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THE IWASAWA DECOMPOSITION AND THE BRUHAT
DECOMPOSITION OF THE AUTOMORPHISM GROUP

ON CERTAIN EXCEPTIONAL JORDAN ALGEBRA

By
Akihiro NiISHIO

Abstract. Let #' be the real form of a complex simple Jordan
algebra such that the automorphism group is Fg_s. By using
some orbit types of Fy_s9) on ¢ ! for Fa4(_20), explicitly, we give the
Iwasawa decomposition, the Oshima-Sekiguchi’s K,-Iwasawa de-
composition, the Matsuki decomposition, and the Bruhat and Gauss
decompositions.

This article is a continuation of [13].
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Let G be a connected non-compact semisimple R-Lie group of which the
center Z(G) is finite. We denote its R-Lie algebra by g = Lie(G). Let 6 be
a Cartan involution of g and its Cartan decomposition g =f@® p where :=
{Xeg|0X =X} and p:={Xeg|OX =—-X}. Let a be a maximal abelian
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subspace of p, a* the dual space of a, and m = Zi(a) the centralizer of a of f.
For each Aea*, let g, :={X eg|[H,X]|=A(H)X for all H €a}. A is called a
root of (g,a) if 1 #0 and g, # {0}. We denote the set of roots of (g,a) by X.
Then g =8y @ >jcx 81 (97,9, = 8144 09, = g5, and gy = a @ m (cf. [8, Ch V]).
We introduce an ordering in a*, and this ordering single out the set £t of
positive roots. We denote X :={-1|1eX}, nt:=3, sig;, and n =
> cs-6;. Then nt and n~ are nilpotent subalgebras such that On* =n¥ (resp)
and g=n" @ a@® m®n't. For each involutive automorphism ¢ on G, we denote
the subgroup G? = {g € G| p(gy) = g} of G. Let ® be an involutive automorphism
on G, of which the differential at the identity element is the Cartan involution 6
of g: d® =0, and K := G®. Note that Lie(K) =Tf, K is connected and closed,
and that K is a maximal compact subgroup of G (cf. [7, Ch VI, Theorem 1.1)).
We denote the subgroups 4 :=exp a, N+ :=exp n* (resp), and M := Zg(a) the
centralizer of a of K, respectively. Then the identity connected component M° of
M is a connected Lie subgroup corresponding to m, and O@(Nt) = NT (resp).
We denote the normalizer of a of K by M* := Nk(a), and the finite factor group
W :=M*/M. For all we W, we fix a representative w e M*. Then

(1) G=KAN™* (Iwasawa decomposition),

(2) G= H N WwMAN™ (Bruhat decomposition),
weW

(2)) G=N-MAN+ (Gauss decomposition).

(cf. [7], [11]). For any g € G, there exist unique elements k(g) € K, H(g) € a, and
nr(g) € N* such that

g = k(g)(exp H(g))n:1(g).

In (2)', the submanifold N~ MAN* is open dense in G, and for any ge
N~MAN, there exist unique elements n;(g) € N~, mg(g) € M, ag(g) € A, and
ng(g) € N* such that

g = ng(g)ma(9)ac(g)ns(g).

However, in this article, the existence and uniqueness of factors of Iwasawa and
Gauss decompositions for the Lie group F4_s will be shown by using concrete
F4(_s0)-orbits and stabilizers of Fy_g in [13].

According to [14, Definition 1.1], a signature of roots is defined by the
mapping ¢ of ¥ to {—1,1} such that ¢ satisfies the following conditions:
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(1) &(A) =¢e(=4) for any A€ X,
(i) e(A+u) =e(A)e(p) if A,u and A+ peX.

According to [14, Definition 1.2], for any signature ¢ of roots with respect to the
Cartan involution 6, the involutive automorphism 6, of g is defined as

(1) 6:(X):=¢e(1)0(X) for any LeX and X €g,,

(i) 6.(X) := 0(X) for any X ea® m.

Setting f,:={X eg|0. X=X} and p,:={Xeg|l.X=-X}, g=LDp,. We
denote the connected Lie subgroup having the Lie algebra f, by (Ks)o. We define
the subgroup K, by

K, = (K,)"M.

In fact, since all elements of M normalize (K,)" from [14, Lemma 1.4(i)], K, is a
subgroup of G. We denote

M :=K,NM*, W,:=M M.

ProposiTION 9.1 (T. Oshima and J. Sekiguchi [14, Proposition 1.10]). Let
the factor set W\W ={w; = L,wy,...,w,} where r = [W : W,]. Fix representa-
tives Wi = 1,Wy,...,w, e M) =K, NM* for wy =1,wy,...,w.. Then the decom-
position

G > KonAN*

has the following properties.

(1) If kwian = k'w;a'n" with k,k' € K;, a,a’ € A, and n,n' e N*, then k =k,
i=j, a=d, and n=n'.

(2) The map (k,a,n) — kw;an defines an analytic diffeomorphism of the
product manifold K, x A x NT onto the open submanifold K.w,AN'T of G
(i=1,...r).

(3) The submanifold | ),_, K;w;AN ™ is open dense in G.

The decomposition G = U;l K.w;ANT is called the K.-Iwasawa decompo-
sition of G.

If a group G acts on a set S, we denote the pointwise stabilizer of finite
set {x1,...,x,} of S by Gy, _.x ={9€G|gx;=x; for i=1,...,n}, and the
G-orbit of x e S by G-x:= {gx|g e G}. We denote the Kronecker delta by ¢; ;.
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Let O be the octonions having the conjugation X and inner product (x|y) for
x,y € 0. We denote the natural unit octonions: {1(=e),e;, ez, €3, €4, e5,€6, €7}
Set

¢ Vey V-1%
hl(ﬁl)éZaé?);xlaxZ;x?)) = \/—_1.X_3 fz X1
V=lx, X1 &

with & eR, x;€0. In [13, §1], the exceptional Jordan algebra g' is given
by

I = {n" (&, &, &%, 30, x3) | & € R, x; € O}

with the Jordan product X oY =2"'(XY + YX) for X,Ye ¢'!. Put E=
hl(l, 1, 1;0,0,0), E; = /’11(5,'71,51"2,5,}3;0,0,0), and Fil(x) = hl(0,0,0;éi_,lx,&,',zx,
9:.3x). Then h' (&, &, &1, x2,x3) = 320 (&Ei + F) (x;)). We recall that ¢! has
the rrace tr(X):=37 & where X =37 (&Ei+ Fl(x,)), the inner product
(X]Y):=tr(X o Y), the cross product X x Y by

XxY:=2""2X0Y —tr(X)Y — tr(Y)X + (tr(X) tr(Y) — (X|Y))E)

as well as X*?:= X x X, and the determinant det(X) :=371(X|X*?), respec-
tively. By [13, Lemma 1.6],

O (XY= (30, &)+ 2(xln) - 20%]p2) = 20xalrs),
det(X) = &168 — 2(1| (x1x2)x3) — & (x1[x1) + &a(x2]x2) + &5(x3]x3),
(92) X% = (&&s — () Er + (&3¢ + (xax2)) Er + (6162 + (33x3)) Es
+ Fl (—%2%3 — &1x1) + F) (6351 — &xa) + F3 (X132 — &3x3)

where X = 37 (&E + F!(x;)) and ¥ = 322 (,E; + F(y,)). We recall that #'
has the exceptional hyperbolic planes #, #' and the exceptional null cones N*,
N as

Ho={Xe g X?=0tr(X)=1,(E|X) =1},
H' o ={Xe g Xx?=0,tr(X) =1, (E|X) <0},
N ={Xe X =0,tr(X) =0, (E|X) > 0},

N ={Xe X2 =0,tr(X) =0, (E{|X) < 0}.
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respectively. In Lemma 10.17, we will show the following equations:

03 {(i) (X |(EX) =1} = {E},
' (i) {X e #'|(E1|X) =0} =271(S® + (Ey + E3)) o {E», E3}

where S8 = {&(E;, — E3) + F} (x)| €2 + (x|x) = 1}.
The exceptional Lie group Fy_y) is given by

F4(,20) = {g € GLR(jl) | g(X @) Y) = gX @) gY}.
Then

tr(gX) =tr(X), gE=E, (g9X|gY)=(X|Y),

g X xY)=gX xg¥, det(gX)=det(X)

for all g e Fy_y and X, Ye ' from [13, Proposition 1.8]. In [21, Theorem
2.2.2] and [22, Theorem 2.14.1], I. Yokota has proved that Fy_s is connected
and a simply connected semisimple Lie group of type Fs_»p), by showing the
polar decomposition Fy_2) =~ Spin(9) x R!® with the center Z(Fy20)) = {1}
(21, Theorem 2.14.2]). We denote the elements P* P~ e #! by P*:=h'(1, -1,
0;0,0,1) and P~ :=h'(—1,1,0;0,0,1) respectively. From [13, Proposition 0.1],
we recall that the exceptional hyperbolic planes and the exceptional null cones are
Fy(_a0)-orbits in 7 1.

