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THE IWASAWA DECOMPOSITION AND THE BRUHAT

DECOMPOSITION OF THE AUTOMORPHISM GROUP

ON CERTAIN EXCEPTIONAL JORDAN ALGEBRA

By

Akihiro Nishio

Abstract. Let J1 be the real form of a complex simple Jordan

algebra such that the automorphism group is F4ð�20Þ. By using

some orbit types of F4ð�20Þ on J1, for F4ð�20Þ, explicitly, we give the

Iwasawa decomposition, the Oshima–Sekiguchi’s Ke-Iwasawa de-

composition, the Matsuki decomposition, and the Bruhat and Gauss

decompositions.

This article is a continuation of [13].
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9. Overview

Let G be a connected non-compact semisimple R-Lie group of which the

center ZðGÞ is finite. We denote its R-Lie algebra by g ¼ LieðGÞ. Let y be

a Cartan involution of g and its Cartan decomposition g ¼ kl p where k :¼
fX A g j yX ¼ Xg and p :¼ fX A g j yX ¼ �Xg. Let a be a maximal abelian
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subspace of p, a� the dual space of a, and m ¼ ZkðaÞ the centralizer of a of k.

For each l A a�, let gl :¼ fX A g j ½H;X � ¼ lðHÞX for all H A ag. l is called a

root of ðg; aÞ if l0 0 and gl 0 f0g. We denote the set of roots of ðg; aÞ by S.

Then g ¼ g0 l
P

l AS gl, ½gl; gm�H glþm, ygl ¼ g�l, and g0 ¼ alm (cf. [8, Ch V]).

We introduce an ordering in a�, and this ordering single out the set Sþ of

positive roots. We denote S� :¼ f�l j l A Sþg, nþ :¼
P

l ASþ gl, and n� :¼P
l AS� gl. Then nþ and n� are nilpotent subalgebras such that ynG ¼ nH ðrespÞ

and g ¼ n� l alml nþ. For each involutive automorphism j on G, we denote

the subgroup Gj ¼ fg A G j jðgÞ ¼ gg of G. Let Y be an involutive automorphism

on G, of which the di¤erential at the identity element is the Cartan involution y

of g: dY ¼ y, and K :¼ GY. Note that LieðKÞ ¼ k, K is connected and closed,

and that K is a maximal compact subgroup of G (cf. [7, Ch VI, Theorem 1.1]).

We denote the subgroups A :¼ exp a, NG :¼ exp nG ðrespÞ, and M :¼ ZKðaÞ the

centralizer of a of K , respectively. Then the identity connected component M 0 of

M is a connected Lie subgroup corresponding to m, and YðNGÞ ¼ NH ðrespÞ.
We denote the normalizer of a of K by M � :¼ NKðaÞ, and the finite factor group

W :¼ M �=M. For all w A W , we fix a representative ~ww A M �. Then

ð1Þ G ¼ KANþ ðIwasawa decompositionÞ;

ð2Þ G ¼
a
w AW

N� ~wwMANþ ðBruhat decompositionÞ;

ð2Þ0 G ¼ N�MANþ ðGauss decompositionÞ:

(cf. [7], [11]). For any g A G, there exist unique elements kðgÞ A K , HðgÞ A a, and

nI ðgÞ A Nþ such that

g ¼ kðgÞðexp HðgÞÞnI ðgÞ:

In ð2Þ0, the submanifold N�MANþ is open dense in G, and for any g A

N�MANþ, there exist unique elements n�G ðgÞ A N�, mGðgÞ A M, aGðgÞ A A, and

nþG ðgÞ A Nþ such that

g ¼ n�G ðgÞmGðgÞaGðgÞnþG ðgÞ:

However, in this article, the existence and uniqueness of factors of Iwasawa and

Gauss decompositions for the Lie group F4ð�20Þ will be shown by using concrete

F4ð�20Þ-orbits and stabilizers of F4ð�20Þ in [13].

According to [14, Definition 1.1], a signature of roots is defined by the

mapping e of S to f�1; 1g such that e satisfies the following conditions:
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ðiÞ eðlÞ ¼ eð�lÞ for any l A S;

ðiiÞ eðlþ mÞ ¼ eðlÞeðmÞ if l; m and lþ m A S:

According to [14, Definition 1.2], for any signature e of roots with respect to the

Cartan involution y, the involutive automorphism ye of g is defined as

ðiÞ yeðXÞ :¼ eðlÞyðXÞ for any l A S and X A gl;

ðiiÞ yeðXÞ :¼ yðXÞ for any X A alm:

Setting ke :¼ fX A g j yeX ¼ Xg and pe :¼ fX A g j yeX ¼ �Xg, g ¼ ke l pe. We

denote the connected Lie subgroup having the Lie algebra ke by ðKeÞ0. We define

the subgroup Ke by

Ke :¼ ðKeÞ0M:

In fact, since all elements of M normalize ðKeÞ0 from [14, Lemma 1.4(i)], Ke is a

subgroup of G. We denote

M �
e :¼ Ke VM �; We :¼ M �

e =M:

Proposition 9.1 (T. Oshima and J. Sekiguchi [14, Proposition 1.10]). Let

the factor set WenW ¼ fw1 ¼ 1;w2; . . . ;wrg where r ¼ ½W : We�. Fix representa-

tives ~ww1 ¼ 1; ~ww2; . . . ; ~wwr A M �
e ¼ Ke VM � for w1 ¼ 1;w2; . . . ;wr. Then the decom-

position

GI6r

i¼1
Ke ~wwiAN

þ

has the following properties.

(1) If k ~wwian ¼ k 0 ~wwja
0n 0 with k; k 0 A Ke, a; a

0 A A, and n; n 0 A Nþ, then k ¼ k 0,

i ¼ j, a ¼ a 0, and n ¼ n 0.

(2) The map ðk; a; nÞ 7! k ~wwian defines an analytic di¤eomorphism of the

product manifold Ke � A�Nþ onto the open submanifold Ke ~wwiAN
þ of G

ði ¼ 1; . . . rÞ.
(3) The submanifold 6 r

i¼1
Ke ~wwiAN

þ is open dense in G.

The decomposition G ¼ 6r

i¼1
Ke ~wwiANþ is called the Ke-Iwasawa decompo-

sition of G.

If a group G acts on a set S, we denote the pointwise stabilizer of finite

set fx1; . . . ; xng of S by Gx1;...;xn :¼ fg A G j gxi ¼ xi for i ¼ 1; . . . ; ng, and the

G-orbit of x A S by G � x :¼ fgx j g A Gg. We denote the Kronecker delta by di; j.
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Let O be the octonions having the conjugation x and inner product ðxjyÞ for

x; y A O. We denote the natural unit octonions: f1ð¼ e0Þ; e1; e2; e3; e4; e5; e6; e7g.
Set

h1ðx1; x2; x3; x1; x2; x3Þ :¼
x1

ffiffiffiffi�p
x3

ffiffiffiffiffiffiffi
�1

p
x2ffiffiffiffiffiffiffi

�1
p

x3 x2 x1ffiffiffiffiffiffiffi
�1

p
x2 x1 x3

0
B@

1
CA

with xi A R, xi A O. In [13, § 1], the exceptional Jordan algebra J1 is given

by

J1 :¼ fh1ðx1; x2; x3; x1; x2; x3Þ j xi A R; xi A Og

with the Jordan product X � Y ¼ 2�1ðXY þ YX Þ for X ;Y A J1. Put E ¼
h1ð1; 1; 1; 0; 0; 0Þ, Ei :¼ h1ðdi;1; di;2; di;3; 0; 0; 0Þ, and F 1

i ðxÞ :¼ h1ð0; 0; 0; di;1x; di;2x;
di;3xÞ. Then h1ðx1; x2; x3; x1; x2; x3Þ ¼

P3
i¼1ðxiEi þ F 1

i ðxiÞÞ. We recall that J1 has

the trace trðX Þ :¼
P3

i¼1 xi where X ¼
P3

i¼1ðxiEi þ F 1
i ðxiÞÞ, the inner product

ðX jY Þ :¼ trðX � YÞ, the cross product X � Y by

X � Y :¼ 2�1ð2X � Y � trðXÞY � trðY ÞX þ ðtrðX Þ trðY Þ � ðX jY ÞÞEÞ

as well as X�2 :¼ X � X , and the determinant detðXÞ :¼ 3�1ðX jX�2Þ, respec-

tively. By [13, Lemma 1.6],

ðX jY Þ ¼
X3

i¼1
xihi

� �
þ 2ðx1jy1Þ � 2ðx2jy2Þ � 2ðx3jy3Þ;ð9:1Þ

detðX Þ ¼ x1x2x3 � 2ð1 j ðx1x2Þx3Þ � x1ðx1jx1Þ þ x2ðx2jx2Þ þ x3ðx3jx3Þ;

X�2 ¼ ðx2x3 � ðx1jx1ÞÞE1 þ ðx3x1 þ ðx2jx2ÞÞE2 þ ðx1x2 þ ðx3jx3ÞÞE3ð9:2Þ

þ F 1
1 ð�x2x3 � x1x1Þ þ F 1

2 ðx3x1 � x2x2Þ þ F 1
3 ðx1x2 � x3x3Þ

where X ¼
P3

i¼1ðxiEi þ F 1
i ðxiÞÞ and Y ¼

P3
i¼1ðhiEi þ F 1

i ðyiÞÞ. We recall that J1

has the exceptional hyperbolic planes H, H 0 and the exceptional null cones Nþ
1 ,

N�
1 as

H :¼ fX A J1 jX�2 ¼ 0; trðXÞ ¼ 1; ðE1jXÞb 1g;

H 0 :¼ fX A J1 jX�2 ¼ 0; trðXÞ ¼ 1; ðE1jXÞa 0g;

Nþ
1 :¼ fX A J1 jX�2 ¼ 0; trðXÞ ¼ 0; ðE1jXÞ > 0g;

N�
1 :¼ fX A J1 jX�2 ¼ 0; trðXÞ ¼ 0; ðE1jXÞ < 0g:
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respectively. In Lemma 10.17, we will show the following equations:

ðiÞ fX A H j ðE1jX Þ ¼ 1g ¼ fE1g;
ðiiÞ fX A H 0 j ðE1jXÞ ¼ 0g ¼ 2�1ðS8 þ ðE2 þ E3ÞÞI fE2;E3g

�
ð9:3Þ

where S8 ¼ fxðE2 � E3Þ þ F 1
1 ðxÞ j x

2 þ ðxjxÞ ¼ 1g.
The exceptional Lie group F4ð�20Þ is given by

F4ð�20Þ :¼ fg A GLRðJ1Þ j gðX � YÞ ¼ gX � gYg:

Then

trðgXÞ ¼ trðX Þ; gE ¼ E; ðgX jgYÞ ¼ ðX jYÞ;

gðX � YÞ ¼ gX � gY ; detðgXÞ ¼ detðXÞ

for all g A F4ð�20Þ and X ;Y A J1, from [13, Proposition 1.8]. In [21, Theorem

2.2.2] and [22, Theorem 2.14.1], I. Yokota has proved that F4ð�20Þ is connected

and a simply connected semisimple Lie group of type F4ð�20Þ, by showing the

polar decomposition F4ð�20Þ F Spinð9Þ � R16 with the center ZðF4ð�20ÞÞ ¼ f1g
([21, Theorem 2.14.2]). We denote the elements Pþ;P� A J1 by Pþ :¼ h1ð1;�1;

0; 0; 0; 1Þ and P� :¼ h1ð�1; 1; 0; 0; 0; 1Þ respectively. From [13, Proposition 0.1],

we recall that the exceptional hyperbolic planes and the exceptional null cones are

F4ð�20Þ-orbits in J1:

H ¼ F4ð�20Þ � E1;ð9:4Þ

H 0 ¼ F4ð�20Þ � E2 ¼ F4ð�20Þ � E3;ð9:5Þ

Nþ
1 ¼ F4ð�20Þ � Pþ;ð9:6Þ

N�
1 ¼ F4ð�20Þ � P�:ð9:7Þ

For i A f1; 2; 3g, we denote the element si A F4ð�20Þ by

si
X3

j¼1
ðxjEj þ F 1

j ðxjÞÞ
� �

:¼
X3

j¼1
ðxjEj þ F 1

j ðð�1Þ1�di; j xjÞÞ:

(see [13, § 4]), and the involutive inner automorphism ~ssi; ~ssiðgÞ :¼ sigs
�1
i ¼ sigsi

for g A F4ð�20Þ. We simply write s and ~ss for s1 and ~ss1, respectively. Set ðG;YÞ ¼
ðF4ð�20Þ; ~ssÞ and K :¼ ðF4ð�20ÞÞ ~ss. From [13, Proposition 4.8] (note ðF4ð�20ÞÞE2

G
ðF4ð�20ÞÞE3

), the stabilizers ðF4ð�20ÞÞE1
and ðF4ð�20ÞÞE2

are connected two-hold

89The Iwasawa, Bruhat decompositions of F4ð�20Þ



covering groups of SOð9Þ and SO0ð8; 1Þ, respectively. So we denote Spinð9Þ :¼
ðF4ð�20ÞÞE1

and Spin0ð8; 1Þ :¼ ðF4ð�20ÞÞE2
, respectively. By [13, Proposition 4.14],

K ¼ ðF4ð�20ÞÞE1
¼ Spinð9Þ:ð9:8Þ

ðF4ð�20ÞÞ ~ss2 ¼ ðF4ð�20ÞÞE2
¼ Spin0ð8; 1Þ:ð9:9Þ

Then

HFF4ð�20Þ=Spinð9Þ; H 0 FF4ð�20Þ=Spin
0ð8; 1Þ:

