditive, superadditive with respect to the partition
of unity in Example[2.4.10land t — E; as defined in (3.40) is strictly subadditive.

Proof. We have

g(/g

Hence, if we add a constant to the potential (which we still denote by m), then

) 1/2
g dx

defines an equivalent norm on H*(G).
We proceed as in Theorem [3.3.1] In particular, following the proof of Theorem [3.3.1] the
functional F/y; g is weak limit superadditive. Superadditivity with respect a vanishing compatible

sequence of partitions of unity is inherited by the form property. Consider the sequence V,,, ¥,
as defined in Example [2.4.10] then it defines a sequence of a vanishing-compatible sequence of
unity satisfying

C
e < &
n

Suppose u,, is a vanishing sequence. Then by Lemma [2.4.15| we have

a(tn, uy) = a(Vptty, Vyuy) + a(Wu,, Yau,) + o(1) (n — 00).
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Then as in Theorem [3.3.1] we infer superadditivity with respect to a vanishing compatible
sequence of partitions of unity of Fnys.
To show the subadditivity, note that following Theorem [3.3.]

(K) . (K)

t— B = inf FE U 3.41

O = it ERw) (341)
lull L2=1

is concave. In particular we have
E® > tEM

fort € (0,1). Suppose for a contradiction
EM =M
for some ¢ € (0,1) and let u,, be a minimizing sequence for £y, then in particular due to (3.41)
/’C|un|pdx—>0 (n — 00).

Then by density we may assume u,, € D(A) and we infer

Eglc) = lim EJ(\I/CL)S(“n)

n—o0

1 Yot
>~ limsup(A™ ™, ) >

Y
n—oo 2

which is a contradiction to the inequality in Lemma[3.4.2] Hence, we have
E® >t

and we infer
BN + BN > B
O]

Theorem 3.4.4. Let G be a connected, locally finite metric graph. Assume AM™ = (i% + M ) gt
m admits a ground state, which is not identically vanishing on IC, then EI(\,E_% admits a minimizer
SJorall pn > 0.

Proof. For R > 0 sufficiently large since K is considered to be bounded

1
inf EN) (u) = inf —(AMmy
u€DgR(AMM) NLS() u€DpR(AM™) < >
[[ull? ;=1 fJull? ;=1

1 o

> inf  —(AMMy ) = =

T ueD(AMm) 2< ) 2
lull2,=1
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In particular with Lemma [3.4.2] we have

—~—

K . . K K
Eis < Jim inf | Eg(u) = By
Jull2, =1

Due to Lemma [3.4.3] the requirements of Theorem [3.2.8] and [3.2.19] are satisfied and up to a

subsequence any minimizing sequence admits a strong limit in L? such that the limit achieves

the minimum in EIE]’E)S O]

Remark 3.4.5. e If M = 0 then we can assume that a ground state of A is nonnegative,
since |u| is also a minimizer of the ground state problem. In fact by Hopf’s maximum
principle positive everywhere and by the boundary point lemma (see [GTO1, Lemma 3.4])

if the minimizer would contain a zero =, on any edge, then

0
a—Zu(xo) >0

which contradicts the Kirchhoff-Neumann conditions. In particular, any ground state of

A is not identically vanishing on any subset of G.

* Due to the Theorem [2.4.16] (Persson theory) we have
Yo = inf o(AM™),

then Y, < X implies the existence of ground states of A. In particular, X7 < X can

replace the condition that A admits a ground state in the previous statement.

3.4.2.2 The global setting X = G

Consider now the global case, where we consider the functional

1 d
E (i sm
s () 2[} (de + ) ®

In the global case Lemma [3.4.3] applies since any ground state of the magnetic Schrodinger

2

1
gl do - / oPde, el = 1.
g

operator A = (i% +M )2 -+ m 1s not identically zero. In the following we give a criterion for

existence of ground states for the corresponding ground state problem of Fiys.

Proposition 3.4.6. Assume G is a locally finite, connected metric graph and ¥y < .. Then
there exists [i1 > 0 such that for all p € (0, 1)

Ews= inf Ews(p) < lim  inf  Eyg(p) = Ewis.
s = dnf | wLs(¢) gt wes(©) NLS

Proof. Without loss of generality >y > 0; otherwise we simply add a constant to the potential m.
Let 0 < ¢ < 1 arbitrary, which we will only fix later. With Proposition [2.5.6) we deduce as in
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Lemma [3.4.1] that for sufficiently small ;1 > 0

2

1—¢ d Ce
E > — + M 2dz | — —.
ws(e) 2 2<é<kﬁ-)w+mw ﬂ :
Then ) c . .
ENLS_ENLSZ _52—76—520 2(2 Eg)——(C’—I—Z)

Since € can be chosen arbitrarily small, we have for sufficiently small p
Exts > Bws.

O

Lemma 3.4.7. Let G be a locally finite, connected metric graph. Assume A = (2’% + M )2 +V

admits a ground state, then

Eot

E, = f E < —

t ueléll(g) NLS() 9
Hull2 =t

Proof. Given a ground state . € H? we simply compute analogously as in Lemma

ot
Et<70.

]

Lemma 3.4.8. Assume G is a locally finite, connected metric graph and >y < . Then Eypg
is weak limit superadditive, superadditive with respect to the sequence of partitions of unity in
Example and t — FE; defines a strictly subadditive functional.

Proof. The proof is analogous to the one in Lemma[3.4.3|by simply replacing K with the whole
graph. X < ¥ implies by Theorem [2.4.27]

d 2 d 2
info|l|li—+M|] +m| <inf o i—+ M) +m].
dx dx

In particular, there exist discrete eigenvalues below the essential spectrum and A admits a ground
state. ]

Theorem 3.4.9. Let G be a locally finite, connected metric graph. Assume Yy < 3., then there
exists [1 > 0 such that for . € (0, j1) the minimization problem

1 d
Eys= inf — 4+ M
M e (@) 2 / <Zd ) 7

[ull3=1

2
gl do =2 [ fopas
D Jg

admits a minimizer.
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Proof. By Lemma [3.4.8] the requirements of Theorem [3.2.19] are satisfied. Furthermore the
energy inequality in Corollary [3.2.20]is satisfied by Proposition[3.4.6|and we infer the statement.
O

3.4.3 Sufficient conditions for the threshold condition for the Schrodinger

operators without magnetic potentials

The quantities >, and X appeared already previously in §2.4] as the infimum of the spectrum
and essential spectrum of the operators considered respectively. Here we obtain criteria for the

threshold condition for the operator
A=-A+m
D(A) = H*(G).

defined on general locally finite metric graphs satisfying a volume growth assumption, which

were not previously considered in the literature to best of our knowledge.

Proposition 3.4.10. Let G be a locally finite, connected metric graph and let K be a connected,

precompact subgraph. We suppose additionally the volume assumption
|Kon \ Ku| = 0(n?)  (n— o0). (3.42)

Assume 0,(—A +m) C [0, 00) and assume additionally either

(i) m € LY(G) N L*G) and
/mdx <0
g

Then Xy < . (as defined in (3.38)) and (3.39)) and there exists ji1 > 0 such that the minimization

problem

(ii) orm < 0OonG.

E".= inf ET 3.43
nes = O @ nLs(t) (3.43)

[[ull3=1
admits a minimizer for p € (0, f1).

Proof. Consider as a test function V,, as defined in Example [2.4.10] then we only need to show
that for n sufficiently high, the Rayleigh quotient

S ], de

< 0.
fg W, |2 dx

RV, :

Indeed, since || ¥/, [|%, < O(Z;) as n — oo we deduce

I 13 < 15 15 [ Ko \ K| = 0 (0 = 00).
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If m < 0 then for sufficiently large n and € > 0 sufficiently small
/m|\lfn|2dx <—HregG:m(x) < —e}le <.
g

If fgmdx < 0, then

n—oo

liminf/m|\11n]2dx:/mdx<0
g g

by dominated convergence. In particular for n large enough as in the proof of Proposition [3.3.7]

1
/m|\I/n|2 < —/mdx<0.
g 2 Jg

We deduce R[¥,] < 0 and thus info(—A + m) < 0. Then ¥, < ¥ and we conclude the
existence of minimizers of (3.43)) by Theorem [3.4.9 O

We finish the section by giving a criterion for the potential m such that

¥ = lim inf (u, Au) > 0.
n—00 ueD(A)
[ull3=1, supp uCG\Kn

This in particular implies
Oess(—A +m) C [0, 00).

Consider decaying potentials m = mq + my, with my € L*(G) and m., € L>(G) such that

sup |me(z)| = 0 (n — o0). (3.44)
zGQ\Kn

Proposition 3.4.11. Let G be a locally finite metric graph. Assume m € L* + L>™(G) satisfying
(3.44). Let A= —A + m, then

Y = lim inf (u, Au) 2 > 0.
n—o0 ueH%(g)
l[ul|3=1, supp uCG\ Ky,

Proof. Assume u,, is a minimizing sequence, such that ||u,||7., suppu C G \ K,, and
<Un, Aun>L2 — 2.

Then

i = (un, Avn)ia + [lunll3
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is uniformly bounded. Integrating by parts we infer

/g|u;|2+m|un]2dx Z/g]u;ﬁ dx

1/2
-C (/ |m|2dx> + sup |meo(2)|] -

1/2
</ |m|2d:c) +osup @) | =0 (n— o0),
g\Kn xeg\K’n

Y = lim (u,, Au,)r2 > 0.

n—o0

We have

Thus,

O

Theorem 3.4.12. Let ;1 > 0 and 2 < p < 6. Let G be a locally finite metric graph with at least
one ray, and suppose m € L* + L>(G), then EY;  is strictly subadditive and

1
Ejs= inf —/|u’|2+m|u|2dx—ﬁ/]u|pdx
)2 Jg pJg

u€D(EY ¢

admits a minimizer if

0
ENis < Engs:

Proof. As in Lemma [3.4.3] we have weak limit superadditivity and superadditivity with respect
to the partition of unity in Example[2.4.10] For the strict subadditivity, analagous to the approach
in the proof of Lemma it is sufficient to show F; < tE; for all t € (0, 1) with £, defined
via

t— Ey:= inf E{g(u).

ue€H(G)
l[ull3=t

Suppose for a contradiction E; = tE; for some ¢ € (0, 1), then as in the proof of Lemma [3.4.3]
we infer that a mininizing sequence u € D(EY] ) needs to satisfy

/|un|pdx—>0 (n = o0).
g

Hence, u, — 0 in H'(G) and by superadditivity with respect to the partition of unity in
Example [2.4.10]and Proposition [3.4.11 we infer

E; = lim E{jg(u,) > %X >0.
n—o0

By Remark [3.3.11| we have
EI\T?JLS S ENLS(R> <0
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and the statement follows since we have

Tm 170
Efis = Exis

1/2
(/ s |? dm) + sup |meo(x)| | — 0 (n — 00).
Q\Kn CEEg\Kn

due to

Example 3.4.13. Let G be a locally finite, connected noncompact metric graph with at least one

ray. Consider the NLS energy functional as considered in [AST16]

Bus(.6) = [ [ufde~2 [ jup ds
G P Jg
Consider the minimization problem

ENLS (g) = inlf ENLS (U, g) . (345)
e
ul|5=

Then by Theorem [3.4.12] the functional Eys satisfies the prerequisites of Theorem [3.2.§] and
Theorem [3.2.191 As discussed in Remark [3.3.11] we have

ENLs<g) = hm ll’lf ENLS(U; Q) S ENLS(R)' (346)
n—00 u€HY(G)
lull3=1, supp uCG\ Ky
If G is a finite metric graph we have equality in (3.46) due to Lemma [3.3.10] In particular
Corollary [3.2.20] gives a generalization of Theorem [[.2.5|Indeed, in [AST16] it was shown that

if G is finite then minimizers of (3.43)) exist if
Enis(9) < Ens(R). (3.47)

Since (3.46) does not guarantee existence by Corollary [3.2.20 under the assumption (3.47), one
cannot necessarily extend this result to general locally finite metric graphs. But as we will see

in Example [3.4.17] for a class of infinite tree graphs, one can show the reverse inequality
Exis(9) > Enis(R). (3.48)

In particular one can derive for such graphs satisfying (3.48)) existence of minimizers of Enis(G)

under assumption (3.47]).
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3.4.4 Application: Schrodinger operators with magnetic potentials on

infinite tree graphs

In certain cases as discussed in [BK13], §2.6] the gauge transform G, as defined below, unitarily
transforms the Schrodinger operator with magnetic potential into a Schrodinger operator without
magnetic potential, and the NLS functional under gauge transform reduces to a problem without
magnetic potential and we may apply the results from §3.4.3]

For infinite tree graphs in the context of locally finite, connected metric graphs it is partic-
ularly easy to see this. In this context, let G be an infinite tree graph. Given a vertex v we can
define the gauge transform G radially. More precisely, for any x € G, let -y be the unique simple

path from v to x parametrized by arc length, then
G u(w) s e fmy My (g,
Assume AM = (i1 + M)? + m admits a ground state. In this particular case since
G'AMMG = —A+m = A",

this is equivalent to the assertion that A%™ admits a ground state. Indeed, let uy; be a ground
state to AM, then
AO’mG_1U0 = G_IAM’mUM = EG_luM

and G~ tuy, is a ground state of A®™. Then we may assume 1, > 0 by phase invariance and
the maximum principle. Then wu;; does not vanish anywhere. In particular independent of
M e H + Wh>(G)

Yol = inf (AM7Myu)y = inf  (A%Mw,u) =%,
u€D(AMm) u€D(A%™)
[[ull3=1 llull3=1
M : :
Y= inf <AM’mu, u> = inf <A0’mu,u> =: Yp
u€Dp(AM™) u€DpR(A%™)

llull3=1 [ull3=1

. M .
yMm = lim Y™ = lim Yi = %
R—o0 R—o0

and in §3.4.3| we gave sufficient conditions for Xy < ..

Proposition 3.4.14. Assume G is an infinite tree graph, connected and locally finite. Assume K

is a bounded subgraph of G and — A + m admits a ground state, then the infimization problem

1 d
EM — inf - / — + M
NLS uegll(g) 2 G Zdaj + u

[ull3=1

2

—I—m|u|2d:17—ﬁ/ lul? dx
pJk

admits a minimizer for all 1 > 0.
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Proof. This follows immediately from Theorem[3.4.4]and the unitary equivalence of the problem

in absence of a magnetic potential under the gauge transform. 0

Proposition 3.4.15. Assume G is an infinite tree graph, locally finite and connected. Assume

IC is any unbounded subgraph and ¥y < X. then there exists j1 > 0, such that the infimization

d
— + M
<de * ) 14

admits a minimizer for all i € (0, f1).

problem
2

1
Eyis = inf —/ —l—m|<,0|2dx—ﬁ/|<,0|pd:1:.
peH' (9) 2 Jg P Jx

lell3=1

Proof. This follows immediately from Theorem[3.4.9]and the unitary equivalence of the problem

in absence of a magnetic potential under the gauge transform 0

For decaying potentials in Theorem|2.4.20|we discussed criteria such that >y < I 1is satisfied.
Indeed, for any given locally finite metric graph, one can construct decaying potentials in the

following way:

Example 3.4.16. Let G be a locally finite, connected graph and K a bounded, connected
subgraph. Consider the higher-order Schrédinger operator A = (—A)* + m with potential m.

We define a potential m a.e. via

1
2

K

1
- n>2
Kop\Kn 2n|K2n \ Kn|

m

on each “annulus” K5, \ K,.. Thenm € L? N L(G),

N |
mdyu = — — <0

and by Proposition we infer inf . (A) > 0. In particular, if G is an infinite tree graph
satisfying the volume growth assumption ([3.42), then the prerequisites in Proposition [3.4.10]are
satisfied as well and we have

Y < 2.

In particular Proposition [3.4.14| and Proposition [3.4.15| can be applied to the functional ng)s
with L C G and there exists ji > 0 such that

1 d
EM = inf = / — 4+ M
NLS uell_l}ll(g) 2 G de + u

[[ull3=1
admits a minimizer for p € (0, 1). If K C G is precompact, then minimizers exist for all 1 > 0.

2

+m\u!2dx—ﬁ/ |ul? dz
pJk
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For a certain class of infinite tree graphs we can, in a similar way as in Example [3.3.13] give

an explicit /i such that for 1 € (0, /1] the minimization problem Ey s admits a minimizer.

Example 3.4.17. Consider an unrooted tree graph G as considered for instance in [DST19], i.e.
there are no vertices of degree 1 apart of vertices at infinity. Such trees in particular satisfy the

(H)-condition formulated in [AST15] in the special case of finite metric graphs:

(H) Forevery point x € G, there exist two injective curves 71, ¥2 : [0, +00) — G parametrized

by arc length, with disjoint images except on a discrete set of points, and such that
71(0) = 712(0) = z.

By rearrangement methods one can show for decaying potentials m = msy + my with my €
L*(G) and m., € L>(G) satisfying

sup |meo(z)| = 0 (n — 00)
z€G\Kn
that _
Y = lim inf ET (u
et weHl(g s ()
lul|2=1, supp uCG\Kn,
> lim inf EY «(u) > Ens(R),
2 m v (@ nLs(U) > Encs(R)

lull3=1, supp uCG\Kn

where by Remark [3.3.1T] one has equality if G contains a ray.
When V' = 0, by strictness in the rearrangement inequality in Theorem one can prove

nonexistence results similarly as in [AST15]]. On the other hand, under the assumption
Yo = mfa(—A + m) <0,

as discussed in Example we have thus the existence of minimizers of Eyyg for

as in Example[3.3.13]
Remark 3.4.18. The arguments in Example |3.4.17|can be applied to all graphs that satisfy the

(H)-condition. One can even consider more general graphs as long they satisfy the following

weaker version of the (H)-condition:

(H) There exists a precompact set K C G such that for every point € G \ K each connected

component of G \ {x} is either unbounded or contains K.

In particular, for each x there exist two injective, simple curves v, : [0, 1] — G, 7¥2 : [0, +00) —
G with disjoint images except on a discrete set of points, such that 7;(0) = = = ~,(0) and

v (1) € K. In particular, this property is satisfied for any finite noncompact graph.
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Example 3.4.19. Consider the graph consisting of two half-lines and a pendant edge joined at a
single vertex (see Figure , then the graph satisfies the (H)-condition but not the (H)-condition
and the existence result from Example as discussed in Remark [3.4.18]is still applicable.

00 : 00
0

Figure 3.2: Two half-line and a pendant edge. The graph consisting of two half-lines and a pendant edge as an example of a
graph that satisfies the (H)-condition but not the (H)-condition.

We finish this section by proving Theorem|1.3.4

Proof of Theorem Let G be a locally finite metric tree graph that contains at most finitely
many vertices of degree 1. Then there exists a connected, precompact set K C G that contains
all vertices of degree 1 by assumption. Consider the set G of points 2 € G, such that there exist
two injective curves 71,72 : [0, +00) — G parametrized by arc length, with disjoint images

except on a discrete set of points, and such that v;(0) = 72(0) = 2. In particular, if z € G, then
im~;, imvy, C G.

Ist Case: G # (. Then by assumption G \ G contains at most finitely many connected
components. Moreover the connected components are precompact. Otherwise one could
construct an injective curve vy, : [0,+00) = G \@ forall x € G\ G and since we assumed
G # (), we can construct 7, : [0, +00) — G \ G. This would then imply that G \ G is necessarily
precompact. Since G is a tree graph, this also implies that each connected component of G \ G
contains necessarily a vertex of degree 1. In particular, G \ G admits at most finitely many
connected components and is precompact. By construction, G satisfies the (H)-condition and
hence G satisfies the (H)-condition. Then as in Example we have

S = lim inf EG o (u
n—s00 weHL(G NLS( )
[ull3=1, supp uCG\Kn
Z lim inf EI(EILS (U) Z ENLS(R)
n—oo uEHl(g

lull3=1, supp uCG\Kn

and we obtain existence of minimizers of Ey g for

0, (E) |
Vp

2nd Case: G = (). In particular for each € G there exists only one connected component

1€

of G that contains a vertex at infinity. Assume K is a precompact set that contains all vertices of
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degree 1, then by assumption for any € G \ K the connected components of G \ {z} consist
of a compact core graph containing all vertices of degree 1 and a half-line. In particular, G is a

finite metric graph and Example[3.3.13yields the existence of minimizers of Eyys for

<[ )]



Chapter 4
Spectral minimal partitions on graphs

In this chapter we motivate spectral minimal partitions and show their existence, study properties
of spectral minimal partitions introduced in §I.2.3] and their corresponding spectral energies.
For motivational purposes we discuss the stationary Bose-Einstein condensate equation limiting
profiles of solutions and show connections to spectral minimal partitions problems in §4.2l A
counterpart for domains can be found for instance in [[Tav10, Part 1 §1], [CTVO02]], and [CTVO03];
the arguments for graphs are loosely based on the respective arguments for domains. In §4.3]
existence for a class of spectral minimal partitions is shown using the general existence theory
developed in [KKLM21]]. In §4.4] which covers the material in [HKMP21a] with only minor
changes, we show Theorem|[.3.8]and Theorem[1.3.9] In §4.5] based on [HK21]] with only minor
changes, we prove interlacing inequalities for spectral minimal energies and show in this context
Theorem [1.3.5]and Theorem [1.3.6

4.1 Overview and definitions

Throughout this chapter we assume G to be a compact metric graph. Recall from §2.1.4] that
Cr = €(G) is the set of connected k-partitions in G and R, = PR,(G) is the set of rigid
k-partitions. Let £k > 2 and A : €, — R. Then we consider the minimization problem

inf A(P) 4.1)

PeC,

and we say P* is a spectral minimizer of @.1)) if P* € €,

A(P*) = inf A(P).

PeC

We say A is lower semi-continuous over a closed subspace A in &, if for

P = (G G 5P =(G,....G),

118
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we have
A(P) < liminf A(P™),

n—o0
where the partition convergence means that there exists representatives of the canonical cut
graphs with Gy — Gp (allowing edge lengths with greater or equal zero in this context; i.e.
extending the concept to cut patterns of partitions as introduced in [KKLM?21]) in the sense of
Definition (for details see also [KKLM21, §3] regarding the topological issues). If A is
lower semi-continuous over a closed subspace of €, then the following slightly adapted result

from [KKLM21, Theorem 3.13] guarantees existence of minimizers.

Theorem 4.1.1. Let k > 1 and let A C €,(G). Suppose that the functional A : A — R is a

lower semi-continuous on A with respect to partition convergence satisfying
inf{A(P) : P € A}

Suppose in addition that A(P™) — oo whenever there exists clusters G™ in P™ € A such that
|G (")] — 0 as n — oo, then there is at least one exhaustive k-partition P* € ANe, realizing

A(P*) = inf{A(P) : P € A}. 4.2)

If A C R(G), that is, if we restrict to rigid partitions, then there is at least one exhaustive rigid
k-partition P* satisfying (@.2).

LetP = (G, ..., Gx) be aconnected k-partition in the following. In [KKLM21] the spectral

energies
( ] k 1/p
=Y m(gi)p) if p € (0, 00),
AN (P) = (k‘ P (4.3)
max f12(G;) if p = o0,
Li=1,....k
and
( 1 k 1/p
=3 Al(gi)p> if p € (0,00),
AP (P) = <’f p— (4.4)
max A (G;) if p = o0,
Li=1,...,k
were considered and in [KKLM?21, §4] existence of spectral minimizers was shown for
LY7(G)= min AY d £)9G)= min AY 4.5
kp (9) plain kp(P) and L, 7(G) poin Ay (P) (4.5)
the minimum of A;Y (P); and
L£7(G)= min AP (P)= min AL (P) (4.6)
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the minimum A,g p(P) over all rigid/connected k-partitions, respectively, where we have equality
due to [KKLM?21, Lemma4.3]. In in the context of the study of £-mixtures of Bose-Einstein
condensate equations (c.f. (I.12))

—uf/(z) + (mi(@) + N)ug(z) = il P — B udu,

J#i
2.

9 “4.7)
—ui‘e(v):(), i=1,...,k.
e incident to v

other concepts of spectral minimal partitions become relevant. We study solutions (u1 g, . . . , Uk, g)
for via the study of Nehari ground states to a corresponding energy functional. In the limit
8 — oo in the corresponding solution (1 s, - - . , Ug,oo) OCCUTS S€Eregation, i.e. u; o - Ujoo = 0
almost everywhere, and the supports of u; o, define a partition on G minimizing the minimal
energy EQ 1.4(G) (see Theorem , which is a special case of the quantity that we define in
the following, in @.10).

For our purposes we limit ourselves to the case m; = ... = my =01n and define for
A>0

1/2
lullin = (Il']l3 + Aull3),

which defines an equivalent norm on H*(G). In we consider then the optimal Sobolev

constant Il
. Uf|1,)
S, (G, VP) = inf S,(u) = — (4.8)
ol ) u€HY(G,VP)\{0} () weHL(GVONO} lull,
and study the energy
1 k 1/p
= qu@,agm) if p € (0,00),
AP, (P) = (’f = 4.9)
max, Sq(Gi, 0G;) if p = oo,
and the corresponding partition problem
LY (G)= min AP (P), (4.10)

k,q,p Peey(G) k,p

where 0G; is the topological boundary of G; in G as defined in Definition [2.1.17] In §4.3.2| we
define a Neumann variant as well. Namely, we define

1 k 1/p
(E Z ‘C2D,q,oo(gl)p> lfp € <O7 00)7
=1

max, LD (G) if p = o0,

AN

kap(P) = @.11)

2,q,00

i=1,...,
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and
Ly,,(G) = min LY (P). (4.12)

k.q.p Pee,

We will apply Theorem for spectral minimal partition problems L, (G), Lp (G)

k.ap
with the aim to extend the results previously attained in [KKLM21] for (4.6) and (.5)):

Theorem 4.1.2. Let G be a compact metric graph, k € N, 0 < p < ococand 1 < q < oo, then

there exist spectral minimal partitions PP, PN, such that

LkD,q,p(g> = AkD,q,p(PD)
Eﬁq,p(g> = Afc\fq,p(,PN)'

We return in §4.4 and §4.5| to the spectral minimal partition problems (4.5 and (4.6) and
give estimates on the quantities and interlacing inequalities between them. In we show
spectral inequalities for the quantities in (4.5) and (4.6), which we summarize in §4.4.2] We

refer to §1.3.2]for our principal results for §4.4/and §4.5]

4.2 Motivation: stationary Bose-Einstein condensate equa-

tion and limiting profiles

In the following we follow §[Tav10, Part §1] closely and will only sketch the arguments in
the proofs since we can argue the same way. Consider the system of stationary Bose—Einstein
condensate equations (k > 2)

—u/(x) + (ma(x) + )i () = pilwi*u; — B uus
por (4.13)
u; € HY(G), i=1,...k

with m; € L®(G), \; > —infm,, p1; > 0, and § > 0. We refer to §1.2.3|for the origin of (#.13)
in the study of Bose—Einstein condensate and show existence results of solutions in (4.13]) and
discuss the limiting case § — oo, where the supports of the limiting solutions become disjoint.
This so called phase separation was previously studied in [CLLLO4{, [CTVO02], [CTVO03] and
[TVO9].
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We search for existence of solutions to (4.13)) via the study of critical points of the functional

Z/uudx.

k
— Zjl

Ja(uy, . Z[ /\u 2+ (my + X)) |ug)* do — & /]uz\‘ldx}

=1

i#]
(4.14)
For 5 = oo we define
"1 ui-u; =0ae
> [_/ |uf]? + mg|u;]* da — H/ |“z'|4d‘4 ’ Lo
Joo(ur, ... oup) = ¢ = 12 /g 4 Jg for all ¢ # j
, otherwise.
(4.15)

Then one way of showing existence of critical points is the consideration of Nehari ground

states. We define the Nehari manifold via

Ny ={U = (u,...,u) € (H(G)\ {0V : 8y Js(U)us = 0,i = 1,....k}
:{U:(ul,...,uk)e(Hl(g)\{O})

k

[ s de=p [t = [ o> ati=1 ).
G g g j=1
1#]

(4.16)

For = oo we define
Noo ={U = (u1,...,ux) € (HY(G)\ {0})" : u; - u; = 0 ae. forall i # j,
8UZJOO(U)uz:0,z: 1,,]{3}
- {U = (ur,...,w) € (HY(G)\ {0D)F : w; - u; = 0 ae. foralli # j (4.17)

/|U;|2+(mz‘+)\z’)|ui!2dl‘=,u/uf,i:1,...,k}.
g g

Since by assumption
g

the Nehari manifold Az necessarily needs to be contained in the Nehari admissible set for
p € (0,00) via

Az = U = (ug,...,u) € (H(G)\ {0})* /u —/5u Zu >0, fori=...,k

Z#J
4.18)
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and for 8 = oo via
A ={U = (uy, ..., u) € (H*(G)\ {0})* : w; - u; = 0 ae. forall i # j}

for § = co. We then define for U = (uy,...,u;) € Ag

(fy [eh] + (i + A g2 d) 2

Sf(“la"wuk) ::Z

73 (4.19)
' (fg pruf — fg Bu; Z%%J u]2 dx)

k
i=

For 5 = oo we define for U = (uq, ..., ux) € A

k 1/2 4
- > Jo 1 + (ms + A |wi]? da
S4 <U17...,/U,k) = <( g ’ 7 ) '
—1 ([ puf de)

In the following we study the existence of minimizers associated to the Nehari ground state

)

energy
cg = Uinj\f/ JB(U) (4.20)
ENg

for § € (0, oo] and relate its quantity to a minimization problem associated to S;f .
Lemma 4.2.1. For every (3 € (0,00) we have

(a) IfU = (uy,...,u;) € N, then

k k k
1 1
B0 =7 j/g|ug|2+<mi+xi>|uz-|2dx=Z}j[guué—/gﬂuﬁ u?
i=1 =1 7j=1

i
and we have .
== inf Sy (u,. .., w); 4.21
<8 4 U:(u1,1..r.1,uk)6./4,3 4 <u1’ ,uk>’ ( )
(b) there exists a constant C' > 0 independent of 3 such that for all U = (uy, ..., ux) € Ns we
have
k
full el Js@) = € [t~ [ g3 = c (422)
g g O

i
Proof. (a) ForeachU = (uy,...,u;) € Ngandi=1,... k,

LRV IRy Uy ) o
4 g ' ' ' ‘ 4 g ! g4 Z‘ J

Jj=1
i#]j
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and we compute .
J5(U) = i;/g 2+ (s + A a2
Moreover, for any U = (uq, ..., u;) € Ag there exists ¢,,,, ..., t,, > 0 such that
(tuyur, .-ty ug) € N
and we have

¢y > inf S{(U) = inf SY(twu,... tyup) = inf Ja(tyug, ... tyur)) > cs.

uE.A[; uE.AB uGAﬂ

In particular, we infer (¢.21).