(9.4) H = Fya0) - En,
(9.5) H' = Fa_s0) - E2 = Fa_o0) - E3,
(9.6) N" = Fya0) - PT,
9.7) N = Fyy) P~

For ie{1,2,3}, we denote the element ¢; € F4_) by

o3 (GE +F ) =D (GE + F (=) x)),

(see [13, §4]), and the involutive inner automorphism &;; 6:(g) := gigo; ' = digo;
for g € F4_20). We simply write ¢ and ¢ for ¢ and &1, respectively. Set (G,0) =
(Fa(—20),6) and K := (F4_20))°. From [13, Proposition 4.8] (note (Fa20)) g, =
(Fa(-20))g,), the stabilizers (Fy_20))p and (Fy_2))p are connected two-hold
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covering groups of SO(9) and SO"(8,1), respectively. So we denote Spin(9) :=
(Fa(20)), and Spin’(8,1) := (Fa(-20)) > respectively. By [13, Proposition 4.14],

(98) K = (Fy(-20)), = Spin(9).
(9.9) (Fa(-20))”* = (Fa(_20)) g, = Spin’(8, 1).
Then

A= Fy_y /Spin(9), A" ~ Fy_y/Spin°(8, 1),

We denote Dy := (Fy(_20))g, g, g, (= K). From [13, Lemma 3.2(1) and Proposi-
tion 2.6(1)], D4 is a connected two-hold covering group of SO(8), and set
Spin(8) := D4. We denote the Lie algebras fy_s) := Lie(Fy4_29)) and D4 :=
Lie(Dy4) = {D € f4_29) | DE; = 0, i =1,2,3}, respectively. From [13, Lemma 3.9],
fa(—20) has the decomposition

fa o) =04 @0 @y @ U] where 1t} = {4/ (a)|a e O}

(see [13, §3]). The differential dé of ¢ at the identity is often denoted by 6. From
[13, Lemma 7.2(2)], dé is a Cartan involution with a Cartan decomposition
fa(—20) = T@ p. We denote a, := exp(tA}l(l)) with 7 € R, the one-parameter sub-
group 4 := {a,|t € R}, the Lie algebra a:= {tA}(1)|t€ R} of 4, and the linear
functional « on a such that a(4}(1)) =1. Set the centralizer M := {ke K|
kAL(1)k' = AL(1)} of a of K, and its Lie subalgebra m := {$et|[p, 41(1)] =
0}. Then

(9.10) ma=am for all me M and a € A.

From [13, Lemma 3.2(2) and Proposition 2.6(2)], (F4(720))El<152,153,ﬁ;(1) is a con-

nected two-hold covering group of SO(7), and set Spin(7) := (F4(720))E17E,,E;,F;(I)-
By [13, Proposition 7.4], ‘
(9.11) M = Spin(7) = (Fa-20)) ;. 1, 5. 72(1) = (Fa—20)) .1 (1)

with je {1,2}. In particular, M is connected. From [13, Lemma 7.5], a is a
maximal abelian subspace of p with the following root space decomposition of

(f4(720)’ a):
(9.12) fa20) =92, D9, DadOMDg, D gy,

the set of roots ¥ = {+a, 2«4}, and n* = g,, @ g,,, (resp). Then g, (resp. g_,)
is parameterized by the octonions O:

(9-13) 8, ={%1(x)[xe O} (resp. g, ={%1(x)|x € O})
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where %1 (x) := A} (x) + A)(FX) (resp) and g,, (resp. g_,,) is parameterized by
the vector parts Im O := {3/ rie;|r; € R} of octonions:

(9.14) g5, ={%(p)|peIm O} (resp. g_5, ={%2(p)| p€ImO})

where  %.y(p) == A} (Fp) —d(p) (resp) and o(p)emcdy (see [13, §7)).
Set N+ :=exp nt = {exp(%+1(x) + %:2(p)) | x € O, p e Im O} (resp). Because of
[“+1(x), 1a(p)] = O (resp),

(9.15) exp G12(p) exp G+1(x) = exp(Y+1(x) + Y12(p))
= exp F+1(x) exp Gia(p) (resp).

By [13, Lemma 7.1], for any D ed4 and a € O,

(9.16)

(i) d&:D=D, (i) d&; A} (a) = A} (a),
(ii) d&iA)}(a) = —A}(a) for j=i+1,i+2

where indexes i, i+ 1, i+ 2, j are counted modulo 3. Then we get

(9-17) d69:1(x) = 951(x),  de%ia(p) = Y5a(p) (resp),
(9.18) G exp(911(x) + Y12(p)) = exp(951(x) + F52(p))  (resp)

with xe O and pelIm O. Especially, 6(N*) = N¥ (resp). By [13, Corollary
8.9],

(9.19) (Fac20)p- =N"M = MN™.
Then from (9.7),
,/Vi7 >~ F4(_20)/MN+.

Fix the Cartan involution 0:=dé and set (o) =e&(—o):=—1 and &(20) =
&(—2a) := 1 on X. Then ¢ satisfies conditions (i) and (ii) of the signature of roots,
and we consider the involutive automorphism 6,. We use same notations f,,
(KS)O, K, M*, M}, W, and W, corresponding to notations of given for general
G, respectively.

ProposITION 9.2, (1) 0. = dGa on f4_s).
(2) 0. can be lifted on the group Fy_sy as > and

(9.20) K, = (Fa(_20))” = (Fa(_20)), = Spin’(8, 1).
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Proor. Since M =Dy4 by (9.11), mcds. Let teR, Dem, x€O, and
p €Ilm O. Then using (9.16), (9.17), and the definition of e,

déy(tAY(1) + D) = —tAY(1) + D = 0(tA} (1) + D) = 0,(tAi(1) + D),
d&zgil(x) = —g;l(x) = s(ia)@gil(x) = Hegil(x),
d6:%9:2(p) = G12(p) = e(£20)0%912(p) = 0.92(p).

Thus it follows from (9.12), (9.13), and (9.14) that dg; =0, on fj4_. Then
0; can be lifted on Fy_s) as ;. From (9.9), we see (K,)® = Spin°(8,1) =
(F4<,20))‘72 = (Fa(-20)),» and M <= (Fy(_20)), by (9.11). Therefore K, = (K,)'M
= (Fa(-20)) g, - O

ProrosiTION 9.3. (1) M* = M [[oM. Especially,
W={M, oM} ={l,06} = Z,.
(2) Mj=M*=M][oM. Especially,

We={M, oM} ={l,0} =Z,, [W:W]=1.

Proor. (1) Fix ke M*. Then kA}(1)k~' = A}(¢) for some reR. We set
B as the Killing form of f;_,, and a negative definite inner product
Bs(¢, ¢') = B(¢,&¢’)~ for ¢f,¢/ € fy_20)- Then Bs(A}(1), 43(1)) = B&(kf‘fgl(l)kfl,
kAL (1)k™') = 2B5(AL(1), A3(1)). Thus = +1, so that M* = {ke K |kA}(1)k~!
= A}(+1)}. Put L={keK|kA}(1)k~' = A}(~1)}. Then M* = M]]L. Now,
o€ (Fy )y =K by (98), and cdl(l)o! =64i(1)=A4}(-1) by (9.16).
Therefor 0 € M*, and since ok e M for all ke L, we get L =coM. Hence (1)
follows.

(2) Because of oE, =E; and (9.20), we see o€ (Fy_2)g = K. Then
g€ K,NM* = M}. Therefore, because M is a subgroup of M/ and (1), M* =
MI[oM c M} < M*, and so (2) follows. O

From [W : W, =1 and Proposition 9.1, the submanifold K. AN is open
dense in Fy_s), and for any g e K,AN™, there exist unique elements k,(g) € K,
H.(g) € a, and n,(g) € N* such that

g = ke(g) exp(H:(g))n.(9)-

However, this fact will be actually shown in this article.
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For xe O, we denote Q%(x):=h'(0,0,0;x,%,0) and Q~(x):=4'(0,0,0;
x,—x,0). We will prove the following main-theorem in §11.

MAIN THEOREM 9.4 (The explicit Iwasawa decomposition of Fy_»g)). For
any g€ Fy_a, there exist unique k(g)e K, H(g)€a, and ni(g) e N* such
that

g = k(exp H(g))n:(g)

(i) H(g) =2""log(—(gP™ | E1))4i(1) € a,

+ (=27 (3 (0Fi (@) | Ener) /(9P | E) ) e N7,
(i) klg) = gni(9)”" exp(~H(9)) € K.

We define the equivalence relation ~ on /|~ by
X ~ Yg) Y =rX for some r >0
where X, Y e 4. We denote the quotient set
F =y~
and the equivalence class of X e ./~ by [X]. From (9.7), F4_y acts on F:
glX] :=[gX] for ge Fy_s and X € 4]".

We will prove the following theorem in §11.

THEOREM 9.5.

(1) (Fa(-20))jp-) = MAN™.
) Fy_20)/MAN® ~ 7.
(3) F=K-[P].

4) F ~ Spin(9)/Spin(7).

Since rX € A, for all r>0 and X € 4, 4] is a cone in #'. Setting
— AT i={=X|X e A"}, we see that 4] = —A]" from the definitions of 4"
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and A", and that ¢P~ = —P*. And noting that % = 4] /~, (9.3), and
F ~ S (see Proposition 11.2), we draw the following figure.

We will prove the following main-theorem in §12.

MAIN THeOREM 9.6 (The explicit K;-Iwasawa decomposition of Fy_sg)).
K. AN" = {g e Fy 20| (¢P | E2) # 0}
= {g € F4(,20) | (gP_ |E2) > 0}

Furthermore, the submanifold K,AN* is open dense in Fy_).

For any g € K.AN™, there exist unique k;(g) € K,, H.(g) € a, and n.(g) e N*
such that

g = ks(exp He(g))ns(g)
where

() H,(g) =27 log((gP™ | E))A}(1) e
(i) nlg) =exp(% (27 (30,00 (e | E2)er) /(9P | Ex)
+ (-2 (3o 0F (@) | Exer) (9P | E2)) ) € N7,

(iif) ki(9) = gn.(9) ™" exp(—H.(9))-
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We denote the elements Pp,, P; € 7' by Py = h'(-1,1,0;0,0,1) = P~ and
Pro= h'(—1,0,1;0,1,0), respectively. We will prove the following theorems
in §13.