We denote D4 :¼ ðF4ð�20ÞÞE1;E2;E3
ðHKÞ. From [13, Lemma 3.2(1) and Proposi-

tion 2.6(1)], D4 is a connected two-hold covering group of SOð8Þ, and set

Spinð8Þ :¼ D4. We denote the Lie algebras f4ð�20Þ :¼ LieðF4ð�20ÞÞ and d4 :¼
LieðD4Þ ¼ fD A f4ð�20Þ jDEi ¼ 0; i ¼ 1; 2; 3g, respectively. From [13, Lemma 3.9],

f4ð�20Þ has the decomposition

f4ð�20Þ ¼ d4 l ~uu1
1 l ~uu1

2 l ~uu1
3 where ~uu1

i :¼ f ~AA1
i ðaÞ j a A Og

(see [13, § 3]). The di¤erential d~ss of ~ss at the identity is often denoted by ~ss. From

[13, Lemma 7.2(2)], d~ss is a Cartan involution with a Cartan decomposition

f4ð�20Þ ¼ kl p. We denote at :¼ expðt ~AA1
3ð1ÞÞ with t A R, the one-parameter sub-

group A :¼ fat j t A Rg, the Lie algebra a :¼ ft ~AA1
3ð1Þ j t A Rg of A, and the linear

functional a on a such that að ~AA1
3ð1ÞÞ ¼ 1. Set the centralizer M :¼ fk A K j

k ~AA1
3ð1Þk�1 ¼ ~AA1

3ð1Þg of a of K , and its Lie subalgebra m :¼ ff A k j ½f; ~AA1
3ð1Þ� ¼

0g. Then

ma ¼ am for all m A M and a A A:ð9:10Þ

From [13, Lemma 3.2(2) and Proposition 2.6(2)], ðF4ð�20ÞÞE1;E2;E3;F
1
3
ð1Þ is a con-

nected two-hold covering group of SOð7Þ, and set Spinð7Þ :¼ ðF4ð�20ÞÞE1;E2;E3;F
1
3
ð1Þ.

By [13, Proposition 7.4],

M ¼ Spinð7Þ ¼ ðF4ð�20ÞÞE1;E2;E3;F
1
3
ð1Þ ¼ ðF4ð�20ÞÞEj ;F

1
3
ð1Þð9:11Þ

with j A f1; 2g. In particular, M is connected. From [13, Lemma 7.5], a is a

maximal abelian subspace of p with the following root space decomposition of

ðf4ð�20Þ; aÞ:

f4ð�20Þ ¼ g�2a l g�a l alml ga l g2a;ð9:12Þ

the set of roots S ¼ fGa;G2ag, and nG ¼ gGa l gG2a ðrespÞ. Then ga ðresp: g�aÞ
is parameterized by the octonions O:

ga ¼ fG1ðxÞ j x A Og ðresp: g�a ¼ fG�1ðxÞ j x A OgÞð9:13Þ
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where GG1ðxÞ :¼ ~AA1
1ðxÞ þ ~AA1

2ðHxÞ ðrespÞ and g2a ðresp: g�2aÞ is parameterized by

the vector parts Im O :¼ f
P7

i¼1 riei j ri A Rg of octonions:

g2a ¼ fG2ðpÞ j p A Im Og ðresp: g�2a ¼ fG�2ðpÞ j p A Im OgÞð9:14Þ

where GG2ðpÞ :¼ ~AA1
3ðHpÞ � dðpÞ ðrespÞ and dðpÞ A mH d4 (see [13, § 7]).

Set NG :¼ exp nG ¼ fexpðGG1ðxÞ þ GG2ðpÞÞ j x A O; p A Im Og ðrespÞ. Because of

½GG1ðxÞ;GG2ðpÞ� ¼ 0 ðrespÞ,

exp GG2ðpÞ exp GG1ðxÞ ¼ expðGG1ðxÞ þ GG2ðpÞÞð9:15Þ

¼ exp GG1ðxÞ exp GG2ðpÞ ðrespÞ:

By [13, Lemma 7.1], for any D A d4 and a A O,

ðiÞ d~ssiD ¼ D; ðiiÞ d~ssi ~AA
1
i ðaÞ ¼ ~AA1

i ðaÞ;
ðiiiÞ d~ssi ~AA

1
j ðaÞ ¼ � ~AA1

j ðaÞ for j ¼ i þ 1; i þ 2

(
ð9:16Þ

where indexes i, i þ 1, i þ 2, j are counted modulo 3. Then we get

d~ssGG1ðxÞ ¼ GH1ðxÞ; d~ssGG2ðpÞ ¼ GH2ðpÞ ðrespÞ;ð9:17Þ

~ss expðGG1ðxÞ þ GG2ðpÞÞ ¼ expðGH1ðxÞ þ GH2ðpÞÞ ðrespÞð9:18Þ

with x A O and p A Im O. Especially, ~ssðNGÞ ¼ NH ðrespÞ. By [13, Corollary

8.9],

ðF4ð�20ÞÞP� ¼ NþM ¼ MNþ:ð9:19Þ

Then from (9.7),

N�
1 FF4ð�20Þ=MNþ:

Fix the Cartan involution y :¼ d~ss and set eðaÞ ¼ eð�aÞ :¼ �1 and eð2aÞ ¼
eð�2aÞ :¼ 1 on S. Then e satisfies conditions (i) and (ii) of the signature of roots,

and we consider the involutive automorphism ye. We use same notations ke,

ðKeÞ0, Ke, M
�, M �

e , W , and We corresponding to notations of given for general

G, respectively.

Proposition 9.2. (1) ye ¼ d~ss2 on f4ð�20Þ.

(2) ye can be lifted on the group F4ð�20Þ as ~ss2 and

Ke ¼ ðF4ð�20ÞÞ ~ss2 ¼ ðF4ð�20ÞÞE2
¼ Spin0ð8; 1Þ:ð9:20Þ
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Proof. Since MHD4 by (9.11), mH d4. Let t A R, D A m, x A O, and

p A Im O. Then using (9.16), (9.17), and the definition of e,

d~ss2ðt ~AA1
3ð1Þ þDÞ ¼ �t ~AA1

3ð1Þ þD ¼ yðt ~AA1
3ð1Þ þDÞ ¼ yeðt ~AA1

3ð1Þ þDÞ;

d~ss2GG1ðxÞ ¼ �GH1ðxÞ ¼ eðGaÞyGG1ðxÞ ¼ yeGG1ðxÞ;

d~ss2GG2ðpÞ ¼ GH2ðpÞ ¼ eðG2aÞyGG2ðpÞ ¼ yeGG2ðpÞ:

Thus it follows from (9.12), (9.13), and (9.14) that d~ss2 ¼ ye on f4ð�20Þ. Then

ye can be lifted on F4ð�20Þ as ~ss2. From (9.9), we see ðKeÞ0 ¼ Spin0ð8; 1Þ ¼
ðF4ð�20ÞÞ ~ss2 ¼ ðF4ð�20ÞÞE2

, and MH ðF4ð�20ÞÞE2
by (9.11). Therefore Ke ¼ ðKeÞ0M

¼ ðF4ð�20ÞÞE2
. r

Proposition 9.3. (1) M � ¼ M
‘

sM. Especially,

W ¼ fM; sMgG f1; sgGZ2:

(2) M �
e ¼ M � ¼ M

‘
sM. Especially,

We ¼ fM; sMgG f1; sgGZ2; ½W : We� ¼ 1:

Proof. (1) Fix k A M �. Then k ~AA1
3ð1Þk�1 ¼ ~AA1

3ðtÞ for some t A R. We set

B as the Killing form of f4ð�20Þ, and a negative definite inner product

B~ssðf; f 0Þ :¼ Bðf; ~ssf 0Þ for f; f 0 A f4ð�20Þ. Then B~ssð ~AA1
3ð1Þ; ~AA1

3ð1ÞÞ ¼ B~ssðk ~AA1
3ð1Þk�1;

k ~AA1
3ð1Þk�1Þ ¼ t2B~ssð ~AA1

3ð1Þ; ~AA1
3ð1ÞÞ. Thus t ¼G1, so that M � ¼ fk A K j k ~AA1

3ð1Þk�1

¼ ~AA1
3ðG1Þg. Put L ¼ fk A K j k ~AA1

3ð1Þk�1 ¼ ~AA1
3ð�1Þg. Then M � ¼ M

‘
L. Now,

s A ðF4ð�20ÞÞE1
¼ K by (9.8), and s ~AA1

3ð1Þs�1 ¼ ~ss ~AA1
3ð1Þ ¼ ~AA1

3ð�1Þ by (9.16).

Therefor s A M �, and since sk A M for all k A L, we get L ¼ sM. Hence (1)

follows.

(2) Because of sE2 ¼ E2 and (9.20), we see s A ðF4ð�20ÞÞE2
¼ Ke. Then

s A Ke VM � ¼ M �
e . Therefore, because M is a subgroup of M �

e and (1), M � ¼
M

‘
sMHM �

e HM �, and so (2) follows. r

From ½W : We� ¼ 1 and Proposition 9.1, the submanifold KeAN
þ is open

dense in F4ð�20Þ, and for any g A KeAN
þ, there exist unique elements keðgÞ A Ke,

HeðgÞ A a, and neðgÞ A Nþ such that

g ¼ keðgÞ expðHeðgÞÞneðgÞ:

However, this fact will be actually shown in this article.
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For x A O, we denote QþðxÞ :¼ h1ð0; 0; 0; x; x; 0Þ and Q�ðxÞ :¼ h1ð0; 0; 0;
x;�x; 0Þ. We will prove the following main-theorem in § 11.

Main Theorem 9.4 (The explicit Iwasawa decomposition of F4ð�20Þ). For

any g A F4ð�20Þ, there exist unique kðgÞ A K , HðgÞ A a, and nI ðgÞ A Nþ such

that

g ¼ kðexp HðgÞÞnI ðgÞ

where

HðgÞ ¼ 2�1 logð�ðgP� jE1ÞÞ ~AA1
3ð1Þ A a;ðiÞ

nI ðgÞ ¼ exp
�
G1 2�1

X7

i¼0
ðgQþðeiÞ jE1Þei

� �.
ðgP� jE1Þ

� �
ðiiÞ

þ G2 �2�1
X7

i¼1
ðgF 1

3 ðeiÞ jE1Þei
� �.

ðgP� jE1Þ
� ��

A Nþ;

kðgÞ ¼ gnI ðgÞ�1 expð�HðgÞÞ A K :ðiiiÞ

We define the equivalence relation @ on N�
1 by

X @Y ()
def

Y ¼ rX for some r > 0

where X ;Y A N�
1 . We denote the quotient set

F :¼ N�
1 =@;

and the equivalence class of X A N�
1 by ½X �. From (9.7), F4ð�20Þ acts on F:

g½X � :¼ ½gX � for g A F4ð�20Þ and X A N�
1 :

We will prove the following theorem in § 11.

Theorem 9.5.

ðF4ð�20ÞÞ½P�� ¼ MANþ:ð1Þ

F4ð�20Þ=MANþ FF:ð2Þ

F ¼ K � ½P��:ð3Þ

FF Spinð9Þ=Spinð7Þ:ð4Þ

Since rX A N�
1 for all r > 0 and X A N�

1 , N�
1 is a cone in J1. Setting

�Nþ
1 :¼ f�X jX A Nþ

1 g, we see that N�
1 ¼ �Nþ

1 from the definitions of Nþ
1
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and N�
1 , and that sP� ¼ �Pþ. And noting that F ¼ N�

1 =@, (9.3), and

FFS15 (see Proposition 11.2), we draw the following figure.

We will prove the following main-theorem in § 12.

Main Theorem 9.6 (The explicit Ke-Iwasawa decomposition of F4ð�20Þ).

KeAN
þ ¼ fg A F4ð�20Þ j ðgP� jE2Þ0 0g

¼ fg A F4ð�20Þ j ðgP� jE2Þ > 0g:

Furthermore, the submanifold KeAN
þ is open dense in F4ð�20Þ.

For any g A KeAN
þ, there exist unique keðgÞ A Ke, HeðgÞ A a, and neðgÞ A Nþ

such that

g ¼ keðexp HeðgÞÞneðgÞ

where

HeðgÞ ¼ 2�1 logððgP� jE2ÞÞ ~AA1
3ð1Þ A a;ðiÞ

neðgÞ ¼ exp
�
G1 2�1

X7

i¼0
ðgQþðeiÞ jE2Þei

� �.
ðgP� jE2Þ

� �
ðiiÞ

þ G2 �2�1
X7

i¼1
ðgF 1

3 ðeiÞ jE2Þei
� �.

ðgP� jE2Þ
� ��

A Nþ;

keðgÞ ¼ gneðgÞ�1 expð�HeðgÞÞ:ðiiiÞ
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We denote the elements P�
12;P

�
13 A J1 by P�

12 :¼ h1ð�1; 1; 0; 0; 0; 1Þ ¼ P� and

P�
13 :¼ h1ð�1; 0; 1; 0; 1; 0Þ, respectively. We will prove the following theorems

in § 13.