(b) By assumption

k
sl |2 g/gyu;\2+(mi+xi)\ui12dm:/gufdx—/gﬁu32u§dx < llullts < Cllullly
j=1

i)
(4.23)

and we infer
HUHHI Z 01/2.

And with (4.23)) we infer (4.22).

Theorem 4.2.2. Let G be a bounded connected graph. Then for i > 0, p > 1 and 3 > 0 there
exists a critical point u € H*(G) of Js if \; > —infm; foralli =1,... k.

Proof. Consider a minimizing sequence
U™ = (u”,...,ul") e Nj,
of (4.22) then by Lemma[4.2.1] (a) there exists C, C5 > 0 such that

[l < Cr, Js(U,) < Cy

forall i = 1,..., k and there exists a subsequence still denoted by u§") such that
ugn) 200, in H'
ul™ "0y, in L.
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and we deduce with Lemma[4.2.T] (b), that

k k
S = i ™S [ >
AT T SIS AT R DI TR RCEY
7j=1 7j=1

i i

By lower semi-continuity of the norm with respect to weak convergence, then
/ P + (my + M) de < lim inf/ ™12 + (i + 2™ 2 de. 425)
g n—oo g

We infer with (@.24)), (4.23) and (@.21))

cg < S%(uy, ... ug) < liminf S5(U™) = Jp(U™) = cg.

n—oo

Thus U = (uy, . . ., u;) is a minimizer for (4.21)) and we infer with Lemma (a) and (4.24)

1 k
— [ Zud— | 22 2
s /J4uul [;4% E u;
7=1

J#i

and we compute

2
k k

/uuf—/ﬁu?Zu? = 4cg /uuf—/ﬁu?Zuf
G ¢ O G ¢ O

JF JF

2
g

and in fact U = (uy, ..., uy) € Nj is a minimizer of (.20).

Let o € H'(G) \ {0} fixed but arbitrary. Consider ¢ € (—¢,¢) for € > 0 sufficiently small,

then 1
)
a t=0 Sy

and since U = (uy, ..., u) € N

(Upy .. u;+tp, .o ug) =0

k
/g w2 + (ms + )2 dw = /J st — /g Bluil> > fuyl? da
j=1

i

forall: = 1,...,k and we infer

/u;go’ da + (m; + M) de — ,ui/ ;[P + B/Zu?uigo dz =0
J#i
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and uy, . . ., ug solves (#.13)). The regularity of the solutions follows by elliptic regularity. Since
¢ € H'(G) is arbitrary, consider ¢ supported locally at any vertex v € V, then by integration

by parts we deduce

Z%Me(v) = /guéSpldiU‘F(mH-/\i)ui% dﬂU—Mz‘/g|Ui|2uz‘<ﬂ+5/zu§ui§0dxz0 (4.26)

exv JFi
and v € H?*(G). Moreover, since |ui|...,|ux| is also a minimizer for #22) we have
Uy, ..., u; > 0, but by Hopf’s maximum principle we infer uy,...,u; > 0 since otherwise

u(zg) = 0 for any zy € G, without loss of generality = € V), implies

0
5“6(1'0) >0

for all edges e incident to z¢ by Hopf’s boundary point lemma (see [[GTO1, Lemma 3.4]), which
is in contradiction with (@.26). O

The following result describes the phase separation as § — oo:

Theorem 4.2.3. Suppose w1, ..., u, 3 are minimizers of (4.22), then there exists a limiting
profile uy oo, . . ., Uk0o € HY(G) \ {0} such that
U; g ’6_—300 Uj.o0 in H

foralli =1,... k. Furthermore holds

(i) We have
g — Coo (8 — )
and (U1 ooy - - -, Uk o) € Noo minimizes Coo.
(ii) {uy > 0},...,{ux > 0} minimizes the equivalent cluster minimization problem
L&
0o — inf - i\Wg 4
¢ w17..1.I,1JkCg 4 Z<S47 (W ))
|wiNw;|=0 for i#j i=1
where
Spilw;):= inf  Sy(u
1,i(wi) ot 1,6(u)
supp(u)Cw;
' Jo [/ =+ (mi + N)[ul* dz
;= inf
ueH,(9) Jg lul* dz
supp(u)Cw;

and Sy ;({u; > 0}) = Sy(w;) foralli =1,... k.

(iii) ifm=my=---=mpand A\ = \; = --- = M forall i # j, then (U o, . . . , U o) Satisfy
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the differential inequalities

(A +m + Ny < |t oo i 00
(4.27)
(—A+m+A) (Ui,oo - Zuj,oo) > <|Ui,oo|2ui,oo - Z |uj,00|2uj,00)
i i

foralli=1,..., kin the weak sense.

Remark 4.2.4. The limiting solution U = (ujco,- .., Uks) as provided in Theorem m
satisfies the so-called S-class properties in (4.27)). These were already previously considered in
[CTVO02], [CTVO3], [CTVOS]], [HHTO09] among others, and are useful to link spectral minimal
partitions to differential equations. Moreover, it was shown that these classes satisfy particularly

useful regularity properties.

For graphs similar results hold, despite regularity properties being less of an issue due to
the fact that the boundary points are only points, which is for instance reflected in the approach
used in [KKLM21]], @.27) is still useful to study existence of solutions of nonlinear eigenvalue
equations. In fact, for & = 2 due to (¢.27) given the limiting solution U = (1 s, U2 ) as in

Theorem [4.2.3| the function u = u; o — Usg o satisfies
(=A+m+ Nu = plul’u

in H'(G) and in fact using elliptic regularity v € H?(G) as in the proof of Theorem (with
B =0).

Proof of Theorem By Lemma.2.1] (a) we have

k

1

gZ/giué,ﬂF + (m+ V|l de = ¢5 < e < 00
1=1

and for each subsequence we find a subsequence such that

B—o0 .
Uig — Ujoo in H'
B—o00 .
Uig — Ujoo in L*

foreachi = 1,...k. In particular by Lemmal4.2.1] (b)

k
Jusal = [ 3ty >t =
g g =1

J#i
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and we infer

/ 7, ,00 Z u], = ,811—{20 7,3 u] B
J#l i

J#

1
<1 - i 4—0 -
_5ggoﬂ<[;\u,ﬁ\ )

Hence u; o - U = 0 a.e. for 7 # j. Then with lower semi-continuity of the L_norm with

respect to weak convergence we infer
1 4 _ g :
Coo < 5 Z (Suiltice))" < Jim Js(Usp) = lim c5 < co.

Then Uy, = (U1 005 - - - Uk.0o) Minimizes (@.21)) and

lim cs = Coo.
B—ro0

Then as before we infer U, € N, and

(I Bz)oo Uj,00 in H'.
To verify Sy ;({u; > 0}) = Sy.i(u;) foreachi = 1,..., k, we proceed similar as before. Since
5471'({’&1‘ > O}) < S4yi(ul-) we have
1o 1o 1o
. )< ) <
Coo < wl,..l.I,lwfkeg Z Z (5’41 wz Z Zz:; 841 {Uz > O} Z 22:1: 541 Uz = Cxo

|wiNw;|=0for iz =1
and we have Sy ;({u; > 0}) = Sy, (u;) foralli =1,...,k and

1 k

— 1 f - Z ‘ ‘ 4 '
oo Wlwl-I,kaCQ 4 . (54,z<w2))
|wiNw, |=0 for iz£j i=1

To show the last part of the theorem assume now m = m; = ... = m;, a.e. fori # j.

Denote in the following

U; = Uj00
Ui i= Uj oo — Z Uj oo
JFi
Suppose ¢ > 0 is an arbitrary function in H'(G), then we define test functions U =
(.. o) via
v§i)(t) _ (Uj +to)™, ifj =1

(U + to)~x{u; > 0}, if j #i.
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Then U®) € A, foralli=1,...,kand
e -
72 Sai(v (1) = Sualuy) 2 0.
j=1

Hence, we have

1 i
2D Sualv (1))
1
k
=2 / U X quy>01 + (M + N lipXqu, >0y d — g / @ Puiox >0y Az
paeil g

:/ﬂ’go'+(m+)\)@<pdx—u/|@|2uig0dx
g g

where we use Lebesgue’s theorem on differentiation under the integral signand U = (uy, . . .

N in the first step. In particular we infer

(—A+m) (uim — Zz@) > 1 <|uz|2uz — Z |uj|2uj> .

J# J#i

On the other hand, suppose now

As in the previous step we infer

d
0< —
—dt

k
1 i
VDI CHG)
j=1
and we conclude similarly as in the previous step
(—A 4+ m+ Ny < pfu*u;.

This concludes the proof.

4.3 Existence Results and Spectral Estimates

7uk) €

Theorem [{.2.3] relates the existence of limiting profiles in (4.13) with existence of spectral

minimizers. We may generalize this approach using Theorem [4.1.1] to study spectral minimal

partition problems
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with 2 < ¢ < oo and % < p < oo as defined in - Theorem ensures then existence of

spectral minimizers for a special spectral minimal partition:

Example 4.3.1. Let m; = --- = my = 0 and A > 0. Due to Theorem (i1), the associated
faithful partition consisting of clusters associated to the supports of u; o, . . . , Uk, 0, COnstructed

as in Theorem4.2.3| is then a spectral minimizer of

EkD,4,4(g) = Plggk AkD,4,4(P)~

4.3.1 On Dirichlet partitions

We will apply Theorem {.1.1]to the minimization problem

where

5,0,06) = i el

weH(G:,06,) || ul|e

Lemma 4.3.2. Let G,, be metric graphs given an underlying combinatorial graph G = (V; E)
such that G, — G and G is a nontrivial metric graph, i.e. |G| # 0, and suppose Véi , VgD is
associated to the same subset V) of the vertex set on the combinatorial graph G (as defined in

§2.1.4)), then
Sq(gn,Vg’i) — S,(G,VY) (n — 00).

Furthermore, if |G,| — 0, then S,(G,) — oo as n — oo.

Remark 4.3.3. Suppose G,, — G as n — oo, then we suppose that G,,, G have the same
underlying combinatorial graph and that Vga , VgD corresponds to the same subset on the vertex
set V2. This is for instance the case if we consider partition P, = (G\",... "), P =
(Gi,...,Gk) with Gp, — Gp, where we set the Dirichlet set as a boundary set of the clusters
since the boundary set of the partitions as a subset of vertex set of underlying combinatorial

graph stay invariant.
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Proof of Lemma Let us identify the underlying combinatorial graph G = (V; E') with the
equilateral metric graph for which each edge has length 1. Furthermore, let £, ,,, £ be the length
associated to an edge e € F for G, and G respectively, then we define for u € H} (G, VP)

/

1/2
Spep £ + Ml
( bgo Ll ell2 el (le =0 = wu, = const.)
) 1/q ) for all ee

€

Spe(u) =
() (ZE% AT

[ 00, otherwise.

By a rescaling argument we deduce

S(Gu V) = il Sy, ()

By the direct method of the calculus of variation there exists u,, € H'(G, VP) such that
Sq(Gn, V) = Sg, (un)
and since by assumption |G| > 0 there exists an edge e € E and C, ¢ > 0 such that
C>0>e>0
for sufficiently large n and

Sy, (Un) = Sq<gnavg2)
, 1/2
< (L1113 + ACllull3)

= weH(0,1)\{0} [Jullq

Then for any subsequence of u,, . there exists a weakly convergent subsequence such that
Upe — Ue (n — 00)

weakly in H'(0, 1) for all e € E such that £, > 0. In particular with lower semicontinuity with
respect to weak convergence and strong convergence in L9 and L? by Rellich-Kondrachov for a
subsequence we have
T2 < Tivn ro2
[ucllz < lim inf fju;, |12
n—oo

lollg = T o3 ellg = T e 2
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In particular, if ¢,, . — 0 as n — oo for any edge, then u. = const. and we have

liminf S,(G,) = liminf S, 4, (u,) > liminf S, ¢(u) > S,(G).

n—0o0 n—oo

On the other hand,

lim sup S,(G,) < limsup Sy, (u) = Sye(u) = S(G).

n—oo n—oo

Then we have

lim inf S,(G,,) > S,(G) > limsup S,(G,)

n—00 n—o0

and we infer
Sq(Gn, VP) = S(G, V7)) (n— o0).

The following theorem shows the first part of Theorem {.1.2}

Theorem 4.3.4. Let k € Nand 0 < p < oo and 1 < q < oo, then there exists a spectral
minimal partition P = (G, . .., Gy), such that

£kD,p(g) = AkD,q,p(g)'

Proof. By Lemma4.3.2)we have continuity on A with respect to partition convergence. In fact,
suppose there exists a cluster G,, in P,, € A such that |G,,| — 0. For an interval I and H} ()

with at least one Dirichlet end point we have
lully < 1M Nlulloo < T4 ]y n

and we infer

1
> —.
SQ([) - ‘[|2

Then using decreasing rearrangement and Polya-Szego (see Theorem [2.5.3)) we infer

In particular, this implies A}, (Px) — oo and by Theorem we infer the existence of a

partition P satisfying
L4p(G) =AY,

k,q,p k,q,p

(P).



4.3. EXISTENCE RESULTS AND SPECTRAL ESTIMATES 133

4.3.2 On Neumann Partitions

We propose an analogue of a Neumann partition problem in this context and will apply Theo-

rem {.1.1]to the minimization problem

k 1/p
LY.,= inf AY = inf (% Z(,cgqm(gi))p>
= inf (— Z (max {Sq(gj, oG, SUG;, g;)})p> )

(G161 GGy VG \ B =
Gi~G forall j=1,..k

This shows the second part of Theorem [4.1.2] and together with Theorem [4.3.4] concludes the

proof.

Theorem 4.3.5. Let k € N, 0 < p < ocoand 1 < q < oo, then there exists a spectral minimal
partition P = (Gy, ..., Gy), such that

£Y00(@) = A

k,q,p k,q,p

(P).
Proof. With (4.28)) we have an equivalent minimization problem given a 2k-partition

(gi‘—7g1_7 cee 7g]j7gk_) € Q:Qk(g)

such that G;" and G; are neighbors for alli = 1,. .., k. It is easy to verify that the neighboring
conditions are preserved under partition convergence (since the underlying combinatorial graph
of the canonical graphs are identical up to vanishing edge lengths) and with Lemma #.3.2] we
infer continuity with respect to partition convergence. And as in the proof of Theorem [#.3.4 we

can show that if there exists a sequence of G,, such that |G,,| — 0, then
N
Ak’q’p(gn) — 00 (n — 00).

In particular, we infer existence of minimizers by Theorem 4.1.1] O

We want to give a particular example in the following:

Example 4.3.6. Suppose G is a compact, finite metric graph and 2 < p < oo and = A = 0,
then
S3(G7) = M(g7).

In particular, since

12(G) = L£21(G) = (£855.(9))*
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the expression (4.28) reduces to

(gl ~~~~~ gk)EQk

1/p
(€t =240~ it (12t

By Examplewe see that (4.28) generalizes the Neumann partitions associated to £} (G)
as defined in (4.5)).

4.4 Spectral estimates

4.4.1 Preliminaries: Isoperimetric inequalities

The first isoperimetric inequality for metric graphs was discovered by Nicaise 35 years ago; it is
sharp, as shown by Friedlander 20 years later. However, it has been observed by several authors

that special classes of graphs allow for improved isometric inequalities:

Proposition 4.4.1. Let G be any compact connected metric graph. Then the following assertions
hold.

(1) We have

72 72

4‘g’2 and M?(g> > W?

where in the first case G is equipped with at least one Dirichlet vertex. Equality in either

M(G) >

inequality implies that G is a path graph (interval) of length |G|, with a Dirichlet vertex at

exactly one endpoint and the standard (Neumann) condition at the other in the first case,

and standard (Neumann) conditions at both endpoints in the second case.

(2) If additionally (possibly upon identifying all Dirichlet vertices) G is doubly connected, then

we have ) )
T 47

MOz Gy ad (92 o (4.29)
In this case, equality is attained only by 2-regular pumpkin chains (second case), or 2-
regular pumpkin chains with two edges of equal length attached to one of the endpoints
and the degenerate case of an interval with two Dirichlet endpoints (caterpillar graphs, first

case).

The inequalities in (1) may be found in [Nic87, Théoreme 3.1]. For the characterization of
equality, see for example [Fri05, Theorem 1]. For the inequalities in (2) we refer to [BL17a,
Theorem 2.1] and [BKKM17, Theorem 3.4 and Lemma 4.3].
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4.4.2 Main results: asymptotic behavior of the optimal energies and par-
titions

We start by summarizing our principal results, which give concrete two-sided bounds on the
quantities £ (G), £},(G) and ﬁﬁ;(g), and as a consequence describe their asymptotic be-
havior, previously summarized in §I.3.2] Actually, we can say more, both about the asymptotic
behavior of the clusters of the optimal partitions, and in terms of concrete two-sided bounds on
these quantities for finite k. The compact, connected metric graph G will be fixed throughout,
and we recall that G is taken to have |£| > 1 edges, total length L, and || vertices of degree

one.

Theorem 4.4.2. Let p € [1,00]. Then

4222 (K +3(k =5 = INI)) < £i,(9) < Z—Z (k + (|5| —1- {@Dy

for all sufficiently large k > 2, in particular for

L
kZmaX{B+|N|,—+|€|—1}.

Emin

In particular,
2

L£7(G) = 73k +O0k)  ask— oo, (4.30)

This theorem will be an immediate consequence of the results of §4.4.3.1] and §4.4.4.1}
see in particular Theorems {.4.10] and Actually, we can give slightly sharper (but

often more involved) lower bounds in some cases; in addition to Theorem [4.4.10] we mention

Corollary #.4.24]

Theorem 4.4.3. Let p € [1,00]. Then

2

K < L50(9) < £1,(6) < 75 (k + (€] - 1) (4.31)

2

2
for all k > 1 in the case of the lower bound, and for all sufficiently large k in the case of the
upper bound, in particular for k > 5|E| — 1. In particular,

ﬁﬁ;(g), L£yY,(G) = Z—Zk‘Z + O(k) as k — oo. (4.32)
This theorem follows from results in §4.4.3.2) and §4.4.4.2] in particular Theorems [4.4.13]
and [4.4.20] (the latter in conjunction with Remark #.4.21)). In this case, it is possible to say a
fair amount about when there is equality in the lower bound in {#.31)); see Propositions {4.4.13|
and4.4.16l
We can also give a description of the asymptotic behavior of the minimal partitions realizing

EkDJ,, £{C\f , etc. It is perhaps not surprising that for & large enough all clusters become either
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intervals or stars, just as is the case for both the nodal and the Neumann domains of the k-th
eigenfunction of the Laplacian on the whole graph, see [ABBE20, Proposition 7.4]. Our main
result states that in fact, for any p € [1, 0o|, asymptotically all clusters are of length of order

1/k: no clusters can remain too “large”.

Theorem 4.4.4. Fix p € [1,00| and, for each k > 2, let PN, PN and PP be any admissible
partitions realizing L’g ,(9), ,ckN;(g) and [,,2 ,(G), respectively. Denote the size of the largest

cluster of each by L (k), LYN:< (k) and LY, _(k), respectively. Then

max max max

Lt (k), L (k) Lo (k) = O(K™)  ask — oo.
Remark 4.4.5. One of the main open problems in the theory of spectral minimal partitions for
planar domains (2 is the so-called hexagonal conjecture that seems to go back to Caffarelli and
Lin, see [BHH17, § 10.9.1], which postulates that

L
lim — = — (4.33)

where A is the lowest eigenvalue of the Dirichlet Laplacian on a regular hexagon of unit area
(regular hexagons being the tesselating planar domains with minimal first Dirichlet eigenvalue).
Of course, on graphs, the geometric side of this question disappears: the correct counterparts of
hexagons are just intervals. However, Theorems [.4.2| and [4.4.4] still cover the natural analytic
counterpart of (4.33)), that

including the “balancing” statement that in the limit the size of the clusters in the optimal

partitions becomes uniform, for every fixed p € [1, 00].

Due to parallels between the respective proofs in the Dirichlet and Neumann cases, we
will group the lower bounds together in §4.4.3] and the upper bounds in §4.4.4; the proof of
Theoremd.4.4will be given in §4.4.5] where we also collect a couple of results (improved bounds,
Corollary and a monotonicity statement for £i¥ , as a function of £ for £ sufficiently large,
Theorem [4.4.25) which follow from Theorem§.4.4] We also show that this monotonicity result
does not necessarily hold for all &, see Example Finally, we recall that is devoted
to the non-existence of a second term (i.e., term of first order) in the asymptotic expansions
(4.30) and (4.32)). We also set up one of our examples to give an example that there need not be
any second term in the Weyl asymptotics for s (see Remark [4.4.29).

4.4.3 Lower bounds
4.4.3.1 Dirichlet partitions

We first consider lower bounds on the optimal Dirichlet partition energy £,€ p(g ).
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Theorem 4.4.6. Let G be a compact and connected metric graph with total length L. > 0. For
any p € [1,00] and any k > 2, we have

w2 k2

— 412

Ly 2(G) > (4.34)

Equality implies that G is an equilateral k-star S.

Observe that the special case of p = oo can also be obtained from combining [KKLM21,
Prop. 8.4] and [Fr105, Thm. 1].

Proof. Since £;,(G) is monotonically increasing in p € [1, o] (see [KKLM2I, Prop. 6.1), it
suffices to prove for p = 1 only. We suppose that G, . . . , G, are the clusters of an optimal
partition associated with cgl(g); then since each has at least one Dirichlet vertex, we may
apply the version of Nicaise’ inequality for Dirichlet problems cf. Proposition to obtain
A (G) > 7%/(4|Gi?),i = 1,..., k. Thus, by Jensen’s inequality in discrete form applied to the

convex map x — 2, z > 0, we find
1 k » T2k2
@ (G = Z|gz| > oy

This proves (.34)). For the case of equality, first note that there is equality in Proposition4.4.1](1)
if and only if G; is an interval of length |G;|, with one Dirichlet and one Neumann endpoint (i.e.,

vertex); this is an immediate consequence of [Fri05, Lemma 3] together with the variational
characterization of \;. Moreover, equality in Jensen’s inequality implies that |G| = ... =
|Gx| = L/k. Hence equality in (4.34) (for any p > 1 and any k£ > 2) is only possible if all
the G; are intervals of length L/k with one Dirichlet and one Neumann endpoint. Since the
boundary between neighboring clusters is always marked by a Dirichlet vertex, the only possible

connected metric graph that can have these graphs as partition clusters is Sy. [

Remark 4.4.7. The theorem contains the statement that the optimal k-partition of an equilateral
k-star Sy, for any p € [1,00], is the expected one, i.e., where each edge is a cluster. More
interestingly, this partition reflects the nodal pattern of \;(Sk); and Sy is also the (unique)
minimizer of \;(G) among all graphs of fixed total length, as proved by Friedlander [Fri05].
As with Friedlander’s inequality, Theorem [4.4.6] implies in particular that the minimal possible
values for E,? ,(G) (among all possible graphs G of given length L) do not exhibit the asymptotic
behavior 72k? / L? which would be consistent with the Weyl asymptotics of each fixed graph.

In both cases, the divergence from the Weyl asymptotics is due to the factor of 1/4 appearing in
Nicaise’ inequality for \;, which reflects the case of the interval with only one Dirichlet endpoint.
To recover the asymptotically correct value, there needs to be a reasonable “distribution” of
Dirichlet vertices in the graph; in particular, an improved inequality can only be valid for

sufficiently large k or for special classes of graphs. Before stating our improved estimates, we



138 CHAPTER 4. SPECTRAL MINIMAL PARTITIONS ON GRAPHS

recall that a connected metric graph is called doubly connected if it is not simply connected as a
metric space, i.e., if at least two edges need to be deleted in order to make it disconnected. We

refer to §4.4.6.1| for a detailed discussion of the asymptotics for equilateral stars.

Definition 4.4.8. Let G be a compact and connected metric graph. We will call a metric subgraph
G' C G a doubly connected pendant of G if G’ has non-empty interior, G’ is doubly connected
and there is exactly one edge e € £ of strictly positive length connecting G’ with its complement
G \ G'. The set of all doubly connected pendants of G will be denoted by Ps.

Example 4.4.9. Note that Definition|4.4.8]explicitly requires the existence of a bridge (of positive
length) as a precondition for the existence of any doubly connected pendants. A dumbbell graph
(with non-degenerate handle) has two doubly connected pendants, consisting of its two loops.
More generally, an (m, 1, m)-pumpkin chain (see [BKKM19, § 5]) has, for m > 1, two doubly
connected pendants (the two m-pumpkins) but Betti number 2(m — 1). However, figure-eight

graphs and, more generally, flower graphs — indeed, all doubly connected graphs — have none.

Note that any two distinct doubly connected pendants are disjoint, and that necessarily the
Betti number satisfies 5 > |Ps|, as any cycles belonging to different doubly connected pendants

are necessarily independent.