THEOREM 9.7. F decomposes into the following two Kg-orbits:

s | I
where
K, - [P] ={[X] e 7 | (X|E>) # 0} = {[X] e 7 | (X|E2) > 0O},

K,-[P5] = {[X] € # | (X|E2) = 0}.
MaIN THeoreM 9.8 (The explicit Matsuki decomposition of Fy_s)).
Fy_20) = K,MAN " ] K. exp(—2~'nd|(1)) MAN*
where K.MANT = K. ANt and
K, exp(—27'7A| (1)) MAN " = {g € Fy_20) | (9P~ | E2) = 0}.

Theorems 9.7 and 9.8 are special cases of general theory [10, Theorems
1-Corollary and 3].

Since the Bruhat decomposition is associated with the N~ -orbits on
Fy_20)/MAN™", we will show the following theorem in §14.

THEOREM 9.9. F decomposes into the following two N~ -orbits:
F=N-[P ][N -[oP7]

where

N~ [P ={[X]eF

(X[oP™) >0} ={[X]e 7 |(X[aP) # O},

N~ [oP] = {[X]e F

(X[oP™) =0} = {[oP"]}.
We will prove the following main-theorem in §14.

MAIN Tueorem 9.10. (1) (The explicit Bruhat decomposition of Fy_)).

Fy a0 =N MAN* [[oMAN*
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where
N™MAN" = {g € F4_ 20| (P~ |aP~) # 0}
= {9 €Fy20)|(gP |oP7) >0},
OMANY = N"oMAN*
= {9 eFa2)|(gP |oP") =0}
={g € Fy ) |g[P "] = [cP]}.

Furthermore, the submanifold N~ MAN™ is open dense in Fy_y).

(2) (The explicit Gauss decomposition of Fy_»)).

For any ge N"MAN™, there exist unique ng(g) € N~, mg(g) € M, ag(g) € A,
and nk(g) e Nt such that

g = ng(9)me(9)ac(9)n(g)
where
(i) ag(g) = exp(27" log(4~'(gP~ |aP™))A}(1)) € 4,

(i) nglo) =exp(91 (=27 (32 (@ (e IgP )er) [ (9P~ |aP7))
+95(=271 (XL (Fl(e) [9P)er) [ (9P |oP7)) ) e N7,

(iii) ng(g) = ni(ng(g)'g) e N7,
(iv) mg(g) = ng(g) 'gn(9) 'aglg)”™ e M.

Here np : Fy_n) — N7 is the map used in the Iwasawa decomposition.

REMARK 9.11. In Main Theorems 9.4, 9.6, 9.8, and 9.10, it appears that
the Iwasawa decomposition, the K.-Iwasawa decomposition, the Matsuki de-
composition, and the Bruhat and Gauss decompositions of Fy_y) can be
explicitly described by using the geometric quantities (gP~ | E), (9P~ | E»), and
(gP~ |aP™) with g e Fy_1).

REMARK 9.12. The Iwasawa decomposition of the exceptional Lie group
F4(_50) has been studied by R. Takahashi [18, Theorem 1]. He showed that AN*
transitively and freely acts on the hyperbolic plane # = F4_5) /K. Thereby, he
gave the existence and uniqueness of the factors of the Iwasawa decomposition
for F4_y). In Main-Theorem 9.4, we give explicit formulas of H(g) and n;(g).
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10. Preliminaries

If X= 23 (&E + Fl(x;)) e #', then we denote (X )g, =¢i eR and
(X)p1 =xi €O. SetF(ImO)_{F()|peImO}, 07 (0) :={0"(x)|xe O},
andQ( ):={0 (x)|xeO} in #' Then

(10.1) J'=R(—E| +E)®RP  ®RE®RE; @ F; (Im O)
® 07 (0)® 0 (0).
So, for any X € #!, we can uniquely write

X =r(=E| + E») + sP~ + uE + vE; + F{ (p) + 0 (x) + O (»)
—r—s+u V-1(s+p) V-1(x—y)
=| V-1(s—=p) r+s+u x+y
VoI(x—75) X+ U+ v

with r,s,u,veR, peIm O, and x, y € O, and set

(X} g =r {X}p =5, {(X}pi=u, {X}p =y,

X =0 (X} =x (X} =

Lemma 10.1.

{X}—E1+Ez = 271(P7|X)-
(X} =27(XN)p — (X)) =471 3] (0% (er) | X)es

(3) {X}ImF31 =Im((X)p) =-2" IZ F3 ei) | X)e;

PrOOF. Let X =r(—E| + Ey) +sP~ +uE +vEs + Fi(p) + 0 (x) + 0 (»)
with r,s,u,ve R, peIm O, and x, y € O. Then (P~|X) = 2r, and so (1) follows.
Because of (X )F1 =x+yand (X )F1 =%-7, {X}p =y=2"1((X )F1 —m)
Now, set (X)Fll = Zl o piei and (X)F1 = ZZ ogiei With pj g; eR. From
0.0, pi=2"(F}(e)|X) and ¢ = 2" (F}(e) | X). Then (X)p —(X)p =
Z‘IEZ:O(Q““(eiHX)e,», and so (2) follows. Last, obviously {X}lmF31 =p=
Im((X)1). Set (X)p =) grie; with r; € R. From (9.1), r; = =271 (Fl(e;) | X),
and so 63) follows. O
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We denote #'(2;K):={&E +&E + F(x)[&eR,xeK} with K=0
or R.

Lemma 10.2.
(1) J'=7'(20)®RE; @ 07 (0)® 0 (0).
(2) #'(2;0) =R(—E, + E;) ®RP~ ®R(E — E3) ® F) (Im O).
(3) JY 2% R)=R(-E, +E;) ®RP ®R(E — E3).

Let p,geIm O and x,y € O. From [13, Lemma 7.11],

(—E1 + E2) = (—E1 + E2) + F{ (=2p) +2(p|p) P~
P~ =P, (iii) exp % (p)E=E,

(102) 2(plg) P,

+ 0" (-2py),

1) exp 9 (X)(—E] + Ez) = (—El + Ez) + Q’(—x)
— (x[x)(E = 3E3) + Q*((x]x)x) + 27 (x]x)* P,
( (x)P~ =P, (iii) exp % (x)E =EFE,
(iv) exp %1 (x)E; = Es+ Q7 (x) + (x]x) P,
(v) exp % (X)F}(q) = F{ (q) + 0" (—qx),
(vi (x) =07 (y) +2(x[y)P~,
( (x) 0™ () + 2(x|y)(E = 3E3) + F3 (2 Im(x))
+ 07 (=3(x[y)x — Im(x¥)x) — 2(x[p)(x|x) P~

~ o~ o~~~ o~
=
(]
>
o
K
S
PN
<
S— N
S
—~
=
SN~—
I
)
S
S—
I

(10.3)

We denote the subset B of #' by B:={Xe #'|X*>=0,X #0}. Then P
contains the exceptional hyperbolic planes #, #' and the exceptional null cones
N, A7, Since the action of Fy_20) preserves the cross product, Fy_y) acts
on PB. For any subset S ¢! and Ze #' we denote

8% = {X e S|(Z|X) >0}, SZ%:={XeS|(Z|X)<0},

={XeS|(Z|X)=0}, S%Z :={XeS|(Z|X)#0}.

We recall Lemma 10.1. For any X € (. l)ig, we define the elements n;(X) e
expg, = N and m(X)eexpg,, =« Nt by
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n(X) = exp gl({X}Q*/{X}fEHrEg)
=exp % (2*1 (Z;O(Q*(e,-) | X)e,»)/(P’IX)),

ny(X) = exp G2({X by gy /(P7X))

_ 7 _
—exp %2 (27 (30, (Fl(e) | V)er) /(P71X))
respectively, and ny := n (X)n(X) =n(X)n; (X) e Nt (see (9.15)).
Lemma 10.3. (1) For any ne N* and X € #', (P~ |nX) = (P~|X). Espe-

cially, N* acts on (jl)i;) and ‘Bia, respectively.
.
(2) For any X € (jl);éo,

(i) m(X)X € (#'(2,0) ®RE; @ 0*(0)) N (/1)L
(i) {m (X)X} gy = {X i -
B) If Xe 7'2;0)N (gL, then
m(X)X e 7' (BR)N(S") L.

Proor. (1) From (9.19), (P~ |nX)= (n"'P~|X) = (P~|X) and so on.

(2) We can write X =r(—Ej + E») +sP~ +uE +vE; + Fi(p) + Q" (x) +
O (y) for some r,s,u,v e R, peIm O, and x, y € O. From Lemma 10.1(1), r # 0
and put n{ =n(X)=exp % (r~'y). In (10.3), we notice that the equations
(10.3)(1) and (10.3)(vii) have terms of Q~(-) and the other equations have not
terms of Q~(-), and that the equations (10.3)(v) and (10.3)(vii) have terms of
Fl(:) and the other equations have not terms of Fj(-). Therefore

{n - X}o = {ny - ("(=E1 + E2) + Q" (») + (other terms))},-
= —rr''y)+y+0=0.