Theorem 9.7. F decomposes into the following two Ke-orbits:

F ¼
a3

i¼2
Ke � ½P�

1i �

where

Ke � ½P�
12� ¼ f½X � A F j ðX jE2Þ0 0g ¼ f½X � A F j ðX jE2Þ > 0g;

Ke � ½P�
13� ¼ f½X � A F j ðX jE2Þ ¼ 0g:

Main Theorem 9.8 (The explicit Matsuki decomposition of F4ð�20Þ).

F4ð�20Þ ¼ KeMANþ
a

Ke expð�2�1p ~AA1
1ð1ÞÞMANþ

where KeMANþ ¼ KeAN
þ and

Ke expð�2�1p ~AA1
1ð1ÞÞMANþ ¼ fg A F4ð�20Þ j ðgP� jE2Þ ¼ 0g:

Theorems 9.7 and 9.8 are special cases of general theory [10, Theorems

1-Corollary and 3].

Since the Bruhat decomposition is associated with the N�-orbits on

F4ð�20Þ=MANþ, we will show the following theorem in § 14.

Theorem 9.9. F decomposes into the following two N�-orbits:

F ¼ N� � ½P��
a

N� � ½sP��

where

N� � ½P�� ¼ f½X � A F j ðX j sP�Þ > 0g ¼ f½X � A F j ðX j sP�Þ0 0g;

N� � ½sP�� ¼ f½X � A F j ðX j sP�Þ ¼ 0g ¼ f½sP��g:

We will prove the following main-theorem in § 14.

Main Theorem 9.10. (1) (The explicit Bruhat decomposition of F4ð�20Þ).

F4ð�20Þ ¼ N�MANþ
a

sMANþ
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where

N�MANþ ¼ fg A F4ð�20Þ j ðgP� j sP�Þ0 0g

¼ fg A F4ð�20Þ j ðgP� j sP�Þ > 0g;

sMANþ ¼ N�sMANþ

¼ fg A F4ð�20Þ j ðgP� j sP�Þ ¼ 0g

¼ fg A F4ð�20Þ j g½P�� ¼ ½sP��g:

Furthermore, the submanifold N�MANþ is open dense in F4ð�20Þ.

(2) (The explicit Gauss decomposition of F4ð�20Þ).

For any g A N�MANþ, there exist unique n�G ðgÞ A N�, mGðgÞ A M, aGðgÞ A A,

and nþG ðgÞ A Nþ such that

g ¼ n�G ðgÞmGðgÞaGðgÞnþG ðgÞ

where

aGðgÞ ¼ expð2�1 logð4�1ðgP� j sP�ÞÞ ~AA1
3ð1ÞÞ A A;ðiÞ

n�G ðgÞ ¼ exp
�
G�1 �2�1

X7

i¼0
ðQ�ðeiÞ j gP�Þei

� �.
ðgP� j sP�Þ

� �
ðiiÞ

þ G�2 �2�1
X7

i¼1
ðF 1

3 ðeiÞ j gP�Þei
� �.

ðgP� j sP�Þ
� ��

A N�;

nþG ðgÞ ¼ nI ðn�G ðgÞ
�1
gÞ A Nþ;ðiiiÞ

mGðgÞ ¼ n�G ðgÞ
�1
gnþG ðgÞ

�1
aGðgÞ�1 A M:ðivÞ

Here nI : F4ð�20Þ ! Nþ is the map used in the Iwasawa decomposition.

Remark 9.11. In Main Theorems 9.4, 9.6, 9.8, and 9.10, it appears that

the Iwasawa decomposition, the Ke-Iwasawa decomposition, the Matsuki de-

composition, and the Bruhat and Gauss decompositions of F4ð�20Þ can be

explicitly described by using the geometric quantities ðgP� jE1Þ, ðgP� jE2Þ, and
ðgP� j sP�Þ with g A F4ð�20Þ.

Remark 9.12. The Iwasawa decomposition of the exceptional Lie group

F4ð�20Þ has been studied by R. Takahashi [18, Theorem 1]. He showed that ANþ

transitively and freely acts on the hyperbolic plane H ¼ F4ð�20Þ=K . Thereby, he

gave the existence and uniqueness of the factors of the Iwasawa decomposition

for F4ð�20Þ. In Main-Theorem 9.4, we give explicit formulas of HðgÞ and nI ðgÞ.
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10. Preliminaries

If X ¼
P3

i¼1ðxiEi þ F 1
i ðxiÞÞ A J1, then we denote ðXÞEi

:¼ xi A R and

ðXÞF 1
i
¼ xi A O. Set F 1

3 ðIm OÞ :¼ fF 1
3 ðpÞ j p A Im Og, QþðOÞ :¼ fQþðxÞ j x A Og,

and Q�ðOÞ :¼ fQ�ðxÞ j x A Og in J1. Then

J1 ¼ Rð�E1 þ E2ÞlRP� lRElRE3 lF 1
3 ðIm OÞð10:1Þ

lQþðOÞlQ�ðOÞ:

So, for any X A J1, we can uniquely write

X ¼ rð�E1 þ E2Þ þ sP� þ uE þ vE3 þ F 1
3 ðpÞ þQþðxÞ þQ�ðyÞ

¼
�r� sþ u

ffiffiffiffiffiffiffi
�1

p
ðsþ pÞ

ffiffiffiffiffiffiffi
�1

p
ðx� yÞffiffiffiffiffiffiffi

�1
p

ðs� pÞ rþ sþ u xþ yffiffiffiffiffiffiffi
�1

p
ðx� yÞ xþ y uþ v

0
B@

1
CA

with r; s; u; v A R, p A Im O, and x; y A O, and set

fXg�E1þE2
:¼ r; fXgP� :¼ s; fXgE :¼ u; fXgE3

:¼ v;

fXgIm F 1
3
:¼ p; fXgQþ :¼ x; fXgQ� :¼ y:

Lemma 10.1.

fXg�E1þE2
¼ 2�1ðP�jXÞ:ð1Þ

fXgQ� ¼ 2�1ððX ÞF 1
1
� ðXÞF 1

2
Þ ¼ 4�1

X7

i¼0
ðQþðeiÞ jXÞei:ð2Þ

fXgIm F 1
3
¼ ImððXÞF 1

3
Þ ¼ �2�1

X7

i¼1
ðF 1

3 ðeiÞ jXÞei:ð3Þ

Proof. Let X ¼ rð�E1 þ E2Þ þ sP� þ uE þ vE3 þ F 1
3 ðpÞ þQþðxÞ þQ�ðyÞ

with r; s; u; v A R, p A Im O, and x; y A O. Then ðP�jX Þ ¼ 2r, and so (1) follows.

Because of ðX ÞF 1
1
¼ xþ y and ðX ÞF 1

2
¼ x� y, fXgQ� ¼ y ¼ 2�1ððX ÞF 1

1
� ðXÞF 1

2
Þ.

Now, set ðX ÞF 1
1
¼

P7
i¼0 piei and ðX ÞF 1

2
¼

P7
i¼0 qiei with pi; qi A R. From

(9.1), pi ¼ 2�1ðF 1
1 ðeiÞ jXÞ and qi ¼ �2�1ðF 1

2 ðeiÞ jXÞ. Then ðX ÞF 1
1
� ðXÞF 1

2
¼

2�1
P7

i¼0ðQþðeiÞ jX Þei, and so (2) follows. Last, obviously fXgIm F 1
3
¼ p ¼

ImððXÞF 1
3
Þ. Set ðX ÞF 1

3
¼

P7
i¼0 riei with ri A R. From (9.1), ri ¼ �2�1ðF 1

3 ðeiÞ jXÞ,
and so (3) follows. r
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We denote J1ð2;KÞ :¼ fx1E1 þ x2E2 þ F 1
3 ðxÞ j xi A R; x A Kg with K ¼ O

or R:

Lemma 10.2.

J1 ¼ J1ð2;OÞlRE3 lQþðOÞlQ�ðOÞ:ð1Þ

J1ð2;OÞ ¼ Rð�E1 þ E2ÞlRP� lRðE � E3ÞlF 1
3 ðIm OÞ:ð2Þ

J1ð2;RÞ ¼ Rð�E1 þ E2ÞlRP� lRðE � E3Þ:ð3Þ

Let p; q A Im O and x; y A O. From [13, Lemma 7.11],

ðiÞ exp G2ðpÞð�E1 þ E2Þ ¼ ð�E1 þ E2Þ þ F 1
3 ð�2pÞ þ 2ðpjpÞP�;

ðiiÞ exp G2ðpÞP� ¼ P�; ðiiiÞ exp G2ðpÞE ¼ E;

ðivÞ exp G2ðpÞE3 ¼ E3;

ðvÞ exp G2ðpÞF 1
3 ðqÞ ¼ F 1

3 ðqÞ � 2ðpjqÞP�;

ðviÞ exp G2ðpÞQþðyÞ ¼ QþðyÞ;
ðviiÞ exp G2ðpÞQ�ðyÞ ¼ Q�ðyÞ þQþð�2pyÞ;

8>>>>>>>><
>>>>>>>>:

ð10:2Þ

ðiÞ exp G1ðxÞð�E1 þ E2Þ ¼ ð�E1 þ E2Þ þQ�ð�xÞ
� ðxjxÞðE � 3E3Þ þQþððxjxÞxÞ þ 2�1ðxjxÞ2P�;

ðiiÞ exp G1ðxÞP� ¼ P�; ðiiiÞ exp G1ðxÞE ¼ E;

ðivÞ exp G1ðxÞE3 ¼ E3 þQþðxÞ þ ðxjxÞP�;

ðvÞ exp G1ðxÞF 1
3 ðqÞ ¼ F 1

3 ðqÞ þQþð�qxÞ;
ðviÞ exp G1ðxÞQþðyÞ ¼ QþðyÞ þ 2ðxjyÞP�;

ðviiÞ exp G1ðxÞQ�ðyÞ ¼ Q�ðyÞ þ 2ðxjyÞðE � 3E3Þ þ F 1
3 ð2 ImðxyÞÞ

þQþð�3ðxjyÞx� ImðxyÞxÞ � 2ðxjyÞðxjxÞP�:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð10:3Þ

We denote the subset P of J1 by P :¼ fX A J1 jX�2 ¼ 0;X 0 0g. Then P

contains the exceptional hyperbolic planes H, H 0 and the exceptional null cones

Nþ
1 , N�

1 . Since the action of F4ð�20Þ preserves the cross product, F4ð�20Þ acts

on P. For any subset SHJ1 and Z A J1, we denote

SZ
>0 :¼ fX A S j ðZjXÞ > 0g; SZ

<0 :¼ fX A S j ðZjX Þ < 0g;

SZ
¼0 :¼ fX A S j ðZjXÞ ¼ 0g; SZ

00 :¼ fX A S j ðZjXÞ0 0g:

We recall Lemma 10.1. For any X A ðJ1ÞP
�

00 , we define the elements n1ðX Þ A
exp ga HNþ and n2ðXÞ A exp g2a HNþ by
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n1ðX Þ :¼ exp G1ðfXgQ�=fXg�E1þE2
Þ

¼ exp G1 2�1
X7

i¼0
ðQþðeiÞ jX Þei

� �.
ðP�jXÞ

� �
;

n2ðX Þ :¼ exp G2ðfXgIm F 1
3
=ðP�jXÞÞ

¼ exp G2 �2�1
X7

i¼1
ðF 1

3 ðeiÞ jX Þei
� �.

ðP�jXÞ
� �

respectively, and nX :¼ n1ðXÞn2ðX Þ ¼ n2ðX Þn1ðXÞ A Nþ (see (9.15)).

Lemma 10.3. (1) For any n A Nþ and X A J1, ðP� j nXÞ ¼ ðP�jXÞ. Espe-

cially, Nþ acts on ðJ1ÞP
�

00 and PP�

00 , respectively.

(2) For any X A ðJ1ÞP
�

00 ,

n1ðX ÞX A ðJ1ð2;OÞlRE3 lQþðOÞÞV ðJ1ÞP
�

00 ;ðiÞ

fn1ðX ÞXgIm F 1
3
¼ fXgIm F 1

3
:ðiiÞ

(3) If X A J1ð2;OÞV ðJ1ÞP
�

00 , then

n2ðXÞX A J1ð2;RÞV ðJ1ÞP
�

00 :

Proof. (1) From (9.19), ðP� j nX Þ ¼ ðn�1P� jXÞ ¼ ðP�jX Þ and so on.

(2) We can write X ¼ rð�E1 þ E2Þ þ sP� þ uE þ vE3 þ F 1
3 ðpÞ þQþðxÞ þ

Q�ðyÞ for some r; s; u; v A R, p A Im O, and x; y A O. From Lemma 10.1(1), r0 0

and put n 0
1 ¼ n1ðX Þ ¼ exp G1ðr�1yÞ. In (10.3), we notice that the equations

(10.3)(i) and (10.3)(vii) have terms of Q�ð�Þ and the other equations have not

terms of Q�ð�Þ, and that the equations (10.3)(v) and (10.3)(vii) have terms of

F 1
3 ð�Þ and the other equations have not terms of F 1

3 ð�Þ. Therefore

fn 0
1 � XgQ� ¼ fn 0

1 � ðrð�E1 þ E2Þ þQ�ðyÞ þ ðother termsÞÞgQ�

¼ �rðr�1yÞ þ yþ 0 ¼ 0:

Thus fn1ðXÞXgQ� ¼ 0, so that n1ðX ÞX A J1ð2;OÞlRE3 lQþðOÞ. Then

ðP�jn 0
1 � XÞ ¼ ðP�jXÞ0 0 by (1), and

fn 0
1 � XgIm F 1

3
¼ fn 0

1 � ðF 1
3 ðpÞ þQ�ðyÞ þ ðother termsÞÞgIm F 1

3

¼ pþ 2 Imððr�1yÞyÞ þ 0 ¼ p ¼ fXgIm F 1
3
:

Hence we obtain (2).
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(3) We can write X ¼ rð�E1 þ E2Þ þ sP� þ uðE � E3Þ þ F 1
3 ðpÞ for some

r; s; u A R and p A Im O. From Lemma 10.1(1), r0 0 and put n 0
2 ¼ n2ðX Þ ¼

exp G2ðð2rÞ�1
pÞ. Using (10.2), we calculate that

n 0
2 � X ¼ rð�E1 þ E2Þ þ ðs� ð2rÞ�1ðpjpÞÞP� þ uðE � E3Þ:

Then n 0
2 � X A J1ð2;RÞ, and ðP�jn 0

2 � XÞ ¼ ðP�jXÞ0 0. Hence we obtain (3).

r

Lemma 10.4.