Theorem 4.4.10. Let G be a compact and connected metric graph with total length L > 0, | N|
vertices of degree one and |Ps| doubly connected pendants. Fix k > 2 and p € [1, 00|. Then for
any k > |N| + |P2| we have

2

m
£E,G) = 1

(k* 4+ 3(k — |[N| — |Ps])?) . (4.35)

Proof. Without loss of generality, we may assume that k£ > |N| + |P3, since (4.35)) reduces to
for k = |N| + |P2|. Firstly, as before, by monotonicity it is sufficient to show for
p = 1. So suppose that P = {Gi,..., Gy} is an optimal k-partition of G for £, (G); then at
most | V| clusters of P can contain a vertex of degree 1 and at most |P5| clusters can contain a

doubly connected pendant of G. Suppose
gk < |IN|+ [Peo| <k

of the clusters admit at least one vertex of degree 1 or contain a doubly connected pendant; then
after a renumbering if necessary we may assume that G, ;1, ..., G contain neither a vertex of
degree 1 of G nor a doubly connected pendant of G: in particular, each G; for ¢ > j; has at least
two boundary vertices that are thus equipped with a Dirichlet condition, and the graph obtained
by merging all these vertices of degree 1 is doubly connected. Therefore, Proposition 4.4.11(2)
2

is applicable to these clusters, yielding \;(G;) > 72/|G;|* for i > j;. Now, define

Jk
Ly =Y |G|
=1
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and note that L, < L holds, since j, < k. Then, applying Proposition (1) to the other

clusters and using Jensen’s inequality as in the proof of Theorem 4.4.6, we see that

TANG) + 30, aNG) Bk—g) 1
D _AD _ i=1 ? i=jp+1 ( Jk A
L£1(9) = A (P) = ik + I Z A (Gi)
1=jk+1
k . k
1 w2 3(k—gp) 1 w2
—4/74:2:|G|2 4k k= gk 2 |Gil?
=1 i=ji+1
172k?  3(k — jp) m2(k — jx)?
—4 12 4k (L — Ly)?
1 72/{72 3(]{7 — ]k) 7T2(/€ - jk)Q
— 4 L2 4k L?
m 3 3
= i (K + 30— %)
2
7r
> gz (B 43k =[N = [Pa2])*) .
(4.36)
This proves the claim. 0

The lower bound in Theorem 4.4.2]is an immediate consequence of (4.35) and the fact that
f < |P2|. Also observe that if G is itself doubly connected, then | N| = |Ps| = 0, whence (4.35))

reduces to 5o
mk

L2

L£7(G) >

forall p € [1,00] and k > 2.

The estimate (4.35)) is asymptotically sharp, in the sense that for any value of p, [N/, |Ps|
there exists a value of & and a family of graphs G. such that, for these values of p, |N|, |Ps|, k
there is equality in (4.35)) as ¢ — 0; see Remark [4.4.12] From the proof of Theorem {.4.10| we

can characterize the case of equality in (4.35)):

Remark 4.4.11. Let us briefly discuss the cases of equality in (4.35). We have already seen in
Theorem {4.4.6| that equality holds for k = | N| + |P,| if and only if G is the equilateral k-star. In
the case k > | N| + |P2| we need to analyze the estimates in (4.36). First of all, note that in this
case L (G) = L?,(G). Now the equalities in the fourth and sixth steps of (#.36)) imply L; = 0
and |N| + |P2| = jr = 0. Moreover, equality in Jensen’s inequality in the third step yields
|G| = % for i = 1,..., k. Finally, equality in the second step, i.e., in Proposition (2),
implies that every cluster G; of an optimal k-partition P is a caterpillar graph, i.e. a 2-regular
pumpkin chain of length % where one of the two end points (of degree two) is equipped with
Dirichlet conditions, see also Figure[d.1] Therefore, equality in holds for k > |N|+ |Ps] if
and only if G is obtained by arbitrarily gluing a collection of caterpillar graphs at their Dirichlet

vertices so that G has no vertices of degree one — in particular G has to be doubly connected.
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Figure 4.1: Caterpillar graphs. A caterpillar graph with Dirich-

let vertices marked in white. Figure 4.2: Mixed stars and windmill graphs. The graph W, »,
withm = 2 and n = 4.

Remark 4.4.12. Also note that (4.33) is asymptotically sharp if |Py| > 0 and k& = |P2|+ |N|, in
the sense that there exists a family of graphs G. differing only by their edge lengths, for which
there is equality in the limit as ¢ — 0. To see this consider, for m > 1 and n > 0, an equilateral
m + n-star graph where m of the degree one vertices are replaced with a loop of sufficiently
small length € > 0; when n = 0 these are the graphs considered in [KS18]]. The graph W,, ,,
thus obtained has |N| = n vertices of degree one and |P;| = m doubly connected pendants.
One can show that for k = m + n an optimal k-partition for £}’ »(Wi.n) is obtained by cutting
through the centre vertex, i.e., it consists of m lasso graphs and n intervals with one Neumann

and one Dirichlet vertex. For these graphs and k = m + n, the right-hand side of (4.33) is just

D

%, corresponding to the optimal energy £, ., ,

of the equilateral m + n-star of total length
L. If in W,,,, we let the length of the loops tend to zero, then stability of \; with respect to

this operation (see [BLS19]]) implies that E,’Z p(Wm,n) indeed converges to the right-hand side

of (4.35).

4.4.3.2 Neumann partitions

We start with an analogue of Theorem for Neumann partitions. In comparison with the
Dirichlet case, providing a complete description of the graphs for which there is equality seems

to be a rather difficult problem.

Theorem 4.4.13. Let G be a compact and connected metric graph with total length L > 0. For
any p € [1,00] and any k > 1, we have

w2k

T (4.37)

LY (G) > L£Y(G) >

If G is not a loop or if k > 2, then there is equality if and only if there exists a rigid (respectively,

a connected) k-partition whose every cluster is an interval of length L /k.

Y

Figure 4.3: Rigid two-partition attaining lower bounds. The graph on the left admits a rigid two-partition into equal intervals
(right); thus there is equality in #.37). We will return to this graph in Example [4.4.26]
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Figure 4.4: Connected two-partition attaining lower bounds. The dumbbell graph on the left admits a (non-rigid only) two-
partition into equal intervals (right); thus there is equality in the second inequality in (#37), but the first inequality is strict.
Observe that this graph contains an Eulerian path.

See also [KKLM21], §7], where the graphs of Figures|4.3|and d.4]are considered. Lemma 7.1
of [KKLM21]] provides a complement to Theorem{4.4.13} if, for p = oo, there is a k-partition P
of a graph G whose energy AY (P) equals 72k?/L?, then this partition is a minimizer realizing

Eg “(G), and in particular the minimal energy also equals w2k?/ L.

Proof of Theorem Fix £ > 1. We give the proof for E{X > since the argument for Eg;f 1s
identical (note that due to the statement about equality the statement for L,]:;(g) does not imply
the full statement for £3,(G)). As in the proof of Theorem4.4.6| by monotonicity in p it suffices
to prove the inequality for p = 1. To this end, we suppose that G, . .., G, are the clusters of an

optimal partition associated with ﬁx 1(G), then
|G|+ ...+ |G| = L. (4.38)

Applying Proposition [.4.1](1) to each cluster, we have u»(G;) > 72/|G;|* forall i = 1,...,k
and so

1 k 1 k 1 1 k —2 2k2
L@ =3 2 mlG) 2 (% > |g<y2> =T (EZ |gz'\> e
=1 =1 7" i=1

where we have applied (4.38)) and, as usual, Jensen’s inequality.
Equality in (4.37) implies in particular that there is an optimising partition {Gy, ..., Gy}
yielding equality in the application of Proposition @.4.1](1) and Jensen’s inequality. This, in

turn, requires that the cluster G; is an interval of length L/k, foreveryi =1,... k. O]

Remark 4.4.14. Unlike in the Dirichlet case, the condition for equality in the lower bound
does not prevent the graph from being doubly connected. In other words, we cannot expect an
improved version of for general doubly connected G. A simple example is given by the

loop, for which £} (G) = ckN;(g) =Ly, (G) = =& for all k and all p.

We complement Theorem [4.4.13| with some sufficient conditions for equality which are easy
to check.

Proposition 4.4.15. Suppose that the compact and connected graph G has an Eulerian path.

1. Forallp € [1,00] and all k > 1 there is equality ﬁff;(g) = “2’;2 in (4.37).

2. If, in addition, for given k > 2 the girth s € (0,00] of G satisfies s > L/k, then also

Ly (G) = ”2’;2 forallp € [1, ).
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For graphs without an Eulerian path, it is still possible for there to be equality for at least some
values of k, as the next proposition shows (the graph of Figure also provides an example).
It seems reasonable to expect that the equality £,ﬁf(g )= % or LY (G) = ”2’;2 forallk > 1
implies that the graph G has an Eulerian path, but we will not explore this question here.

Proof. Suppose that G has an Eulerian path. In light of and the monotonicity of the
optimal energies in p, it suffices to show that under the respective claimed conditions

w2 k2

£35(9), £1(9) < 5

To this end, for £fx  (G) we may easily construct a test k-partition of G having energy exactly
72k?/L? by cutting the graph along its Eulerian path to create k intervals of length L/k each.
For L’]k\f +(G), we observe that this resulting partition is rigid if L/k < s, since then each cluster
may self-intersect at most at its endpoint, which since £ > 2 and G is connected is necessarily a

boundary point. [

We finish this subsection with a complement to the previous proposition, which states that
for every graph G with rationally dependent edge lengths there is a sequence of values k for
which there is equality Eng(g) =Ly (G) = T
Proposition 4.4.16. Assume that the edge lengths in G are pairwise rationally dependent, that
is, for every pair of edges e, e € E the quotient |e1|/|es| is rational. Then there exists some

positive integer m > 1 such that

Ly (G) =LY, (G) = ——

for any integer j > 1 and any p € [1, cc].

Proof. As L} (G) > E,]I]f(g ) both satisfy (4.37) and are monotonically decreasing in p € [1, oc]

for any £ > 1, it suffices to prove existence of some integer m > 1 with

w2 (jm)?

for all ; > 1. First, we observe that the edge lengths are pairwise rationally dependent if and

only if there is some positive real number r > 0 such that m. := |e|/s is an integer for all edges
e e & Weset I
m = Me = —.
D me=7
ec&

For j > 1 let P be the rigid jm-partition obtained after cutting through every vertex of G and
then dividing each edge e € £ into jm, intervals of equal length s/j, so P is an equipartition

with 5o 2(. )2
T T (jm
£ (@) <A (P) = T = T

Jm,00
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This proves the claim. ]
Remark 4.4.17. In particular, the previous proposition holds for equilateral graphs, and the

proof shows that in this case we may choose m as the cardinality of the edge set in that case.

4.4.4 Upper bounds
4.4.4.1 Dirichlet partitions

We next consider upper bounds on ﬁkD’p(g ).

Theorem 4.4.18. Suppose G is a compact and connected metric graph. Then we have

£5y(9) < 2— <k+ <|5| —1- {'—Z'J)) (*-39)

for all sufficiently large integers k > 2 and all p € [1, 00|, where | N | denotes the number vertices
in G of degree 1. In particular, (4.39)) holds whenever

k> +1&] — 1,

gmin

where we recall that (., = minec¢ |e| is the minimal edge length.

Proof. By monotonicity, it suffices to prove the theorem for p = oco. The proof consists of
constructing a “test partition” formed by dividing each edge into a given number of intervals in
accordance with its length, where the lengths are suitably chosen.

Without loss of generality, we may assume that G has at least two edges, otherwise G would
be a cycle or an interval and in both cases (4.39) is obviously satisfied. Let £y denote the set
of pendant edges in &, i.e those edges containing a vertex of degree one. Note that, since G has
at least two edges and G is connected, each edge contains at most one vertex of degree one, and
thus |Ey| = |N| holds. Fix an integer n > 1 large enough, so that £ < |e| for all e € £. Now

for each e € & there exists an integer m, such that

L L
me - — < |e| < (me+1)—, (4.40)
n n
ifee £\ Eyand
2me—1 L 2me+1 L
m_._§|e|<ﬂ._ (4.41)
2 n 2 n
ife € Ey. Fore € £\ &y we then partition e into m, intervals of equal length Jni'e, and for
e € &y we partition e into m, intervals, so that the interval containing the vertex of degree one
has length 2772‘“ and the remaining intervals have length 2n21|j-1' Note that the interval lengths

here are chosen so that the first Dirichlet eigenvalue of the longer intervals and the first mixed
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2 2
Dirichlet-Neumann eigenvalue of the shorter intervals are both equal to %. Let P be

the m-partition thus obtained, where

m = E Me.

ecf

Summing up (4.40) and @.41) and using m = > . meand L = > e

obtain
|3 <1 (1]

, we immediately

By choice of the interval lengths we have

A2 (P) < max ( max

m(2m; + 1)? m>m3 m2n?
—— 2 max

- ir w2 ) S
L<G<|N] 3 IN|+1<5<I€] i

L2’

L2 2
increasing in k by [KKLM21, Proposition 4.11], we thus have

and thus £2 _(G) < =%, Since m > n — |E] + 1+ | 2] and Ly (G) is monotonically

2,2
D Tn

n—\5|+1+L@j,oo(g) = 12

Setting k :==n + |E] — 1 — [%J in the above inequality yields (4.39). O

Remark 4.4.19. Itis known that /JkD7 ,(G) dominates the k-th lowest eigenvalue /1, of the Lapacian
with standard vertex conditions, cf. [KKLMZ21], Prop. 8.4]. Hence, in particular, Theorem[.4.18]
yields, for sufficiently large £,

m’ MY

This estimate can be compared with the upper bound obtained in [BKKM17, Thm. 4.9], which

in the present case of Laplacians with no Dirichlet boundary conditions reads

72 1 3 3 N\
< _ _ _ LI .
P S 73 (k 5 Talél=5VI+ 2) ;

studying the class of graphs W,,, (see Example @[), the latter bound was shown to be
asymptotically sharp in [KS18, Theorem 2].
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4.4.4.2 Neumann partitions

Our main upper bound in this case reads as follows.

Theorem 4.4.20. Suppose there exists an n-partition of G such that every associated cluster G;

has an Eulerian path, then we have

LYG) < LY (G) <

k,p

S(k+(n— 1))

for all sufficiently large integers k > 1 and all p € [1,00]. Concretely, we may take k >
max{4|E| +n —1, % , where |E| is the number of edges of G and s € (0, o] its girth.

Remark 4.4.21. Obviously we may always choose n to be the number of edges of G in Theorem
|.4.20] leading to the bound

2

£5(9) < £,(G) < 75 (k + (€] - 1))

This is valid for all £ > 5|E| — 1, as an inspection of the proof shows that s may be replaced
by the quantity max s(G;), where s(G;) is the girth of G;, which in the case of each G; being an
edge is simply co. (We still expect this bound on £, like the one in Theorem |4.4.20} to be far

from optimal in general.)

Remark 4.4.22. Theorem4.4.20|can also be used to obtain a different bound on 5 (and L,’g o)
cf. Remark 4.4.19] when combined with the interlacing inequalities obtained in [HK21]: there
it is shown, using Theorem [4.4.20], that in fact

[\

T
() < L8,u(G) < Tolk+n+ 5 —2)
forall £ > max{n +1— (,1}.
Lemma 4.4.23. Given an n-partition of G with associated clusters G, . . . ,G,, we have

n

1/p
L5 ,(G) < (Z ngﬂzﬁﬁm(gﬂ')p> if 1 <p < oo,
m,p =

7j=1
max, L o(G) ifp=o00

Jj=1,...,

forintegers m; > 1 and m = Z?Zl m;. An analogous statement holds for L%’;(g ).

Proof. We restrict ourselves to the case 1 < p < oo and rigid partitions, since the other cases
can be dealt with analogously. For each j we choose an optimal rigid m;-partition P; of G,
associated with Eij »(G;) with clusters G! for i = 1,...,m;. We consider the induced rigid
m-partition P of G given by
n
- U P

J=1
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By optimality of P; we have

Thus, we obtain

1/p 1/p
LY ,(6) < AY(P) = (%ZZM(%V’) - (Z ﬁcm(wﬁ) .

This concludes the proof. U

Proof of Theoremd.4.200 Again, we may restrict ourselves to Eﬁp(g) and the case p = oo.
Similarly to the proof of Theorem [4.4.18] we construct a test partition dividing each Eulerian

path into intervals of equal length. Let £ > n be an arbitrary, sufficiently large integer with

L <G| for j =1,...,n. For j =1,...,n there exists an integer m; > 2, so that
my - T < 1G] < (m, + )% (4.42)
We setm = Z;;l m;. As in the proof of Theorem it is immediate that
m<k<m+n-—1. (4.43)

Since G; has an Eulerian path and every cycle in G, has length at least

5> — >
_2/€_ m]’

3L _m;+1 L _ |Gl

k= om,
(if it has any cycles at all), we may apply the result of Proposition [#.4.15|to obtain
mm?

G2

moolGi) =

Thus, Lemma [4.4.23] the previous equality and (#.42)) yield

7T2m? 7T2k‘2

Since £;) .(G) is monotonically increasing in m for sufficiently large m, in particular for
m > 4|&| (see [KKLM21, Proposition 4.15] and its proof, and note that under the assumption
k> 4|€| +n — 1, by @.43) we also have m > 4|€|), we may use (.43)) to conclude

w2k?
L?

‘C]kvfnJrl,oo(g) S ‘Cfvvl,oo<g) S
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Finally, replacing k£ by k +n — 1 we obtain

2 2 2.2 2 2 2
N m(k+n—1)7? 7%* 27*(n—1Dk 7*(n—1)
‘Ck,oo(g) < 2 = J + 2 + 1.2 ’

This concludes the proof. [

4.4.5 Asymptotic behavior of the optimal partitions

In this subsection we give the proof of Theorem[.4.4] which establishes that the maximal cluster
size of any optimal partition tends to zero as k& — o0; this relies on the asymptotic behavior
of the optimal energies obtained in the previous subsections. We will also give a couple of
consequences of this result, as it in turn allows us to refine and sharpen certain statements from

the previous subsections.

Proof of Theorem We first give the proof in the Dirichlet case. Notationally, for any k£ > 1
and any p € [1,00] we suppose P; , = {G1,...,Gi} to be any admissible k-partition realizing
L,(G). Fix p € [1,00]. As noted in the proof of Theorem there are at most |N| + |Ps|
clusters of P;; , which contain either a vertex of degree 1 or a doubly connected pendant of G.
Denote by j. < [N|+ |P2| + 1 the number of such clusters of P}, , plus any cluster of maximal
size if there is not already at least one such cluster among them, and suppose without loss of
generality that these clusters are numbered 1, ..., j5. Finally, denote by L the total length of
these jj, clusters; then by construction L2, (k) < L;. We will prove that in fact L, = O(k™!)
as k — oo.

Firstly, observe that

7T2

AP(PL,) = T

k4 O(k) as k — oo, (4.44)
since by monotonicity in p
Li,(G) =N (Pr,) = AT (Pr,) = £241(9)

and both £ (G) and L}, (G) behave like T k% + O(k) as k — oo, by Theorem Now,

with the notation described above, for k > jj, using that A\;(G;) > ﬁ foralli =1,...,j and

M(G) > ﬁ forall i = j, + 1,..., k, the usual argument (see (4.36)) yields

w? ©?k?  3n? (k—gx)?

T2 T ML Ly

AV (Pi,) >

for all k& > ji. Suppose now that L, # O(k™!), so that, possibly up to a subsequence,
limg .., kL = co. We consider the asymptotic behavior of this subsequence of k; our goal is

to show that in the asymptotic limit this expression must be larger than allowed by (4.44)). Since
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Jx remains bounded, the first term in the above estimate converges to zero, and so is certainly of

order O(1), while
(k—gr)? k?
WL=L)? (D=L + O(k) ask — oo.

But since

k? k? 1 k? (

2
(L—Lg)? L2 (1- L_Lk)2 12 + r+O( k)) as k — oo

L

and limy,_,, kKL, = oo by assumption, this means that

2
AP(P,) # %kQ +O(k) ask — oo,

a contradiction to (4.44).
In the Neumann cases, the argument is similar but simpler owing to the better estimate
(12(G:) > 2 for all i. We consider L;, := LY (k); the case LY (k) is identical. We fix

- W max max
p € [1,00] and take P;, = {Gi,...,Gx} to be an optimal k-partition realizing £}’ (G) and
suppose that the cluster G; has size |G| = LY (k). As in the Dirichlet case, due to the

max

asymptotics (4.32)) of Theorem 4.4.3| we have

7T2

T3 K>+ O(k)  ask — oo. (4.45)

A (P, =
On the other hand, for & > 2,

1 k-1 1 &
AiV(P,’;p) > 2 <E|91\2 + 7 (mz |gz‘2)>

=2
2 k_13
i g ( )

> .
— kL ki(L — Lk)Q

Under the assumption that L, # O(k™!), the same argument as in the Dirichlet case now
yields that, possibly up to a subsequence, A (Pi,) # Z—ikﬁ + O(k) as k — oo, contradicting

@45). B

As a first corollary of Theorem [4.4.4) we obtain an improved version of the lower bound in
Theorem for sufficiently large k; namely, we can drop the term (3 appearing there.

Corollary 4.4.24. Let G be a compact and connected metric graph with total length L. > 0 and
|N| vertices of degree one. Fix p € [1,00]. Then there exists ko > 2 such that for all k > ko we

have )

m
£E9) = 117

(K +3(k — |N|)®) .

Proof. By monotonicity it is sufficient to prove the assertion for p = 1. For k£ > 2, we suppose

that P is an admissible k-partition realizing £;,(G) and L[, (k) is the maximum length of

max
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the clusters in P{”. By Theorem we find some ko > 2 such that

Lanax(k) < gmin
holds for all k¥ > k. In particular, the clusters appearing in P2 are either intervals or stars,
where all non-centre vertices are cut points. Let Gy, . .., g| | be the clusters of 73,? that contain
the vertices of G of degree one and let Gy|41, . .., G be the remaining clusters. We then have

M(G)) = qip forj =1,...[N|and \i(G,) > & forj = [N|+1,... kby @29). Adapting

the arguments in (4.36) we obtain

2

s
£0\(G) = AP (PP) = o

(k* + 3(k — |N|)?).
O

As a second consequence of Theorem we will prove that, for fixed p € [1, o¢], Eﬁ T
a monotonically increasing function of k, at least for £ sufficiently large.

Note that the monotonicity in the connected case, 522’;(@) > ﬁ{j;;(g )forall ko > k1 > 1,
was established in Proposition 4.11 of [KKLMZ21J|, as was Theorem in the special case
p = oo in [KKLM21, Proposition 4.15] (which was also required in one of the above proofs).
In general we cannot necessarily expect ky = 1, see Example

Theorem 4.4.25. Let G be a compact and connected graph, and fix p € [1,00|. Then there
exists ko > 2 depending only on G and p such that

,CN (Q) Z ,CN (g) fOl" all k’g Z kl Z k’o.

k2,p k1,p

Proof. Since the case p = 0o was treated in [KKLM21[], we give the proof for p € [1,00). So
fix p € [1,00) and for k > 1 denote by P;; , = {G1,...,Gx} any rigid k-partition achieving
L} (G). By Theorem there exists some kg = ko(G, p) such that for every k > kg every
cluster of P, has length strictly shorter than the shortest edge length of G, and in particular
every cluster is a tree, which meets any neighboring cluster of Py, at a single vertex.

It clearly suffices to prove the theorem for ko = k; + 1. Fix & > kg + 1 and consider P,:yp;

we suppose without loss of generality that

,u2<gk) = 1511an ,u2(gi) (4.46)
and that Gy, is a neighbor of G;. We now set (jk_l ‘= Gr_1 U Gg; then since G,_; and
G, necessarily meet at a single point, by [BKKM19, Theorem 3.10(1)], we have ,uz(QNk_Q <
t2(Gr—1). We construct a test k& — 1-partition P = {G1,...,Gk_2, ék,l} of G; then, again
using the fact that G and G, meet at a single point and P;; , was assumed rigid, Pisa rigid
k — 1-partition of G.
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We claim that A)Y(Py: ) > A (P), from which the conclusion of the theorem in the case
p € [1,00) will immediately follow. In fact, this is an elementary calculation using (#.46): it
follows from (4.46)) that

k—1
1
P> AP
p2(Ge)" 2 ;:1 12(Gi)",
and hence

1
AY(Pr,)P AN Z,uz (G)f — —— (ZM (Gi)? + pa(Gr1 )P >

1 1 ~
k#z(gk 2#2 gz k#z(gk 1) T — 1#2(Qk—1)p

(gk Z ,U/2 gz

since 112(Gr_1) > p2(Gr_1). By @A6), this latter expression is nonnegative, and so we conclude
that AY(Pr) > A (P), as desired. O

Example 4.4.26. We consider the graph G depicted in Figure 4.3} which in turn was taken from
[KKLM21, Example 7.2]; we claim that for this graph £ (G) < L},(G) for all p € [1, o0},
that is, monotonicity in Theorem §.4.25| fails when k; = 1 and ky = 2.

Suppose that G has total length L and fix p € [1, 00]. It was already shown in [KKLM21,
Example 7.2] that £} (G) = %', Next, we note that by definition £ (G) = 12(G). Now by
the Band-Lévy inequality, Proposition 4.4.1(2), since G is not a 2-regular pumpkin chain, we

have 15(G) > %’2' This proves the claimed reverse monotonicity.

4.4.6 Asymptotics on two simple graphs

In the previous subsections, we proved that the minimal energies LJ,: I’)D (G) satisfy the Weyl-type

asymptotic law

7T2 2 )
ﬁk +O(k) ask — oo.

In this subsection we are going to discuss the behavior of the first order term O(k) in this

N,D —
Ek,p (g> -
expansion. A natural question to ask is if there exists some ¢ € R such that

k,p

2
LYP(G) = %I{:Q Yk +0O(1) ask — oo

holds. We are going to show that in general such c does not exist. More precisely, we study the

sequence given by

EN’D . 71.2];,2
Cp = kb (g]{); L , keN
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and give examples where (¢ ), has a limit points for some given a € N (equilateral star graphs
with 2a edges) or uncountably many limit points (two disjoint path graphs with rationally
independent lengths). For simplicity of our discussion, we restrict ourselves to the case p = oo,

but note that our techniques may easily be adapted to the case p € [1,00).

4.4.6.1 Equilateral stars

For m > 3, we consider the equilateral m-star .S, of total length L.

Lemma 4.4.27. For j € Ny we have

7T2m2j2
‘Cij—i-l,oo(Sm) = Hjm+1 (Sm) 12
wm?(j + 5)°
‘C?m+r,oo(8m> = ujerT(Sm) = T27 r= 27 s, M.

Proof. The ordered eigenvalues 1 (S,,) of the equilateral m-star S,,, are

w2m?4? m?(j + 3)°
12 /ljm—i-'r’(Sm) = TQ, r= 2, o, (447)

tjm+1(Sm) =

for j € Ng (cf. [Fri05, Example 3]). By [KKLM2I1, Proposition 8.4] we have u(S,,) <
Ly (Sn) for k € N. Therefore it will be sufficient to find respective partitions of S,, whose
energies coincides with the eigenvalues in and these partitions will be optimal.

For £k = jm + 1 we consider the partition P consisting of an equilateral m-star with edge length

5u» T intervals of length 52~ each having one Dirichlet and one Neumann vertex and m(j — 1)
intervals of length mA each having two Dirichlet vertices. Then each cluster of P has the same
Dirichlet energy ”2?2 2 and we conclude

72m?2 2

For k = mj + r with 1 < r < m we consider a partition P obtained after cutting through the

center vertex of the star, where the first r edges ey, . . ., e, are divided into 5 + 1 intervals — one
L . o . . 2L

of length T with one Neumann and one Dirichlet vertex and the other j of length T

with two Dirichlet vertices — and the remaining m — r edges e,1,...,¢e,, are divided into j

intervals — one of length ﬁ with one Neumann and one Dirichlet vertex and the other j of

length m(QQTL—l) with two Dirichlet vertices. The Dirichlet energy of the clusters in ey, ..., e, is
72m2(j+1)2 .. . . m2m2(j—1)2 .
—7—— whereas the Dirichlet energy of the clustersine,,,...,¢e, 1S —7z——. We obtain

w*m?(j + 3)?