Thus {m (X)X}, =0, so that m(X)Xe #'(2;0)@®RE;® Q"(0). Then
(P~|n} - X) = (P~|X) #0 by (1), and

(] X = 1]+ (FX(p) + 0 () + (other terms))}im 1
=p+2Im((r'y)p) +0=p= {X}ImF3]'

Hence we obtain (2).
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(3) We can write X =r(—E| + Ey) +sP~ +u(E — E3) + F}(p) for some
r,s,uc R and peImO. From Lemma 10.1(1), r #0 and put n} =m(X) =
exp %,((2r)"'p). Using (10.2), we calculate that

ny - X = r(=Ey + E2) + (s = (2r) ' (p|p)) P~ + u(E — Es).

Then n)-X e #'(2;R), and (P |n}-X) = (P |X) #0. Hence we obtain (3).
O

LemMma 10.4.
(#'(2;0) ®RE; ® 01(0))NPL, = 7'(2;,0)NPL,.

ProOF. Obviously, 7'(2;0)NPL, = (#'(2;0) ®RE; @ 07(0)) NPL,.
Conversely, take X e (#'(2;0)®RE; @ 01(0))N ‘Bia and set X =& E |+
EEr + & B+ F(x) + F) (%) + F{(py) with &eR and x,ye€O. Suppose that
&3 #0. Because of X € P and (9.2),

() && - (xlx) = (X2)5 =0, (i) && + (xh) = (X2, =0,
(if) (x]x) — &y = (X)) = 0.

From (i), (i), and (i), X = —((x]x)/&)E + ((x|x)/&)Er + nEs + Fl(x) +
F)(X) + F{((x|x)/&;). Then (P~|X) =0, and it contradicts with X e BZ;. Thus
& =0. Then (x|x) = (X*?), =0, so that x = 0. Thus X = & E| + &HE + F3 ()
e 71(2,0)NPL,, and so (#'(2;0) ®RE; ® 0F(0))NBL, = 71(2;,0)NPL,.
Hence the result follows. O

Lemma 10.5. For any X € BLy, nyX € 7' (2;R)NBL,. Further,
nyX =472 tr(X) - (P7|1X) " tr(X)* = (P7|X))E
+47'2tr(X) 4+ (P7|1X)  tr(X)? + (PTIX))E,
+F{(4((P71X) 7 w(X)? = (P7]X)))
=27 (PTIX) (=B + ) +471((P71X) ™ u(X)? = (P71X)) P
+ 27 tr(X)(E - E3).

ProOF. N7* acts on %, and n(X)eN*. Put X' =n (X)X e BL,. By
Lemma 10.3(2),

X'e(#(2;0) ®RE; ® 0(0)) N,
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where (P7|X') = (P7|X) #0 and {X’}ImF31 = {X}ImF;. Applying Lemma 10.4.
X'e 7(2,0)NPL,.
Applying Lemma 10.3(3),
m(X")X" e 71 (2R) NP,

Then, since exp %>({X}, F31/(P*|X)) =exp Go({X 1 le/(P*|X’)), we see
ny(X) = nmy(X'). Therefore »

nyX = m(X)m (X)X =m(X)X e 7 (2;R)NPL,.

Set nyX =& E1+&E +Fl(x) e 7 (2 R)NPL,  with  &,&,xeR. Then
tr(X)=¢,+¢& and (0 #)(P7|X) = (P |nyX) ==& + & —2x, so that & =
27M (X)) —x—-2"4P7|X) and &H=2"'tr(X)+x+27Y(P7|X). From
(nxX)? =0, 0= ((ny X))y, =&E&E+x2 =47 tr(X)” =471 (P7|X)* — x(P|X).
Thus x =4-'((P~|X) " tr(X)* = (P7|X)), & =412 tr(X) — (P~ |X) " tr(X)? —
(P~|X)), and & =472 tr(X) + (P7|X) " tr(X)? + (P|X)). Moreover, the last
equation follows from direct calculations. |

Let i€ {1,2,3}, e R, and a € O with (a|a) = 1. From [13, Lemma 3.10], we
recall the operation of exp(t4)(a)). Set

R (1,1 135 1, Y2, v3) 1= exp(tA] (a))h' (&1, &, 331, X2, X3)
with &, € R and x;, y; € O. When i =1,

m= éla
m =2""((& + &) + (& — &) cos 21) + (alxy) sin 21,
(104) M = 271((52 + 53) - (52 - 63) Cos 2Z) - (a‘xl) sin Zta

y1=x1 —271(& — &)asin 2t — 2(a|x))a sin? ¢,
Y3 = X COS t — X3d sin t,

V3 = X3 COS t + ax; sin ¢

and when i€ {2,3},

1 = S,

N1 =27 (&1 + Eiva) + (& — Ein) cosh 21) — (alx;) sinh 2z,
Ny =27 (&1 + Eiva) — (&1 — Ein) cosh 21) + (alx;) sinh 2z,
yi = xi — 27V (& — Eya)a sinh 2t + 2(alx;)a sinh? z.

Vitr1 = Xi+1 cosh t + X;»a sinh ¢,

(10.5)

Virs = Xi1p cosh t 4 ax; sinh ¢
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where indexes i, i+ 1, i+ 2 are counted modulo 3. In particular,
(10.6) exp(2~'md| (1)h' (&1, &, &3 1,32, 33) = B (¢1, &3, &3 =7, —X3, X2)

with & e R and x; € O. Using (10.5), we have the following lemma.

LemMA 10.6. For any t, r, s, ueR,

a,(r(—E\ + E2) +sP~ +u(E — E3))

= re ?(—E| + E;) + (rsinh 2t + s’ )P~ + u(E — E3).

Lemma 10.7. For any me M, teR, and ne N,
manP~ = *'P~.

Furthermore, ANMN* = {1} and MNAN* ={1}.

Proor. From (9.19) and Lemma 10.6, manP~ = ¢*P~. Suppose a, = mn
for some reR, me M, and ne N*. From the above equation and (9.19),
P~ =aP~ =mnP~ =P~. Thus t=0, and AN MN* = {1}. Similarly, sup-
pose m = an for some me M, teR, and ne N*. Then P~ = mP~ = anP~ =
e?P~. Thus t=0, and MNANT = {1}. ]

Lemma 10.8. (F4(720)><7P* = MN".

Proor. Because of M c K= (F4(,20))&, oM = Mo. Using (9.19),
(F4(*20))0’P* = O'(F4(,20))P70'_l = O-MN+O-_1 = M&<N+) = MN". ]

Lemma 10.9. (1) For any teR, x€ O, and pelm O,

a(%(x) + %2(p))a; ' = %1(e'x) + %(e* p).

(2) AN* = N*A. Furthermore, AN* is a subgroup of Fy_).
(3) MAN™* is a subgroup of Fa_).

Proor. (1) Set T(¢) eNGLR(f4(_20)) and adA~31<1> € Endr(f4_20)) as T(t)¢ :=
a;pa;’ and adji) ¢ = [43(1),4] for ¢ efy s, respectively. Then T(r)=
exp(t adA}](l)), and using (9.13) and (9.14), T(O)% (x) = D> (¢ ad/{;(l))"/n!)%(x)
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—GUSA/m)) = Gi(ex)  and  T()%(p) = (St ad ) /m)a(p) =
G1((>2(1/n))(26)")p) = %2(e*p). Thus we obtain (1). 7

(2) From (1), amn = ama; ' a, = exp(a,(%(x) + %2(p))a; V)a, = exp(%(e'x) +
YG(e*p))a, and na, = aa;'na, = a, exp(%(e~'x) + %»(e~¥p)). This implies that
AN* = NA*. Therefore (an) '(amn')e AN* for all s,7eR and n,n' e N*, so
that AN is a subgroup.

(3) Because of (9.10), MNT=N*"M, and ANt =N'A4, we get
(mam)~"(m'agn’) € MAN* for all m,m'e M, s,teR, and n,n’ e N*. Thus
MANT™ is a subgroup of Fy_,). O

LemMa 10.10. Let keK, k.eK,, meM, teR, neN*, and ze N—.

(1) (kamP~ | Ey) = —e*.
(2) (ksamnP~ | Ey) = e*.
(3) (zmamnP~ |aP~) = 4e?.

Proor. From (9.8), (9.20), Lemmas 10.7, and 10.8, it follows that
(kamP~ | Ey) = (anP~ |k 'Ey) = e*(P™|E}) = —e¥,
(keanP~ | Ey) = (amP~ |k 'Ey) = ¥ (P™|E;) = &,

(zmamP~ |6P~) = (mamP~ |z 'aP~) = e*(P~ |6P~) = 4e*'. O
Lemma 10.11. M = (F4(*20))P*,E,- = (F4(720))P*,(7P* with je {1,2}.

ProOF. Note P =-E + E +F31(1), oP~=—-E + E +F31(—1), and
M = (F4(,20>)E13E27E37F31(1). AObviously, M < (F4<,20))P,7E]_. Conver;ely, fix ge
(Fa—0))g, p-- Now ((=1)""'Ej+ P~)** = E5. Then gE3 = g((-1)’"'E;+ P~)**
= (@((-1)"""E;+ P))? =E;s, and gE, = g(E—Ej — E3) = E — E; — E3 = E;
where (j, k) = (1,2),(2,1). Therefore gE; = E; for all ie {1,2,3}, and gF; (1) =
g(Pt +E — E) =P +E —E,=F/(l). Then ge M, so that (Fa(-20))p- g, ©
M. Thus M = (F4(—20))P*,E/'

Obviously M < (F4_2))p ,p- - Conversely, fix ge (Fy_20)p ,p - Because
of —E\+ E; =2"Y (P~ —oP"), (—E| + E)* = —E5, F)(1) = P~ — (—E| + E),
E, = 2_1(E — (—E] + Ez) - Eg), and E, = 2_1(E + (—E] + Ez) — E3), we
sequentially get g(—E) + E>) = —Ey + E», gEy = E3, gF; (1) = F{(1), gE| = E),
and gE,=E,. Thus ge M, and so (F4(*20))P*,0P* oM. Hence M =
(Fa(-20)) p- 5p-- O
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LemMma 10.12. Let K' =K or K.