ðJ1ð2;OÞlRE3 lQþðOÞÞVPP�

00 ¼ J1ð2;OÞVPP�

00 :

Proof. Obviously, J1ð2;OÞVPP�

00 H ðJ1ð2;OÞlRE3 lQþðOÞÞVPP�

00 .

Conversely, take X A ðJ1ð2;OÞlRE3 lQþðOÞÞVPP�

00 and set X ¼ x1E1 þ
x2E2 þ x3E3 þ F 1

1 ðxÞ þ F 1
2 ðxÞ þ F 1

3 ðyÞ with xi A R and x; y A O. Suppose that

x3 0 0. Because of X A P and (9.2),

ðiÞ x2x3 � ðxjxÞ ¼ ðX�2ÞE1
¼ 0; ðiiÞ x3x1 þ ðxjxÞ ¼ ðX�2ÞE2

¼ 0;

ðiiiÞ ðxjxÞ � x3 y ¼ ðX�2ÞF 1
3
¼ 0:

From (i), (ii), and (iii), X ¼ �ððxjxÞ=x3ÞE1 þ ððxjxÞ=x3ÞE2 þ hE3 þ F 1
1 ðxÞ þ

F 1
2 ðxÞ þ F 1

3 ððxjxÞ=x3Þ. Then ðP�jXÞ ¼ 0, and it contradicts with X A PP�

00 . Thus

x3 ¼ 0. Then ðxjxÞ ¼ ðX�2ÞE2
¼ 0, so that x ¼ 0. Thus X ¼ x1E1 þ x2E2 þ F 1

3 ðyÞ
A J1ð2;OÞVPP�

00 , and so ðJ1ð2;OÞlRE3 lQþðOÞÞVPP�

00 HJ1ð2;OÞVPP�

00 .

Hence the result follows. r

Lemma 10.5. For any X A PP�

00 , nXX A J1ð2;RÞVPP�

00 . Further,

nXX ¼ 4�1ð2 trðX Þ � ðP�jXÞ�1 trðXÞ2 � ðP�jXÞÞE1

þ 4�1ð2 trðXÞ þ ðP�jXÞ�1 trðXÞ2 þ ðP�jX ÞÞE2

þ F 1
3 ð4�1ððP�jX Þ�1 trðX Þ2 � ðP�jX ÞÞÞ

¼ 2�1ðP�jX Þð�E1 þ E2Þ þ 4�1ððP�jXÞ�1 trðXÞ2 � ðP�jXÞÞP�

þ 2�1 trðX ÞðE � E3Þ:

Proof. Nþ acts on PP�

00 , and niðX Þ A Nþ. Put X 0 ¼ n1ðX ÞX A PP�

00 . By

Lemma 10.3(2),

X 0 A ðJð2;OÞlRE3 lQþðOÞÞVPP�

00
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where ðP�jX 0Þ ¼ ðP�jXÞ0 0 and fX 0gIm F 1
3
¼ fXgIm F 1

3
. Applying Lemma 10.4.

X 0 A Jð2;OÞVPP�

00 :

Applying Lemma 10.3(3),

n2ðX 0ÞX 0 A J1ð2;RÞVPP�

00 :

Then, since exp G2ðfXgIm F 1
3
=ðP�jXÞÞ ¼ exp G2ðfX 0gIm F 1

3
=ðP�jX 0ÞÞ, we see

n2ðX Þ ¼ n2ðX 0Þ. Therefore

nXX ¼ n2ðXÞn1ðX ÞX ¼ n2ðX 0ÞX 0 A J1ð2;RÞVPP�

00 :

Set nXX ¼ x1E1 þ x2E2 þ F 1
3 ðxÞ A J1ð2;RÞVPP�

00 with x1; x2; x A R. Then

trðXÞ ¼ x1 þ x2 and ð00ÞðP�jX Þ ¼ ðP� j nXX Þ ¼ �x1 þ x2 � 2x, so that x1 ¼
2�1 trðXÞ � x� 2�1ðP�jXÞ and x2 ¼ 2�1 trðX Þ þ xþ 2�1ðP�jX Þ. From

ðnXX Þ�2 ¼ 0, 0¼ ððnXXÞ�2ÞE3
¼ x1x2 þ x2 ¼ 4�1 trðXÞ2 � 4�1ðP�jX Þ2 � xðP�jXÞ.

Thus x ¼ 4�1ððP�jX Þ�1 trðX Þ2 � ðP�jX ÞÞ, x1 ¼ 4�1ð2 trðX Þ � ðP�jXÞ�1 trðXÞ2 �
ðP�jX ÞÞ, and x2 ¼ 4�1ð2 trðXÞ þ ðP�jXÞ�1 trðXÞ2 þ ðP�jX ÞÞ. Moreover, the last

equation follows from direct calculations. r

Let i A f1; 2; 3g, t A R, and a A O with ðajaÞ ¼ 1. From [13, Lemma 3.10], we

recall the operation of expðt ~AA1
i ðaÞÞ. Set

h1ðh1; h2; h3; y1; y2; y3Þ :¼ expðt ~AA1
i ðaÞÞh1ðx1; x2; x3; x1; x2; x3Þ

with xi; hi A R and xi; yi A O. When i ¼ 1,

h1 ¼ x1;

h2 ¼ 2�1ððx2 þ x3Þ þ ðx2 � x3Þ cos 2tÞ þ ðajx1Þ sin 2t;

h3 ¼ 2�1ððx2 þ x3Þ � ðx2 � x3Þ cos 2tÞ � ðajx1Þ sin 2t;

y1 ¼ x1 � 2�1ðx2 � x3Þa sin 2t� 2ðajx1Þa sin2 t;

y2 ¼ x2 cos t� x3a sin t;

y3 ¼ x3 cos tþ ax2 sin t

8>>>>>>>><
>>>>>>>>:

ð10:4Þ

and when i A f2; 3g,

hi ¼ xi;

hiþ1 ¼ 2�1ððxiþ1 þ xiþ2Þ þ ðxiþ1 � xiþ2Þ cosh 2tÞ � ðajxiÞ sinh 2t;

hiþ2 ¼ 2�1ððxiþ1 þ xiþ2Þ � ðxiþ1 � xiþ2Þ cosh 2tÞ þ ðajxiÞ sinh 2t;

yi ¼ xi � 2�1ðxiþ1 � xiþ2Þa sinh 2tþ 2ðajxiÞa sinh2 t:

yiþ1 ¼ xiþ1 cosh tþ xiþ2a sinh t;

yiþ2 ¼ xiþ2 cosh tþ axi sinh t

8>>>>>>>><
>>>>>>>>:

ð10:5Þ
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where indexes i, i þ 1, i þ 2 are counted modulo 3. In particular,

expð2�1p ~AA1
1ð1ÞÞh1ðx1; x2; x3; x1; x2; x3Þ ¼ h1ðx1; x3; x2;�x1;�x3; x2Þð10:6Þ

with xi A R and xi A O. Using (10.5), we have the following lemma.

Lemma 10.6. For any t, r, s, u A R,

atðrð�E1 þ E2Þ þ sP� þ uðE � E3ÞÞ

¼ re�2tð�E1 þ E2Þ þ ðr sinh 2tþ se2tÞP� þ uðE � E3Þ:

Lemma 10.7. For any m A M, t A R, and n A Nþ,

matnP
� ¼ e2tP�:

Furthermore, AVMNþ ¼ f1g and M VANþ ¼ f1g.

Proof. From (9.19) and Lemma 10.6, matnP
� ¼ e2tP�. Suppose at ¼ mn

for some t A R, m A M, and n A Nþ. From the above equation and (9.19),

e2tP� ¼ atP
� ¼ mnP� ¼ P�. Thus t ¼ 0, and AVMNþ ¼ f1g. Similarly, sup-

pose m ¼ atn for some m A M, t A R, and n A Nþ. Then P� ¼ mP� ¼ atnP
� ¼

e2tP�. Thus t ¼ 0, and M VANþ ¼ f1g. r

Lemma 10.8. ðF4ð�20ÞÞsP� ¼ MN�.

Proof. Because of MHK ¼ ðF4ð�20ÞÞ ~ss, sM ¼ Ms. Using (9.19),

ðF4ð�20ÞÞsP� ¼ sðF4ð�20ÞÞP�s�1 ¼ sMNþs�1 ¼ M~ssðNþÞ ¼ MN�. r

Lemma 10.9. (1) For any t A R, x A O, and p A Im O,

atðG1ðxÞ þ G2ðpÞÞa�1
t ¼ G1ðetxÞ þ G2ðe2t pÞ:

(2) ANþ ¼ NþA. Furthermore, ANþ is a subgroup of F4ð�20Þ.

(3) MANþ is a subgroup of F4ð�20Þ.

Proof. (1) Set TðtÞ A GLRðf4ð�20ÞÞ and ad ~AA1
3
ð1Þ A EndRðf4ð�20ÞÞ as TðtÞf :¼

atfa
�1
t and ad ~AA1

3
ð1Þ f :¼ ½ ~AA1

3ð1Þ; f� for f A f4ð�20Þ, respectively. Then TðtÞ ¼
expðt ad ~AA1

3
ð1ÞÞ, and using (9.13) and (9.14), TðtÞG1ðxÞ ¼ ð

P
ðt ad ~AA1

3
ð1ÞÞ

n=n!ÞG1ðxÞ
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¼ G1ðð
P

ð1=n!ÞtnÞxÞ ¼ G1ðetxÞ and TðtÞG2ðpÞ ¼ ð
P

ðt ad ~AA1
3
ð1ÞÞ

n=n!ÞG2ðpÞ ¼
G1ðð

P
ð1=n!Þð2tÞnÞpÞ ¼ G2ðe2tpÞ. Thus we obtain (1).

(2) From (1), atn ¼ atna
�1
t at ¼ expðatðG1ðxÞ þ G2ðpÞÞa�1

t Þat ¼ expðG1ðetxÞ þ
G2ðe2tpÞÞat and nat ¼ ata

�1
t nat ¼ at expðG1ðe�txÞ þ G2ðe�2tpÞÞ. This implies that

ANþ ¼ NAþ. Therefore ðatnÞ�1ðasn 0Þ A ANþ for all s; t A R and n; n 0 A Nþ, so

that ANþ is a subgroup.

(3) Because of (9.10), MNþ ¼ NþM, and ANþ ¼ NþA, we get

ðmatnÞ�1ðm 0asn
0Þ A MANþ for all m;m 0 A M, s; t A R, and n; n 0 A Nþ. Thus

MANþ is a subgroup of F4ð�20Þ. r

Lemma 10.10. Let k A K , ke A Ke, m A M, t A R, n A Nþ, and z A N�.

ðkatnP� jE1Þ ¼ �e2t:ð1Þ

ðkeatnP� jE2Þ ¼ e2t:ð2Þ

ðzmatnP
� j sP�Þ ¼ 4e2t:ð3Þ

Proof. From (9.8), (9.20), Lemmas 10.7, and 10.8, it follows that

ðkatnP� jE1Þ ¼ ðatnP� j k�1E1Þ ¼ e2tðP�jE1Þ ¼ �e2t;

ðkeatnP� jE2Þ ¼ ðatnP� j k�1
e E2Þ ¼ e2tðP�jE2Þ ¼ e2t;

ðzmatnP
� j sP�Þ ¼ ðmatnP

� j z�1sP�Þ ¼ e2tðP� j sP�Þ ¼ 4e2t: r

Lemma 10.11. M ¼ ðF4ð�20ÞÞP�;Ej
¼ ðF4ð�20ÞÞP�;sP� with j A f1; 2g.

Proof. Note P� ¼ �E1 þ E2 þ F 1
3 ð1Þ, sP� ¼ �E1 þ E2 þ F 1

3 ð�1Þ, and

M ¼ ðF4ð�20ÞÞE1;E2;E3;F
1
3
ð1Þ. Obviously, MH ðF4ð�20ÞÞP�;Ej

. Conversely, fix g A

ðF4ð�20ÞÞEj ;P� . Now ðð�1Þ jþ1
Ej þ P�Þ�2 ¼ E3. Then gE3 ¼ gðð�1Þ jþ1

Ej þ P�Þ�2

¼ ðgðð�1Þ jþ1
Ej þ P�ÞÞ�2 ¼ E3, and gEk ¼ gðE � Ej � E3Þ ¼ E � Ej � E3 ¼ Ek

where ð j; kÞ ¼ ð1; 2Þ; ð2; 1Þ. Therefore gEi ¼ Ei for all i A f1; 2; 3g, and gF 1
3 ð1Þ ¼

gðPþ þ E1 � E2Þ ¼ P� þ E1 � E2 ¼ F 1
3 ð1Þ. Then g A M, so that ðF4ð�20ÞÞP�;Ej

H
M. Thus M ¼ ðF4ð�20ÞÞP�;Ej

.