£0.(8.) = A2(P) =

This concludes the proof. O
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Figure 4.5: Optimal Dirichlet partitions of the three-star. The optimal 7-, 8- and 9-partitions of the 3-star in the proof of
Lemma EE? White vertices denote vertices with Dirichlet conditions.

Proposition 4.4.28. The limit set of the sequence (cy)ren With

Lo (S, _ k2
= k,oo( ) L2, kEN,
k
is ) 5 2( ) )
27 m(s—1—-2
{—F}U{ 3 2 \s:1,...,m—1}. (4.48)

In particular, (cy)ken has m — 1 limit points if m is even and m limit points if m is odd.

Proof. The assertion immediately follows from Lemma.4.27]if one considers the subsequences

(ck;)jen, given by kj := jm +rforr =1,...,mand j € No. Indeed, for 7 = 1, we have
wm?? k2 q? o
kick; = — 3 i = Iz [(k; — 1) = k2] = L2( 2k; + 1)

and, thus, ¢, — — L2 ask — 00. For 1 < r < m, we have

mm?(j+5)? Tk m 2

Kiow =~z T I Rkﬂ ) _T> - k’a}
w2 m 2
ayZ {2"5 (5-7)+(G-7) }

(m ) as k; — oo. Note that, if m is even, the limit point in the second case

and, thus, ¢y, — I
coincides with the one in the first case for r = 3 + 1. O]

Remark 4.4.29. Proposition #.4.28] also shows that, if we write

2]{?2
L?
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then the set of points of accumulation of (cx)ren is exactly (4.48). This is an immediate
consequence of the equality £ (Sp) = (ix(Sy) for all k > 1, as shown in Lemma 4.4.27
In particular, we have an explicit example for the non-existence of a second term in the Weyl

asymptotics for .
We now consider the case of Neumann partitions.

Lemma 4.4.30. For j € Ny we have

m*m2(j + 3)? _, \_mj
‘C;Vmwoo(sm) - 2 2L-2 27 I (4.49)
| —Wm(‘]—{—l) r—tmj—i—l m
72 cr=lg e, .

Proof. We set k = jm + r. We first show that AY is indeed bounded from below by the terms
appearing on the right-hand-side of (4.49)) respectively. For an arbitrary k-partition P of S,,,,
let P’ denote the set of clusters in P that intersect at least two edges of S,,, and, for each edge
e; of S,,, let P; denote the set of clusters in P that only intersect e;. Furthermore, let &’ = |P’|
and k; := |P;|. By choice of " and k;, we have k = k' + > " k; and k' < &, where the latter
holds, since each edge of S,, intersects at most one of the clusters in P’. All clusters in P; are
intervals, so we may assume that each element of P; has the same length ¢;. (Note that we only
decrease AY if we adjust the length of the single intervals, so that all off them have the same
length.) In particular, we have y5(G;) = Z—j forall G; € P;.

Now, let us first consider the case 1 < r < . Without loss of generality, we may assume
that ¢; > m(ﬁr%) holds for i = 1,...,m — otherwise, AY (P) > w
satisfied. We obtain

would obviously be

k;L
> Z Gi| = kily > ——

. 1
G;cP; m(] - 5)

S|

and, thus, k; < j forv = 1,...m. This, in turn, implies

K=k=)Y k>jm+r—jm=r>1,
i=1

i.e. P’ is non-empty. We consider an arbitrary element G’ € P’. Fori = 1,...,m with

le; N G'| > 0 we have

L L L L
leNG'|=— —kili < — — / = —.
m m m(j+3) 2m(j+3)

Thus, G’ is a metric star whose maximum length /.., (G’) is bounded from above by m
2
We obtain

2 9 9/ | 1\2
N - . T m*(j + 3)
AOO(P) = /ub2(g) = 4€max(g,)2 > L2 )

where the second step follows from [AC18, Lemma 3.3].
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2002( 4 2
Next, we consider the case 2 < r < m. First note that A (P) > %

satisfied if ¢; < % holds. On the other hand, the case ¢; > —%~— for all i does not
m(j+1) m(j+1)

occure, since then following the argumentation of the first case yields &’ > r > %, which is a

is obviously

contradiction to k" < %, as we stated in the the beginning of the proof.

Altogether, we have seen that E,ZX +(Sm) isindeed bounded from below by the terms appearing
on the right-hand-side. To show equality, we simply present k-partitions with Neumann energy

equal to the right-hand-side — obviously, these partitions are spectral minimal partitions. In the

case 1 < r < 7, we make a choice of r pairs of edges and consider their respective unions

e1Uey, ..., e9._1Uey,; each of these unions is an Eulerian path in S,,,. Now let P be the partition
L

m(j+3)

other edge e;, ¢« > 2r is decomposed into j intervals of length mi (see the decomposition on

J
22 (j+1)?

the left in Figure . This partition has Neumann energy AY (P) = —— 7z~ In the case

5 < r < m, we consider the jm + r-partition that decomposes the first 7 edges into j + 1

intervals of length

where each of these unions is decomposed into 25 + 1 intervals of equal length and every

#H) and the latter m — 7 edges into j intervals of length = (see the
two decompositions on the right in Figure [4.6). Again, this partition has the desired Neumann

energy. 0

Figure 4.6: Optimal Neumann partitions of the three-star. The optimal 7-, 8- and 9-partitions of the 3-star in the proof of

Lemma [@

Remark 4.4.31. Note that the spectral minimal partitions in the proof of Lemma are

not unique. For example, another optimal jm + 1-partition — whose topology differs from the

one presented in the proof — is obtained by decomposing S,,, into one equilateral m-star of total
L . . L . . .

length 1 and jm intervals of length D (see Figure . In fact, this choice seems to be

more natural, since each cluster has the same Neumann energy.

Remark 4.4.32. The m-star S,,, can be covered with % Eulerian paths, if m is even, and mT“
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Figure 4.7: Nonuniqueness of the optimal partition of the three-star. A different optimal 7-partitions of the 3-star.

Eulerian paths, if m is odd. Therefore, Theorem [4.4.20] yields the upper bounds

m(k+ %2 — 1)

if m is even,

N L2 ’
ﬁk,oo(sm) < 7r2(k: 4 mEl 1)2
2 if m is odd
72 , 1I'm1s oad.

Lemma[4.4.30]shows that these bounds are actually sharp if m is even and k = mj + 1, or m is

odd and k = mj + mTH for j € Ny respectively.

Proposition 4.4.33. The limit set of the sequence (ci)ren With

rN S, _ 72k?
_ Lol k;) L*  keN,

Ck .

is

2725 m
{O}U{L2 ’821,...75},

if m is even, and

271%s m—1 2m2(t — 3) m—1
{O}U{L2 ‘8:17--.7T}U{T|t:17-..,T}

if m is odd. In particular, (c)ren has % limit points if m is even and m limit points if m is odd.

Proof. Thisimmediately follows from Lemmay.4.27|if one considers the subsequences (¢, ) jen

given by k; :== jm +rforr =1,...,mand j € Ny. Indeed, calculations entirely analogous

to the ones in the proof of Proposition 4.4.28 show that ¢, — @

as k; — oo for

r=1,..., L%J, while ¢, — % forr = L%J + 1,...,m. Finally, we remark that if m

is even, then the limit points in the two cases coincide (replace r with r + %), whereas they are

distinct if m is odd.

]
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4.4.6.2 Two disjoint intervals with rationally independent lengths

Let G, = I; U I, be the disjoint union of the intervals [, := [0, 1], I, := [0, a] for some a > 0.

w2 2 272 w2
— K<y . < 2 k
et = Freol0e) < et e e

(4.50)

holds for k& > 2 by Theorem {.4.20] As before, we are interested in the set of points of

accumulation of the sequence (cy)>2 given by

ENOO Ga) — _m?k?
o = 2 ( : @) k> 4.51)
First note that we have
0 < < 272
C —_—
== (a4 1)?

for £ > 2 by #350). In fact, we will see that the limit set of (c)g>o is the whole interval
[0, %] if @ is irrational. In order to show this, let us first compute the minimal energy
L} (Ga) for k> 2. Of course, for given i € {1,...,k — 1}, an optimal k-partition of the form
P=(G1, -,G,Gir1,...,Gy) for AY with

Gi,...,G; C I, Git1,---, Gk C I,.

is obtained by taking each cluster in /; of equal length % and each cluster in /, of equal length

a )
it that is,

2 N2
N _ : 20 T (k—1)
Ly oo(Ga) =  Juin max {ﬂ' i, o } : (4.52)
Let us further investigate (@.52)). One easily sees that
( -2 k — 2 k
w a2 d , 1 < 1
2(L _ )2 L _
max {71'22'2, (k=) } =
a? _ -
w22, 1> K
L a+1

In particular, we have

2(1 _ 1)2
‘Cﬁw<ga) = min max {772@'27 M}

1<i<k—1 a?

2 k) A2 7.‘,2 a k 2 ]{7 2
= min min M, min  7%* ; = min #, 2 ({ -D :
1<i<| A a [A]<i<k—1 a a+1
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We can treat the asymptotics via study of the orbit of the rotation map 7, : R/Z — [0, 1), which
is defined via
Tor =+ a modl.

It is a well-known fact that the orbits of the map T, are dense in [0, 1] if and only if « € R\ Q
(see [Dev89l Theorem 3.13]).

Theorem 4.4.34. Let c;, k > 2, be defined as in (4.51). If a € Q, then (ci)>2 has a finite limit

set; ifa € R\ Q, then the limit set of (cx)i>2 is the whole interval |0, (a%:rf)Q].

Proof. Due to (@.53)), we have

(4.54)

PR ) 2 ] (1
a (LH _af—l) (a?il %daiﬂ _a—ku))
T

+
272 w2 272
_ ik k _ ko
=T" (0) (a+1+_kTail(0)) &+1Ta+1(0)+0(1)ask:—>oo

(4.55)

and

a 2 2
Wz( (a—m - (ai1)2> B 7r_2 ak | ak ak N ak
k a2k \|a+1 a+1 a+1 a+1

B ak B ak 272 n 7r_2 k B k
“\Ja+1| a+1)\ale+1) a2k \|a+1| a+1
22 w2 ) 272

_ ik Tk _ k
_Tail(O) (a(a+1)+a2kTai1(0) a(a+1)T#1(0)+0(1)aSk_>oo'

Q=

(4.56)

Since the orbits of T’ L and Tﬁl are periodic if and only if a € Q, we deduce that a has a finite

limit set if and only if a € Q. Suppose a € R\ Q, then

k k ak ak
T (0)+T% (0)= — —
a%l<)+ a+1() a+1 Lz—l—lel—ale Ll—i—lJ

o Lz-k; 1J ) LCflJ B LTJ ) chflJ -
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Let x € [0, 1]. Suppose (k,)nen is a strictly increasing sequence with

lim 7% (0) =,

n—oo a+1

then with (#.54)), (4.33)) and (#.56)) for all £ € N we infer

, , {27r2(1—x) 272 }
lim ¢, = min

n—00 a+1 ’ ((l+ 1)
22y <
_ T
ala+1)’ T a+ 1
272(1 — o) a
—7 ‘T > )
L a+1 a+1

and hence the limit set of (¢ );>2 is dense in [0, Since the limit set is clearly closed, we

O

ok

conclude that it equals [0, %]

In the Dirichlet case, we may similarly consider the limit set of the sequence (¢ )x>2 given
by

‘CDoo G,) — w22
= oo L Ut =k >9 (4.57)
On an interval / = [0, /] we have
LiooD) = L), k=2, (4.58)

which directly gives us the following result.

Theorem 4.4.35. Let c;, k > 2, be defined as in @.57). If a € Q, then (ci,)>2 has a finite limit

set; if a € R\ Q, then the limit set of (cx)x>2 is the interval |— a HQ) %]

Proof. Using (@.38) yields
k+2 oo(gll) ;c\,[oo<ga)
and, thus,
2 a2k2
k+2 oo(ga> - :)22) . k Ejlg\foo<ga> - (a—i—li)Q 4 71'2
k+2 k+2 k (a+1)2

+o(1) as k — oc.

The assertion now follows immediately from Theorem {.4.34] O
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4.5 Interlacing results

4.5.1 Results

Our principal objective here is to establish sharp interlacing inequalities linking the quantities
£,§ ~ and L‘Jk\f  : here and throughout we will suppose G to be a fixed connected, compact, finite
metric graph; [ will denote the first Betti number of G, i.e., the number of independent cycles
in the graph, and | V| the number of vertices of G of degree 1, the leaves. In this section we will
prove Theorem [I.3.5]and Theorem[1.3.6] We recall the statements:

Theorem 4.5.1. For all k € N such that k > 3 we have
(£Y2(6) 2) £)5(6) > £211_5(0)
Theorem 4.5.2. For all k € N such that k > [ + |N| we have

L)x(G) = ﬁfcvfl—/s—uw,oo(g)-

A consequence of these inequalities is that we can relate these spectral minimal energies
with the eigenvalues of the Laplacian on the whole graph, both with standard conditions at all
vertices and with Dirichlet conditions at all vertices. Recall thaty(G) is the k-th eigenvalue of
the Laplacian with standard conditions on G (starting at 1 (G) = 0 and counting multiplicities)
and \,(G, VD) the k-th eigenvalue of the Laplacian with Dirichlet conditions at a distinguished
set VP of Dirichlet vertices and standard conditions on the rest, which we abbreviate to AP (G) =
A.(G, V) for when all vertices are Dirichlet vertices. Then Corollary which we recall in
the following is a fairly direct consequence of Theorem [I.3.5}

Corollary 4.5.3. Let G be a (connected, compact, finite) metric graph with first Betti number
B > 0. Then forall k > 5+ 1 we have

A (G) > L£5(9) 2 L1 5.00(G) = piiir-5(G).

This, and indeed the principle of interlacing inequalities between such minimal energies,
have several natural motivations. For one, rather suprisingly, combining Corollary with
the upper bound on Eg  in Theorem , we obtain a bound which, even as a bound on pi,
actually turns out to be better for many classes of graphs than the central bound [BKKM17,

Theorem 4.9], as we shall see below.

Corollary 4.5.4. Let G be a metric graph with first Betti number 3 € Ny and total length L, and
suppose there exist n < |E| Eulerian paths covering G, crossing at at most finitely many points.
Then for all k > max{n + 1 — 3,1} we have

[

1(G) < LPoo(G) < =k +n+ 5 —2)% (4.59)

2

b(
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But at a more fundamental level a key motivation for Theorems[1.3.5and [1.3.6] arises from

the effect on graph Laplacians, of so-called surgery on the graph. Our method of proof of these
two theorems, which involves studying cuts of a graph and the impact this has on being able
to glue together eigenfunctions on different parts of the graph, is intimately related to both the
nodal count (and distribution of the nodal domains) of the eigenfunctions, and the number and
distribution of the corresponding Neumann domains.

Cutting a graph at a point is a simple operation which changes the topology of the graph
and which has a predictable effect on the eigenvalues of the graph, as it represents a finite
rank perturbation of the associated Laplacian (see [BKKM19, §3.1 and §4.1]). Cutting a graph
at exactly the points « where the k-th standard Laplacian eigenfunction ux(z) equals 0 leads
to a nodal partition, the clusters of which are the nodal domains of the eigenfunction. The
number and distribution of these has been explored at some length; see for example [ABB18;
BBRS12; BerO6]. The Neumann domains arise as the clusters of a partition cut at the points
where u) () = 0; the number of Neumann domains behaves similarly as a function of &, at
least in the “generic” case where (among other things) all cuts are made away from the vertices
[AB19]. Perhaps most notably for us, it has been shown in the generic case that the difference
between the number of nodal domains v (k) and the number of Neumann domains £ (k) of wy
satisfies exactly the same bounds as the indices appearing in Theorems [1.3.5and [1.3.6] [AB19,
Proposition 3.1(1)] (see also [ABBE20, Proposition 11.2]):

18 <v(k)—&(k) < +[N|-1. (4.60)

In fact, (4.60) can also be recovered from our proofs (see Remarks [4.5.7 and [4.5.14)). Despite
the completely different approaches (here we study cutting and pasting eigenfunctions arising

from different minimal partitions, in [AB19] the point of departure being the whole graph
eigenfunctions) this hints at a much deeper connection between these spectral minimal partitions
and the nodal and Neumann domain patterns of the whole graph eigenfunctions, analogous to or
extending the connection between nodal domains and partitions explored in [BBRS12]], which
will be left to future investigation to explore fully.

Somewhat related is the idea of changing a vertex condition from standard to Dirichlet
(or vice versa), another finite rank perturbation which leads to interlacing inequalities between
Dirichlet and standard Laplacian eigenvalues. A consequence of the min-max characterization

of the eigenvalues is the interlacing inequality which in the notation introduced above reads
)\k+|VD| (ga VD) > Hi4 D (g) > )‘k(g7 VD)

(again, see [BKKM19, §3.1], or, e.g., [BK13| §3.1.6]). This is reminiscent of, or rather actually
at odds with, Friedlander’s inequalities between Dirichlet and Neumann Laplacian eigenvalues
on domains in R, d > 2 (see [Fri91])), which assert that Ay (Q) > p41(Q) for all k € N; in fact

the inequality was later shown to be always strict [F1l04]. Similar results also can be obtained for
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compact manifolds (see [AM12]). On metric graphs this is rather difficult to recover precisely
because of the interlacing inequalities, or the related idea that the difference between Dirichlet
and standard vertex conditions is somehow ‘“‘smaller” than the difference between Dirichlet and
Neumann boundary conditions. Our Corollary is a complement to the inequality proved
in [Roh17, Theorem 4.1] for tree graphs G (i.e., with 3 = 0), which states that

Ae(9) = psa (9), keN, (4.61)

if we impose Dirichlet conditions on all vertices VP = V of G. Note, however, that (#.61)
actually holds under the weaker assumption that Dirichlet conditions only be imposed on the
leaves of the tree, with standard conditions at all other vertices; see [BBW15, Lemma 4.5] (with
t=0).

Remark 4.5.5. Before proceeding, that for £ sufficiently large (how large potentially depending
on G), as discussed in [HKMP21a] we actually have ﬁf,fo‘;(g) = Ly.(G). as the partitions
achieving the former infimum will in fact be rigid; for such k, all our results may be adjusted
accordingly. In general, however, the class of general connected partitions seems more natural
in this context, as, unlike in the rigid case, they do not place potentially artificial restrictions on
the locations of the cuts made when forming the partitions. Hence we will not deal with the

question of rigidity further.

§4.5.2] is devoted to the proof of Theorem §4.5.3| to the proof of Theorem [I.3.5} in
both cases, at the beginning of the section we include a somewhat less formal explanation of
where the respective indices appearing in the inequalities come from. Finally, in §4.5.4] we
prove Corollaries [1.3.7| and [4.5.4] give several examples of graphs where the bounds in (#.39)
are better than bounds obtained elsewhere, and also study the case of certain windmill graphs,

introduced in [KS18]], where there is equality everywhere in (#.59).

4.5.2 Proof of Theorem 4.5.1]

Assume G is a connected metric graph with first Betti number 8 = |£] — [V| + 1. We
first wish to give an intuitive explanation as to why Theorem [1.3.5| should hold. So let P =
(Gi,...,Gk) € €(G) be an exhaustive k-partition realizing the minimum for £f€\f 2 (G). Consider
any eigenfunctions uy, ..., u; on Gy, ..., G associated with 15(Gy), ..., u2(Gy), respectively.
We extend each function by zero to obtain an L?-function on G, which can also be treated as an
element of @ H'(e), and which we still denote by u;, i = 1,..., k. Now since each of these

functions necessarily changes sign the sets

Ui, = 1{ui>0}ui7 Uj,— = 1{ui<0}ui7
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1t =1,...,k, are all non-empty. Suppose we can match these eigenfunctions at the cut vertices
in the sense that there exist &y , 1 —, ..., ax 4, - € R\ {0} such that for all v € C(Gp : G)
ai,sign(ui(vl))ui(vl) = aj,sign(uj(vg))uj(v2) (462)

for all v¢,vs € C,(Gp). Then
U= Uy g o Uy A Uy o _up - € HY(G). (4.63)

How many nodal domains will « have on G? We know that:

1. regarded as a function on the cut graph Gp it has at least 2k, since it changes sign on each

connected component G;, ¢ = 1,..., k, of Gp;

2. by Lemma we have

k—1<rank(Gp:G) <k—1+0;

3. every time we make a cut of G of rank 1 (cf. Lemma [2.1.8)) the number of nodal domains

of u considered as a function on the cut graph increases by at most 1.

It follows that u € H'(G) admits at least 2k — rank(Gp : G) > k + 1 — (3 nodal domains;
moreover, its Rayleigh quotient on each of these nodal domains will be no larger than AY (P) =

max; 2(G;). Thus, if u € H'(G), then we can use the associated nodal partition to obtain

‘Cl]c\joo(g) > Eﬁ(fo(g) > Egc—rank(gp:g),oo(g> > £ICD+1—6,oo(g)7

which is Theorem [I.3.5] But of course in general we cannot expect the matching conditions

(4.62) to hold.

Example 4.5.6. Before proceeding we give a simple example to show that equality is possible

in Theorem|[I.3.5] that is, that we may have equality
Lyoo(9) = L1 5.00(9), (4.64)

as well as in the above argument. Consider the equilateral m-star, m > 3, with m edges of
length 1 each. We identify each edge e with the unit interval [0, 1], with 0 corresponding to the
central vertex. As shown in [HKMP21a, Lemmata 7.1 and 7.4] we have

EN

Jm,00

(Sm) = 7T2j2 = ‘Cferl,oo(Sm)'

for all 7 > 1. Moreover, in this case there is a nodal partition corresponding to Efm 100 (Sm)s

which comes from taking eigenfunctions of the form u. ;(x) = cos(mjz) oneachedge e ~ [0, 1].
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Note that equality need not hold for integers & not of the form jm + 1, since for example

E;V 3 _ 7T2m2j2 - 7T2m2(j _ 1/2)2 _ £D
m—1,00 T2 12 Jm,00

forall 7 > 1.
Note that (4.64) also holds for the loop and for the interval, for all & > 1.

Remark 4.5.7. Suppose u is an eigenfunction, with eigenvalue A, of the (standard) Laplacian
on G, and suppose that considering the total cut of G at all points where u reaches a local
nonzero maximum or minimum generates a partition with £ = &(u) clusters. (In the language
of and [ABBE20] this means v has &(u) Neumann domains.) Then )\ equals the first
nontrivial standard Laplacian eigenvalue on each cluster, with eigenfunction u (see [ABBE?20,
Lemma 8.1]). Now by construction we can certainly match these restrictions of the eigenfunction
at the cut points, in accordance with the above discussion. As we have seen, the resulting Dirichlet
partition consists of at least £ (u) + 1 — 3 clusters, which in this case are clearly the nodal domains

of u. Thus we recover one part of (4.60).

Lemma 4.5.8. Suppose G' is a simple cut of G. Suppose u € H'(G') with nodal partition
P =(G1,...,G,) withn € N. Then there exists a function

u € span(ﬂ‘gl,...,ﬂ‘gn) NHY(G)

with at least n — 1 nodal domains.

Proof. Suppose that v is the unique vertex in C(G' : G), and vy, vy € V' such that v = vy U vs.
Suppose without loss of generality that v; € G; and vy € Go. Write G; = (V;, &), i =1,...,n.
Case 1: u(vy) = 0 and u(vy) = 0. Then since @(v;) = u(ve) we infer u € H'(G) and we
are done since u admits n connected nodal domains.
Case 2: u(vy1) # 0 # u(vy). Then there exist vy, ap # 0 such that

Oélﬁ(Ul) = Oézﬂ(?)g)

and we may define
au(x), = €&
u(z) == awt(z), =€ &
u(x) otherwise,
so that u € H'(G) with n — 1 nodal domains.

Case 3: Otherwise. Suppose without loss of generality that % (v;) # 0 and u(v2) = 0. Then
we define

u(z), x &G

0, otherwise,
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and by construction v € H'(G) has n — 1 nodal domains. O

Lemma 4.5.9. Let G be a metric graph and G' a cut of G. Let r := rank(G' : G) and k > r, then
for any k-partition P' = (G, ..., G,) of G' there exists a (k — r)-partition P = (G, ..., Gr—r)
of G such that

AL (P') = AP (P).

Proof. By a simple induction argument based on Lemma [2.1.§]it suffices to prove the result for
r = 1. So suppose G’ is a simple cut of G and P’ = (G}, ..., G,) is an arbitrary k-partition of
G'. We let u; € H}(G!,0G!) be an eigenfunction associated with A\ (G!), i = 1,..., k, then the
function % such that @|g; = @, for all 7 belongs to H'(G') and has nodal partition exactly P,
and . Then by Lemma there exists u € H'(G) with at least £ — 1 nodal domains such that,
likewise, U|g; = u; for all 7. A simple argument using the nodal partition P associated with u
and fact that AP (P’') = max; A\ (G)) leads to AP (P') > AP (P). O

Corollary 4.5.10. Let G be a metric graph and G' a cut of G, and suppose r := rank(G' : G).
Then
L1x(G) 2 Li(9).

Lemmad4.5.11. Let G be ametric graphandlet P = (G, ..., Gi) be a k-partition with canonical
cut graph Gp. Let r := rank(Gp : G), then there exists a (2k — r)-partition

P/ - (gla s 7g2k—7“)

such that

A (P) > Mg (P").
Proof. Suppose Gp is the canonical cut graph of P = (G, ..., G). Let u; be an eigenfunction
for u2(G;) on G;, i = 1,. .., k. Then u; necessarily changes sign on G, and hence admits at least

two nodal domains; denote by P; = (G; +, G; _) any exhaustive extension of any corresponding
nodal 2-partition of G;. Then, since (G;) > max{\(G; +), A\1(Gi—)},

A]kV(P) > igllaxk max{)\l (g’i,+)7 )‘1 (g’b,Jr)} > ‘Cé)k,oo(gp> > ‘Cé)kfr,oo(g)v

.....

where the last inequality follows from Corollary 4.5.10] H
We can now give the proof of Theorem|[I.3.5]

Proof of Theorem|[[.3.5] Let P be any k-partition of G. By Lemma we have

rank(Gp : G) <k—1+4+p
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and so, applying Lemma [.5.T1] taking the infimum over all such partitions and using the

monotonicity of the mapping j — L (G), we obtain

LY(G) = LP 5.(9).

4.5.3 Proof of Theorem

Just as the basic idea behind Theorem [4.5.1] is gluing together nodal domains of Neumann
eigenfunctions of the partition clusters to construct a test partition, here we will be interested
in gluing together the so-called Neumann domains of the cluster Dirichlet eigenfunctions (see,
e.g., [AB19; ABBE20]).

Let us again start with an intuitive explanation of Theorem§.5.2] We suppose G is a metric
graph with first Betti number § and | N| leaves. We take P = (G, ..., Gi) € €4(G) to be a fixed
exhaustive k-partition of G and consider the respective first Dirichlet eigenfunctions uy, . . . , uy
on Gy, ..., Gy, associated with A;(Gy), ..., A\1(Gx) and extended by zero on the rest of G.

We decompose each G; by taking the total cut (see Definition [2.1.9) of G; at every point,
without loss of generality a vertex v € V(G;), at which u; attains a nonzero extremum, and thus
in particular %|eui(v) = 0 on every edge e incident with v. On each connected component
@71, cee @k, k; > 1, the Neumann domains, u; is the first eigenfunction of the Laplacian with
suitable mixed Dirichlet-Neumann conditions, and in particular \; (G; ) is still the first eigenvalue
of each 5” by a standard variational argument (cf. [BKKM17, Proof of Theorem 3.4], or also
[ABBE20, Lemma 8.1] for a similar principle).