(1) DyNN* = {1} (resp),
(2) K'NAN* = {1},
(3) N-NMAN* = {1}.

Proor. (1) Fix ne D4NNT. Then ne Dy = (Fy20))p, g Now, n=
exp 91 (x) exp »(p) for some x€O and pelmO. Using (10.2) and (10.3),
E3; =nE; =exp 9 (x)E3 = E3 + Q" (x) + (x[x)P~. Then x =0 by (10.1). There-
fore from (10.2), —E| + E» = n(—E| + E») = exp %2(p)(—E| + E») = (—E| + E»)
+ F{(=2p) + (p|lp)P~. Then p=0. Thus n=1, and D4NN* = {1}. Because
of Dy c K = (Fy 1))’ &(Ds)=Ds. Then from G(N*)=N-, DsyNN~ =
a(DsNNT) ={1}.

(2) Take j=1 if K'=K, and j=2 if K'=K,. Suppose k' =an for
some keK', teR, and ne N*. Using Lemma 10.10(1)(2), (9.8), and (9.20),
(—=1)/e* = (amP~ | E)) = (P~ |k’ 'E;) = (P"|E;) = (—1)’. Therefore =0, and
K'NANT <« K'0NN*. Next, using (9.8), (9.20), and (9.19), K'NNT <
(Fa(-20)) g, p-» and from Lemma 10.11, K'NN* < (Fa-20)), p- NNT=MNONT.
Therefore because of M = D4 and (1), {1} =« K'NANT cK'NN+t < MOAN*
D,NN* ={1}. Hence K'NAN™ = {1}.

(3) Suppose z =mamn for some ze N-, me M, teR, and ne N*. Using
Lemmas 10.10(3) and 10.8, 4e* = (manP~ |6P~) = (P~ |z 'oP~) = (P~ |aP™)
= 4. Therefore ¢t =0, so that NN MANT =« N~ N MN™. Next, using (9.19) and
Lemma 10.8, N"NMN™" = (F4-20))p- ,p-» and from Lemma 10.11, N-NMN*
= N™ N (Fa20)pop- =N"NM. Therefore because of M = Dy and (1), {1} <
N NMANT <« N - NMNTc MNN- <cD4NN~- ={1}. Hence NN MAN " =
{1}. O

Lemma 10.13. (1) If kam = k'agn’ with k,k' e K, t,seR, and n,n’ e N*
then k=k', t=s, and n=rn’.

(2) If k.am = klagn' with k. k! €K, t,seR, and n,n' e N* then k, =k,
t=s, and n=n'.

(3) If zmam = z'm’agn’ with z,z2’ e N, mym' e M, t,seR, and n,n’ e N*

then z==z', m=m', t=s, and n=n'.

Proor. (1) From Lemma 10.9(2), (axn’)(am)™' € AN, so that k'"'k =
(agn’)(am) ™ € KNAN™. Using Lemma 10.12(2), k =k’ and an = a;n’. Next,
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because of a;'a, =nn'"' € ANN* and Lemma 10.7, @, = a, < t =s and n =n’.
Hence we obtain (1). Similarly, substituting K for K,, we obtain (2).

(3) By Lemma 10.9(3), (m'amn’)(mamn)™' € MANT, so that z/"lz=
(m'an’)(mam) ™ € N-NMAN*. Using Lemma 10.12(3), z=z' and man =
m'agn’. Next, by Lemma 10.9(2), (an')(am) '€ AN*, so that m'~'m=
(agn’)(am) ' € MNANT. Using Lemma 10.7, m=m’ and amn =an'. Last,
because of a;'a, =nn'"' e ANN' and Lemma 10.7, ¢, = a;, < t=s and n=n'.
Hence we obtain (3). U

Lemma 10.14. (1) For any X € # and Y € N, (X|Y) <.

(2) For any X € #' and Y € /", (X|Y) >0.

(3) For any X,Y e N7, (X|Y)=0. Moreover, (X|Y)=0 if and only if
X =sY for some s> 0.

Proor. (1) Using (9.4), X =gE; for some g e Fy_z). Then from (9.7),
g~'Y e 4], and from the definition of .#;~, we obtain that (X|Y) = (gE|Y) =
(El |g_1 Y) < 0.

(2) Suppose that ¢ = (X[Y) < 0. Using (9.5), X = gE> for some g € Fy_).
Put Z=g¢7'Y. From (9.7), Z e .#;". Now, because of ¢ = (gE,|Y) = (E1|Z),
Z =h'(&),¢,E35x1,x2,x3) for some & eR and x; € 0. Because of Ze N,
& =(E11Z2) <0 and &jc+ (x3)x3) = (Z27°%)g, = 0. Then 0= ¢&jc+ (x3]x3) >0,
and it is a contradiction. Thus ¢ > 0, and so (2) follows.

(3) Suppose that (X[Y) < 0. Using (9.7), Y = gP~ for some g € F4_z). Put
Z =g 'X. From (9.7), Ze A;". Set Z =32 (n,E; + F'(y;)) with 5, €R and
yi €0, and put r = (y3|1). Then —n, +1, —2r = (Z|P~) = (X|Y) < 0. Because
of Ze N, n =(E|Z) <0 and 5+ (y3]ys) = (Z27%)g, =0. Then 5y, =
—(»3]y3) <0. Therefore from #;, <0, 5, >0, so that 2r >#, —#, > 0. Now,
using Schwarz inequality, r* = (y3]1)> < (y3|y3)(1]1) = (»3|y3). Therefore be-
cause of 1, + (y3]y3) =0, 42> (1, —m)> = (ny — m)> +40mmy + (33]33)) =
7y +m)* +4(»3ly3) = (g, +1,)* +4r2 > 42 It is a contradiction, and so
(X]Y) >0.

If X =sY then (X|Y) = 0. Conversely, suppose that (X|Y) = 0. Using (9.7),
Y =gP~ for some geFy_y). Put Z=g"'X. From (9.7), Z e ./, . Because
of (Z|P7)=(X[Y)=0 and Lemma 10.1(1), {Z} p,p =0. Then by (10.1),
Z =sP~ +uE +vE; + Fi(p)+ 0" (x)+ 0 (y) for some wu,veR, pelmO,
and x,ye€O. Setting z=x+y and w=X—y, Z=sP~ +uE + vE; +F31(p) +
F|(z) + F} (w). Now, because of Z € A", u> + (p|p) = (Z**);, =0 and 3u+0v =
tr(Z) =0. Then u = p=v =0, and Z = sP~ + F(z) + F} (w). Again, because of
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Ze N, —s=(Z|E) <0, —=(z|z) = (Z"*), =0, and (w|w) = (Z*?), = 0. Thus
Z =sP~ with s> 0. Therefore, multiplying g from left, X =sY. Hence we
obtain (3). N

Lemma 10.15. (1) o =% = x);.

Q) #' = 1A . Especially, HL§ = AL .
3) M =5 = )G
@) N7 = (WG LA E. Especially, (47)5 = (47) %,

(5) N7 = (W) LA . Especially, (N7)70 = (N7 )% - Further-
more, (N7)70 = {s(cP7)|s > 0}.

ProoF. (1) Because of P~ € 4" and Lemma 10.14(1), (X|P~) < 0 for all
X e #, and so (1) follows.

(2) Because of P~ € 4] and Lemma 10.14(2), (X|P~) >0 for all X € #”,
and so (2) follows.

(3) Because of E; € # and Lemma 10.14(1), (X|E;) < 0 for all X € 477, and
so (3) follows.

(4) Because of E, € #’ and Lemma 10.14(2), (X|E;) >0 for all X € 4],
and so (4) follows.

(5) Because of oP~ € 4|~ and Lemma 10.14(3), we obtain that (X |6P~) =0
for all X € #{7, and that Y e 4| and (Y |oP~) =0 if and only if ¥ =s(cP")
for some s > 0. Thus (5) follows. ]

Lemma 10.16. For X,Y e ¢#', let Zxy ={geFy 2| (9X|Y)=0}. As-
sume that there exists go € F4_a9) such that (goX |Y) #0. Then x y has no
interior points in Fy4_op), and the complement set (Zx.v)" of Dy, vy is an open
dense submanifold of Fy_o9).

Proor. Set the function f(g) = (gX | Y) for g € Fy4_2). Note that Fy_s) is
a connected real analytic manifold, and that f is a real analytic function.
Therefore, if the set f~'(0) has some interior points then f/ =0 on Fy_. Since
f(go) # 0 for some go € F4_s), /~'(0) has no interior points. Therefore (Zy, y)
is dense, and since Zy y is a closed set, (Zy,y) is an open set. O

c

LemmA 10.17.  The equations (9.3) hold.

Proor. Put Sy ={X e #|(X|E|) =1}. Obviously, {E|} = Sy. Fix X € Sp.
Because of tr(X) = 1 and (X|E;) = 1, we can write X = h'(1,& —&; x1, x2, x3) for
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some ¢eR and x;€ 0. Because of X*? =0, —& — (x1|x;) = (X*?), =0, so
that &= x; =0. Then (x;|x;) = (X*?), =0 for i€ {2,3}, so that x; = 0. Thus
X = E;, and so (9.3)(i) follows.