Obviously MH ðF4ð�20ÞÞP�;sP� . Conversely, fix g A ðF4ð�20ÞÞP�;sP� . Because

of �E1 þ E2 ¼ 2�1ðP� � sP�Þ, ð�E1 þ E2Þ�2 ¼ �E3, F 1
3 ð1Þ ¼ P� � ð�E1 þ E2Þ,

E1 ¼ 2�1ðE � ð�E1 þ E2Þ � E3Þ, and E2 ¼ 2�1ðE þ ð�E1 þ E2Þ � E3Þ, we

sequentially get gð�E1 þ E2Þ ¼ �E1 þ E2, gE3 ¼ E3, gF 1
3 ð1Þ ¼ F 1

3 ð1Þ, gE1 ¼ E1,

and gE2 ¼ E2. Thus g A M, and so ðF4ð�20ÞÞP�;sP� HM. Hence M ¼
ðF4ð�20ÞÞP�;sP� . r
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Lemma 10.12. Let K 0 ¼ K or Ke.

D4 VNG ¼ f1g ðrespÞ;ð1Þ

K 0 VANþ ¼ f1g;ð2Þ

N� VMANþ ¼ f1g:ð3Þ

Proof. (1) Fix n A D4 VNþ. Then n A D4 H ðF4ð�20ÞÞE3;�E1þE2
. Now, n ¼

exp G1ðxÞ exp G2ðpÞ for some x A O and p A Im O. Using (10.2) and (10.3),

E3 ¼ nE3 ¼ exp G1ðxÞE3 ¼ E3 þQþðxÞ þ ðxjxÞP�. Then x ¼ 0 by (10.1). There-

fore from (10.2), �E1 þ E2 ¼ nð�E1 þ E2Þ ¼ exp G2ðpÞð�E1 þ E2Þ ¼ ð�E1 þ E2Þ
þ F 1

3 ð�2pÞ þ ðpjpÞP�. Then p ¼ 0. Thus n ¼ 1, and D4 VNþ ¼ f1g. Because

of D4 HK ¼ ðF4ð�20ÞÞ ~ss, ~ssðD4Þ ¼ D4. Then from ~ssðNþÞ ¼ N�, D4 VN� ¼
~ssðD4 VNþÞ ¼ f1g.

(2) Take j ¼ 1 if K 0 ¼ K , and j ¼ 2 if K 0 ¼ Ke. Suppose k 0 ¼ atn for

some k A K 0, t A R, and n A Nþ. Using Lemma 10.10(1)(2), (9.8), and (9.20),

ð�1Þ je2t ¼ ðatnP� jEjÞ ¼ ðP� j k 0�1EjÞ ¼ ðP�jEjÞ ¼ ð�1Þ j. Therefore t ¼ 0, and

K 0 VANþ HK 0 VNþ. Next, using (9.8), (9.20), and (9.19), K 0 VNþ H
ðF4ð�20ÞÞEj ;P� , and from Lemma 10.11, K 0 VNþ H ðF4ð�20ÞÞEj ;P� VNþ ¼ M VNþ.

Therefore because of MHD4 and (1), f1gHK 0 VANþ HK 0 VNþ HM VNþ H
D4 VNþ ¼ f1g. Hence K 0 VANþ ¼ f1g.

(3) Suppose z ¼ matn for some z A N�, m A M, t A R, and n A Nþ. Using

Lemmas 10.10(3) and 10.8, 4e2t ¼ ðmatnP
� j sP�Þ ¼ ðP� j z�1sP�Þ ¼ ðP� j sP�Þ

¼ 4. Therefore t ¼ 0, so that N� VMANþ HN� VMNþ. Next, using (9.19) and

Lemma 10.8, N� VMNþ H ðF4ð�20ÞÞP�;sP� , and from Lemma 10.11, N� VMNþ

HN� V ðF4ð�20ÞÞP�;sP� ¼ N� VM. Therefore because of MHD4 and (1), f1gH
N� VMANþ HN� VMNþ HM VN� HD4 VN� ¼ f1g. Hence N� VMANþ ¼
f1g. r

Lemma 10.13. (1) If katn ¼ k 0asn
0 with k; k 0 A K , t; s A R, and n; n 0 A Nþ

then k ¼ k 0, t ¼ s, and n ¼ n 0.

(2) If keatn ¼ k 0
easn

0 with ke; k
0
e A Ke, t; s A R, and n; n 0 A Nþ then ke ¼ k 0

e,

t ¼ s, and n ¼ n 0.

(3) If zmatn ¼ z 0m 0asn
0 with z; z 0 A N�, m;m 0 A M, t; s A R, and n; n 0 A Nþ

then z ¼ z 0, m ¼ m 0, t ¼ s, and n ¼ n 0.

Proof. (1) From Lemma 10.9(2), ðasn 0ÞðatnÞ�1 A ANþ, so that k 0�1k ¼
ðasn 0ÞðatnÞ�1 A K VANþ. Using Lemma 10.12(2), k ¼ k 0 and atn ¼ asn

0. Next,
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because of a�1
s at ¼ nn 0�1 A AVNþ and Lemma 10.7, at ¼ as , t ¼ s and n ¼ n 0.

Hence we obtain (1). Similarly, substituting K for Ke, we obtain (2).

(3) By Lemma 10.9(3), ðm 0asn
0ÞðmatnÞ�1 A MANþ, so that z 0�1z ¼

ðm 0asn
0ÞðmatnÞ�1 A N� VMANþ. Using Lemma 10.12(3), z ¼ z 0 and matn ¼

m 0asn
0. Next, by Lemma 10.9(2), ðasn 0ÞðatnÞ�1 A ANþ, so that m 0�1m ¼

ðasn 0ÞðatnÞ�1 A M VANþ. Using Lemma 10.7, m ¼ m 0 and atn ¼ asn
0. Last,

because of a�1
s at ¼ nn 0�1 A AVNþ and Lemma 10.7, at ¼ as , t ¼ s and n ¼ n 0.

Hence we obtain (3). r

Lemma 10.14. (1) For any X A H and Y A N�
1 , ðX jY Þ < 0.

(2) For any X A H 0 and Y A N�
1 , ðX jY Þb 0.

(3) For any X ;Y A N�
1 , ðX jYÞb 0. Moreover, ðX jYÞ ¼ 0 if and only if

X ¼ sY for some s > 0.

Proof. (1) Using (9.4), X ¼ gE1 for some g A F4ð�20Þ. Then from (9.7),

g�1Y A N�
1 , and from the definition of N�

1 , we obtain that ðX jYÞ ¼ ðgE1 jYÞ ¼
ðE1 j g�1Y Þ < 0.

(2) Suppose that c ¼ ðX jY Þ < 0. Using (9.5), X ¼ gE2 for some g A F4ð�20Þ.

Put Z ¼ g�1Y . From (9.7), Z A N�
1 . Now, because of c ¼ ðgE2 jYÞ ¼ ðE2jZÞ,

Z ¼ h1ðx1; c; x3; x1; x2; x3Þ for some xi A R and xi A O. Because of Z A N�
1 ,

x1 ¼ ðE1jZÞ < 0 and x1cþ ðx3jx3Þ ¼ ðZ�2ÞE3
¼ 0. Then 0 ¼ x1cþ ðx3jx3Þ > 0,

and it is a contradiction. Thus cb 0, and so (2) follows.

(3) Suppose that ðX jYÞ < 0. Using (9.7), Y ¼ gP� for some g A F4ð�20Þ. Put

Z ¼ g�1X . From (9.7), Z A N�
1 . Set Z ¼

P3
i¼1ðhiEi þ F 1

i ðyiÞÞ with hi A R and

yi A O, and put r ¼ ðy3j1Þ. Then �h1 þ h2 � 2r ¼ ðZjP�Þ ¼ ðX jYÞ < 0. Because

of Z A N�
1 , h1 ¼ ðE1jZÞ < 0 and h1h2 þ ðy3jy3Þ ¼ ðZ�2ÞE3

¼ 0. Then h1h2 ¼
�ðy3jy3Þa 0. Therefore from h1 < 0, h2 b 0, so that 2r > h2 � h1 > 0. Now,

using Schwarz inequality, r2 ¼ ðy3j1Þ2 a ðy3jy3Þð1j1Þ ¼ ðy3jy3Þ. Therefore be-

cause of h1h2 þ ðy3jy3Þ ¼ 0, 4r2 > ðh2 � h1Þ
2 ¼ ðh2 � h1Þ

2 þ 4ðh1h2 þ ðy3jy3ÞÞ ¼
ðh2 þ h1Þ

2 þ 4ðy3jy3Þb ðh2 þ h1Þ
2 þ 4r2 b 4r2. It is a contradiction, and so

ðX jYÞb 0.

If X ¼ sY then ðX jYÞ ¼ 0. Conversely, suppose that ðX jY Þ ¼ 0. Using (9.7),

Y ¼ gP� for some g A F4ð�20Þ. Put Z ¼ g�1X . From (9.7), Z A N�
1 . Because

of ðZjP�Þ ¼ ðX jY Þ ¼ 0 and Lemma 10.1(1), fZg�E1þE2
¼ 0. Then by (10.1),

Z ¼ sP� þ uE þ vE3 þ F 1
3 ðpÞ þQþðxÞ þQ�ðyÞ for some u; v A R, p A Im O,

and x; y A O. Setting z ¼ xþ y and w ¼ x� y, Z ¼ sP� þ uE þ vE3 þ F 1
3 ðpÞ þ

F 1
1 ðzÞ þ F 1

2 ðwÞ. Now, because of Z A N�
1 , u2 þ ðpjpÞ ¼ ðZ�2ÞE3

¼ 0 and 3uþ v ¼
trðZÞ ¼ 0. Then u ¼ p ¼ v ¼ 0, and Z ¼ sP� þ F 1

1 ðzÞ þ F 1
2 ðwÞ. Again, because of
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Z A N�
1 , �s ¼ ðZjE1Þ < 0, �ðzjzÞ ¼ ðZ�2ÞE1

¼ 0, and ðwjwÞ ¼ ðZ�2ÞE2
¼ 0. Thus

Z ¼ sP� with s > 0. Therefore, multiplying g from left, X ¼ sY . Hence we

obtain (3). r

Lemma 10.15. (1) H ¼ HP�

<0 ¼ HP�

00 .

(2) H 0 ¼ H 0P�

>0

‘
H 0P�

¼0 . Especially, H 0P�

>0 ¼ H 0P�

00 .

(3) N�
1 ¼ ðN�

1 ÞE1

<0 ¼ ðN�
1 ÞE1

00.

(4) N�
1 ¼ ðN�

1 ÞE2

>0

‘
ðN�

1 ÞE2

¼0. Especially, ðN�
1 ÞE2

>0 ¼ ðN�
1 ÞE2

00.

(5) N�
1 ¼ ðN�

1 ÞsP
�

>0

‘
ðN�

1 ÞsP
�

¼0 . Especially, ðN�
1 ÞsP

�

>0 ¼ ðN�
1 ÞsP

�

00 . Further-

more, ðN�
1 ÞsP

�

¼0 ¼ fsðsP�Þ j s > 0g.

Proof. (1) Because of P� A N�
1 and Lemma 10.14(1), ðX jP�Þ < 0 for all

X A H, and so (1) follows.

(2) Because of P� A N�
1 and Lemma 10.14(2), ðX jP�Þb 0 for all X A H 0,

and so (2) follows.

(3) Because of E1 A H and Lemma 10.14(1), ðX jE1Þ < 0 for all X A N�
1 , and

so (3) follows.

(4) Because of E2 A H 0 and Lemma 10.14(2), ðX jE2Þb 0 for all X A N�
1 ,

and so (4) follows.

(5) Because of sP� A N�
1 and Lemma 10.14(3), we obtain that ðX j sP�Þb 0

for all X A N�
1 , and that Y A N�

1 and ðY j sP�Þ ¼ 0 if and only if Y ¼ sðsP�Þ
for some s > 0. Thus (5) follows. r

Lemma 10.16. For X ;Y A J1, let DX ;Y ¼ fg A F4ð�20Þ j ðgX jY Þ ¼ 0g. As-

sume that there exists g0 A F4ð�20Þ such that ðg0X jY Þ0 0. Then DX ;Y has no

interior points in F4ð�20Þ, and the complement set ðDX ;Y Þc of DX ;Y is an open

dense submanifold of F4ð�20Þ.

Proof. Set the function f ðgÞ ¼ ðgX jYÞ for g A F4ð�20Þ. Note that F4ð�20Þ is

a connected real analytic manifold, and that f is a real analytic function.

Therefore, if the set f �1ð0Þ has some interior points then f 1 0 on F4ð�20Þ. Since

f ðg0Þ0 0 for some g0 A F4ð�20Þ, f �1ð0Þ has no interior points. Therefore ðDX ;Y Þc

is dense, and since DX ;Y is a closed set, ðDX ;Y Þc is an open set. r

Lemma 10.17. The equations (9.3) hold.

Proof. Put S0 ¼ fX A H j ðX jE1Þ ¼ 1g. Obviously, fE1gHS0. Fix X A S0.