Now suppose that, given a cut vertex v € C(Gp : G), we glue together all the neighboring
Neumann domains Gy, j, ..., G, j. atvtoformacluster G’ :=G; ; U...UG; ; ;then, by
similarly to (4.63), we obtain
a test function on G’, orthogonal to the constant functions for the right choice of coefficients,
whose Rayleigh quotient is at most max{A;(G;,), ..., A\1(G;,, )} < AL (P).

Gluing such neighboring Neumann domains together at as many different cut vertices as
possible (see also Figure , we may thus construct a partition P’ of G such that AN (P’) <
AP(P).

The question is, how many clusters can P’ have? Denote by P = {CNJ”}” the partition of G

taking a suitable linear combination of w;, |g,, ; ..., Wi, g, ;.
: vk

which results from making total cuts of the clusters of P as described above, which will be a finer
partition than P and P’ (in fact, G will be the common cut of Gp and G/, cf. Definition[2.1.11).
We wish to determine how many clusters must be created when passing from P to P, and how
many may be lost from PtoP.

For the first question, we wish to find a condition that guarantees that a cluster G; of P will
yield (at least) two in ﬁ, that is, that it contains at least two Neumann domains. A sufficient

condition is that G, have at least two Dirichlet (cut) vertices, and that u; reach an extremum
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on every trail (non-self-intersecting path) in G; connecting them. Observe that this need not
be the case if the cluster contains a leaf or a cycle of G (for example if G; is an interval with
one Dirichlet and one Neumann condition, or lasso with a Dirichlet condition at its degree-one

vertex). This motivates the following definition.

Definition 4.5.12. Suppose P = (G, . .., Gx) is a k-partition, k > 2, of G. We say that a cluster
G is benign (in G) if it contains neither a vertex of G of degree one, nor a cycle of G; otherwise,

we say it is malign.

Observe that any benign cluster of G must necessarily be a tree each of whose leaves belongs
to the cut set C(Gp : G) = OP, while for malign clusters this is not necessarily the case. We see
that if P has &’ malign clusters, then P must have at least 2k — &'

The next question is how many clusters we may lose going from P to P’; the example of

Figure 4.8 shows that the answer may be complicated.

Figure 4.8: Zigzag clusters. A possible cluster of P’ resulting by gluing the corresponding Neumann domains at the cut vertices
of P, which are the Dirichlet points (open circles) of the associated eigenfunctions. Observe that while this cluster is composed
of a large number of Neumann domains, being constructed in this way it necessarily contains in its interior at least one boundary
point of the original Dirichlet partition.

The following lemma formalizes the above reasoning and answers the latter question; the
proof of Theorem §.5.2| will then follow easily.

Lemma 4.5.13. Let G be a compact, connected metric graph. Suppose P = (Gy,...,Gy) is an
exhaustive k-partition, k > 2, with

rank(Gp : G) =k —1+7r

for some 0 < r < 3 and suppose that ‘P contains at most 1 < n < k malign clusters. Then

there exists an exhaustive k + 1 — n — r-partition P' of G such that
AkD(P) Z A;cv—i-l—n—'r(P/)‘

Proof. Let uy, ..., u; be the respective first Dirichlet eigenfunctions on G, .. . , G, associated
with A (G1), ..., A\1(Gr), identified as functions in H'(G) via extension by zero. Take P’ to be
the partition of G associated with the cut Gp, of G consisting of the total cut of G at all points



4.5. INTERLACING RESULTS 167

where any of the u; admit a local nonzero extremum. Let P be the partition of G whose clusters

are the connected components by the common cut graph of Gp and Gp/. Then by construction
rank(Gp: : G) = rank(Gs : G) — rank(Gp : G).
It follows from Lemma [2.1.7] that
rank(Gs : Gp/) = rank(Gs : G) — rank(Gpr : G) = rank(Gp : G),

that is, rank(gﬁ :Gp)=k—1+r.

Figure 4.9: On extrema of eigenfunctions. On the left is an example of a possible cluster of P with nodes (open circles) and local
extrema (crosses) of the eigenfunction. Such an eigenfunction may have multiple local extrema within the cluster. However,

the local extrema cannot enclose an area as in the image on the right. In particular, any cluster of P, and thus of P’, necessarily
contains a node, that is, a boundary vertex of P.

Next observe that every benign cluster admits at least two Neumann domains and therefore
P has at least 2k — n clusters. Lemma combined with a simple induction argument shows
that P’ has at least (2k —n) — (k — 1+r) = k+ 1 — n — r clusters, since undoing a simple cut
(i.e., gluing once) will change the number of connected components of the cut graph by at most
one.

We claim that every cluster G’ of P’ satisfies u5(G') < AP(P), which will complete the
proof of the lemma. To this end, fix such a cluster G’ of P’; we first observe that G’ contains at
least two clusters of 75 that is, it is formed out of at least two distinct Neumann domains of the

eigenfunctions wy, . . ., uy (cf. also Figure d.8). To see this, observe that:

(1) the boundary sets of P and P’ are disjoint: at any cut vertex of Gp all the u; € H'(G) satisfy

a Dirichlet condition; hence no such point can also be a local nonzero extremum;

(2) by construction, on each cluster of P there is exactly one eigenfunction u; which does not

vanish identically, and this eigenfunction does not change sign within the cluster;

(3) no eigenfunction has a strictly positive local minimum or strictly negative local maximum
anywhere; hence no eigenfunction can have a Neumann domain strictly contained in a nodal
domain (see also Figure 4.9).
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If G’ should coincide with a single cluster G of P, then in particular the two must share a
boundary set. This means, by construction of 75 and (1), that QN contains no Dirichlet points,
that is, the only eigenfunction u; (from (2)) which does not vanish identically in § , cannot have

any zeros whatsoever there. But this is a contradiction to (3).

As a result, we can guarantee the existence of a function ¢ € H 1(9’ ) such that

[ elrda=o

by taking ¢ to be a suitable linear combination of the restrictions of w;|g/, 2 = 1, ..., k. Then ¢
is a valid test function for 15(G’) on the one hand, and on the other the Rayleigh quotient of ¢
cannot exceed AkD (P) = max;—1,_x A1(G;). The latter claim follows from a standard argument:
by construction, on every nodal domain of ¢ we have that ¢ is a multiple of some u;, and thus
its Rayleigh quotient is no larger than the maximum of the Rayleigh quotients of the wu; on the
respective nodal domains. Moreover, u; satisfies either a standard or a Dirichlet condition at
every vertex of this nodal domain, treated as a subgraph of G’, and is thus a non-sign-changing
classical eigenfunction there, so, as noted earlier, A\;(G;) is equal to the Rayleigh quotient of w;
on 2. O]

Proof of Theorem[d.5.2] The theorem will follow immediately from Lemma {.5.13] once we
have shown that any exhaustive partition P of G of rank k — 1+, 0 < r < /3, can have at most
n = B+ |N| — r malign clusters.

We first observe that at most | N| clusters can contain at least one leaf of G; it remains to
show that at most 3 — r clusters can contain a cycle of G. But this follows if we can show that
the (disconnected) canonical cut graph Gp has Betti number 3 — r. This, in turn, follows from

a simple induction argument using the definition of  and Lemmata[2.1.8]and[2.1.13} there will

exist an intermediate cut of G rank r which remains connected and has Betti number § — r; Gp
is then obtained from this intermediate graph by cutting k£ — 1 times in such a way that each cut

splits off an additional connected component (cluster of P) from the rest of the graph. [

Remark 4.5.14. Let u be an eigenfunction of the Laplacian on G and P be its nodal partition
with & = v(u) nodal domains (clusters). We know that on each the restriction of u to each cluster
coincides with the corresponding first eigenfunction on that cluster, with Dirichlet conditions at
the boundary points. Then by construction, the partition P’ in Lemmal4.5.13|coincides with the
partition of G into the Neumann domains of u. The proof of Theorem|1.3.5|in particular ensures

that this partition contains at least
E(u) >v(u)+1—05—|N| (4.65)

clusters, the Neumann domains of . Combining (4.65) and Remark [4.5.7] we recover (4.60).
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4.5.4 Application: Spectral inequalities

In this section we will prove Corollary {.5.3] relating the interlacing inequalities of Theo-
rems[4.5.1Jand[4.5.2]to the eigenvalues of the Laplacian on the whole graph G with Dirichlet and
standard vertex conditions. Afterwards, we will discuss their relation with concrete estimates
on the optimal energies £, (G), L{,(G) in terms of geometric and topological properties
of G; complementary estimates were obtained in We recall that A\, (G, V) =: A\(G) and
1i(G) are, respectively, the k-th eigenvalue, counted with multiplicities, of the Laplacian with
Dirichlet conditions at all vertices of G (which thus reduces to a disjoint union of n intervals),

and of the Laplacian with standard conditions at all vertices of G.

Proof of Corollary|d.5.3] We clearly only have to prove the first and the last inequalities, the
middle one being contained in Theorem For the first inequality, Eﬁ “(G) < M\(G), we
observe, firstly, that for any finite interval / C Rand j € N, \;() = pj1({).

We suppose that foreachi =1, ..., n,
Ji = max{j > 0: \j(e;) < M(G)},

so that the collection {\(e;) : 1 < ¢ < j; } gives exactly the first k eigenvalues A;(G), . .., A\x(G),
counted with multiplicities (if A\x(G) is multiple, meaning at least two edges have the same
eigenvalue corresponding to \x(G), then we arbitrarily choose a certain number to be excluded
in order to guarantee that {\,(e;) : 1 < ¢ < j;} does in fact consist of exactly k elements, the
largest of which is A\x(G)).

For each 7 = 1,...,n for which j; > 1, we partition the edge e; into j; equal subintervals
€i1,---,e€;, each of which is a nodal domain for the eigenfunctions of \;,(e;), so that, with
our first observation, jis(e;1) = ... = po(e;;,) = Mi(ein) = Aj(e;). Since Y1 | j; = k, the
(non-exhaustive) partition P := {e;,: 1 < ¢ < j;, 1 <i < n}is a k-partition of G such that

AR (P) = max pip(esp) = max A (e:) = Ae(G).

The inequality now follows extending the partition to an exhaustive partition that does not
increase the energy (due to surgery principles; see e.g. [KKMMI16, Lemma 2.3]). The last
inequality,

1(G) < Lo (9),

follows from a standard argument involving the min-max characterization of 14 (G), see also
[KKLM?21\ Proposition 8.4] for a detailed proof. ]

We now turn to Corollary 4.5.4] We first recall that [HKMP21a]] derived, among other
things, both upper and lower bounds for the quantities £} (G) and cfj;(g ), namely

7T2

2
Tk < LY(G) < T (k+n—1)7 (4.66)
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Figure 4.10: Two pumpkins connected by an edge. A graph given by two 3-pumpkins connected by an edge. The graph admits
an Eulerian path seen on the right side.

and

s (B 30— Pl = IND?) < £2.0) < T (i + <|51_1_{|12V|J>)2 wen

for all sufficiently large k& depending on G; see [HKMP21a, Theorems 4.5, 4.9, 5.1 and 5.3]
(note that the proof of the upper bound in #.66)), given for £}’ (G), works for Eﬁ;(g ) whenever
k > n, that is, (@.60)) is valid for all £ > n). Here |P5| < [ is the number of doubly connected
pendants of G and n < |£| is any number for which there exists an n-partition of G each of

whose clusters consists of a single Eulerian path.

Proof of Corollary|.5.4} This is an immediate consequence of the upper bound in (4.66) and
Corollary 4.5.3] O

We observe that our inequality (4.59), which we reproduce here for the sake of convenience,

1i(G) < LPso(9) < (k‘+n+ﬁ—2)

h|>l

involves rather different quantities from the upper bound in (@.67), as well as what is possibly
the best general upper bound on 14 (G) to date, namely [BKKM17, Theorem 4.9]

l\D

1(G) < —5(k+ 38+ 3N —2) (4.68)

L_
for all £k > 1 (see also [|Aril16, Theorem 1.2] for an earlier iteration). We finish with a few
examples which show that at least for some graphs our bound (4.59) can be better than (4.67)
and even (4.68)). Note, however, that the corresponding lower bound coming from Theorem[@4.5.1]

and (A66).

2
s
£0.(G) = Tk =1 -5 —N|)?
will not in general be better than the lower bound in (#.67), at least for large k, as one can see
by comparing the respective coeflicients of the k term in the bounds. It would be interesting to

understand what the optimal coefficients might look like.

Example 4.5.15. We consider the pumpkin dumbbell depicted in Figure 4.10} consisting of two
3-pumpkins connected by an edge (interestingly, the relative edge lengths are irrelevant for these
bounds). Then by Corollary we have Eﬁm(g ) < 5 (k: + 4)% for all k > 1, while since
|€] = 7 and |N| = 0 the upper bound in @#.67) reads L (G) < L—z(l@ + 7)? (for sufficiently
large k). Introducing thicker pumpkins would lead to the same conclusion, that (4.59) is better.
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Figure 4.11: Stower graphs. Stower graphs as an example of a class of graphs for which (.39) is better than (#.68)

Example 4.5.16. The bound on 14 (G) in (4.59) is better than (4.68)) for all flower graphs (where
|N| = 0and n = 1), and more generally stower graphs (flowers with a finite number of pendant
edges attached to the central vertex, i.e., a union of a flower and a star; see Figure . These
were introduced in [BL17al], where they played a major role in the minimization of 115(G) among
various classes of graphs. There exist such stower graphs with any 5 > 1 and | N| > 1 pendant
edges, while we certainly have n < [@1 , leading to the assertion that (4.59) is better. Finally,

the respective upper bounds coincide for star graphs for which | V| is even, since then 3 = 0 and

o= N
iy

Figure 4.12: Windmill graph. Windmill graphs are examples of graphs for which the upper estimate in (4.68) is attained. As it
turns out this is also the case in (#.59) when the graph has an even number of pendant lassos.

Example 4.5.17. Let G be a windmill graph WW?™, m > 1, which consists of 2m lassos(blades)
glued together at a central vertex (see Figure 4.12)); we assume that all the loops have a common
length ¢ > 0 and the bridges a common length s > 0. It was shown in [KS18] that, if the ratio
(/s = 4, then there is equality in (4.68)) for any number of blades. In particular, since 8 = 2m,

2
m ™

for all & > 1. Note that WW?™ can be partitioned into n = m clusters, each consisting of exactly

two blades glued together (like the dumbbell pumpkin of Figure 4.10]but with loops in place of

the 3-pumpkins). This means that the upper bound in (4.59) is also equal to Z—z(k +3m — 2)%;
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hence we have equality everywhere,

7T2

Mk(wzm) = ‘CkD,oo(WQm) = ‘C;ﬂv;cl+6,oo(wzm) - JE (k +3m — 2)2

for all k > 1. In particular, Theorem is sharp for windmill graphs WW?™ for which (/s = 4.

Very recently, all graphs which attain the upper estimate in (4.68)) were classified in [[Ser21].
We leave it as an open question whether similar results can be shown for the inequalities obtained

in this section especially for Theorem4.5.1]

4.6 On the Monotonicity of spectral minimal energies

The spectral minimal partitions £ (G), £',(G) as defined in §4.1| exhibit some monotonicity
properties we will con. Let  C RY for some n € N. In [CTVO05] was shown existence of

minimizers of the spectral minimal partitions that

L:k’p(Q) = Q1,..,Q (}gg, connected AP(P)
‘Q1QQ]|:0 fOrl?éj
with y
1k P
=) A (€ , <
Ap(Q, ., ) = (F=nw) b=
max{A1(21),..., A\ ()}, p =00

where A (2;) is the first nontrivial eigenvalue of —A on §2; with Dirichlet condition at 0€2;. In
particularly, it was shown that £ ,(£2) is monotonic increasing in p and k. For metric graphs

we have following analogy of [KKLM21, Proposition 6.1]:

Proposition 4.6.1. Forall 1 < p, < py < o0, we have

(G) < LY, (G) < ki m LY, ()

k»Q7p2 k?QvPQ

EN

k7q7pl

and
1 1

LP (G <L (G) <km mLl (G).

k,q,p1 k,q,p2

Moreover, p — LY (G) and p — LP (G) are continuous and monotonically increasing in

k,q,p k,q,p
p € [1, 0]

Proof. For simplicity we only give the proof for Eﬁ qp> the other case follows analogous. Let P

be any connected k-partition, then with Holder inequality we infer

N
Ak,q,m

(P) < AN (P) < ki mAY _(P).

k,q,p2 k,q,p1
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We then have from the definition

LN Q)< LN (G) < ki mLN (Q).

k,q,p1 k,q,p2 k,q,p1

Thus, we infer
L8 a(G) = L8, (9| < K772 sup L]

k7q7p2 k#I,Pl k7q7p1
pE[l,00]

and since £}, , (G) < Ly, .(G) is uniformly bounded, we infer that p — L}, (G) is continu-

ous. O]

Figure 4.13: Counterexample for monotonicity in the Neumann case. The graph on the left admits a rigid two-partition into
equal intervals (right); thus there is equality in the lower bound @37). We will return to this graph in Example #4.26] to show
that we do not necessarily have monotonicity in k in the Neumann case.

However, monotonocity in k is not so clear in the Neumann cases.

Example 4.6.2. Consider the graph G in Figure [d.13] then we have
12(G) = £3(9) = L5 > L1 = £5(9) = £0(9). (4.69)

In fact, as Figure [d.13| shows that there exists a rigid two-partition into equal intervals, then by

Theorem 4.4.13] we have
472

g[*
but by Proposition 4.4.1| we have 115(G) > % and we infer @#.69). However k — L (G) is

still monotonic as the following statement shows.

N7r JR—
‘CQ,OO -

Theorem 4.6.3. Let G be a metric graph, then for k > 1
ki L0 (G) and k— L;5(G)
are monotonically increasing in k. Moreover for k > 3 + 1 also
ki L) (G)

is monotonically increasing.

Proof. Let us first deal with the case of connected partitions. Suppose P = (Gy,...,Gy) is a

k-partition, then given a non-exhaustive connected partition one can always find a exhaustive
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partition with the same number of clusters which does not increase the spectral energy and we
can restrict ourselves to non-exhaustive connected partitions. Consequentially, if we take any

partition P’ consisting of the elements Gy, . .., G, we have
Ao (P) 2 Moo (P') and AL (P) = Ao (P)

respectively. Hence, £,QVO‘;(Q) and L} (G) is monotonous for all k& > 1.

This procedure does not however apply in the same way to rigid partitions. However, when
there is k£ > [3 at least two partition elements are necessarily only connected by a pendant graph,
then by the surgery principle [BKKM19, Theorem 3.10 (2)] we can glue together two graphs at

one vertex and the resulting graph does not increase the spectral energy. [



Chapter 5
On Pleijel’s theorem for metric graphs

In this chapter we present Pleijel type theorems for differential operators on metric graphs.
In particular, we show our results from §1.3.3] In §5.1] we present the principal setting and
introduce the operators we consider. §5.2]is a prelimary section regarding results such as
an estimate of the first eigenvalues of the operators considered and the characterization of
variational eigenvalues of the p-Laplacian and Weyl asymptotics. In §5.3] we prove Pleijel’s
theorem for general Schrodinger operators on metric graphs that we introduce in §5.1] which
shows in particular Theorem In the particular case, for the free Laplacian with standard
conditions at all vertices we present refined results in §5.4Jand show in particular Theorem[I.3.11]
This chapter corresponds to the joint work [HKMP21b||, which we present here with only minor

modifications, such as comments to related subjects considered in the thesis.

5.1 General setting

Let G = (V,€&) be a compact metric graph throughout this chapter. In what follows we will
give a description of the operators we will be considering in the context of our main results in
§1.3.3] Note that all we will need for the results there are certain more or less abstract properties
which these operators satisfy. We first consider a possible relaxation of the continuity condition
at the vertices to allow for weighted continuity encoded in a nonnegative vector of edge weights

w, €RIEY v eV ie,

Wey fe(V) = wey fr(v) ifveent. (5.1

Indeed, in this case we can define, in a natural way, a space HI}J(Q) of edgewise H!-functions
that satisfy (5.1)) at the vertices. Note that while functions in H\(G) may be discontinuous at
the vertices, they can only change sign at a vertex, i.e., take on positive and negative values in

any neighborhood of a vertex, if they are zero at that vertex.

We then define, for ¢ € L'(G) and a matrix B € Mygjx2j5)(C) consisting of block matrices

175
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B, € Clee(v)xdegW) for all v, w € V the quadratic form

alf) = / (7@ + @) f @) dr+ 3 Bunf W), F0))gaenr
g v,weV (52)

D(a) = H,(9),

where for each v,w € V, B,,, is a deg(v) x deg(w)-matrix, and forv € V, f(v) = (fe(V))ecE, -
If we want to emphasise the dependence on the potential and the vertex conditions, then we will
also write

Gq,Bw in place of just a.

At any rate, it follows from the theory presented in [Mug14} §6.5] that this form is bounded and
elliptic; hence the associated operator A = A(q, B, w) is (minus) the generator of an analytic,
strongly continuous semigroup on L*(G). This semigroup is of trace class and therefore A has

pure point spectrum.

If in particular q is real-valued and B is Hermitian for all v € V/, then a is a closed quadratic
form, hence A(q, B, w) is a self-adjoint operator that is bounded from below. This setting
includes, as special cases, realizations of the Laplacian on G with so-called standard conditions
(continuity across vertices, all normal derivatives sum up to 0), i.e. with domain contained in
W271(g ) as defined in corresponding to ¢ = 0, B = 0 and w = 1, as well as (standard)
delta couplings (continuity across vertices, at each vertex the sum of all normal derivatives
equals a multiple of the point evaluation at the same vertex), where ¢ = 0, w = 1 and B is a

diagonal matrix with respect to the canonical basis of C? "I,

Now, because u™ € H)(G) for all u € H.(G) due to positivity of the edge weights w,
it is known, cf. [Mugl4, Theorem 6.85], that the semigroup is positive if and only if so is
the semigroup generated by each —B (this is in particular the case if B is diagonal, which
covers delta couplings, including weighted versions thereof). In this context, we refer to the
condition (5.1)) and the weighted Kirchhoff-Robin-type condition associated with the matrix
B collectively as positivity preserving vertex conditions. Finally, all these assertions remain
valid if, for some VP C V (where possibly, trivially, VP = ()), we consider the operator
A(q, B, w,VP) associated with the restriction of the form a to Hg (G, V"), the space of all
functions in H;(g ) that vanish on the vertices in VP (in this case, of course, we only require
that 3,,, be defined for v,w € V \ V7). Finally, let

Hy(G) == Hy(G; V") (5.3)

denote the space of globally H!-functions which vanish at all vertices, which is clearly contained

in the domain of the considered forms.

The Schrodinger operators associated with these classes of forms were thoroughly studied
in [Kurl9].
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In all these cases, the discrete spectrum of A(q,B,w,VD ) consists of real eigenvalues
A(q, A, w, VP) repeated according to their finite multiplicities, characterized minimax princi-
ples (c.f. §2.3.3| for the related minimax principle for Schrédinger operators), which diverge
to +00 as n — oo, and whose eigenfunctions may be chosen to be real and to form an or-
thonormal basis (1,),en of L%(G). (We mostly avoid this heavy notation and simply write
M(G) = Mulq, B,w, VP).)

Suitably adapting the proof of [Mug07, Proposition 3.7.(1)] to the case of w #Z 1 and ¢ # 0,
one can easily prove that the associated semigroup, if positive, is additionally irreducible if there
is no point in V; whose removal would disconnect G. Hence, by the Krein—Rutman Theorem
(c.f. [Hen06, Theorem 1.2.6] and the references therein), we deduce that the first eigenspace
is one-dimensional and spanned by a positive function (the Perron eigenfunction) v;: i.e.,
Y1 () > 0fora.e. x € G. Indeed, more holds: it was proved in [Kurl9] that a strong maximum
principle holds, namely the Perron eigenfunction vanishes only at the vertices in V2. This was
proved in [Kur19]] for the case of block-diagonal B (corresponding to the case of local vertex
conditions) only; here we restrict ourselves to this case.

We will denote by AP = \P(G) the n-th lowest eigenvalue (counting multiplicities) of the
Schrodinger operator with potential ¢ and Dirichlet conditions at all vertices of G, that is, whose
form domain is H}(G); in this case the graph decomposes into a disjoint collection of intervals,
moreover, the associated sesquilinear form is exactly (3.2) restricted to H}(G). We note the
following eigenvalue interlacing result for future reference. This is an immediate variant of
interlacing results stated in [BK13|, Chapter 3.1.6] (cf. also [BKKM19, §4.1]).

Lemma 5.1.1. With the above assumptions and notation, for all n > |V'| + 1 we have
Awi(G) < Au(G) < A(9).

Proof. Both inequalities are an immediate consequence of the min-max characterization of the
respective eigenvalues and the fact that the forms agree on H}(G), the latter in conjunction with
the inclusion of the form domains H}(G) C D(a), the former in conjunction with the fact that

the quotient space D(a)/H}(G) is at most |V|-dimensional. O

5.2 Preliminary results

In this preliminary section we show some preliminary results that we require for our main
results (see §1.3.3). In §5.2.1] we show an estimate for the first eigenvalue of the Schrodinger

operators we consider. In §5.2.2)we review the construction of the variational eigenvalues of the
p-Laplacian (with standard vertex conditions, that is, continuity and an appropriate p-version of
the Kirchhoff condition) and show the Weyl asymptotics of the p-Laplacian, an adapted version
of the Weyl asymptotics (c.f. in Lemma for the second-order operators considered.
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5.2.1 An estimate on the first eigenvalue of general Schrodinger operators

In this preliminary section we give an estimate on the first eigenvalue A;(G) of any Schrodinger
operator A = A(q, B, w, Vj) of the form introduced in on any compact metric graph. We

impose the following assumptions in this chapter.

Assumption 5.2.1. G = (V, &) is a compact, connected metric graph with underlying combi-
natorial graph G = (V, E) and edge lengths (., e € E; we set {1, := minecp le. We also fix a
(possibly empty) set VP C V and a potential ¢ € L*(G) with ¢ > Guin for some quin € R, and
suppose B is a Hermitian 2|E| x 2| E|-matrix such that the semigroup (e~'F)

(wy)vev € RUFl is a vector such that w, € Rieg(v) forallveV.

>0 IS positive and

Estimates of this level seem to be new at this level of generality and may be of some
independent interest, although there is considerable room for improvement. In practice we will
take Assumption [5.2.1} however, the following statement and proof is also valid for general
q € L'(G), not necessarily bounded from below. The proof also shows that the norm ||¢||; may
be replaced by || ||1, the norm of the positive part of ¢ (this is a trivial consequence of the

variational characterization of \;).

Proposition 5.2.2. Keeping the notation of and under Assumption we have

E 2
() < (—+ ||q||1) gl (5.4)

Note that % is exactly the average edge length of G. If ¢ = 0, a similar but stronger

inequality was obtained in [KKMM 16, Theorem 4.2].

Proof. We first observe that the inequality

1£11% < 211711211 £[l2 (5.5)

is valid for all f € H}(G): indeed, fixing any edge e, identified with the interval [0, /], and any
z € (0, 4), by the fundamental theorem of calculus and the Cauchy—Schwarz inequality, since
f(0) = 0 we have

[ (@) =/ (1 @)°) dt < 2/ L OIF@)1dE < 2 f 2] 1]
0 0
Now suppose that f € H}(G) satisfies || f|l2 = 1, then by (5.3)
M(9) < /g /()% + q(2)| £ (@) P dz < || F113 + 2llglli ]| £

Taking the infimum over all such functions f yields

A(G) < AT(0) +2A7(0)2lg]l1,
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where )\lD (0) is the Dirichlet Laplacian on G, i.e., with zero potential and Dirichlet conditions
at all vertices of G (that is, the Dirichlet Laplacian on the collection of |E/| disjoint intervals
comprising the edges of G). Now at least one edge of G has length at least |G|/|E|; and so
AP(0) < 72| E|?/|G|*. This yields (5.4). [

5.2.2 Weyl’s law for the p-Laplacian on metric graphs

The goal of this section is, firstly, to recall briefly the construction of the variational eigenvalues
of the p-Laplacian (with standard vertex conditions, that is, continuity and an appropriate p-
version of the Kirchhoff condition); this is well known on intervals and domains, and nothing
changes in the case of metric graphs (see also [DR16]); secondly, we will show that the Weyl
asymptotics known for the p-Laplacian eigenvalues on the interval also holds on metric graphs.
This is a simple application of Dirichlet-Neumann bracketing.