Put S;={Xe#'|(X|E) =0}, and S, ={h'(0,1/2—-¢1/2+¢;x,0,0)¢€
JYE* 4 (x|x) = 1/4}. Taking x =0 and & = +1/2, we see {E», E3} = S,. From
direct calculations, S, = S;. Conversely, fix X € S;. Because of tr(X) =1 and
(X|E)) =0, we can write X = h'(0,1/2+¢& 1/2 — & x1,x2,x3) for some éeR
and x;€0. Then 1/4—& — (xi|x1) = (X*?); =0 and (x;|x;) = (X*?); =0
with i € {2,3}. Therefore X = h'(0,1/2+&,1/2 — & x1,0,0) with & + (x|x)) =
1/4, and X € S;. Thus S| = S,, and so S| = S,.

O

11. The Iwasawa Decomposition of F;_»

Because of # =~ F4_,)/K, we consider AN*-orbits on J# to give the
Iwasawa decomposition of Fy_y).

LemmA 11.1. For all X € #,
2 tog(~(P-|x)) X X = E1-

Proor. Put t=27'log(—(P~|X)). By Lemma 10.15(1), # =} =
AHL = PL,. Then (P7|X) <0, and log(—(P~|X)) is well-defined. Using
tr(X) =1 and Lemma 10.5, nyX =r(—E| + E») + sP~ +27'(E — E;) where
r=2"%P|X) and s=4"'((P |X)"' = (P |X)). Because of re 2 =-2""
rsinh 2t +se? =0, and Lemma 10.6, we get anyX = —2"Y(—E| + E;) +
27 (E + B) = E. O

PROOF OF MAIN-THEOREM 9.4. Using (9.4), g 'E) € #. Then using Lemma
L1 and @51 jog(—(gp- 1) = @2t log(~(P~lg 1 E2)
a1 1og(—(gp-1E) g1 9 E1 = El.
Put k = a1 09— (gp- |5 )11 9"~ Then k € (Fy_a))z = K by (9.8), and
g =k"'ar 1 1og((gp- i)y 15, € KANT.

Set H(g) =2""log(—(gP~ | E1))AL(1) e a, ni(g) =n, 15, e N*, and k(g) =k ' e
K, respectively. Then g = k(g) exp(H(g))ni(g), and it follows from Lemma
10.13(1) that H(g), ni(g), and k(g) are uniquely determined. Because of
(P~ 197 E1) = (¢P™ | E1), (Q"(e))|g™"Er) = (90 (e) | E1), and (Fj(e)|g~'En)
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= (gF; (e;) | Er), we see

ngr = exp(91 (27 (30] 00 () | Ever) [ (9P~ | E))
+ 9 (=27 (3 (oF @) | Eer) /(9P | E) ).

Moreover, k(g) = gni(g) " exp(—H(g)). Hence the result follows. O

Set Dy :={(g1,92,93) € SO8) | (91x)(g2y) = g3(xp) for x,y € O}. From
[13, Lemma 3.2(1)], the following map ¢, : Dy — Dy is a group isomorphism;
P0(91,02,93) (i1 (G + F (1)) = T4 (GE; + F (9ixi)). From [13, (4.5)], for
je{l,2,3} and X =7 (&E;+ F(x;), there exists go = py(g1,92,93) € Dy
such that

3 2
(11.1) 90X = (D2, GE)+ Fr0) + >, Flgranion)

with ryp =4/ (xj|x;) eR

where the index j+ k is counted modulo 3.

ProoOF oF THEOREM 9.5. For all me M, teR, and ne N*, using Lemma
10.7, man[P~] = [e*P~] = [P7], so that MAN" < (Fy_20))p-)- Conversely, fix
ge (F4<,20))[P,]. Then gP~ = sP~ for some s > 0. Because of Fy_2) = KAN™, g
can be expressed by g = kan with ke K, teR, and ne N*. From Lemma 10.7,
sP~ =gP~ = k(amP~) = e*kP~. Now, using Lemma 10.10(1), —s = (sP~ | E)
= (9P~ | E)) = (kamP~ | Ey) = —e¥, so that s = ¢*. Then kP~ = P~, and from
(9.8) and Lemma 10.11, ke KN (Fy20))p- = (Fa20))g, p- = M. Thus g=
kane MAN™, and (Fa(-20))p) < MAN™. Hence (Fa-20))p-) = MANT, and it
follows from (9.7) and & = 4]/~ that

F = Fy20) - [P7] = Fy20)/(Fa-20))p-) = Fa(-20)/ MAN".

Next, let us show that K transitively acts on . Obviously K acts on %. Fix
[X]e # with X e A4|". Using [13, Lemma 5.2(4)], there exists k; € K such that
kX = h'(=¢,£,0,0,0,x) where £ >0, xe O, and &> — (x|x) = 0. Using (11.1),
there exists ky e Dy = K such that kX =h'(—¢&,6,0;0,0,8) = EP~. Thus
koki[X] = [¢P7] = [P~], and so # = K- [P~]. Last, from (Fy_2))p-| = MAN™"
and Lemma 10.13(1), Kjp-} = (F4(,20))[P,] NK=(MANT)NK = M. Thus from
F =K -[P7], 9.8), and (9.11), it follows that

F ~ K/Kp-) = K/M = Spin(9) /Spin(7). O
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We define the quadratic space (OZ,Q) by the normal linear space O =
O x O and Q(x, y) := (x|x) + (y]y) for x, y € O, and S' := {(x, y) € O*| Q(x, y)
=1}

ProposiTION 11.2.

Furthermore, K/M ~ S'3.

ProoOF. Set the map f: S — Z as

f(xvy) = [hl<_1’(y|y)7(x|x);W’x7 y)] for (x, y) es.

Put X = h'(—1,(y]y), (x|x);X¥,x, y). From direct calculations, we get X € /] .
Therefore f is well-defined. On the other hand, the map ¢:.# — S set as

g([h' (&1, &, Exx1, 32, x3)]) o= (=€) ' x, =& ' x3)

for (&), &, &5x1,x0,x3) € M7 Put X =h'(&,6, 8531, x0,x3), x=—¢ ',
and y= —¢'x3, respectively. Because of &3¢ + (xa]xa) = (XXZ)E2 =0,
&8+ (afxs) = (X)), =0, and & +&H+ &G =1tr(X) =0, we get Q(x,y) =
&P ((xalx2) + (x3lx3)) = &7 (=& — E1&) =& (=& — &) =& '¢ = 1. There-
fore g is well-defined.

Now, it follows that go f(x,y) = (x,y) for all (x,y)eS", so that
go f =id. On the other hand, for all X = h'(&, &, & x1,x2,x3) € A4, because
F =M [~ & = (X|E) <0, x1 = =& (55%5) from —%5% — &1 = (X°), =
0, & =—& " (xalxs) from && + (x3lxs) = (X?)p, =0, and & = —&/ ' (xa]x2)
from &3¢) + (xa|x2) = (X*?), =0, we see

fog([h'(&1, &, &3 x1,x2,x3)])
= (A" (=1,&7% (33]x3), & (o ); €2 (3033), =& oo, =& s )]
= [h'(&1, =& (), =& (nal); =& (3233), X2, 33)]
= [h'(&1, &2, &3 x1, %2, X3)-

Therefore f og=id. Hence # ~ S', and from Theorem 9.5(4), K/M ~ S'.
O

ReMARK 11.3. 1. Yokota has proved Spin(9)/Spin(7) ~ S' ([20, Example
5.6], [19]) by realizing Spin(9) and Spin(7) as stabilizers of finite points in the



110 Akihiro NisHIO

compact exceptional Lie group F4 := Autg(#) where ¢ is an exceptional Jordan
algebra, and showing that Spin(9) transitively acts on S'> embed in #. In
Proposition 11.2, we give the other proof by using # = A"/~ where 4| is an
exceptional null cone.

12. The K.-Iwasawa Decomposition of F, 5

Because of #' ~ Fy(_20)/K,, we consider ANT-orbits on H' to give the
K -Iwasawa decomposition of Fy_»).

LemMmA 12.1.  Assume that X € L, . Then
ar-1 1og((P- X)X X = En.

PrOOF. Put t=2"'"log((P7|X)). By Lemma 10.15Q2), #/f = #. <
‘Bia. Then (P~|X) >0, and log((P~|X)) is well-defined. Using tr(X) =1 and
Lemma 10.5, nyX =r(—E) + Ey) +sP~ +271(E — E3) where r=2"1(P7|X)
and s=4"1((P7|X)"' = (P|X)). Because of re= =2"! rsinh 2+ se* =0,
and Lemma 10.6, we get anyX =271 (—E| + E;) +27Y(E| + E;) = E,. 0

PrOOF OF MAIN THEOREM 9.6. Put & = {g e F4_») | (9P~ | E;) > 0}. From
(9.7) and Lemma 10.15(4), we see % ={geFy_s)|gP" e(./V{)ff) =
{9 € Fyn0)|gP™ € (/Vf)if)} = {9 € Fy 2| (9P | Ez) #0}. Now, from Lemma
10.10(2), K.ANT = 2. Conversely, fix ge 2. From (9.5), g 'E,e #’, and
(P~ |g7'Ey) = (gP~ | E;) > 0, so that g~'E;e #/5 . Using Lemma 12.1 and

@21 log((gP~|E2)) = 92 log((P~ g~ E2))>

a1 10g((gP*|Eg))ng*1E2g_1E2 = k.
Put k' = ay-1 109((gp- 1By 5,9 |- Then k' € (F4_20))g, = K; by (9.20), and
(*) 9=k a1 109((gp- 1) N1 B> € K AN

Thus ¥ < K, AN™, and so 2 = K,AN*. Since the identity element 1€ Fy_y
is in & and the complement set Z¢ is given by % = {g € Fy_2 | (9P | E2)
=0}, applying Lemma 10.16, 2 = K, AN' is an open dense submanifold of
Fy(20). )

From (x), we set H,(g) = 27" log((¢P~ | E2))Ai(1) € a, n,(g) =ny1p, e NT,
and k,(g) = k'~! € K, respectively. Then we get g = k,(g) exp(H,(g))n.(g), and it
follows from Lemma 10.13(2) that H.(g), n.(g), and k.(g) are uniquely deter-
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mined. Since (X |g~'Y) = (¢gX|Y) for all X, Y e ¢!, we see
nyas, = exp(41 (27 (Y (90" (@) | Ex)er) [ (9P | E2))
+ 9 (=27 (XL R @) | Ee) /(9P | E2)) ).