Because of trðXÞ ¼ 1 and ðX jE1Þ ¼ 1, we can write X ¼ h1ð1; x;�x; x1; x2; x3Þ for
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some x A R and xi A O. Because of X�2 ¼ 0, �x2 � ðx1jx1Þ ¼ ðX�2ÞE1
¼ 0, so

that x ¼ x1 ¼ 0. Then ðxijxiÞ ¼ ðX�2ÞEi
¼ 0 for i A f2; 3g, so that xi ¼ 0. Thus

X ¼ E1, and so (9.3)(i) follows.

Put S1 ¼ fX A H 0 j ðX jE1Þ ¼ 0g, and S2 ¼ fh1ð0; 1=2� x; 1=2þ x; x; 0; 0Þ A
J1jx2 þ ðxjxÞ ¼ 1=4g. Taking x ¼ 0 and x ¼G1=2, we see fE2;E3gHS2. From

direct calculations, S2 HS1. Conversely, fix X A S1. Because of trðXÞ ¼ 1 and

ðX jE1Þ ¼ 0, we can write X ¼ h1ð0; 1=2þ x; 1=2� x; x1; x2; x3Þ for some x A R

and xi A O. Then 1=4� x2 � ðx1jx1Þ ¼ ðX�2ÞE1
¼ 0 and ðxijxiÞ ¼ ðX�2ÞEi

¼ 0

with i A f2; 3g. Therefore X ¼ h1ð0; 1=2þ x; 1=2� x; x1; 0; 0Þ with x2 þ ðx1jx1Þ ¼
1=4, and X A S2. Thus S1 HS2, and so S1 ¼ S2. r

11. The Iwasawa Decomposition of F4ð�20Þ

Because of HFF4ð�20Þ=K , we consider ANþ-orbits on H to give the

Iwasawa decomposition of F4ð�20Þ.

Lemma 11.1. For all X A H,

a2�1 logð�ðP�jX ÞÞnXX ¼ E1:

Proof. Put t ¼ 2�1 logð�ðP�jXÞÞ. By Lemma 10.15(1), H ¼ HP�

<0 ¼
HP�

00 HPP�

00 . Then ðP�jXÞ < 0, and logð�ðP�jX ÞÞ is well-defined. Using

trðXÞ ¼ 1 and Lemma 10.5, nXX ¼ rð�E1 þ E2Þ þ sP� þ 2�1ðE � E3Þ where

r ¼ 2�1ðP�jXÞ and s ¼ 4�1ððP�jXÞ�1 � ðP�jXÞÞ. Because of re�2t ¼ �2�1,

r sinh 2tþ se2t ¼ 0, and Lemma 10.6, we get atnXX ¼ �2�1ð�E1 þ E2Þ þ
2�1ðE1 þ E2Þ ¼ E1. r

Proof of Main-Theorem 9.4. Using (9.4), g�1E1 A H. Then using Lemma

11.1 and a2�1 logð�ðgP�jE1ÞÞ ¼ a2�1 logð�ðP�jg�1E1ÞÞ,

a2�1 logð�ðgP�jE1ÞÞng�1E1
g�1E1 ¼ E1:

Put k ¼ a2�1 logð�ðgP�jE1ÞÞng�1E1
g�1. Then k A ðF4ð�20ÞÞE1

¼ K by (9.8), and

g ¼ k�1a2�1 logð�ðgP�jE1ÞÞng�1E1
A KANþ:

Set HðgÞ ¼ 2�1 logð�ðgP� jE1ÞÞ ~AA1
3ð1Þ A a, nI ðgÞ ¼ ng�1E1

A Nþ, and kðgÞ ¼ k�1 A

K , respectively. Then g ¼ kðgÞ expðHðgÞÞnI ðgÞ, and it follows from Lemma

10.13(1) that HðgÞ, nI ðgÞ, and kðgÞ are uniquely determined. Because of

ðP� j g�1E1Þ ¼ ðgP� jE1Þ, ðQþðeiÞ j g�1E1Þ ¼ ðgQþðeiÞ jE1Þ, and ðF 1
3 ðeiÞ j g�1E1Þ
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¼ ðgF 1
3 ðeiÞ jE1Þ, we see

ng�1E1
¼ exp

�
G1 2�1

X7

i¼0
ðgQþðeiÞ jE1Þei

� �.
ðgP� jE1Þ

� �

þ G2 �2�1
X7

i¼1
ðgF 1

3 ðeiÞ jE1Þei
� �.

ðgP� jE1Þ
� ��

:

Moreover, kðgÞ ¼ gnI ðgÞ�1 expð�HðgÞÞ. Hence the result follows. r

Set ~DD4 :¼ fðg1; g2; g3Þ A SOð8Þ3 j ðg1xÞðg2 yÞ ¼ g3ðxyÞ for x; y A Og. From

[13, Lemma 3.2(1)], the following map j0 : ~DD4 ! D4 is a group isomorphism;

j0ðg1; g2; g3Þð
P3

i¼1ðxiEi þ F 1
i ðxiÞÞÞ ¼

P3
i¼1ðxiEi þ F 1

i ðgixiÞÞ. From [13, (4.5)], for

j A f1; 2; 3g and X ¼
P3

i¼1ðxiEi þ F 1
i ðxiÞÞ, there exists g0 ¼ j0ðg1; g2; g3Þ A D4

such that

g0X ¼
X3

i¼1
xiEi

� �
þ F 1

j ðr0Þ þ
X2

k¼1
F 1
jþkðgjþkxjþkÞð11:1Þ

with r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxjjxjÞ

q
A R

where the index j þ k is counted modulo 3.

Proof of Theorem 9.5. For all m A M, t A R, and n A Nþ, using Lemma

10.7, matn½P�� ¼ ½e2tP�� ¼ ½P��, so that MANþ H ðF4ð�20ÞÞ½P��. Conversely, fix

g A ðF4ð�20ÞÞ½P��. Then gP� ¼ sP� for some s > 0. Because of F4ð�20Þ ¼ KANþ, g

can be expressed by g ¼ katn with k A K , t A R, and n A Nþ. From Lemma 10.7,

sP� ¼ gP� ¼ kðatnP�Þ ¼ e2tkP�. Now, using Lemma 10.10(1), �s ¼ ðsP� jE1Þ
¼ ðgP� jE1Þ ¼ ðkatnP� jE1Þ ¼ �e2t, so that s ¼ e2t. Then kP� ¼ P�, and from

(9.8) and Lemma 10.11, k A K V ðF4ð�20ÞÞP� ¼ ðF4ð�20ÞÞE1;P� ¼ M. Thus g ¼
katn A MANþ, and ðF4ð�20ÞÞ½P�� HMANþ. Hence ðF4ð�20ÞÞ½P�� ¼ MANþ, and it

follows from (9.7) and F ¼ N�
1 =@ that

F ¼ F4ð�20Þ � ½P��FF4ð�20Þ=ðF4ð�20ÞÞ½P�� ¼ F4ð�20Þ=MANþ:

Next, let us show that K transitively acts on F. Obviously K acts on F. Fix

½X � A F with X A N�
1 . Using [13, Lemma 5.2(4)], there exists k1 A K such that

k1X ¼ h1ð�x; x; 0; 0; 0; xÞ where x > 0, x A O, and x2 � ðxjxÞ ¼ 0. Using (11.1),

there exists k2 A D4 HK such that k2k1X ¼ h1ð�x; x; 0; 0; 0; xÞ ¼ xP�. Thus

k2k1½X � ¼ ½xP�� ¼ ½P��, and so F ¼ K � ½P��. Last, from ðF4ð�20ÞÞ½P�� ¼ MANþ

and Lemma 10.13(1), K½P�� ¼ ðF4ð�20ÞÞ½P�� VK ¼ ðMANþÞVK ¼ M. Thus from

F ¼ K � ½P��, (9.8), and (9.11), it follows that

FFK=K½P�� ¼ K=M ¼ Spinð9Þ=Spinð7Þ: r
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We define the quadratic space ðO2;QÞ by the normal linear space O2 ¼
O�O and Qðx; yÞ :¼ ðxjxÞ þ ðyjyÞ for x; y A O, and S15 :¼ fðx; yÞ A O2 jQðx; yÞ
¼ 1g.

Proposition 11.2.

FFS15:

Furthermore, K=MFS15.

Proof. Set the map f : S15 ! F as

f ðx; yÞ :¼ ½h1ð�1; ðyjyÞ; ðxjxÞ; xy; x; yÞ� for ðx; yÞ A S15:

Put X ¼ h1ð�1; ðyjyÞ; ðxjxÞ; xy; x; yÞ. From direct calculations, we get X A N�
1 .

Therefore f is well-defined. On the other hand, the map g : F ! S15 set as

gð½h1ðx1; x2; x3; x1; x2; x3Þ�Þ :¼ ð�x�1
1 x2;�x�1

1 x3Þ

for h1ðx1; x2; x3; x1; x2; x3Þ A N�
1 . Put X ¼ h1ðx1; x2; x3; x1; x2; x3Þ, x ¼ �x�1

1 x2,

and y ¼ �x�1
1 x3, respectively. Because of x3x1 þ ðx2jx2Þ ¼ ðX�2ÞE2

¼ 0,

x1x2 þ ðx3jx3Þ ¼ ðX�2ÞE3
¼ 0, and x1 þ x2 þ x3 ¼ trðX Þ ¼ 0, we get Qðx; yÞ ¼

x�2
1 ððx2jx2Þ þ ðx3jx3ÞÞ ¼ x�2

1 ð�x3x1 � x1x2Þ ¼ x�1
1 ð�x2 � x3Þ ¼ x�1

1 x1 ¼ 1. There-

fore g is well-defined.

Now, it follows that g � f ðx; yÞ ¼ ðx; yÞ for all ðx; yÞ A S15, so that

g � f ¼ id. On the other hand, for all X ¼ h1ðx1; x2; x3; x1; x2; x3Þ A N�
1 , because

F ¼ N�
1 =@, x1 ¼ ðX jE1Þ < 0, x1 ¼ �x�1

1 ðx2x3Þ from �x2x3 � x1x1 ¼ ðX�2ÞF1
¼

0, x2 ¼ �x�1
1 ðx3jx3Þ from x1x2 þ ðx3jx3Þ ¼ ðX�2ÞE3

¼ 0, and x3 ¼ �x�1
1 ðx2jx2Þ

from x3x1 þ ðx2jx2Þ ¼ ðX�2ÞE2
¼ 0, we see

f � gð½h1ðx1; x2; x3; x1; x2; x3Þ�Þ

¼ ½h1ð�1; x�2
1 ðx3jx3Þ; x�2

1 ðx2jx2Þ; x�2
1 ðx2x3Þ;�x�1

1 x2;�x�1
1 x3Þ�

¼ ½h1ðx1;�x�1
1 ðx3jx3Þ;�x�1

1 ðx2jx2Þ;�x�1
1 ðx2x3Þ; x2; x3Þ�

¼ ½h1ðx1; x2; x3; x1; x2; x3Þ�:

Therefore f � g ¼ id. Hence FFS15, and from Theorem 9.5(4), K=MFS15.

r

Remark 11.3. I. Yokota has proved Spinð9Þ=Spinð7ÞFS15 ([20, Example

5.6], [19]) by realizing Spinð9Þ and Spinð7Þ as stabilizers of finite points in the
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compact exceptional Lie group F4 :¼ AutRðJÞ where J is an exceptional Jordan

algebra, and showing that Spinð9Þ transitively acts on S15 embed in J. In

Proposition 11.2, we give the other proof by using F ¼ N�
1 =@ where N�

1 is an

exceptional null cone.

12. The Ke-Iwasawa Decomposition of F4ð�20Þ

Because of H 0 FF4ð�20Þ=Ke, we consider ANþ-orbits on H 0 to give the

Ke-Iwasawa decomposition of F4ð�20Þ.

Lemma 12.1. Assume that X A H 0P�

00 . Then

a2�1 logððP�jXÞÞnXX ¼ E2:

Proof. Put t ¼ 2�1 logððP�jX ÞÞ. By Lemma 10.15(2), H 0P�

>0 ¼ H 0P�

00 H
PP�

00 . Then ðP�jXÞ > 0, and logððP�jXÞÞ is well-defined. Using trðXÞ ¼ 1 and

Lemma 10.5, nXX ¼ rð�E1 þ E2Þ þ sP� þ 2�1ðE � E3Þ where r ¼ 2�1ðP�jXÞ
and s ¼ 4�1ððP�jX Þ�1 � ðP�jXÞÞ. Because of re�2t ¼ 2�1, r sinh 2tþ se2t ¼ 0,

and Lemma 10.6, we get atnXX ¼ 2�1ð�E1 þ E2Þ þ 2�1ðE1 þ E2Þ ¼ E2. r

Proof of Main Theorem 9.6. Put D ¼ fg A F4ð�20Þ j ðgP� jE2Þ > 0g. From
(9.7) and Lemma 10.15(4), we see D ¼ fg A F4ð�20Þ j gP� A ðN�

1 ÞE2

>0g ¼
fg A F4ð�20Þ j gP� A ðN�

1 ÞE2

00g ¼ fg A F4ð�20Þ j ðgP� jE2Þ0 0g. Now, from Lemma

10.10(2), KeAN
þ HD. Conversely, fix g A D. From (9.5), g�1E2 A H 0, and

ðP� j g�1E2Þ ¼ ðgP� jE2Þ > 0, so that g�1E2 A H 0P�

>0 . Using Lemma 12.1 and

a2�1 logððgP�jE2ÞÞ ¼ a2�1 logððP�jg�1E2ÞÞ,

a2�1 logððgP�jE2ÞÞng�1E2
g�1E2 ¼ E2:

Put k 0 ¼ a2�1 logððgP�jE2ÞÞng�1E2
g�1. Then k 0 A ðF4ð�20ÞÞE2

¼ Ke by (9.20), and

g ¼ k 0�1a2�1 logððgP�jE2ÞÞng�1E2
A KeAN

þ:ð*Þ

Thus DHKeAN
þ, and so D ¼ KeAN

þ. Since the identity element 1 A F4ð�20Þ
is in D and the complement set Dc is given by Dc ¼ fg A F4ð�20Þ j ðgP� jE2Þ
¼ 0g, applying Lemma 10.16, D ¼ KeAN

þ is an open dense submanifold of

F4ð�20Þ.