We recall that the n-th variational eigenvalue of the p-Laplacian on a graph G with standard
vertex conditions, p € (1, c0), may be characterized variationally in terms of the Krasnosel’skii
genus. More precisely, analogously to [BDO03), Section 5], see also [DR02, Section 3], we

consider the manifold
= {rew (@) g =1},

and for a closed, symmetric, non-empty set A C S its Krasnosel’skii genus (.A) € N by
v(A) := inf{k € N : there exists ® : A — S* continuous and odd},

(or 7(A) = oo if this infimum is infinite). Here S* denotes the unit sphere in R* for k¥ € N and
amap ® : A — SFis called odd if ®(—f) = —®(f) holds for all f € A. Finally, for every
n € Nweset F,, := {A C S :~v(A) > n}. Then we may define the n-th variational eigenvalue
Anp(G) of the p-Laplacian on G with standard vertex conditions by

An = inf Pd 5.6
2(9) lgfn§23/|f )| . (5.6)
That this does indeed give rise to an infinite sequence of eigenvalues on any compact metric
graph G follows from the same argument as the one used in [BDO3], see also [DROO; [DRO02].
While a priori (A, ,(G))nen is just a sequence of critical points of a certain functional, mimicking
the proof of [BRO8, Theorem 2.1] one can show by known methods that each such variational

eigenvalue 1s actually associated with an eigenfunction in the following weak sense.

Lemma 5.2.3. Foreachn € N there exists a (so-called Carathéodory) eigenfunction associated

with A\ = A, ,(G), i.e., a non-zero solution 1, , = u of the system

_1
v = |v|[PT sgno

v = = A|ulf"! sgnu.
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such that u and v satisfy the continuity and Kirchhoff-type vertex conditions, respectively. In

particular, 1, , is a real, absolutely continuous function, and so is |y, ,|P~ sgn iy, .

In particular, and with the terminology of [BROS]: like on intervals with Dirichlet or
Neumann boundary conditions, each variational eigenvalue is a Carathéodory eigenvalue, too.

We also define the corresponding eigenvalues in the case that all vertices of G are equipped
with either a Dirichlet or a Neumann condition, in which case G decomposes into the disjoint
union of |E| edges, or intervals; this obviously includes the case |E| = 1 where G is just a

(bounded) interval itself. We define the natural analogues of S, namely
SP = {F e W@ I g =1}

SN = {f € @Wlp(oage) : Hinp(g) = 1} )
ecE
where W, ”(G) is, analogously to H}(G) := H'(G;V) in (5.3), the space of all functions in
W1P(G) vanishing at all vertices, and @, W' (0, le) is to be identified with a superset of
WP(G) in the obvious way. Then, defining the Krasnosel’skii genus in the same way as above,
and finally
FPN =LA cC 8PN y(A) > n},

we define the respective n-th variational eigenvalues by

APN(G) = inf sup/ |f/ (z)|P dz. (5.7)
AeFDN fea g

Again, it is easy to see that in both cases there is a sequence of eigenvalues; this is proved
explicitly in [LE11, Theorems 3.3 and 3.4] for the p-Laplacian on intervals (but it makes no
difference if we consider a disjoint union of intervals). We may also consider eigenvalues
)\,LZ ,(G; Vo) with a Dirichlet condition imposed at some subset V; of the vertices and standard
conditions at the rest; all the definitions are analogous and we do not go into details.

The following Dirichlet—-Neumann bracketing principle is an immediate consequence of the

respective eigenvalue definitions.

Lemma 5.2.4. Fixp € (1,00) and G. With the notation introduced above, we have
Mp(G) € Xup(G) < ALL(G)

foralln > 1.

Proof. We observe that S ¢ § C S, whence 7P C F, C FY. The statement is now an
immediate consequence of the characterizations (5.6) and (5.7). O
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Theorem 5.2.5 (Weyl asymptotics). Fix p € (1, 00) and suppose the graph G has total length
|G|. Then the n-th variational eigenvalue \,,(G) satisfies

p
M) = (0= 1) () oty asn 58)
where we recall T, = pssfzz).

A corresponding Weyl asymptotics for the Dirichlet p-Laplacian on general domains in R”

was established only very recently, see [Maz19].

Proof. We first observe that the Weyl asymptotics (5.8)) holds for the p-Laplacian on an interval
with both Dirichlet and Neumann boundary conditions (see [LE11, Theorems 3.3 and 3.4].
Hence it also holds in the case that G is a disjoint collection of intervals, equivalently, for
any graph G it holds for \)Y (G) and A7 (G). The conclusion of the theorem now follows
immediately from Lemma/[5.2.4] O

5.3 Pleijel’s theorem for Schrodinger operators on metric
graphs

Our main result in this chapter is a variation of Pleijel’s theorem for metric graphs. Under
Assumption [5.2.1] we will consider the operator associated with the form a, 4 ,, introduced in
Section [5.1] 1In this section we fix once and for all an (a priori arbitrary) eigenbasis of this

operator.

Definition 5.3.1. Let (¢,,),en be an orthonormal sequence of eigenfunctions (1),,),en With
associated eigenvalues (\,),en of the Schrodinger operator A(q, B, w, V;) associated with the
form a, 5.,. As already mentioned in the introduction, the nodal domains of any eigenfunction
Yy are the respective closures in the metric space § of connected components of the sets
{tr # 0}. We occasionally denote by G, ...,G,, the nodal domains themselves, and by 0G;
the topological boundary of G; in G. We denote the nodal count of this sequence by (1, )nen-

The following simple example demonstrates that, contrary to the previously mentioned
generic case, the nodal domains of an eigenfunction might not exhaust the whole graph; and an

eigenfunction might have the same sign on two adjacent nodal domains.

Example 5.3.2. We consider the equilateral 4-star; more precisely, we take G to consist of four
edges ey, ..., ey, each of length 1 and identified with the interval [0, 1], joined at a common
vertex of degree four (identified with 0 on each edge), and with the other four vertices each

being of degree one. An eigenfunction ¢ with respect to the eigenvalue %2 of the Laplacian

™

2
¢(x) = —2sin(5x) on e3 and p(z) = 0 on e4. The three nodal domains of ¢ are the (closed)

on G with standard vertex conditions is given by ¢(z) = sin(5z) on e; and e, respectively,
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edges ey, e; and e3. Clearly, they do not cover the whole graph G. Moreover, although the nodal

domains e; and e, are adjacent, ¢ has the same sign on both.

A priori the sequence v, € N, including the points of accumulation, can depend on the
precise choice of basis, see Example [5.4.5] below, unless suitable assumptions on the edge
lengths (/e)ecr and the graph topology are imposed that force all eigenvalues to be simple.

Furthermore, here and throughout, given a sequence (a,),en C R, we will write
acc{a, : n € N}

to denote its set of points of accumulation. With this we are now ready to formulate our first

main theorem.

Theorem 5.3.3. For all quantum graphs satisfying Assumption the nodal count (Vy)nen

satisfies for any choice of basis of eigenfunctions

le
acc {”7" ‘n € N} C {ZTTEF : E D Ey is a nonempty set ofedges} . (5.9

In particular, acc {”7" 'n e N} is a finite set, and

min

< liminf& < lim supﬁ < 1. (5.10)

0<

While the right-hand side of (5.9) does not depend on the parameters ¢, 3, w, the set inclusion
in (5.9) is sharp in the case of a graph consisting of just one interval. Indeed, recall that on
intervals, in the case of Sturm-Liouville problems, v,, = n for all n € N (see [Hin03]).

As mentioned in the introduction, the key driving force behind the potential appearance of a
non-trivial set of points of accumulation of “= between 0 and 1 here is the failure of the unique

continuation principle, as evidenced by the following characterization.

Proposition 5.3.4. Under Assumption we have

acc{%:nGN}:acc{%:neN}.
The proof of Theorem [5.3.3]and Proposition [5.3.4]is based on the following principles, the
proofs of which, in turn, are postponed to Subsection [5.3.1]

Lemma 5.3.5 (Weyl asymptotics). We have

7T2

An(G) = an + o(n?) asmn — oo. (5.11)
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Lemma 5.3.6 (Relationship between v, and \,). Suppose in addition to Assumption that
Gmin = 0. Then, there exists ny € N depending only on the metric graph G and the potential
0 < q € LYG) such that, for all n > n,

A9~ gl

)\n(g)l/Q

|supp | QIE| = 1)|V| < v, < [supp iy +|V]. (5.12)

In particular,

. )\n(g)l/Q

Vn = |supp 1, | +O(1) asmn — oo. (5.13)

These two lemmata are logically independent of each other; in particular, in (5.12) we
explicitly do not use the Weyl asymptotics to estimate \,. Lemma in particular can be
refined significantly for specific types of vertex conditions and potentials; for example, in the

case of the Laplacian with standard vertex conditions and if G is not a cycle, then we may
strengthen (5.11)) to

(n_\NHB
2

|N|+5)2 w2

271_2
) Zr =m0 < (n-zeps EEEE) T

G ~
where |N| is the number of degree one vertices and /3 is the first Betti number (number of
independent cycles) of the graph, as follows from [BKKM17, Theorems 4.7 and 4.9]. More
generally, if ¢ € L*°(G), then we may obtain the two-sided estimate

2 2
(n — 01)2& < MG <(n+ 02)2|g¢ foralln € N

for constants ¢;, c; > 0 depending only on G and ||| this is a consequence of Lemma [5.1.1]
and a simple variational argument bounding ¢ in terms of the constant potential ||¢|| ., and zero.

Let us now show how Lemmata [5.3.5] and [5.3.6] lead to the proofs of the main results. To
prove Proposition[5.3.4] if we combine (5.13) and (5.11]), then we obtain the asymptotic behavior

_ |supp |

Up = Tn + o(n) as n — 0o, (5.14)

if ¢ > 0. This in turn, immediately yields the result claimed in Proposition [5.3.4] for arbitrary
lower bounded potentials, since the eigenvalue problem Au = Au is equivalent to the shifted
eigenvalue problem (A — ¢in )t = (A — Guin ) u, Where the potential ¢ — guin € L'(G) associated
with the shifted Schrodinger operator A — ¢,,,;,, is nonnegative.

The other ingredient in the proof of Theorem [5.3.3]is the following “weak” unique continua-

tion principle, whose proof will also be given in Subsection [5.3.1} Theorem [5.3.3]is a direct

consequence of (5.14) and (5.13).
Lemma 5.3.7 (Possible values of |supp ,|). Under Assumption we have, for all n € N:

(i) There exists some non-empty subset Ey = Ey(n) C E such that supp 1, = J.. B, & in
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particular,

{|supp Un| :m €N} C {Z le : By C E is a nonempty set ofea’ges} : (5.15)

ecFy

(ii) If e is some edge of G with e C supp i, andv € V' \ V} is a vertex incident to e, then e is a
loop or there is a second edge f #+ e incident to v with f C supp 1.

Remark 5.3.8. Note that Lemma gives additional information on the geometric structure
of the supports of the eigenfunctions 1),,. For instance part (ii) implies that — for sufficiently
large n — supp ¢, contains a cycle or a path that connects two vertices that are in Vj or of degree
one. In particular we find that, if n is sufficiently large and e is an edge of G with supp ¢, = e,

then |E| = 1 or e is a loop.

As a consequence of the observations in Remark [5.3.8] part (i) of Lemma and Propo-
sition [5.3.4] we obtain the following

Corollary 5.3.9. Under Assumption if

M _ i inf 2%
|G| n—oco N

holds, then |E| = 1 or there is a loop in G of length (..

5.3.1 Proofs of the lemmata

Here we give the proofs of the three main auxiliary results, Lemmata [5.3.5] [5.3.6 and [5.3.7
which, combined, yield Theorem[5.3.3] We suppose throughout, without further comment, that

Assumption holds.

Proof of Lemma This is an immediate consequence of Lemmal5.1.1] together with the fact
that the eigenvalues of the operator associated with the restriction of the form a, 5., to Hj(G),

that is, with Dirichlet boundary conditions everywhere, satisfy the usual Weyl asymptotics
on any bounded interval and thus any finite union of disjoint intervals, see, e.g., [AM&7,
Lemma 2.1]. [

The second, Lemma [5.3.6] is in turn based on the principle that \,(G) is always the first
eigenvalue of any nodal domain of ¢,,, and as a consequence, that the maximal size of any nodal

domain converges to zero as n — 00.

Lemma 5.3.10. Given n € N, the eigenvalue )\, (G), and the associated eigenfunction 1, with

nodal domains G, ...,G,,, foreach j =1,..., v, we have

An(G) = M(9)),
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where the operator associated with the latter eigenvalue has Dirichlet conditions at all the
boundary points of G; corresponding to zeros of 1, (but the same vertex conditions as before at

the interior vertices of G;, and the same potential q restricted to G;).

Proof. Suppose without loss of generality that 1, > 0 in G, with strict inequality except at the
Dirichlet vertices of G;, and set ¢,, := 1, xg,; in a slight abuse of notation, we will identify ¢,
with its restriction to G; in L?(G;). We observe that ¢,, is an edgewise solution of the eigenvalue
equation on the edges of G; that satisfies Dirichlet conditions at the boundary points of G; and
the same vertex conditions as 1, at the interior vertices of G;; moreover, the corresponding
eigenvalue, which we can read off the eigenvalue equation, is \,,(G).

That is, \,(G) is an eigenvalue of G, i.e., \,(G) = Ai(G,) for some k£ > 1; moreover,
its eigenfunction ¢, is, by construction, strictly positive in G; except at boundary points of G;
and any interior Dirichlet vertices. By [Kurl9, Theorem 3], it is possible to choose the first
eigenfunction ¢; of A\;(G;) to have this property. Hence the L*-scalar product of ¢, and ¢4
is strictly positive. Orthogonality of eigenfunctions on G; belonging to different eigenspaces
implies that \,,(G) = A\;(G;). (In fact, we could even infer ¢,, = cp; for some ¢ > 0, since the

eigenspace corresponding to A (G,) has dimension 1, but we do not need this.) [

The other ingredient we need for the proof of Lemma [5.3.6] is an estimate on the first
eigenvalue of any operator A(q, B, w, Vj) on any compact, connected graph (which in practice
will be one of the nodal domains of ¢,,), which is given in Proposition [5.2.2in §5.2.1] This
proposition, when applied to the nodal domains G; of 1,, upon invoking Lemma leads
to the following estimate on the size of G;.

Lemma 5.3.11. For alln € N, for all nodal domains G;, j = 1,...,v,, we have

27| E|

VAG) + Tallf = llall

In particular, if \,(G) is sufficiently large; explicitly, if

G| < (5.16)

27| E|

gmin

2
A(G) > ( n Hqu) gl

then no nodal domain can contain more than one vertex of G.

Proof. Fix a nodal domain G;; then G, certainly cannot have more than 2|E| edges (note that
it could contain both ends of a given edge in G without containing the whole edge). Now by
Lemma |[5.3.10, we have \,(G) = Al(gj); combining this with the estimate (5.4) applied to G,

yields

or|E 2
(@) < ( Bl | quh) —Jali2
6]

Rearranging yields (5.16). If \,(G) is sufficiently large as stated, then |G,| < {y,;, for all j,

meaning no nodal domain can contain an entire edge. [
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Remark 5.3.12. The proof shows that if G, is an interval, then, since we may take |E(G,)| = 1
in (5.4), (5.16) may be improved to

™

VAG) + Tlallf = llall

G| < (5.17)

Proof of Lemma[5.3.6] Firstly observe that by definition of the nodal domains, for any n € N,

we have

Isupp b | = > |Gjl.
=1

Now note that \,,(G) — oo (this follows from the compactness of the resolvent and the semi-
boundedness of the form a, .,,, but can also be obtained as a consequence of Lemma [5.3.5).
Hence, by Lemma [5.3.11] there exists some ny € N, which may be chosen to depend only on
the metric graph G and ¢, such that the interior of each nodal domain G; contains at most one
vertex of G, for all n > ny. For such n, we suppose the nodal domains are ordered in such
a way that, for some m < |V|, Gy, ..., G,, each contain exactly one vertex in their respective
interiors, while G,,, 11, . . ., G,, are all intervals; in particular, for all j > m+1, by Lemma@

M (G) = A1(G;). Now on the one hand, since ¢ > 0, \;(G;) > 72/|G;|?, whence

™

’g]‘ > )\n(g)l/Q :

On the other hand, using (5.17), for such nodal domains we also have, supposing without loss

of generality that \,,, > [|¢||3,

™ ™

< .
A(G) + Tall? = llalle — An(9)Y2 = llally

1951 <

Summing over j, we obtain the two-sided estimate

™ ™

(v =m) - 5~z +; 951 < Isupp ] < (va = m) - ST +; Gl (5.18)

Invoking (5.16), we may estimate the size of the first m nodal domains by

e 27| E|m
0< | < .
- Z 91 < S@v -l

Using this in (5.18)) and rearranging yields

' )\n(g)l/2

(@)Y —lall +m. (5.19)
s

|supp 1/, | (2|E| — 1)m < v,, < |supp ¢y,|

Observing that (5.19) is monotonic in m and using m < |V yields (5.12). O
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Let us finally turn to Lemma The main tool in its proof is a result in Sturm—Liouville
theory that is likely to be already known; we provide a proof, since we could not find an

appropriate reference in the literature.

Lemma 5.3.13. IfI C Risan open interval containing 0, g € L'(I), andu € W2 (I) — C'(I)

loc

is a distributional solution of —u" 4+ qu = 0 such that u(0) = «'(0) = 0, then u = 0 in I.

Proof. Forany x € [0,00) N I, we have

[ e < [l

/Oxu’(x)ds g/: /()] ds.

fule)] + e ()] < / "1 ()] + la(s)us) ds < / "1+ gD (fuls)] + o (s)]) s

[w'(z)] =

and

ju(z)| =

Summing the two inequalities yields

it now follows from Gronwall’s Lemma that |u(z)|+ | (x)| = 0; we thus conclude that u(x) = 0
forall z € [0,00) N I and hence all z € I.

Proof of Lemmal5.3.7} For part (i), it suffices to prove the following unique continuation state-
ment: if any eigenfunction v,, has a zero at some point x in the interior of an edge, then either
Y, = 0 in a neighborhood of z or ¢/ (zo9) # 0. This, in turn, follows from Lemma
applied to v),, with a suitably adjusted q.

We prove part (ii) by contradiction using similar arguments: suppose that e is not a loop
and that v,, vanishes on all edges incident to v € V' \ VP with f # e. The vertex conditions
associated with the operator A(q, B, w, Vy) yield ¢ »(v) = Oand ¢ ,,(v) = 0 where 1. ,, denotes
the restriction of v,, to e. But then, as in the proof of part (i), Gronwall’s Lemma yields that

Yn . vanishes in a neighborhood about v if A\, — ¢min > 0 and therefore e is not a subset of

Supp . O

5.4 A stronger Pleijel’s Theorem for the Laplacian with stan-

dard vertex conditions

We consider the free Laplacian with standard conditions at all vertices, i.e., throughout this
section, we suppose, in addition to Assumption[5.2.1] that ¢ = 0, B = 0, w = 1, V = (). In this
case we can say somewhat more.

The principal result of [BL17b]] (see Theorem 3.6 and Remark 3.7 there) states that, given

a fixed graph topology without loops, the set of edge length vectors for which all eigenvalues
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of the corresponding graph are simple and all eigenfunctions do not vanish in the vertices,
is of the second Baire category (i.e., it is a countable intersection of open dense sets). As a
consequence of Proposition above we obtain lim,, ;. “> = 1 in this case; however, this
could also be concluded using the main result in [GSWO04] which states that lim,, ., “> =

holds in the generic case where no eigenfunctions vanish at any vertices of the loop-free graph.

Nevertheless, for future reference, we state our observation in the following

Theorem 5.4.1 ([BL17b; GSWO04)). If G does not contain any loops, then the set of edge length
vectors in lel for which, for the corresponding graph with the given topology and these edge
lengths, all eigenvalues are simple and lim,, o, “> = 1, is of the second Baire category (i.e., is

a countable intersection of open dense sets).

Put differently, in the case of standard vertex conditions and no potential, “almost all”” graphs
(in the usual sense of holding generically and being loop-free) have all eigenvalues simple, and
satisfy lim,, oo ©> = 1.

Here we wish to say more about the “non-generic” cases. The following theorem states that
for graphs with pairwise commensurable edge lengths, at least limsup,, ,,, =~ = 1 holds and
thus the upper bound in Theorem [5.3.3]is sharp.

Theorem 5.4.2. If the edge lengths of G are pairwise commensurable, then for every choice
of orthonormal basis (,)nen of the Laplacian with standard vertex conditions we have

Un

limsup,, ., “* = 1.

Actually, we expect that on any graph G there exists a choice of (standard Laplacian)
eigenfunctions for which lim sup,, ,, “* = 1. This would be an immediate consequence of the

following conjecture together with Proposition [5.3.4]

Conjecture 5.4.3. Let, as usual, G be a compact, connected metric graph and let (,,)nen be an
orthonormal basis of L*(G) consisting of eigenfunction of the Laplacian with standard vertex
conditions on G. Then there exists a subsequence (), )xen Such that no eigenfunction iy,

vanishes identically on any edge of G.

Remark 5.4.4. It follows from Theorem that the conjecture is true generically; it is also
true in the case where all edge lengths are pairwise commensurable, by Theorem [5.4.2] A
counterexample would hence require a graph to have at least two rationally independent edge
lengths. Additionally, topological constraints exist, too: it follows from [Ser20, Lemma 2.7 and
Corollary 2.8] that so-called lasso trees (i.e., graphs that can be constructed by attaching at most

one loop to any leaf of a tree) cannot be counterexamples, either.

Before giving the proof of Theorem [5.4.2] we will give a simple example which shows that
the sequence “*, and even its set of points of accumulation, can depend on the choice of the

basis of eigenfunctions v,,.
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Example 5.4.5. Consider again the equilateral 4-star from Example Then there are two

families of eigenfunctions (and corresponding eigenvalues):

* Eigenfunctions which are invariant under permutation of the edges; up to scalar multi-
ples these are of the form ¢, (z) = cos(mkx), k € N, on each edge e; ~ [0, 1], with
corresponding eigenvalues 72k?, each of which has multiplicity one.

¢ Eigenfunctions which vanish at the central vertex: the corresponding eigenvalues, 72(k —
%)2, k € N, all have multiplicity three. Any function ¢ in the eigenspace has the form
¢;sin(m(k — 3)x) on each edge e;, where the coefficients ¢; = ¢;(¢) € R are chosen in

such a way that the Kirchhoff condition is satisfied at the vertex.

We present two different choices for the c;, which give rise to two different families of orthogonal
bases with different nodal counts. To keep the presentation more compact and easier to read, we

present these choices in table form:

c1|eales|ca c1|eales|ca
o1 | 1-110]0 o1 | 1-110]0
e |00 1|1 |1 |1]2]0
es | 1|1 ]-1][-1 @1 ]|1]1]-3

Thus, for example, in the second case, for each & € N there is an eigenfunction @3 = @3(k)
which takes the form sin(27(k — 1)x) on each of e;, e; and e3, and —3sin(27(k — 1)x) on ey.
The orthogonality of (1, ¢2, ¢35 within each family is easy to check, as we simply require that the
respective row vectors have inner product zero with each other; while the Kirchhoff condition
is satisfied as long as the sum of the entries in each vector is zero. (The eigenfunctions will
not have norm one, but this is obviously just a question of rescaling.) Now in the first family,
there are two eigenfunctions each supported on two different edges and one supported on all
four; in the second family, the second eigenfunction is supported on three edges rather than two.
It follows from Proposition [5.3.4] (also taking into account the nature of the eigenfunctions not
vanishing on the central vertex) that in the first case the set of points of accumulation of the

Un | 1 : o . 1 3
sequence “* is {5, 1} and in the second case itis {3, 7, 1}.

Proof of Theorem By inserting dummy vertices as necessary, we may assume that the
graph is in fact equilateral; after rescaling if necessary, we may also assume without loss of
generality that each edge has length 1. The following proof is essentially based on the possibility
of considering all eigenfunctions as linear combinations of full frequency eigenfunctions on each
edge, more precisely for each k € N it is known that 472k? is an eigenvalue of multiplicity 5+ 1,
where [ is the first Betti number of G; we refer to and the references therein for details. A

basis of the corresponding eigenspace is obtained by choosing the following functions:

* the function ¢, € H'(G) given by ¢y (x) = cos(2wkz) on each edge e ~ [0, 1];
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* and, given a specific choice of independent cycles Cy, ..., Cs with associated edge sets
El,...,Eg(i.e.Cj = U
on each edge e >~ [0,1] in E; and ¢, ; = Ooneachedgee € E \ E;.

ec, ©)» the functions ¢y, ; € H'(G) givenby ¢, j(x) = sin(2rkzx)

We point out that these linearly independent eigenfunctions are not necessarily orthogonal, but

that will not be needed for the following argument. We also observe that, while the eigenfunctions

K1, - - -, Pk,p vanish at all the vertices of G, the eigenfunction ¢, is non-zero at all vertices.
Now let ¢, . . . , ¥+ denote the eigenfunctions appearing in the given orthonormal basis

associated with the eigenvalue 47%k? for some ng = ng(k). Then, we may write each of

these eigenfunctions as a linear combination of y, i1, ..., Pk s and, since Yy, . .., Y,y are
linearly independent, the coeflicient corresponding to ¢y, appearing in these linear combinations
has to be non-zero for at least one ¢, 1, { = [(k) € {0,1,...,3}. By our previous observations
on the vanishing and non-vanishing behavior of ¢y, pr1,...,prs at the vertices of G, we
conclude that t),,,; is non-zero in the vertices of G. Putting n, = no(k) + [(k) we obtain
a subsequence (¢, )xen With supp ), = G for all k. That limsup,,_,., “* = 1 now follows
immediately from Theorem [5.3.3]and Proposition [5.3.4] O

In the proof of Theorem [5.4.2] given a cycle with pairwise commensurable edge lengths,
we constructed a sequence of eigenfunctions whose support was said cycle. Using Proposition
we can obtain the following result as a by-product:

Proposition 5.4.6. If G contains a cycle C with corresponding edge set Fy, so that the lengths

of the edges in E are pairwise commensurable, then the orthonormal basis of eigenfunctions of

le . . . . . .
G may be chosen so that ZeTgE'O is a point of accumulation of “*. In particular, if G contains a

£
49

the lower estimate of (5.10) is sharp whenever (., is realized by a loop of G.

loop of length {, then { may be chosen so that 5 is a point of accumulation of “*. In particular,

Proposition [5.4.6 has two obvious consequences which are nevertheless worth stating ex-
plicitly. First given any € > 0 there exists a graph G such that for this graph lim inf,, ,, “* < e.
Secondly, if G is neither a tree nor a itself a cycle and has pairwise commensurable edge lengths,
then there exists a orthonormal basis so that lim inf,,_, ”7” < 1 holds. This is not necessarily
true if the graph is a tree: indeed, the following example shows that there are trees with pairwise
commensurable edge lengths where any eigenfunction of the Laplacian with standard conditions
is supported on the whole tree, which in turn yields, by Proposition that lim,, ;o =» =1
holds for any orthonormal basis of eigenfunctions.