Moreover, k;(g) = gn;(g)~" exp(—H,(g)). Hence the result follows. O

13. The Matsuki Decomposition of F4_sq

For Xe ¢! we denote L*(X)eEndg(f#!) by L*(X)Y =X x Y for
Ye ¢! For je{1,2,3} and p,q € R, we denote the subspace (jl);,q of #! by

(#), = 1{X e s o)X = pX,L*(2E)X = ¢X}.

LemMa 13.1. Let je{l1,2,3} and p,qe R
(1) For all k e (F4(720))E}’

L*(2E) -k = k- L* 2E)).

(2) The stabilizer (Fa_20))p, invariants the space (fl)]{’q.

Proor. (1) It follows from L*(2E;)(kX)=2E; x (kX)=k(2E; x X)=
k(L*(2E)X) for all X € #".

(2) From [13, Proposition 4.14] and (1), we see that k-g;=0;-k and
L*(2Ej) -k = k- L*(2E;) for all ke (Fy 20) Hence (2) follows. O

By direct calculations, we have the following lemma.

Lemva 132, Let je{1,2,3}.
=N e @ L
where
(AN 10 = {FL () + Fla(g42) [ X501, X542 € O,
(fl){,o ={pE|peR}, (S, ={4(E-E)|qeR},
(I ={&(Ep1 — Eja) + F/ (x)) | E€ R, x; € O}

and indexes j, j+ 1, j+ 2 are counted modulo 3.
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Let je{2,3}. For X € #' we denote the quadratic form Q by Q(Y) :=
—tr(Y*2) for Ye 7', and 4> = {X e (#")] |1 0(X) =1} = {&(Ej1 — Ejr2)
+F ()] EeR,xe0,E — (xx) = 1}.

Lemma 13.3. Let je {2,3} and indexes j, j+ 1, j+ 2 be counted modulo 3.
5?8’1 decomposes into the following two (Fy_)) K -orbits:

S5 = (Faa0) g, - (Epr = Eppa) [ [(Fag20)g, - (—Ei1 + Eip2).-
Proor. From [13, Lemmas 4.2 and 4.6],

St = (Fa-20)) g, - (E1 — E2) H(F4(—20))53 (B + B).

Put go = exp(2~'nA}(1)). Multiplying go from the left, we have

S = (Fa20))g, - (E1 — Es) JT(Fac0)p, - (—Er + E3).
H . o 8,1 _ 8,1
ere, using goosg, = 02, oS3 =S5 . O

LemmA 134. Let X e N

(1) If (X|E,) #0, then there exists k. € K, such that k. X =rPy, for some
r>0.

(2) If (X|E,) =0, then there exists k; € K, such that k.X =rPy; for some
r>0.

ProOF. (1) From Lemma 13.2, X can be expressed by X = (Fj(x3)+
Fi(x1)) + pEx + q(E — E2) + (((Es — E1) + Fy (x2))  where  Fy(x3) + F (x1) €
(S PEre (I qE—E)e ()], EE-E)+F(x)e(s) ),
and p = (X|E;) #0 with p,q,£€R and x; € O. Because of X € /], we see
p+2¢=tr(X)=0 and ¢*— & + (x2]x2) = (X*?); =0. Then & — (xa|x) =
471p% > 0. Setting r =27!|p|, we can write &(E3 — Ey) + F) (x2) = rW for some
We %8’1. From Lemma 13.3 and (9.20), there exists ko € K; = (F4(_20))p, such
that koW =e(E3 — Ey) with e=+1. Because of K, = (Fy_20));, we get
ko(pE>) = pE> and ko(q(E — E>)) = q(E — E>). And because of Fj (x3) + F}(x1)
e(/l)i’o and Lemma 13.1(2), we get ko(F3(x3) + Fl(x1)) = Fi(y3) + F{ ()
for some y; € O. Therefore koX = h'(n,, p,n3; ¥1,0, y3) where 5, = ¢ —er and
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N3 =q+er. Put X' =koX. Because of X' € A" by (9.7),

i) m=(E]X") <0, (i) n +p+n=tr(X) =0,
(iii) 737, = (X"?) 5, =0, (iv) pny — () = (X2 =0,

(V) mp+(3lys) = (X"?)p = 0.

Form (i), (ii), and (iii), we get 73 =0, #; = —p, and p > 0. And by (iv) and (v),
we get yy =0 and p = \/W Consequently X’ = h'(—p, p,0;0,0, y3) with
p =+/(y3]y3). Using (11.1), there exists k; € D4 = K, such that kikoX =k X' =
h'(=p, p,0;0,0, p) = pPp,.

(2) Because of tr(X) =0 and (X|E,) =0, X = h'(—r,0,7;x1,x2,x3) for some
reR and x;€ 0. Because of X € 477, we get —r= (Ej|X) <0, —(xi]x1) =
(X2, =0, =r* + (x2]x2) = (X*?), =0, and (x3]x3) = (X*?), = 0. Then X =
h'(=r,0,7;0,x2,0) with r = \/(x2[x2). Using (11.1), there exists k' € D4 = K, such
that k'X = h'(-r,0,r;0,r,0) = rPy;. O

ProOF oOF THEOREM 9.7. Set O ={[X]eZ|(X|E;) #0}, and (' =
{[X]e # | (X|E,) =0}. Then # = O]]'. Because of # = 4|/~ and Lemma
10.15(4), 0 = {[X] e # | (X|E;) > 0}. For any ke K,, (kX |E) = (X |k 'Ey) =
(X|E2) by (9.20), so that K, acts on ¢ and (', respectively. When [X] € O, by
Lemma 13.4(1), there exists k € K, such that k[X] = [kX]=[P},]. And when
[X] e ¢, by Lemma 13.4(2), there exists k' € K, such that k'[X] = [k'X] = [P}3].
Hence the result follows. |

PrOOF OF THEOREM 9.8. Put gy = exp(—2~'nd}(1)), and Z = {g e Fy_a, |
(gP;, | E2) = 0}. Then g;' = exp(2~'z4/ (1)), and from (10.6), g;'P;3 = P, and
go'E» = E5. Fix g€ 2. By (9.7), gPp, € #;, and applying Theorem 9.7, [gP};] €
K. - [P};]. Therefore k[gPp,] = [Py;] for some k € K,. Then gy 'kg[Pp;) = (95 Pr3)
= [Pp,], so that g;lkg e (Fa-20))p,- Using Theorem 9.5(1), 95 kg = man for
some me M, teR, and ne N*. Thus g = k~'goman € K,goMAN™*, and so I
K.goMAN™. Conversely, take g = kgoa,mn € K,goMAN* with k e K, t € R, and
ne NT. Because of Lemma 10.7, (9.20), and g,'E> = E3, we see (gPp, | Er) =
(manPy, | go 'k~ Ey) = € (P|E;) =0. Thus ge 2, and so K, goMAN' < 9.
Hence K, go)MAN™' = &. Last, from M < K, and Main Theorem 9.6, K. MAN*
= K, AN" = {g € Fy20) | (9P, | E2) # 0}. Thus Fy20) = {g € Fa20) | (9P13 | E2)
# 0} [1{g € Fa) | (9P, | E2) = 0} = K,MAN* [[ K,goMAN*. O
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14. The Bruhat and Gauss Decompositions of Fy s

Because of F ~ Fy_5)/MAN™, we consider N~ -orbits on to give the
Bruhat and Gauss decompositions of Fy_»p). For any X e (/Vl ) ~o » denote
Zy = &(n,,X) eEN".

LemMMmA 14.1.  Assume that X € (N7)%0

2o - Then

zxX =471 (X |aP™)P~

Proor. Since (6X |P7)=(X|oP~)#0 and tr(cX) = tr(X) =0, applying

Lemma 10.5,
nox(6X) =4"YaX |P7)(—E| + Es + F}(~1)) =47(X |gP")aP".

Thus zy X = (on,y0)X =471 (X |aP™)P". ]

PROOF OF THEOREM 9.9. Set O ={[X]eZ|(X|oP~) >0}, and O =
{X]eF|(X|oP) = 0} Using Lemma 10.15(5), 0 = {[X] e 7 | X € (477)7h
:{[]e/|Xe(/Vl }—{[]eﬁ(X|oP’)¢O}and@’:{[]le Xe

(A7)} = {[oP7]}. Then F =0]]0'. For any ze N~ and [X]e€ 0, using
Lemma 10.8, (zX |oP~) = (X|z"'(6P7)) = (X|oP~) >0, and N~ acts on C.