From (*), we set HeðgÞ ¼ 2�1 logððgP� jE2ÞÞ ~AA1
3ð1Þ A a, neðgÞ ¼ ng�1E2

A Nþ,

and keðgÞ ¼ k 0�1 A Ke, respectively. Then we get g ¼ keðgÞ expðHeðgÞÞneðgÞ, and it

follows from Lemma 10.13(2) that HeðgÞ, neðgÞ, and keðgÞ are uniquely deter-
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mined. Since ðX j g�1YÞ ¼ ðgX jY Þ for all X ;Y A J1, we see

ng�1E2
¼ exp

�
G1 2�1

X7

i¼0
ðgQþðeiÞ jE2Þei

� �.
ðgP� jE2Þ

� �

þ G2 �2�1
X7

i¼1
ðgF 1

3 ðeiÞ jE2Þei
� �.

ðgP� jE2Þ
� ��

:

Moreover, keðgÞ ¼ gneðgÞ�1 expð�HeðgÞÞ. Hence the result follows. r

13. The Matsuki Decomposition of F4ð�20Þ

For X A J1, we denote L�ðXÞ A EndRðJ1Þ by L�ðXÞY ¼ X � Y for

Y A J1. For j A f1; 2; 3g and p; q A R, we denote the subspace ðJ1Þ jp;q of J1 by

ðJ1Þ jp;q :¼ fX A J1 j sjX ¼ pX ;L�ð2EjÞX ¼ qXg:

Lemma 13.1. Let j A f1; 2; 3g and p; q A R.

(1) For all k A ðF4ð�20ÞÞEj
,

L�ð2EjÞ � k ¼ k � L�ð2EjÞ:

(2) The stabilizer ðF4ð�20ÞÞEj
invariants the space ðJ1Þ jp;q.

Proof. (1) It follows from L�ð2EjÞðkX Þ ¼ 2Ej � ðkX Þ ¼ kð2Ej � XÞ ¼
kðL�ð2EjÞX Þ for all X A J1.

(2) From [13, Proposition 4.14] and (1), we see that k � sj ¼ sj � k and

L�ð2EjÞ � k ¼ k � L�ð2EjÞ for all k A ðF4ð�20ÞÞEj
. Hence (2) follows. r

By direct calculations, we have the following lemma.

Lemma 13.2. Let j A f1; 2; 3g.

J1 ¼ ðJ1Þ j�1;0 l ðJ1Þ j1;0 l ðJ1Þ j1;1 l ðJ1Þ j1;�1

where

ðJ1Þ j�1;0 ¼ fF 1
jþ1ðxjþ1Þ þ F 1

jþ2ðxjþ2Þ j xjþ1; xjþ2 A Og;

ðJ1Þ j1;0 ¼ fpEj j p A Rg; ðJ1Þ j1;1 ¼ fqðE � EjÞ j q A Rg;

ðJ1Þ j1;�1 ¼ fxðEjþ1 � Ejþ2Þ þ F 1
j ðxjÞ j x A R; xj A Og

and indexes j, j þ 1, j þ 2 are counted modulo 3.
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Let j A f2; 3g. For X A J1, we denote the quadratic form Q by QðYÞ :¼
�trðY�2Þ for Y A J1, and S8;1

j :¼ fX A ðJ1Þ j1;�1 jQðXÞ ¼ 1g ¼ fxðEjþ1 � Ejþ2Þ
þ F 1

j ðxÞ j x A R; x A O; x2 � ðxjxÞ ¼ 1g.

Lemma 13.3. Let j A f2; 3g and indexes j, j þ 1, j þ 2 be counted modulo 3.

S8;1
j decomposes into the following two ðF4ð�20ÞÞEj

-orbits:

S8;1
j ¼ ðF4ð�20ÞÞEj

� ðEjþ1 � Ejþ2Þ
a

ðF4ð�20ÞÞEj
� ð�Ejþ1 þ Ejþ2Þ:

Proof. From [13, Lemmas 4.2 and 4.6],

S8;1
3 ¼ ðF4ð�20ÞÞE3

� ðE1 � E2Þ
a

ðF4ð�20ÞÞE3
� ð�E1 þ E2Þ:

Put g0 ¼ expð2�1p ~AA1
1ð1ÞÞ. Multiplying g0 from the left, we have

S8;1
2 ¼ ðF4ð�20ÞÞE2

� ðE1 � E3Þ
a

ðF4ð�20ÞÞE2
� ð�E1 þ E3Þ:

Here, using g0s3g
�1
0 ¼ s2, g0S

8;1
3 ¼ S8;1

2 . r

Lemma 13.4. Let X A N�
1 .

(1) If ðX jE2Þ0 0, then there exists ke A Ke such that keX ¼ rP�
12 for some

r > 0.

(2) If ðX jE2Þ ¼ 0, then there exists ke A Ke such that keX ¼ rP�
13 for some

r > 0.

Proof. (1) From Lemma 13.2, X can be expressed by X ¼ ðF 1
3 ðx3Þ þ

F 1
1 ðx1ÞÞ þ pE2 þ qðE � E2Þ þ ðxðE3 � E1Þ þ F 1

2 ðx2ÞÞ where F 1
3 ðx3Þ þ F 1

1 ðx1Þ A
ðJ1Þ2�1;0, pE2 A ðJ1Þ21;0, qðE � E2Þ A ðJ1Þ21;1, xðE3 � E1Þ þ F 1

2 ðx2Þ A ðJ1Þ21;�1,

and p ¼ ðX jE2Þ0 0 with p; q; x A R and xi A O. Because of X A N�
1 , we see

pþ 2q ¼ trðXÞ ¼ 0 and q2 � x2 þ ðx2jx2Þ ¼ ðX�2ÞE2
¼ 0. Then x2 � ðx2jx2Þ ¼

4�1p2 > 0. Setting r ¼ 2�1jpj, we can write xðE3 � E1Þ þ F 1
2 ðx2Þ ¼ rW for some

W A S8;1
2 . From Lemma 13.3 and (9.20), there exists k0 A Ke ¼ ðF4ð�20ÞÞE2

such

that k0W ¼ eðE3 � E1Þ with e ¼G1. Because of Ke ¼ ðF4ð�20ÞÞE2
, we get

k0ðpE2Þ ¼ pE2 and k0ðqðE � E2ÞÞ ¼ qðE � E2Þ. And because of F 1
3 ðx3Þ þ F 1

1 ðx1Þ
A ðJ1Þ2�1;0 and Lemma 13.1(2), we get k0ðF 1

3 ðx3Þ þ F 1
1 ðx1ÞÞ ¼ F 1

3 ðy3Þ þ F 1
1 ðy1Þ

for some yi A O. Therefore k0X ¼ h1ðh1; p; h3; y1; 0; y3Þ where h1 ¼ q� er and
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h3 ¼ qþ er. Put X 0 ¼ k0X . Because of X 0 A N�
1 by (9.7),

ðiÞ h1 ¼ ðE1jX 0Þ < 0; ðiiÞ h1 þ pþ h3 ¼ trðX 0Þ ¼ 0;

ðiiiÞ h3h1 ¼ ðX 0�2ÞE2
¼ 0; ðivÞ ph3 � ðy1jy1Þ ¼ ðX 0�2ÞE1

¼ 0;

ðvÞ h1 pþ ðy3jy3Þ ¼ ðX 0�2ÞE3
¼ 0:

Form (i), (ii), and (iii), we get h3 ¼ 0, h1 ¼ �p, and p > 0. And by (iv) and (v),

we get y1 ¼ 0 and p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy3jy3Þ

p
. Consequently X 0 ¼ h1ð�p; p; 0; 0; 0; y3Þ with

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy3jy3Þ

p
. Using (11.1), there exists k1 A D4 HKe such that k1k0X ¼ k1X

0 ¼
h1ð�p; p; 0; 0; 0; pÞ ¼ pP�

12.

(2) Because of trðXÞ ¼ 0 and ðX jE2Þ ¼ 0, X ¼ h1ð�r; 0; r; x1; x2; x3Þ for some

r A R and xi A O. Because of X A N�
1 , we get �r ¼ ðE1jXÞ < 0, �ðx1jx1Þ ¼

ðX�2ÞE1
¼ 0, �r2 þ ðx2jx2Þ ¼ ðX�2ÞE2

¼ 0, and ðx3jx3Þ ¼ ðX�2ÞE3
¼ 0. Then X ¼

h1ð�r; 0; r; 0; x2; 0Þ with r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2jx2Þ

p
. Using (11.1), there exists k 0 A D4 HKe such

that k 0X ¼ h1ð�r; 0; r; 0; r; 0Þ ¼ rP�
13. r

Proof of Theorem 9.7. Set O ¼ f½X � A F j ðX jE2Þ0 0g, and O 0 ¼
f½X � A F j ðX jE2Þ ¼ 0g. Then F ¼ O

‘
O 0. Because of F ¼ N�

1 =@ and Lemma

10.15(4), O ¼ f½X � A F j ðX jE2Þ > 0g. For any k A Ke, ðkX jE2Þ ¼ ðX j k�1E2Þ ¼
ðX jE2Þ by (9.20), so that Ke acts on O and O 0, respectively. When ½X � A O, by

Lemma 13.4(1), there exists k A Ke such that k½X � ¼ ½kX � ¼ ½P�
12�. And when

½X � A O 0, by Lemma 13.4(2), there exists k 0 A Ke such that k 0½X � ¼ ½k 0X � ¼ ½P�
13�.

Hence the result follows. r

Proof of Theorem 9.8. Put g0 ¼ expð�2�1p ~AA1
1ð1ÞÞ, and D ¼ fg A F4ð�20Þ j

ðgP�
12 jE2Þ ¼ 0g. Then g�1

0 ¼ expð2�1p ~AA1
1ð1ÞÞ, and from (10.6), g�1

0 P�
13 ¼ P�

12 and

g�1
0 E2 ¼ E3. Fix g A D. By (9.7), gP�

12 A N�
1 , and applying Theorem 9.7, ½gP�

12� A
Ke � ½P�

13�. Therefore k½gP�
12� ¼ ½P�

13� for some k A Ke. Then g�1
0 kg½P�

12� ¼ ½g�1
0 P�

13�
¼ ½P�

12�, so that g�1
0 kg A ðF4ð�20ÞÞ½P�

12
�. Using Theorem 9.5(1), g�1

0 kg ¼ matn for

some m A M, t A R, and n A Nþ. Thus g ¼ k�1g0man A Keg0MANþ, and so DH
Keg0MANþ. Conversely, take g ¼ kg0atmn A Keg0MANþ with k A Ke, t A R, and

n A Nþ. Because of Lemma 10.7, (9.20), and g�1
0 E2 ¼ E3, we see ðgP�

12 jE2Þ ¼
ðmatnP

�
12 j g�1

0 k�1E2Þ ¼ e2tðP�
12jE3Þ ¼ 0. Thus g A D, and so Keg0MANþ HD.

Hence Keg0MANþ ¼ D. Last, from MHKe and Main Theorem 9.6, KeMANþ

¼ KeAN
þ ¼ fg A F4ð�20Þ j ðgP�

12 jE2Þ0 0g. Thus F4ð�20Þ ¼ fg A F4ð�20Þ j ðgP�
12 jE2Þ

0 0g
‘
fg A F4ð�20Þ j ðgP�

12 jE2Þ ¼ 0g ¼ KeMANþ ‘
Keg0MANþ. r
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14. The Bruhat and Gauss Decompositions of F4ð�20Þ

Because of FFF4ð�20Þ=MANþ, we consider N�-orbits on F to give the

Bruhat and Gauss decompositions of F4ð�20Þ. For any X A ðN�
1 ÞsP

�

00 , denote

zX :¼ ~ssðnsX Þ A N�.

Lemma 14.1. Assume that X A ðN�
1 ÞsP

�

00 . Then

zXX ¼ 4�1ðX j sP�ÞP�:

Proof. Since ðsX jP�Þ ¼ ðX j sP�Þ0 0 and trðsXÞ ¼ trðX Þ ¼ 0, applying

Lemma 10.5,

nsX ðsX Þ ¼ 4�1ðsX jP�Þð�E1 þ E2 þ F 1
3 ð�1ÞÞ ¼ 4�1ðX j sP�ÞsP�:

Thus zXX ¼ ðsnsXsÞX ¼ 4�1ðX j sP�ÞP�. r

Proof of Theorem 9.9. Set O ¼ f½X � A F j ðX j sP�Þ > 0g, and O 0 ¼
f½X � A F j ðX j sP�Þ ¼ 0g. Using Lemma 10.15(5), O ¼ f½X � A F jX A ðN�

1 ÞsP
�

>0 g
¼ f½X � A F jX A ðN�

1 ÞsP
�

00 g ¼ f½X � A F j ðX j sP�Þ0 0g and O 0 ¼ f½X � A F jX A

ðN�
1 ÞsP

�

¼0 g ¼ f½sP��g. Then F ¼ O
‘

O 0. For any z A N� and ½X � A O, using

Lemma 10.8, ðzX j sP�Þ ¼ ðX j z�1ðsP�ÞÞ ¼ ðX j sP�Þ > 0, and N� acts on O.