Example 5.4.7. Consider the 3-star G consisting of three edges e, eq, e5 of edge lengths ¢4, {5, {3
respectively. An eigenfunction ¢ = (1, 2, ¢3) corresponding to some eigenvalue A > 0 is of
the form () = ¢; cos(v/Ax) on the edge e; ~ [0, £;] where ¢; corresponds to the centre vertex
of the star. If ¢ vanished on some edge e;, we would obtain ¢; = 0 and ¢; # 0 for j # 7. Then

continuity in the centre vertex yields 0 = ;(¢;) for j # i and, thus 0 = cos(¢;v/\). Therefore
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there is some m; € N such that £;v/\ = m(m; — 1). This yields

%(ka —1)=2m,; —1 (5.20)
J

for k, 7 # i. Now we choose ¢, = 1, /, = 2 and {3 = 4. Suppose without loss of generality
that ¢, > ¢; in (5.20). Then, with our choice of the edge lengths, (5.20) clearly leads to a
contradiction, since the left-hand side is an even integer, whereas the right-hand side is odd.
Therefore all eigenfunctions on the 3-star with edge lengths 1, 2 and 4 must be supported on the
whole graph.

Remark 5.4.8. Theorem [5.4.1] and Proposition [5.4.6] also hold if any mix of delta couplings
and Dirichlet conditions is imposed at some vertices, although for the former we still need
a certain additional genericity assumption (coming from [BL17b, Theorem 3.6]) on the delta
couplings. In the former case the proof is essentially identical; in the latter case we may directly
construct eigenfunctions supported on the cycle out of suitably adjusted sine curves, which in
particular vanish at all vertices and thus satisfy all possible delta couplings there. We expect
Proposition to hold for many tree graphs as well, although here the situation is more
complicated, as Example shows.

We finish this section with a discussion of the case of equality in (5.9)). Recall that a metric
graph G is called a flower graph if all its edges are loops. If, in addition, G has only two edges,
then we call it a figure eight graph.

Proposition 5.4.9. In addition to Assumption supposethatq =0, B=0,w=1, Vj = (.
Then there exists an orthonormal basis (Vy,)nen Of eigenfunctions so that for each non-empty

subset Ey C E there is a subsequence (1, )xen With

supp n, = U e, keN

ecEy
if and only if one the following cases occurs:
(i) G is an interval or a cycle;
(ii) G is a figure eight graph;
(iii) G is a flower graph with pairwise commensurable edge lengths.

In particular, for any of these graphs, for this choice of an orthonormal basis, equality holds in

Before we give a proof of Proposition[5.4.9|we point out there may be other graphs for which
there is equality (5.9), as the following example will show. In particular it will demonstrate

that a full characterization of equality in would have to incorporate both the local and
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global combinatorial and metric structure of the graph, and would therefore be too technically

complicated to be treated here.

Example 5.4.10. Consider the [3, 2]-pumpkin chain G that consists of two vertices v; and vs,
three parallel edges e, €5, e5 of equal length 1 each connecting the two vertices, and one pendant
loop e, of length 1 attached to the vertex vo; see Figure

‘ .

Figure 5.1: Pumpkin chain. The [3, 2]-pumpkin chain G.

In the spirit of [BKKM19, Lemma 5.4] we choose an orthonormal basis of eigenfunctions
consisting of (1) longitudinal functions, functions that are radially symmetric with respect
to the vertex vy, and (ii) transversal functions, functions whose support is contained in one
of the pumpkins e; U e; U e3 or e4. The infinite orthonormal subsequence of longitudinal
eigenfunctions corresponds to a 1-dimensional Sturm-Liouville problem; these eigenfunctions
are therefore supported on the whole graph (see [BKKM19, §5.2] for details). For £k € N
the transversal eigenfunctions supported on e4 are given by p(z) = sin(2rkx) for x € eq ~
[0,1]. The transversal eigenfunctions ¢ with support in e; U e U e3 are given by ¢p(z) =
¢jsin(mkx) for x € e; ~ [0,1], j = 1,2,3 and constants ¢; € R with ¢; + ¢ + ¢35 = 0. By
choosing (c1,c2,c3) = (1,1, —2) and (¢q,¢q,¢3) = (1,—1,0) respectively we obtain — after

normalisation — an orthonormal basis of eigenfunctions, and by Proposition [5.3.4] the set of

points of accumulation of the sequence “* is {}1, %, %, 1}, which coincides with set of values
Le . . .
ZeTQE‘O for nonempty subsets £y, C FE. Note, however, that there is no possible choice of

eigenfunctions supported on, say, e; U e,; thus there is no contradiction to Proposition[5.4.9

Proof of Proposition Clearly the statement is true if G has only one edge, so we may
assume that G has at least two edges.

Suppose first that there exists an orthonormal basis of eigenfunctions as stated in Proposition
[5.49] Then, in particular, for each edge of G there is a sequence of eigenfunctions supported
exactly on that edge. From Lemma(5.3.7]and the following Remark[5.3.8] we infer that each edge
is a loop and therefore G is a flower graph. If G has two edges, then we are clearly in case (ii).

It remains to show that the edge lengths of G are pairwise commensurable if G has at least
three edges. Let e; # e be any two edges of G. Then, by assumption, there is an eigenfunction
© with associated eigenvalue A > 0 for which suppy = e; U e;. Since ¢ vanishes on all
edges different from e; and e, and is continuous in the centre vertex v of the flower, we obtain
¢(v) = 0. Therefore there exist a;, ay € R\ {0} such that o(z) = a;sin(v/Az) for j = 1,2
and z € e; ~ [0,4,]. Then ¢(v) = 0 yields sin(v/Me,) = 0, and thus, for j = 1,2, there
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exists some k; € N such that \/Xfmj = mk;. We obtain % = i—; € Q; hence /., and /., are
commensurable.

Finally, we show that for each of the graphs in (i), (i1) and (ii1) there does indeed exist an
orthonormal basis of eigenfunctions with the claimed properties. Such a basis obviously exists
for an interval or cycle. For a figure eight graph such a basis can be constructed following
arguments similar to the ones used in Example So suppose G is a flower graph with
pairwise commensurable edge lengths. Then there exist a > 0 and m. € N with /. = am, for
all e € E. It is sufficient to show that for each subset £y C FE there is an infinite sequence
of eigenfunctions associated with pairwise different eigenvalues that are supported on |, Fo &
Indeed such a sequence exists: for £ € N there is an eigenfunction @), associated with the
1K given by ¢y () = sin(22z) for z € e ~ [0,4,] one € Ey and ¢;, = 0 on
e € F\ Ey. O

eigenvalue

5.5 Pleijel’s theorem for the p-Laplacian

In this last section we are going to turn to a different class of operators. For a compact and
connected metric graph G and p € (1, 00) we let W1P(G) denote the space of edgewise TW1-
functions that are continuous across the vertices. The p-Laplacian on metric graphs can be

generally introduced by considering the Fréchet differentiable energy functional
¢, u— / |u'|P de, u € D(&,) == W"(G), (5.21)
g

and taking its Fréchet derivative in the real Hilbert space LQ(Q ); this returns standard vertex
conditions, i.e., continuity across the vertices along with a nonlinear analogue of Kirchhoff’s
condition. Unlike in the linear case of p = 2, different notions of eigenvalues for the p-
Laplacian may a priori coexist, see with Carathéodory eigenvalues being more general
than variational ones. Given a general compact metric graph, it seems to be unknown how
large the the set of Carathéodory eigenvalues of this operator is, but its subset that is most
relevant for our purposes — the set of variational eigenvalues — is certainly countably infinite;
such variational eigenvalues can be characterized by the Ljusternik—Schnirelmann principle, a
nonlinear counterpart of the linear min-max principle.

Here we will denote by (A, ,(G))nen the sequence of variational eigenvalues, along with a
sequence of associated (Carathéodory) eigenfunctions (¢, ,)nen, Which we fix throughout; each
eigenfunction has v, ;, corresponding nodal domains G, ...,G,, .

Actually, in view of the nonlinear versions of the Beurling—Dény conditions in [CGO3|], as in
(5.2), different vertex conditions inducing (nonlinear) positive semigroups can be obtained upon
considering the above energy on spaces of the form W ?(G) and/or adding boundary terms; we
expect our results to continue to hold for these. However, owing to a lack of background theory

available for such nonlinear operators on metric graphs, we will not pursue such generalisations
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here.

In this section we will always impose the following

Assumption 5.5.1. G is a compact, connected metric graph with underlying combinatorial
graph G = (V, E) and edge lengths (., € € E; we set {y,;, := Mineep le. We also fixp € (1, 00)

and let ¢ = p%l be its Holder conjugate.

Our third main result of the chapter, a version of Pleijel’s theorem for the p-Laplacian with

standard vertex conditions, is a direct analogue of Theorem [5.3.3]

Theorem 5.5.2. Under Assumption and with the notation on the nodal count introduced

above, we have

ZeEE() ge

e N 0
acc{n n € }C{ |g|

: B D Ey is a nonempty set of ea’ges} . (5.22)

In particular, acc {V’;l—” in € N} is a finite set, and

min Vnp

v,
< liminf 2 < limsup —£ <1,

0<

where (i, := min{/, : e € E}.

We also observe that Proposition holds verbatim with v, , and 1, ,, in place of v,, and
1y, respectively. The proof of Theorem|[5.5.2](and Proposition[5.3.4]in this case) follows exactly
the same lines as above.

In this case, we give a short proof of the Weyl asymptotics for A, ,(G) in the appendix (see
Theorem [5.2.5)), as it does not previously seem to have been established for the p-Laplacian on
metric graphs. We next state p-versions of unique continuation (cf. Lemma|[5.3.7), the fact that
Anp is the first Dirichlet eigenvalue restricted to each nodal domain of ¢, ; (cf. Lemma([5.3.10)
and a basic upper bound on the first Dirichlet eigenvalue (cf. Proposition [5.2.2)), respectively.

The following lemma on unique continuation is actually valid for any vertex conditions
enforced in the (real) Sobolev space W'?(G), the domain of &, since they necessarily result in

real eigenvalues and eigenfunctions.

Lemma 5.5.3 (Possible values of [supp ¢, ,|). Under Assumption[5.5.1]

{\suppwnm\ 'n e N} C {Z le . E D Eyis a nonempty set ofedges} :

ecky

Proof. This follows immediately from the assertion that if ¢, ,(x) = 0 for some x in the interior
of an edge e, then either v, , changes sign in any open neighborhood of z, or v, , vanishes

identically on that edge. Suppose that v, ,(x) = 0 at some interior point = € e, and that t,, ,,



5.5. PLEIJEL’S THEOREM FOR THE P-LAPLACIAN 195

does not change sign at . Then by the smoothness properties of 9, ,, stated in Lemma

we also have 1, (z) = 0. That is, 1, , is a solution of

_1
u' = |v|P-Tsgnv

in a neighborhood of x
v = —AulP"tsgnu

with boundary conditions

By [LE11, Theorem 3.1], this equation has exactly one smooth solution, which in this case
is clearly the zero function. Hence 1, , vanishes identically in a neighborhood of z and so,

extending the argument, on the whole metric edge e ~ (0, /). U

Lemma 5.5.4. Under Assumption foralln e N
Anp(G) = M(G)),

where the latter is the smallest variational eigenvalue of the p-Laplacian on G; with Dirichlet
conditions at all the boundary points of G; corresponding to zeros of \, , and standard conditions

at all other vertices of G;.

Proof. In analogy with (5.3), denote by VVO1 ?(G;; 0G;) the domain of the functional associated
with the eigenvalue problem on G; as described in the assertion; then by choice of G;, ¢, ,|g, €
W, 7(G;;0G;). As usual, in a slight abuse of notation we will identify W, ?(G;; 9G;) with a
closed subspace of W'?(G) and in particular simply write v,,,, € W, (G;; 0G,). We start by
observing that ¢, , is clearly an eigenfunction on G;, for the eigenvalue A, ,(G), as follows from
the fact that

/ (@2 (@) (1) d = A p(G) / ()2 (0)ipl)
g g

for all ¢ € W'P(G) and hence, in particular, for all ¢ € W,"(G;;3G,). Moreover, ¥, ,, is
either strictly positive or strictly negative in (the connected set) G, \ 0G;, as is an immediate
consequence of the definition of nodal domains. The proof of [KLO06, Theorem 1.1] may now
be repeated verbatim to show that )\, ,(G) is in fact the first eigenvalue of the p-Laplacian on G;

with the desired vertex conditions. L]

The following upper bound was proved in [DR16, Theorem 3.8]. Again, this bound extends to
the lowest variational eigenvalue of all realizations of the p-Laplacian induced by the functional
¢, defined on a superset of W, ?(G).

Lemma 5.5.5. Under Assumption let VP be a (finite) non-empty set of points of G, such
that G \ VP is connected, and, for p € (1,00), let \1,(G; Vo) be the first eigenvalue of the
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p-Laplacian with Dirichlet conditions at V¥ and standard conditions at all other vertices. Then

p
LP(g’V ) — q |g|

21
psin(3)”
The final auxiliary result we need is an analogue of Lemma [5.3.11] an estimate from above

Here, as usual, 7, is the constant defined via 7, =

on the size of the nodal domains (equivalently, a lower bound on ), ,), which is itself a
direct consequence of the preceding two lemmata. This establishes in particular (together with
Lemma [5.5.3)) that the number of nodal domains does in fact diverge to infinity as n — oo.

Lemma 5.5.6. Fix n € N and let Gy, ...,G,, , be the nodal domains of 1, ;,. Then for all

Jj=1,... v, we have
2m,| E|p'/P
1= @ e
p
In particular, if n € N is large enough, specifically, if A\, ,(G) > § <2Tgpj|‘E“> , then no nodal

domain can contain more than one vertex.

Proof. Fix anodal domain G, then since G; cannot have more than 2| F| edges, by Lemma
and Lemma5.5.5] the latter applied to G;, we have

p
Mol G) = Xip(05:007) (= AD,(G)] < (r('ﬁ) |

Rearranging yields (5.23). The other assertion is clear. O
We can now formulate a version of the central Lemma for the p-Laplacian.

Lemma 5.5.7. For all sufficiently large n € N, we have

1/p p
|supp ¥y, | . (q)\mp(g)) —QIE|-D)|V| < vup < |supp ¥ p| ) <q)\n;(g)> +|V| (5.24)

Tp P Tp

Concretely, the condition on )\, ,(G) from Lemma is enough to ensure that (5.24))
holds.

Proof. We suppose n is large enough that there are in fact |V'| nodal domains containing
exactly one vertex of G, while the rest contain no vertices; that this is possible is guaranteed by
Lemma Let Gy, ..., G, , be the nodal domains of 1, ,. We assume that Gy, ..., Gy each

contain a vertex, while the rest do not; then each G; is an interval with Dirichlet conditions at its

endpoints if j > |V|, and in this case

P
Mial0) = y(65:06,) ~ - (|g—|) |
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1/p
i.e., ygj| =, (q/\ni(g)) . Hence, as in the proof of Lemma|5.3.6, using the definition of the

nodal domains,

s v 1/p
—_ R — > - L
|supp¢n,p|—;|g]\ ;|gj|+<yn,p |v|>7rp(qkn7p<g)) |

The sum on the right-hand side is non-negative and may be controlled from above using
Lemma[5.5.6} this yields

. 1p P 1/p
(Vnp — V) <q)\n—p(g)> < |supp Ynp| < Vnp — V)7 (q/\n,p@))

P 1/p
+ 2w, |V||E (—) i
p’ H ’ q)\n’p(g>

Rearranging yields (5.24). O

Proof of Theorem [5.5.2) and of Proposition for the p-Laplacian. Upon combining the re-
sult of Lemma [5.5.7] with the Weyl asymptotics of Theorem [5.2.5] we obtain

L, |supp |
"’p 9

n+ o(n) asn — oo,

which in particular proves Proposition[5.3.4]for the p-Laplacian. Lemmal[5.5.3|now yields (5.22));
the other assertions of Theorem [5.5.2] follow immediately. O



Chapter 6
Numerical methods

In this chapter we introduce a method to approximate eigenvalues of the Laplacian with standard
conditions at the vertices via approximation of graphs. In §6.1] we fix the setting and show
some preliminary results. In §6.2] we introduce the combinatorial Laplacian and recall our main
result in context from §1.3.4] In §6.3| we show a-priori and a-priori bounds for the relative error
of the eigenvalues of the Laplacian with standard conditions at the vertices for approximations
of graphs. In §6.4) we discuss in depth von Below’s theorem and extend the results to rational
graphs. In §6.5| we present an approximation technique and put our results into context with
known approximation theorems. We conclude the chapter with a summary of algorithms and a

few applications in §6.6] This chapter corresponds to the joint work [HST] in preparation.

6.1 Notation and preliminaries

In this chapter we consider the eigenvalue problem associated to the free Laplacian with natural
vertex conditions and show in this context extensions of von Below’s theorems and approximation
estimates as summarized in §1.3.4] This involves partitioning each edge into a suitable number
of subintervals of similar length.

In fact, as shown in two metric graphs are isometrically isomorphic if the metric
graphs obtained after removal of dummy vertices are the same up to relabelling the vertices
and the edges, as well as the corresponding lengths. Isometrically isomorphic graphs form an
equivalence class and we will use the term representative to denote elements of each of these
classes. The canonical representative of each class is the metric graph obtained by removing all
the dummy vertices. This operation is called cleaning and the resulting graph can also be called
clean graph [KSO1; [NowO8]|]. The clean graph representative is unique, up to relabelling. It is
important to note that, from the spectral point of view, the underlying combinatorial graph GG
of a metric graph G does not uniquely determine the metric graph. In fact, introducing dummy
vertices, i.e. effectively replacing one interval by two intervals whose corresponding lengths

sum to the length of the original interval, one can always find a representative G in the same

198
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equivalence class of G having a different underlying combinatorial graph G. However, isometric
isomorphic graphs are isospectral, i.e. the corresponding eigenvalue problems do not depend on
the choice of the explicit representative.

A type of metric graph that is of particular interest is a graph that admit an equilateral or a
rational representative, i.e. a representative whose edges have all the same basic length u or are

integer multiple of u, respectively.

Definition 6.1.1. Let G = G(G, £) be a metric graph with edge lengths £ = {/.} and total length
sum(£) := > . ple. If all edges of G have the same length, then G is called equilateral. If

instead £/sum(€) is a vector of rational numbers, then G is called rational.

It is important to notice that one can always construct equilateral representatives of rational

graphs. More precisely:

Remark 6.1.2. Suppose G = G(G, £) is a rational metric graph, then for every e € E, there
exist two coprime natural numbers pe, g. € N, ged(pe, ¢e) = 1 such that

e Pe
sum(€) g’

Thus, by letting ¢ = lem(q) with ¢ = (ge)ecr and by splitting each edge e € F in (q/qe)pe

subintervals, each of length sum(£)/q, we obtain an equilateral graph.
This action of splitting the edges of a metric graph is what we call a subdivision of G.

Definition 6.1.3. Given a metric graph G(G, £) with m edges and a vector p = (pe)ecr € N™,
let G, be the graph obtained from G by replacing each edge e with an equilateral path graph of
pe edges, each of length /. /p.. The graph G, is called subdivision of G by p. If ged(p) = 1

then the subdivision G,, is called irreducible.

Example 6.1.4. Consider the three-star G as in Figure Then, in fact, if we allow restrict
ourselves to lengths in Q the graphs are obviously rational. However, if we have any irrational
lengths the graph may be not rational and there does not exist a splitting of edges into an
equilateral graph as in Remark [6.1.2] (e.g. in Subfigure [6.1b). In Figure [6.1] we give examples

of equilateral representatives that are irreducible or reducible for a given rational graph.

In general, given a rational graph G, there is no unique equilateral representative as for any
k € N and any equilateral graph, obtained from G as in Remark we can further partition
each edge in £ more subintervals all of equal length to obtain arbitrarily many equilateral
representatives. In other terms, for any p = (pe), if G, is a equilateral subdivision, then
Gip 1s also equilateral, for any & € N. However, the construction of Remark yields a
irreducible and equilateral subdivision, which is in some sense canonical. We show below that

such representative is unique:
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V2
4 T
2 2
(a) Clean representative of a rational graph. (b) Clean representative of a non-rational
graph.

(c) Irreducible equilateral graph. (d) Reducible equilateral graph.

Figure 6.1: Topologically equivalent graphs. Some examples of topologically equivalent graphs with different properties.

Proposition 6.1.5. Let G = G(G, £) be a rational metric graph. Then there exists unique

irreducible equilateral subdivision of G.

Proof. By Remark there exists an irreducible representative. Let Qp<1), gp@) be two
irreducible equilateral subdivision of G with basic length wuy, us respectively which we assume
to be distinct. Then

wpM) = £ = uyp®.

Assume u; > g, then u; /us € Noj and so (uy/uy)p™) = p@ contradicts the irreducibility of

p®,
O

We use the unique equilateral irreducible subdivision of the clean representative of a rational
graph in order to design an algorithm that approximates the eigenvalues of the Laplacian on an
arbitrary metric graph G. To this end, we will assume in this chapter that a given metric graph
G is a clean graph. As already observed, this can be done without loss of generality as one can

always remove dummy vertices from the input graph without altering its spectrum.

6.2 Graph Laplacians and summary of main results

Let G = G(G, £) be a metric graph with underlying combinatorial graph G and length vector £.

Then we consider
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Similarly, for a discrete graph G = (V, E) we consider the combinatorial normalized

(Lu), = Z u\,; o

V:(Vv)EE v

Laplacian, defined as

for a vector u € R™. If A is the adjacency matrix matrix of GG defined via

#{(Vl,VQ) c E}, Vi 7A Vo
2#{(v1,v2) € E}, Vi = Va.

A pum

V1,vV2

and D is the diagonal matrix of the degrees D;; = > i A;;, then the matrix representation of L
is given by
L=1-D"A.

As for the Laplacian operator on G, L is a positive semi-definite matrix with eigenvalues

0=4u(G) < pa(G) < p3(G) -+ < v (G) =2 6.1)

Consider an equilateral metric graph G(G, £), £ = (1. It is well known that the eigenvalues
At = Ax(G) of the Laplacian —A on G with D(—A) = H?(G) as defined in and the
eigenvalues i, = ux(G) of the normalized Laplacian on G are closely related by Theorem
(von Below’s theorem) and we have the correspondence betweeen eigenvalues A and y via

1 — cos WV = L. (6.2)

Moreover if ;1 # 0,2 and A # uv/A/m ¢ Z then the multiplicities of ; and ) realizing (6.2)
coincide. We review the statement and proof of this result in Theorem [6.4.1]

The von Below formula (6.2)) lies at the foundation of our proposed method of approximating
the eigenvalues of a generic compact metric graph. In fact, we will see in that we can
compute eigenvalues via eigenvalue functions for rational graphs using the eigenvalues of the

combinatorial Laplacian on a suitable equilateral representative.

Before we are able to provide more details we need to introduce a notion of distance between
graphs having the same underlying combinatorial graph. Essentially, the distance is induced by

the max-norm over the space of the edge lengths.

Recall from Definition [2.1.2)

Definition 6.2.1. Given two metric graphs G, = G(G,£") and G, = G(G, £?)) with the same

underlying combinatorial graph, let

el

dcG1, G) = €9 — €2 o = max [0V — (2
ec
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Thus, for a sequence G™ = (G, £™), we say that G™ = (G, £™) converges to G = (G, £) if
dist(G™,G) = 0 (n — 00).

In Section [6.5] we show that approximating the graphs by perturbing its lengths while

preserving its total length in a way that
dist(G™,G) — 0 as n — 0o,

then
A(G) — MG
L2

sup
keN

)
)‘—>0 as n — oo.

More precisely, we show the following:

Theorem 6.2.2. Let G = G(G,£) and G = G(G, £) be metric graphs with sum(£) = sum(¥£),
then

Ak(G) — Me(9)
Ak(G)

<O maxu

rel el"l"(>\k) : ecE mln{f Z}

where [ is the Betti number of G, |N| is the number of leafs, i.e. vertices of degree 1, and

2
Cr = Z < max{8,2(35 + |N| — 2)?

Moreover, we have the following asymptotic estimate:

Corollary 6.2.3. Suppose G = G(G,£) and G™ = GW(G,£™) with sum(€) = sum(£™),
and G™ — G as n — oo, then for sufficiently large n, there exists C' > 0 independent of k such
that

rel err(\) < C'dist(G™, G).

The following result guarantees the existence of graphs that approximate G arbitrarily exactly

and algorithms to achieve this can be found in Section [6.5}

Theorem 6.2.4. Let G = G(G, £) be a metric graph with (£,1) = 1, then for all ¢ € N there
exists a metric graph G, = G,(G,mn,/q) with n,, € NIEl such that

dist(G, G,) < %

for some Cy > 0. Furthermore, for every q € N there exists () > q, such that

dist(G, Gg) < Cfv

Qﬁ

for some Cy > 0.
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Remark 6.2.5. The proof of this theorem is constructive and can be found in Section In
fact, suppose ¢ € N and G, as in Theorem [6.2.4] by Corollary we have

rel err(A,(G), A\u(G,)) — 0 (g — 00).

Furthermore,
lim inf q% rel err(A\,(G), An(Gyq)) < 0.

q—00
The principal strategy can than be than summarized as follows, which we will develop fully

in Algorithm [5]and Algorithm [6}

Algorithm 1: Computation of eigenvalues for equilateral graphs.
Input: Metric graph G, i.e. the underlying combinatorial graph GG and the edge lengths

vector £ and the prescribed relative error € for the computation of the
eigenvalues.
Output: A list of eigenvalues of the discrete Laplacian.
1 Compute ¢ and n € NIZl such that the RHS of is smaller of ¢ where £ = n /q

2 Compute the spectrum of G, = G(G, £) via Algorithm

6.3 A-priori and A-posteriori estimates for the relative error

of eigenvalues

In this section we will show Theorem [6.3.1] Our main result will be the following a-posteriori
estimate on the eigenvalues of metric graphs with same underlying combinatorial graph and
total length.

Theorem 6.3.1 (a-posteriori estimate). Let G = G(G, £), G=¢G (G, Z) be a metric graph with
£=(61)=(£1)

andn € N, then

(GG, 8) = M(G(G, )] < 20 (L, P, B) max e —Lel ©63)

€E min{le, (.}

where )
2 N

The bound in the estimate can be achieved without dependence of the particular choice of £

under the assumption of an a-priori bound:

Corollary 6.3.2 (a-priori estimate). Under the same assumptions as Proposition if HZ —

Lo < € we have
~ €

mine le — €



204 CHAPTER 6. NUMERICAL METHODS

Proof. Tt is an immediate consequence of Proposition[6.3.1] since

An(€) = Aa(0)] < 2A,(L, |N|, B) max e = Lel 27, (L, |N], B)——

€ min{/le, (e} ming e — €

]

In the following lemma, we show the Hadamard type formula for computing the derivative
of eigenvalues with respect the length of the edges, which is a known result when the considered
eigenvalues are simple and the proof will be in fact following [BL17a, Lemma 5.2] closely.

Suppose u € F is an eigenfunction of A. Consider along an edge e € E the quantity

Eu(z) = %(ug)Q YR (6.4)

e

Then

d

aé'e(x) =/ (2)u"(z) + Mu(x)u' () + M (z) + u(z)

= 2(u"(x) + Au(x))u'(x) =0
and &, is constant along edges. In particular, we have the following:
Lemma 6.3.3. Let G be a metric graph and € = (E,)ecp defined as in (6.4). Then
E-L=2\

Proof. Let us consider the integral of the energy on the whole graph, on one hand we have

/gg(ac) de = Z E(x)dx = Z Eil;.

e, €F €i e, €F

By integration by parts one gets the other side of the equality
[e@dr= [l@P + i)
g g
=Sl ([ ~rwiea) + [P,
g g

e, €ER
= )Y ov(x;) +2X / ()| da = 2,
veV T;€V g

We need an adaptation of the Hadamard formula from [BL17a, Lemma 5.2] here:
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Lemma 6.3.4. Suppose £y, £, € R|>EO‘ and v € Rl Suppose ~(t) := £y +t(€; — £y). Let \(t)
be a locally analytic eigenvalue curve and f(s;-) be a locally analytic curve of eigenfunctions
associated 1o \(t) as in Theorem[2.6.1] then

d

—A(t =-E- V. 6.5
i), Y (6.)
Proof. Lets € Rand let € be an edge of G(G.£). Denote £(s) := £+ sv and G(s) := G(G; £(s)).
Then by Theorem there exists a corresponding set of eigenfunctions denoted by f(s;-)
analytically depending on s and we may proceed as in [BL17a, Lemma 5.2] to prove the
Hadamard formula in the form of (6.5).