Fix [X]e 0. Taking zy e N~, from Lemma 14.1, zy[X] = 4~ '(X |oP™)P7| =
[P7], and O =N~ -[P7]. Next using Lemma 10.8, N~ - [oP ]— {[eP7]} = 0.
Therefore # = O[[0' =N -[P7][[{[cP7 ]} =N -[P"][IN" -[eP]. O

PrROOF OF MAIN TheOREM 9.10. Put & = {ge Fy_a)|(gP™ |aP~) > 0}.
From (9.7), gP~ e /", and using Lemma 10.15(5), & = {g € F4_2)|gP™ €
(4720 } ={9 € Faa0)[gP~ € (N7)% } = {9 € Fa 20| (9P~ |oP7) #0} and
the complement set ¢ of & is given by 2 = {g e Fy_) | (9P~ |oP~) =0} =
{9 € Faa0)|gP~ € (N7)7 } = {g € Fa20) |g[P~] = [0P~]}. First, let us show
29 =N MAN™T. From Lemma 10.10(3), N"-MAN* = 2. Conversely, fix g € Z.
Then gP~ e (A)% , and from Lemma 14.1, (z,p-)gP~ =4 ' (gP~ |oP )P~
and (gP~|oP~) > 0. Therefore (z,p-)g[P~] = [4"1(9P |aP~)P~] =[P~]. Using
Theorem 9.5(1), (zyp-)g = man for some te R, me M, and ne N*. Thus

(*) 9= (z,p-) 'mame N"MAN™,

and so 9= N MAN™". Hence 9 = N" MAN™. Since the identity element
1 € Fy_p) is in 2, applying Lemma 10.16, ¥ = N MAN™" is an open dense
submanifold of Fy_»).
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Second, let us show ¢ =oMAN. Fix oman € cMAN with me M, teR,
and ne N*. By Lemma 10.7, omanP~ = e*(aP~), so that eman[P~| = [¢P~].
Thus cMAN < 2¢. Conversely, fix g e 2¢. Because of g[P~] = [0P~], ag[P~] =
[P7]. Using Theorem 9.5(1), og € MAN*'. Thus ge aMAN™, and so Z¢c
oMAN™*. Hence ¢ = 6 MAN™, and Fy_p) = Z2][[2° =N MAN"[[cMAN".
Now, from N~ =6(NT)=0oN'tc and Lemma 10.9(3), it follows that
N 6MANT =oNTMAN" = cMAN ™.

Next, from (*), set ng(g) = (ngf)_l, ag(9) = ai, ni:(g9) = n, and mg(g) = m,
respectively. Then g = ng(9)ma(g9)ac(9)nt(g), and it follows from Lemma
10.13(3) that ag(g), ng(9), né(g), and mg(g) are uniquely determined. Now, since
(zgp-)g = mamn and the uniqueness of factors of the Iwasawa decomposition
of Fypo), ag(g), né(g), and mg(g) are given by ac(g) = exp(H((z4p-)9)43(1)),
né(g) =ni((zgp-)g), and mg(g) = k((z4p-)g), respectively. Then these equations
imply that (i), (i), (iii), and (iv). Indeed, using Lemma 14.1,

~((zgp )gP" | EV) = =47} (P~ |oP™)(P"|Ey) =47 (gP™ |oP7),
so that 1=2""1og(4 ' (gP~ |oP~)). Because of aQ"(e;) = Q (e;), oFi(e;) =
—F/(e;), and (9.18), we see
(ar) " = (exp (91 (=27 (30 Q" (e lagP )er) [ (P~ | ogP7)
+ % (27 (X (B (e)ogP )er) /(P |agPT))))
—exp(91 (<27 (32 (0 (@) 9P )er) /(9P |aPT))

+9a(=27 (3 (B (e [gP)e) /(9P [oPD))).

¢9) ni((zgp-)g) = ni(ng(g)"'g) and  mglg) =

Moreover, we get n =
=ng(g) 'gn(g9) 'ag(g)”". Hence the result follows. O

(gp Jgn~a;"

Appendix A. The Explicit Formula c-Function of F4_»

Recall a = {t4}(1)|teR}. Let a* be the dual of a, and af the complex-
ification of a*, and recall x € £ = a* < af. satisfies «(4}(1)) = 1. Let B(-,-) be the
Killing form of f;_y). For 1€ a”, we define the element H; € a by B(H;,H) =
A(H) for all H €a, and the bilinear form {-,-) on af by setting (4,4 :=
B(H;,, H;,) and extending it to the whole of af by linearity. For any A € af, we
define 1, € C by

Ay 1= (244, ) /<, o).
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Because of dimai =dima=1, 1= 2-13,0. We denote m, := dim g, =dim O
=8 and my, :=dim g,, = dim(Im O) =7, and we define p € a& by

p:=2""((dim g,)a + (dim g,,)20) = 27" (m, + 2my, ).

For / € a¢, we consider the spherical function ¢, on Fy_5) and the c-function of
Harish-Chandra on af. From [5] (cf. [14], [15], [16]), ¢, is given by

0,(g) = J QP HG) g — J QP H(2)) = G)(HE) g
K

for g € F4_50), and the function ¢ is given by

c(4) = J e~ PG gy,
.

Here the measure dk on compact group K is normalized such that the total
measure is 1, and the Haar measures of nilpotent groups N* and N~ are
normalized such that

G(dn) = d= and JNi e UHE) g .
LeMmMA A.l. Let teR, peIlmO, x€O, and teR. Assume that z=
exp(9_2(p) + 9-1(x)) e N~. Then
(1) H(aiz) = 27" log(e ™ ((¢* + (x]x))* + 4(p|p))) 45 (1),
(2) H(z) = 27" log((1 + (x]x))* + 4(p[p)) 43 (1).
Proor. From (9.18) and (9.15), z=oexp %(p)exp % (x)o. Put X =

g exp 92(p) exp %1(x)oP~. Using oP~ =2(—FE, + E;) — P~, (10.2), and (10.3),
we calculate that

X = —(((x[x) + 1)* + 4(p|p))E1 + (((x[x) — 1)* + 4(p|p))E>
+ 4 (x|x)E3 + F(2((x]x) + 2p — 1)x)
+ F) (=2%((x]x) = 2p + 1)) + F3 (= (x]x)> — 4(plp) + 1 + 4p).

Set X = h'(ny,my,13; y1, y2, y3). Using (10.5), we get (a,zP | E) = (a,X)p, =
27N ((ny +m2) + (= 1m2) cosh(27)) — (1]y3) sinh(27). Because of 27'(i; +1,) =
—2(x[x), 271y — 12) = —(x1x)* = 4(plp) — 1, and (1]y3) = —(x|x)* = 4(plp) + 1,
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we calculate that
(@zP™ | Ey) = —e ((x]x)* + 2¢% (x|x) + €* +4(p|p))

= —e 2((e* + (x|x))* + 4(p|p))-

Thus (1) follows from Main Theorem 9.4(i), and substituting =0 in (1), we
obtain (2). O

PrOPOSITION A.2.  Assume A€ af,
a=4""(my +2my, + Ay), b =4""(my+ 2y — 1y).

Then there exists the constant Cye R such that

1) )= (1 (xl0) + (o) e,
(2) vi(ar) = Co JRR (& + (x[x))2 + 4(p|p)) -

(1 + (x]x))* + 4(p|p)) ™ dxdp

where the measure dx and dp are the FEuclidean measure.
Proor. It follows from Lemma A.l. O

From [13, Lemma 7.2],

Bg,o9) = -3(3_ (3L (Diey | Diey)) + 24(ailar)))

where ¢ = do,(D;, Dy, D3) + 23:1 Al(a;) with dpy(Dy,Dy,D3) €dy and a; € O.
We denote Q(¢) := —<o,a)B(¢,6¢) for ¢ € J4_2). Then from direct calculations,
we have the following proposition.

PROPOSITION A.3.  Assume that /€ al, p e Im O and x € O. Then Q(9_1(x))
=2(x|x) and Q(%-2(p)) = 2(plp)-

CoroLLARY A4 ([6], [17], cf. [14, Lemma 4.12 and (4.27)]). Assume that
Aeag. Then for Xeg_, and Y eg_,,,

e)v(H(eXP(X-‘rY))) _ ((1 +2—1Q<X>>2+2Q(Y))4’1M.
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ReMARK A.5 ([6], [17], cf. [15], [16]). From Proposition A.2(1), changing
variables to polar coordinates, up to the constant multiple, ¢(4) is equal to

Jw Jw gL (] 4 2)2 g g2) 4 Gt 2me) oy
0 Jo

=[] (o 2y e
0 Jo

. l‘m’71(1 + t2)—2’1(/1,+1m)+1 dsdt

0
a1
:J un12171(1+u2) 47 (Agt+my+2myy) du
0

0 10
: J (] 4 g2 T2 ) gy
0

By using the integral formula

J X1 4 x) D gy = (a4 1) /T — (@ — ¢ + 1)/6)]/T(1 + b)
0

(Re(c) > 0;Re(a),Re(b) > —1;Re(b) > Re((a—c+a)/c)), up to the constant
multiple, this integral is equal to

(T(Ax/2)T (A + my) /4)) /(T (Ao 4+ my) [2)T (Ao + My + 2m3,) /4)).

These calculations imply the Gindikin and Karpelevich formula of the semisimple
Lie group Fy_s which is known [2] (cf. [15, (4.3)], [9]).
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