Fix ½X � A O. Taking zX A N�, from Lemma 14.1, zX ½X � ¼ ½4�1ðX j sP�ÞP�� ¼
½P��, and O ¼ N� � ½P��. Next, using Lemma 10.8, N� � ½sP�� ¼ f½sP��g ¼ O 0.

Therefore F ¼ O
‘

O 0 ¼ N� � ½P��
‘
f½sP��g ¼ N� � ½P��

‘
N� � ½sP��. r

Proof of Main Theorem 9.10. Put D ¼ fg A F4ð�20Þ j ðgP� j sP�Þ > 0g.
From (9.7), gP� A N�

1 , and using Lemma 10.15(5), D ¼ fg A F4ð�20Þ j gP� A

ðN�
1 ÞsP

�

>0 g ¼ fg A F4ð�20Þ j gP� A ðN�
1 ÞsP

�

00 g ¼ fg A F4ð�20Þ j ðgP� j sP�Þ0 0g and

the complement set Dc of D is given by Dc ¼ fg A F4ð�20Þ j ðgP� j sP�Þ ¼ 0g ¼
fg A F4ð�20Þ j gP� A ðN�

1 ÞsP
�

¼0 g ¼ fg A F4ð�20Þ j g½P�� ¼ ½sP��g. First, let us show

D ¼ N�MANþ. From Lemma 10.10(3), N�MANþ HD. Conversely, fix g A D.

Then gP� A ðN�
1 ÞsP

�

>0 , and from Lemma 14.1, ðzgP�ÞgP� ¼ 4�1ðgP� j sP�ÞP�

and ðgP� j sP�Þ > 0. Therefore ðzgP�Þg½P�� ¼ ½4�1ðgP� j sP�ÞP�� ¼ ½P��. Using

Theorem 9.5(1), ðzgP�Þg ¼ matn for some t A R, m A M, and n A Nþ. Thus

g ¼ ðzgP�Þ�1
matn A N�MANþ;ð*Þ

and so DHN�MANþ. Hence D ¼ N�MANþ. Since the identity element

1 A F4ð�20Þ is in D, applying Lemma 10.16, D ¼ N�MANþ is an open dense

submanifold of F4ð�20Þ.
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Second, let us show Dc ¼ sMAN. Fix smatn A sMAN with m A M, t A R,

and n A Nþ. By Lemma 10.7, smatnP
� ¼ e2tðsP�Þ, so that smatn½P�� ¼ ½sP��.

Thus sMANHDc. Conversely, fix g A Dc. Because of g½P�� ¼ ½sP��, sg½P�� ¼
½P��. Using Theorem 9.5(1), sg A MANþ. Thus g A sMANþ, and so Dc H
sMANþ. Hence Dc ¼ sMANþ, and F4ð�20Þ ¼ D

‘
Dc ¼ N�MANþ ‘

sMANþ.

Now, from N� ¼ ~ssðNþÞ ¼ sNþs and Lemma 10.9(3), it follows that

N�sMANþ ¼ sNþMANþ ¼ sMANþ.

Next, from (*), set n
�
G ðgÞ ¼ ðzgP�Þ�1, aGðgÞ ¼ at, n

þ
G ðgÞ ¼ n, and mGðgÞ ¼ m,

respectively. Then g ¼ n�G ðgÞmGðgÞaGðgÞnþG ðgÞ, and it follows from Lemma

10.13(3) that aGðgÞ, n�G ðgÞ, nþG ðgÞ, and mGðgÞ are uniquely determined. Now, since

ðzgP�Þg ¼ matn and the uniqueness of factors of the Iwasawa decomposition

of F4ð20Þ, aGðgÞ, nþG ðgÞ, and mGðgÞ are given by aGðgÞ ¼ expðHððzgP�ÞgÞ ~AA1
3ð1ÞÞ,

nþG ðgÞ ¼ nI ððzgP�ÞgÞ, and mGðgÞ ¼ kððzgP�ÞgÞ, respectively. Then these equations

imply that (i), (ii), (iii), and (iv). Indeed, using Lemma 14.1,

�ððzgP�ÞgP� jE1Þ ¼ �4�1ðgP� j sP�ÞðP�jE1Þ ¼ 4�1ðgP� j sP�Þ;

so that t ¼ 2�1 logð4�1ðgP� j sP�ÞÞ. Because of sQþðeiÞ ¼ Q�ðeiÞ, sF 1
3 ðeiÞ ¼

�F 1
3 ðeiÞ, and (9.18), we see

ðzgP�Þ�1 ¼ ~ss
�
exp

�
G1 �2�1

X7

i¼0
ðQþðeiÞ j sgP�Þei

� �.
ðP� j sgP�Þ

� �

þ G2 2�1
X7

i¼1
ðF 1

3 ðeiÞ j sgP�Þei
� �.

ðP� j sgP�Þ
� ���

¼ exp
�
G�1 �2�1

X7

i¼0
ðQ�ðeiÞ j gP�Þei

� �.
ðgP� j sP�Þ

� �

þ G�2 �2�1
X7

i¼1
ðF 1

3 ðeiÞ j gP�Þei
� �.

ðgP� j sP�Þ
� ��

:

Moreover, we get nþG ðgÞ ¼ nI ððzgP�ÞgÞ ¼ nI ðn�G ðgÞ
�1
gÞ and mGðgÞ ¼

ðzgP�Þgn�1a�1
t ¼ n�G ðgÞ

�1
gnþG ðgÞ

�1
aGðgÞ�1. Hence the result follows. r

Appendix A. The Explicit Formula c-Function of F4ð�20Þ

Recall a ¼ ft ~AA1
3ð1Þ j t A Rg. Let a� be the dual of a, and a�

C the complex-

ification of a�, and recall a A SH a� H a�
C satisfies að ~AA1

3ð1ÞÞ ¼ 1. Let Bð� ; �Þ be the

Killing form of f4ð�20Þ. For l A a�, we define the element Hl A a by BðHl;HÞ ¼
lðHÞ for all H A a, and the bilinear form h� ; �i on a�

C by setting hl1; l2i :¼
BðHl1 ;Hl2Þ and extending it to the whole of a�

C by linearity. For any l A a�
C, we

define la A C by

la :¼ ð2hl; aiÞ=ha; ai:
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Because of dim a�
C ¼ dim a ¼ 1, l ¼ 2�1laa. We denote ma :¼ dim ga ¼ dim O

¼ 8 and m2a :¼ dim g2a ¼ dimðIm OÞ ¼ 7, and we define r A a�
C by

r :¼ 2�1ððdim gaÞaþ ðdim g2aÞ2aÞ ¼ 2�1ðma þ 2m2aÞa:

For l A a�
C, we consider the spherical function jl on F4ð�20Þ and the c-function of

Harish-Chandra on a�
C. From [5] (cf. [14], [15], [16]), jl is given by

jlðgÞ :¼
ð
K

eðl�rÞðHðgkÞÞ dk ¼
ð
N�

eðl�rÞðHðgzÞÞe�ðlþrÞðHðzÞÞ dz

for g A F4ð�20Þ, and the function c is given by

cðlÞ :¼
ð
N�

e�ðlþrÞðHðzÞÞ dz:

Here the measure dk on compact group K is normalized such that the total

measure is 1, and the Haar measures of nilpotent groups Nþ and N� are

normalized such that

~ssðdnÞ ¼ dz and

ð
N�

e�2rðHðzÞÞ dz ¼ 1:

Lemma A.1. Let t A R, p A Im O, x A O, and t A R. Assume that z ¼
expðG�2ðpÞ þ G�1ðxÞÞ A N�. Then

HðatzÞ ¼ 2�1 logðe�2tððe2t þ ðxjxÞÞ2 þ 4ðpjpÞÞÞ ~AA1
3ð1Þ;ð1Þ

HðzÞ ¼ 2�1 logðð1þ ðxjxÞÞ2 þ 4ðpjpÞÞ ~AA1
3ð1Þ:ð2Þ

Proof. From (9.18) and (9.15), z ¼ s exp G2ðpÞ exp G1ðxÞs. Put X ¼
s exp G2ðpÞ exp G1ðxÞsP�. Using sP� ¼ 2ð�E1 þ E2Þ � P�, (10.2), and (10.3),

we calculate that

X ¼ �ðððxjxÞ þ 1Þ2 þ 4ðpjpÞÞE1 þ ðððxjxÞ � 1Þ2 þ 4ðpjpÞÞE2

þ 4ðxjxÞE3 þ F 1
1 ð2ððxjxÞ þ 2p� 1ÞxÞ

þ F 1
2 ð�2xððxjxÞ � 2pþ 1ÞÞ þ F 1

3 ð�ðxjxÞ2 � 4ðpjpÞ þ 1þ 4pÞ:

Set X ¼ h1ðh1; h2; h3; y1; y2; y3Þ. Using (10.5), we get ðatzP� jE1Þ ¼ ðatX ÞE1
¼

2�1ððh1 þ h2Þ þ ðh1 � h2Þ coshð2tÞÞ � ð1jy3Þ sinhð2tÞ. Because of 2�1ðh1 þ h2Þ ¼
�2ðxjxÞ, 2�1ðh1 � h2Þ ¼ �ðxjxÞ2 � 4ðpjpÞ � 1, and ð1jy3Þ ¼ �ðxjxÞ2 � 4ðpjpÞ þ 1,

116 Akihiro Nishio



we calculate that

ðatzP� jE1Þ ¼ �e�2tððxjxÞ2 þ 2e2tðxjxÞ þ e4t þ 4ðpjpÞÞ

¼ �e�2tððe2t þ ðxjxÞÞ2 þ 4ðpjpÞÞ:

Thus (1) follows from Main Theorem 9.4(i), and substituting t ¼ 0 in (1), we

obtain (2). r

Proposition A.2. Assume l A a�
C,

a ¼ 4�1ðma þ 2m2a þ laÞ; b ¼ 4�1ðma þ 2m2a � laÞ:

Then there exists the constant C0 A R such that

cðlÞ ¼ C0

ð
Rma�Rm2a

ðð1þ ðxjxÞÞ2 þ 4ðpjpÞÞ�a
dxdp;ð1Þ

jlðatÞ ¼ C0

ð
Rma�Rm2a

e2btððe2t þ ðxjxÞÞ2 þ 4ðpjpÞÞ�b�ð2Þ

ðð1þ ðxjxÞÞ2 þ 4ðpjpÞÞ�a
dxdp

where the measure dx and dp are the Euclidean measure.

Proof. It follows from Lemma A.1. r

From [13, Lemma 7.2],

Bðf; ~ssfÞ ¼ �3
X3

i¼1

X7

j¼0
ðDiej jDiejÞ

� �
þ 24ðaijaiÞ

� �� �

where f ¼ dj0ðD1;D2;D3Þ þ
P3

i¼1
~AA1
i ðaiÞ with dj0ðD1;D2;D3Þ A d4 and ai A O.

We denote QðfÞ :¼ �ha; aiBðf; ~ssfÞ for f A f4ð�20Þ. Then from direct calculations,

we have the following proposition.

Proposition A.3. Assume that l A a�
C, p A Im O and x A O. Then QðG�1ðxÞÞ

¼ 2ðxjxÞ and QðG�2ðpÞÞ ¼ 2ðpjpÞ:

Corollary A.4 ([6], [17], cf. [14, Lemma 4.12 and (4.27)]). Assume that

l A a�
C. Then for X A g�a and Y A g�2a,

elðHðexpðXþYÞÞÞ ¼ ðð1þ 2�1QðXÞÞ2 þ 2QðYÞÞ4
�1la :
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Remark A.5 ([6], [17], cf. [15], [16]). From Proposition A.2(1), changing

variables to polar coordinates, up to the constant multiple, cðlÞ is equal toðy
0

ðy
0

tma�1sm2a�1ðð1þ t2Þ2 þ s2Þ�4�1ðlaþmaþ2m2aÞ dsdt

¼
ðy
0

ðy
0

ðs=ð1þ t2ÞÞm2a�1ð1þ ðs=ð1þ t2ÞÞ2Þ�4�1ðlaþmaþ2m2aÞ

� tma�1ð1þ t2Þ�2�1ðlaþmaÞþ1
dsdt

¼
ðy
0

um2a�1ð1þ u2Þ�4�1ðlaþmaþ2m2aÞ du

�
ðy
0

tma�1ð1þ t2Þ�2�1ðlaþmaÞ dt:

By using the integral formulaðy
0

xað1þ xcÞ�ðbþ1Þ
dx ¼ c�1G½ðaþ 1Þ=c�G½b� ðða� cþ 1Þ=cÞ�=Gð1þ bÞ

ðReðcÞ > 0;ReðaÞ;ReðbÞ > �1;ReðbÞ > Reðða� cþ aÞ=cÞÞ; up to the constant

multiple, this integral is equal to

ðGðla=2ÞGððla þmaÞ=4ÞÞ=ðGððla þmaÞ=2ÞGððla þma þ 2m2aÞ=4ÞÞ:

These calculations imply the Gindikin and Karpelevich formula of the semisimple

Lie group F4ð�20Þ which is known [2] (cf. [15, (4.3)], [9]).
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