O]

Corollary 6.3.5. Suppose £, £, € RE) and v € RIE|. Suppose y(t) := £y +t(£y — £). Let A1)
be a locally analytic eigenvalue curve and f(s;-) be a locally analytic curve of eigenfunctions
associated to \(t) as in Theorem then E(t) is analytic in t.

Proof. Since the pair of eigenvalue and eigenfunction are locally analytic functions in the lengths

of the edges of the graph (c.f. §2.6), the same property holds for the function £ as defined in
(©.4). O

In order to be able to provide a good estimate of the error on the computation of the
eigenvalues we need some type of upper bound on the eigenvalues which is independent on the
lengths of the edges of the graph. The following result is shown in [BKKM17, Theorem 4.9]:

Proposition 6.3.6. Let I' = (G, £) be a metric graph with total length L = (£, 1), first Betti
number [ = |E|— |V |+1 and let | N| be the number of vertices of degree 1. Then the eigenvalues
An of (L13)) satisfy the following upper and lower estimates

Mn(/"" ’N|76> S )\n S An(£7 |N|7ﬁ)7
where

T2 N[+ B\ n?
(L, IN1LB) = () max{(n—T) ,Z},

2
AL, [N, B) = (%)2 (n— 2+ @ + gﬁ’) |

Proof of Theorem|[6.3.1] Let £(t) := £+t (Z— £>, then \,,(G(G, £(t)) is differentiable up to a
discrete set of exceptional points by Theorem [2.6.1] Suppose

O=to<ti < - <ty <ty=1
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such that the exceptional points are contained in {f,..., ¢y}, then with Lemma and
Corollary [6.3.5] we compute

MG(GD) = M@G O <Y [T (e >>>\ d
i Ze _ge
< el (6) - (£ )1 < max] 0 (60) ) 5
—|Ze — Eel = max max —|ze — £e|
= manl€ (60) - £(0)| max = = mae 20, (£(0) max — R,

where we used Lemmal6.3.4in the first and Lemmal6.3.3]in the last step. Using Proposition[6.3.6]
we conclude (6.3). O

Theorem [6.2.2]is then a direct consequence of Theorem [6.3.1]and Proposition [6.3.6]

Proof of Theorem[6.2.2] By Theorem|[6.3.1]and Proposition [6.3.6 we have

M (G) — )\k(g)
Me(G)

< Oy ma XM
€ min{/,, .}

ko2 2N\
Cr =2 5+|N| :
max{k — =5, k/2}

Let us conclude the proof by showing

rel err(\g) =

with

Cr(G) < max{8,2(33+ P — 1)?},
e If k > 5+ P then

2
k—2+ 32
Ck<g>=2<k_—ﬁ£2

2

2
28+ P —2
:2<1+W>

2

and because k — (6 + P)/2 > (5 + P)/2 > 1 then

Cu(G) <228+ P —1).
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e If K <[+ P then

f— 2+ 30
Ck(g):2<k—/2>

P-4\’

if 36 + P — 4 > 0 then k£ = 1 provides an upper bound
Cu(G) <238+ P—2)°
if instead 35 + P — 4 < 0 then C,(G) < 8 then all together

Cr(G) <max{8,2(33 + P —2)°} =: C(G).

6.4 On the spectrum of rational metric graphs

Let G(G, £) be an equilateral graph with base length ¢, i.e. with (¢ = u for all e € E and let
L = L(G) be the averaged Laplacian of G.

The following Theorem is due to Von Below [Bel85] and it establishes a correspondence
between the eigenvalues {1} of L and the eigenvalues {\} of —A, the Laplacian operator on the
metric graph G(G, (). We provide a formulation which is an adaptation for our purposes from
[KurO8]]. Here we provide a possible proof for the sake of completeness (c.f. [Bel85], [KurO8]],
[Kur]).

Theorem 6.4.1 (von Below’s formula). Let G = G(G, ul) be an equilateral metric graph with
basic length { > 0. Forany j # 0, 2 eigenvalue of the normalized Laplacian L of the underlying
discrete graph G, there exists \ solution to the Kirchoff-Neumann eigenvalue problem (1.15)) for
the Laplacian of the metric graph G, such that (\/\/7 ¢ Z and

1 — cos VX = p. (6.6)

Furthermore, the multiplicities of the two eigenvalues \ and | coincide and the values of the
associated eigenvectors and eigenfunctions can be chosen such that their values coincide at the

corresponding vertices.

Proof. Let 1 # 0,2 be associated to the eigenvector v € RVl and k > 0 such that sin k¢ # 0,
we are going to construct an eigenfunction ¢ on the equilateral metric graph G(G, £) such that

its associated eigenvalue satisfies (6.6).
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Consider ¢ defined edgewise, i.e. for each edge e € E connecting two vertices v, vo We
define ¢, € C?([0, ¢]) via

cos kl cos ku

e(x) := 1y, (cos kx — —;

sin k(£ — x))

sin k¢

sin k’:c) + Yy, (cos k({ —x) —

such that 0 corresponds to v; and 1 corresponds to v,. By construction, ¢ € C'(G, 1) and for all

v € V we compute

cos k/ ) cos? kl
T o= 3 it (s S

e=(Ve,Vv) e= (vp V)

_smkﬁ Z —1p, cos kl + 1),

me €v
e=(Ve,V)

— deg(v)t, cos kl + Z Py,

~ sinkl
(z,e)ev
e,(Ve,v)
_ kdeg(v)
= (1 — coskl) — Ze Uy,
e (vc v)

and p € ©(—A) if and only if

y(1 — coskl) = b, — deg1<v) >,

or equivalently (1 — cos k()1 = L). By construction ¢! = k*p. and we deduce k* € o(A) if
and only if (1 — cos k¢)y = L. Since sin k¢ = 0 if and only if 1 — cos k¢ # 0,2 we infer the

statement.
]

The remaining two cases ;1 = 0 or ;& = 2, which are not covered by Theorem [6.4.1] can be
considered by following Propositions (see also [[Kur0O8], [Kur]]). For the proofs of the following

proposition we refer to [Kur0O8|, Theorem 2].

Proposition 6.4.2. Let G = G(G, (1) be an equilateral metric tree graph with basic length ¢ > (

and let n € Ng. Then A\ = k* € o(—A) with k = 2”” is a simple eigenvalue. Furthermore,
b — 2n+1)

is a (simple) eigenvalue if and only if G is blpamte.

Proposition 6.4.3. Let G = G(G, (1) be an equilateral metric graph with basic length { > 0,
Betti number 3 > 1. Then \ = k* € o(—A) with k = T for all n. € Ng with multiplicities 3+ 1
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if G is bipartite. On the other hand, if G is not bipartite, then the eigenvalues corresponding to
n even have algebraic multiplicity me,., = [ + 1 and the eigenvalues corresponding to n odd

have algebraic multiplicity myqq = 3 — 1.

The following algorithm can then be used to compute the eigenvalues of an equilateral graph,
which we summarize in Theorem [6.4.4}
Algorithm 2: Computation of eigenvalues for equilateral graphs.
Input: Combinatorial graph G = (V, E') with combinatorial Laplacian L € R™*™,
basic length ¢ > 0,7 € N
Output: k; = \/E the j-th eigenfrequency of the Laplacian —A
(s, pn) = eig(L) # Compute eigenvalues of L
g:=|V|—|E|—-1 # Compute the Betti number

—

(5]

my, = #{p;, ;i € {0,2}} # Quantities regarding number of eigenvalues

w

4 if G is bipartite then
5 t modd:meven:B+1

6 else
7 tmoddzﬁila mevcn:ﬁ+1
8 My = 2my, + Modd + Meven # Then the spectrum admits a periodic

structure and within each period the number of eigenvalues is

o

a = floor(j/my,), r=7j—am, # Division with remainder

10 # eigenfrequency function

0 r=0;
arccos (1 — ;) 0<7r<my;
u K(r):=qm my <1 < my 4 Mg

2m — arccos (1 — fi@m, +mea—r)) My + Moga < T < 210, + Mg

2r My — Meyen < T < M,

2 kj = 3(2ma+ K(r))

Algorithm [2]is based on the following result:

Theorem 6.4.4. Let G = G(G, (1) be an equilateral metric graph with basic length ¢ with Betti
number 3 € No. Let my, := #{p1; # 0,2}, Meyen := F+ 1

5+1, G is bipartite;
Modd =
max{f — 1,0}, otherwise.

. . _ 2 .
then the spectrum of —Ar is given as \; = kj with

- (o )

P
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where
(
0 J=0;
arccos (1 — p;) 0 <y <my;
K@) =< my < J <my + My,

21 — arccos (1 — themtmou—i)) M+ Moaa < J < 2y + My

2w My — M < J < M.

In order to motivate the next section consider an example of a rational metric graph where
the corresponding equilateral graph has a very large number of edges (for the graph G in
Example [6.4.5] this number would be 300). Intuition should suggest that the equilateral graph
G’ is a good approximation of G with just three edges and therefore it is much easier to compute
the spectrum of G’ rather than G. The purpose of §6.5]is to find approximations that allow us to
compute the spectrum using Theorem [6.4.4]

Example 6.4.5. Consider the the three-star G as in Figure The length of the metric graph G
in subfigure can be perturbed slightly to achieve an equilateral metric graph G’ with basic

length 1 and by construction
dist(G,G") = 0.01.

In fact, by Algorithm 5] and Algorithm [6] one can achieve arbitrary good perturbation such that
the Hausdorft distance between these graphs can be controlled. By Corollary[6.2.3in particular
Algorithm [5|and Algorithm [6]terminate after a finite numbers of steps.

1
0.99
. 1
1.00
1
1.01
(b) Graph G’. The equilateral 3-star G’ with
(a) Graph G. An equilateral subdivision re- same underlying combinatorial graph as G is a
quires a large amount of subdivisions here. “good” approximation for the graph in subfig-

ure[@

Figure 6.2: Three-stars with similar lengths. Comparison between graphs with similar length parameter and their equilateral
representatives.
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6.5 Approximation techniques

Given a metric graph G = G(G, £) with total length sum(£) we construct rational graphs G™
such that
dist(G,6™) -0  (n — c0).

In particular by Proposition [6.3.1| we infer

and (6.3)) offers an estimate to the error of such a approximation with respect to the Hausdorft-
distance. Therefore, we construct minimizers to the minimization problem

(6.7)

min min
1<¢<Q (n,1)=¢q

(n,1)

in this section.

Our main result in this section is the following:

Theorem 6.5.1. Let G = (G, £) be a metric graph with edge set E. Then for every Q) € N there
exists 1 < g < Qandn € N'OE| with (n, 1) = q that minimizes

“mor

min min
1<¢<Q (n,1)=q

Furthermore, for sufficiently large QQ we have n. € N'F and if we define G (G, <n"—1>), then

dist(G,G) < min ¢ — 0

~ 3 1 [VNAy w1
2Q ¢q

An immediate consequence of this result is Theorem [6.2.4}

Proof of Theorem[6.2.4) For sufficiently large ¢ € N by Theorem there exist graphs G,
with same underlying graph as G such that

s )3 1 (VNAy\™
dist(G,G) < —, =
ist(G,G) < min 50" g ( >

In particular,

dist(G, G,) < % (6.8)

for some C; > 0. Furthermore, since due to (6.8))

dist(G,G,) — 0 (¢ — o0)
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there exists () > ¢ such that

ol

() = argmin, ¢ <mli>n
n,1)=q

and by Theorem [6.5.1| we infer

dist(G, Gg) < é <\/NQAN> B .

]

It turns out that is an adaptation of the so called Simultaneous Dirichlet Approximation
or Simultaneous Diophantine Approximation (SDAP).

The SDAP consists in finding the vector of rational numbers which best approximate a given
vector of real numbers in the maximum norm under the condition of having the least common
multiple of the denominators bounded by a given () € N. Notice that the SDAP already made

appearance in quantum graphs in [ET17]].

Problem 6.5.2 (Classic SDAP [Sch80])). Given o € R¥ and Q € N findn € Z¥ and ¢ € N

such that ¢ < @ which minimize || — n/q/|| -
It is known that the minimum exists with the following general estimate, see [[Sch80|]

Proposition 6.5.3. There exists a solution to Problem such that

(6.9)

Finding a rational graph I with same underlying discrete graph I' and with the same total
length L=Lis equivalent to solving a modified version of problem where o = £/L and

in addition we require ¢ = (n, 1).

Problem 6.5.4 (Constrained SDAP). Given o € RY suchthata-1 = 1and@Q € Nfindn € ZV

such that >°N  n; < Q which minimizes || — n/(n, 1)||s.
We show that we can still have an estimate just slightly worse than (6.9).
Theorem 6.5.5. There exists a solution to Problem n € ZV\ {0}, ¢ = n - 1, such that

loo— 2 < ! (mAN) - (6.10)
q q Q

where Ay is the N — 1 volume of the central section of the unit N -cube orthogonal to the main

1 1Y
AN = VOIN,1 <|:—§, +§1 N 1J'> .

diagonal
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with 1 being the vector 1, = 1,1 =1,..., N.

We are going to prove this result using a similar idea of the proof of Proposition[6.5.3using
Minkovski’s convex body Theorem.

Proposition 6.5.6 (Minkovski’s convex body Theorem [Sch80]). Let Q@ C RY be convex,
symmetric about the origin, bounded and with volume V ol (Q2). Assume either that V ol (£2) >
2N or that Q is compact and Vol (Q) > 2N, Then ) contains an integer point different from

the origin.

1

*~" and consider the following set

Proof of Theorem|[6.5.5] Let s = (WQAN>
Qvi={zeRY: |z -1 <Q, |z — (z 1) < s}. (6.11)

We claim that )y satisfies the requirements of Minkovski’s Theorem and in particular that 2 is
compact and Voly (2y) = 2 .The fact the Q is convex, compact and symmetric with respect
to the origin is clear by construction, hence we only need to compute the volume of €2 .

We start by analysing the construction of 2.

e The first condition in (6.11), -1 = a € [—Q, +Q)], describes the union of the hyperplanes
Hy_1(a) :== £1+ 1+ = acc 4 1+ for |a| < Q.
* The second condition in (6.11)) alone with (x - 1) replaced by a reads as || — ac||o < s

and describes the points of the cube Cy(a) = aax + [—s, +s]V.

For any fixed a € [—Q, +Q)] these two conditions together describe the central section of the
cube C'y(a) orthogonal to the main diagonal of direction 1. Hence {2y can be seen as the union
of the sections Cy(a) N Hy_1(a) for a € [-Q,+Q] and

Qv={z eR":|lz— (@ -al)a| <s}n [ Cn(a)

aG[—Q,—i—Q}
= |J Cn(@nHy_i(a)
a€[—Q,+Q)]
= U aa + ([—s,+s]¥ N1t).
a€[—Q,+Q)]

Namely Qy is a prism of bases ([—s, +s]"¥ N 1) £ Qc and height given by the distance between
the two planes - 1 = +Q), i.e. |Q1 — (—Q1)||2 = 2QV/'N. Thus, the N —dimensional volume
of Oy is

VolyQy = 2QVN - Voly_; ([—s, +s]¥ N1F).

Since ([—s,+s]V N 1Y) = 2s([-1/2,+1/2]Y N 1+) the N — 1 volume of the section is Ay
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scaled by (2s)V~!

Voly_1 ([—s,+s]¥ N1F) = (2s)V Ay
2N—1

VNQ

and finally
2N71

VNQ

By Minkovski’s Thereom there exists an integer point n € Qy \ {0}. Notice that by

= 2N,

VOINQN = QQW .

symmetry of (2 we can choose n such thatn -1 = ¢ > 0. The second inequality in (6.11]) with
@ = n reads then as (6.10). O

Remark 6.5.7. Calculating and estimating the volumes of sections, slabs and slices of the N
dimensional cube are well studied problems, we refer the interested reader to [[CL91; [Zon06;
Ber10; [FR12] and references therein. The N — 1 volume of the central section of the V-
dimensional cube with respect to the main diagonal can be computed by either of the following
(see [CLI1])

J
oo : N

SINCR
It is known that in general the volume of sections of the unit cube with respect to subspaces
are bounded from below by 1 with equality given by coordinate subspaces (for the hyperplane
see Hadwinger [Had72] and Hensley [Hen79], and for the generic subspace case see Vaaler
[Vaa79]]), moreover it was conjectured in [Hen79] and proved by Ball [Bal86] that the upper
bound for the hyperplane case is /2 with equality holding for the so called suspension of the
diagonal section, c.f. [Berl0]. Thus 1 < Ay < +/2, with the latter equality holding only
for N = 2. In [CL91] it is reported that both Laplace [Lap95] and Polya [Poll3]] proved the

following limit

N—o0 s

We present an algorithm for finding n satisfying (6.10) and consequently a vector of lengths
£ with the properties claimed by the previous corollary. In the rest of the sectionlet [-] : R — Z

denote the rounding function to the nearest integer,

o] i fal — 2] > 172
|z] if x| — |x] < 1/2.

The extension [-] : RN — ZV is element-wise, i.e. [v]; = [v;].
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Algorithm 3: Search by adjustments.
Data: o cRV:a-1=1,Q €N

Result: n € ZV : estimate (6.10) holds 8 | whilenn-1<gdo
1 Npin =1 9 m = arg min;(n; — qo;)
2 for 1 < ¢ < Qdo 10 T = Ty, + 1
3 n = [qq] 1 end
4 while 72 - 1 > g do 12 if |7 — gaf| o < Npin then
5 M := arg max;(n; — qo;) 13 Niin := |7 — || oo
6 na i=ny — 1 14 n:=n
7 end 15 end

16 end

We make some general observation regarding Algorithm [3] The Algorithm [3]computes for
each ¢ a unique integer point 2(¢). The point 7 is then chosen to be the n(¢) which minimizes
|n(q) — qa|| over all positive integers g < Q.

Assume that for a certain ¢ we have [ga] - 1 > ¢. Because |[qo;] — qa;| < 1/2 hence
| [gax] -1 —¢q| < N/2, then the first while cycle is computed up to | N/2] times and generates just
as many indices M;s. It easy to see that the )M;s are all distinct since |57, — gapy,| > 1/2, while
for any other index j ¢ {M;} —which exist because §{M;} < N/2— we have [n; —qa;| < 1/2.
At the end of the day, if [ga| - 1 > g then 1/2 < ||gax — 1(q) || < 3/2, and a similar argument
can be carried out for the opposite inequality leading to the same conclusion. Thus the outcomes
of Algorithm [3|can be divided into the following two cases:

1. 3¢ < @ such that [ga] - 1 = ¢, then n = [ga] and ||ga — n| < 1/2.
2. Vg < @Qwehave [ga] -1 # g, thenforg=n-1,3/2 > ||ga — n|| > 1/2.

It is clear that in the first case the resulting n is optimal. This is less obvious for case 2. and it
needs to be proved. We anticipate that Case 2. may occur if () is chosen relatively small with

respect to NV, but we discuss this in more details after the proof.

Theorem 6.5.8. Under the assumptions of the constrained SDAP (Problem the result of
Algorithm[3|provides a solution n which consequently satisfies the estimate (6.10). Moreover n

minimizes ¢ = n - 1.

Proof. Let g be fixed and such that [ga] - 1 # ¢. Let n = n(g) and assume 7’ is an integer

point n/ # n such that n’ - 1 = ¢ and
lgoe — 1[0 < [lga — 7| o (6.12)

Without loss of generality assume [ga] - 1 > ¢ (the argument works similarly for the opposite
inequality). Let {M;}* , with k& < |N/2| as in the above discussion. We already know
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N, = [gan,| — 1 for all M;, while n; = [qoy] for j ¢ {M,}, moreover
lge = 7f|oc = max(ga; —7;)
= qang, — g, < qo — (g — 1) Vi

Since . — n’ # 0 is a zero sum vector in Z", then 3i, 7; — n; > 1 and therefore

g — nf|oe = qang, — Ton,
< gqa; — (n; — 1)
< qa; — 1

< llga = /||,

which leads to a contradiction with (6.12)). [

Let us proceed now with the proof of Theorem [6.5.1}
Proof of Theorem Apply Theorem to a = £/L. Then together with the discussion
after Algorithm 3] we infer the existence of 7 € Z/”l such that

min min
1<¢<Q (n,1)=¢q

Moreover, the graph G (G,n(n,1)) corresponding minimizer necessarily satisfies

dist(@, (j) < min

31 (VAT
2Q°q\ @

Remark 6.5.9. If the coefficient of right hand side of (6.10) is strictly smaller than 1/2, then we
can speed up the algorithm by discarding to check all g such that [g a] - 1 # ¢ because according
to the discussion following Algorithm they would lead to 12(¢) which fail to be a candidate for
n. This condition is satisfied if Q is chosen sufficiently large, namely @ > (v/N/Ax)2¥~1 or

in alternative, using the same estimates as in Corollary[6.5.1] if
Q > 2572, (6.13)

Therefore, under condition (6.13]) Algorithm {]finds the same solution o as Algorithm 3]
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Algorithm 4: Lazy search.
Data: a € RV : a-1=1,Q € N: (6.13) is

satisfied 4 | if(n-1=qgand|n — qa| o < Nmin)
Result: n € ZV : estimate (6.10) holds then
1 Npin =1 5 n=n
2 for 1 < ¢ < Qdo 6 Nuin := |7 — ¢
3 ‘ n = [qa] 7 end
s end

6.6 Algorithm and Applications

Recall that by Theorem given two graphs G = G(G,£) and G = G(G, £) with sum(£) =

sum(#£), then

Me(G) — Me(9)
e (G)

< max{8,2(28 + |[N| — 1)*} maxM (6.14)

rel err(\g) :=
) e€E min{/,, (.}

where [ is the Betti number of GG, | N| is the number of pendants, i.e. vertices of degree 1.

Algorithm 5: Approximation of metric graphs by adjustments.
Data: £ < R‘fol 1 (€,1) =1,¢0 > 0, |N| the

number of vertices of degree 1 and 11 while (7,1) < Q do
Betti number § > 0 12 m = arg min,(n; — QF;)
Result: n € NIl g = STl ) satisfying 13 M := My + 1
(6.14) with ZZ =n;/q 14 end

1 Npip = 1 15 | if |72 — Q€||s < N, then
2mi=1 16 Nain = |70 — Q€|
3Q=|E| 17 n:=n
4 b= 1/Q-1 18 qg=0Q
s while (6.14) is not satisfied do 19 | end
6 n = round.(Q¥) 2 Q:=Q+1
7 while (7,1) > @ do 21 end
8 M := arg max;(n; — Q(;)
9 nyi=ny —1
10 end

By Remark [6.5.9]if the problems requires a very large number of splittings we do not need
to check the condition that the corresponding lengths of the rounding procedure preserve the
total length and we suggest the following algorithm that in that case uses a simplified procedure

analogue as in Algorithm 4]
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Algorithm 6: Optimized Adjustments
Data: £ € R‘>EO| :(€,1) = 1,60 > 0, |N| the

number of vertices of degree Land o | Q = |E|
Betti number § > 0 10 £=1/Q-1
Result: n € NPl g = Z‘i‘l n; satisfying 1 while is not satisfied do
(6.14) with {; = n;/q 12 7 := round. (Q£)
1 C=2+|N|—-1 13 if ((n,1) = Q and
2 Q= [zmiicza (%)W |7 — Q€||loc < Nimin ) then
3 if Q < 2%(F1-1/2 then 14 ¢=C
4 ‘ Proceed to Algorithm 15 ni=n
s end 16 Npin == || — ¢€]|
6 else 17 end
; Ny =1 18 Q:=Q+1
3 n=1 19 end
20 end

6.6.1 Star graph

Given an integer number d, suppose S? is a d-star with edge lengths £ = ({y,...,{4) (c.f.
Figure |6.3| with d = 3).

Figure 6.3: Three star with different lengths.

The set of eigenvalues of S% counted with their multiplicities is given by the zeros of the

following secular equation.

(Z tan(kﬁﬁ) Hcos(kfi) =0,

see for instance [BK13, Example 2.1.12].
Consider the following example:

Example 6.6.1. Consider the three-star S* with length vector

£ =(1.2,2.399,2.401),
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Figure 6.4: Plot of relative error for the three-star. An exemplary computation of the eigenvalues of the three star using
Algorithm 3] (which coincides with Algorithm[6) in this case. Given an error tolerance of 8.01 we have the plot associated to
the relative error for the first 1000 eigenvalues.

then applying Algorithm[6](after norming the vector) with error tolerance of €, = 0.01, we can

assert that the graph with length vector

£=(12,2.4,2.4)

satisfies

=

gmin

rel err()\,) < 8 ~ 0.0067 < €

for all n € N. As one can see in Figure [6.4] the relative error is in this case much better in
reality. The plots in Figure [6.4] show also how accurate the approximation is in this particular
case. The advantage of computing the eigenvalues via approximation is that the equilateral
representative of the graph associated with the length vector ¢ consists of only five edges
whereas the equilateral representative of the original graph requires 6000 edges. This simplifies

the computations significantly.

6.6.2 Lasso graph

Let G = (V, E) be the lasso graph (c.f. Figure|6.5) with

e1 = [z, 22] = [0, ¢4], ey = [x3, 4] = [—0a/2,+(5/2]
Tg ~ X3~ Ty
Gg=e Dey/ ~
V ={v = {x1},v9 = {29, 23, 24}}



220 CHAPTER 6. NUMERICAL METHODS

Figure 6.5: Lasso graph.

Using a decomposition in symmetric and antisymmetric eigenfunctions we have

uy = uf + uj = ag sin (kx) + by cos (kx)

Uy = u§ + uy = ag sin (kx) + by cos (kx) .

Then due to symmetry in the graph it suffices to study the eigenvalues corresponding to the

symmetric and antisymmetric projections:

ui =0

ug = agsin (kx)
the latter of which satisfies the continuity condition at the vertex v, if and only if us(—¢5/2) =
ug(+02/2) = 0ie. k =2wm/ly, m € N.

Concerning the symmetric component «°, after taking into account the conditions at vy, we

have

uy = by cos(kx)
usy = by cos (kx)

the standard vertex conditions at v, for the function u® read as follow
4y
by cos(kly) = by cos ikE

and ’
kby sin(k¢y) + 2kby sin (kg) =0

which can be combined together to obtain the following secular equation for eigenvalues asso-

ciated to symmetric eigenfunctions

sin(kfy) cos <k%) + 25sin (k%) cos(kly) =0,

which is a trascendental equation.
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Figure 6.6: Plot for relative error for a lasso graph. An exemplary computation of the eigenvalues of the lasso graph using
Algorithm 5] (which coincides with Algorithm[6) in this case. Given an error tolerance of 8.1 we present the relative error for
the first 1000 eigenvalues.

Consider the following example:

Example 6.6.2. Consider the lasso graph G = G(G, £) with length vector
£ = (1.199,3.601),

then applying Algorithm 6] (after norming the vector) with error tolerance of ¢,,;; = 0.01, we can

assert that the graph with length vector

€=(1.2,3.6)

after normalization satisfies

=

min

rel err(\,) <8 ~ 0.0067 < €1

for all n € N. As in Example [6.6.1] one can see in Figure [6.6] the relative error is in this case
much better in reality. The plots in Figure [6.6] show also how accurate the approximation is
in this particular case. The advantage of computing the eigenvalues via approximation is that
the equilateral representative of the graph associated with the length vector £ consists of only
4 edges whereas the equilateral representative of the original graph requires 4800 edges. This

simplifies the computations significantly.
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