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a b s t r a c t

Intuitively, a complex Liouvillian function is one that is obtained from complex rational
functions by a finite process of integrations, exponentiations and algebraic operations.
In the framework of ordinary differential equations the study of equations admitting
Liouvillian solutions is related to the study of ordinary differential equations that can
be integrated by the use of elementary functions, that is, functions appearing in the
Differential Calculus. A more precise and geometrical approach to this problem naturally
leads us to consider the theory of foliations. This paper is devoted to the study of foliations
that admit a Liouvillian first integral. We study holomorphic foliations (of dimension or
codimension one) that admit a Liouvillian first integral. We extend results of Singer (1992)
[20] related to Camacho and Scárdua (2001) [4], to foliations on compact manifolds, Stein
manifolds, codimension-one projective foliations and germs of foliations as well.

© 2010 Elsevier B.V. All rights reserved.

Introduction

This paper is based on the original work of Singer [20] on the existence of Liouvillian first integrals for systems of
polynomial complex ordinary differential equations. Roughly speaking, a Liouvillian function is one that is obtained from
polynomials by a finite process of integrations, exponentiations and algebraic operations. In the complex setting, the notion
of Liouvillian function allows us to ask for differential equations that have a first integral of a more general type than the
holomorphic ormeromorphic one. Due to some geometrical and analytical aspects, this question ismore properly addressed
in the framework of holomorphic foliations. The problem of decidingwhether a germ of holomorphic singular codimension-
one foliation has a holomorphic first integral is studied in [13]where one finds a topological characterization. In the algebraic
case one has the so called Theorem of Darboux that assures the existence of a rational first integral for a foliation on the
complex projective plane admitting infinitely many algebraic leaves [10]. This result has been extended to codimension-
one foliations on compact manifolds admitting infinitely many compact analytic invariant hypersurfaces [1,7]. A theorem
assuring the existence of a meromorphic first integral for a proper parabolic foliation with isolated singularities on a Stein
Surface is proved in [22]. In this same paper it is given an example of a germ of singular foliation which is topologically
conjugated to one that has a meromorphic first integral but that does not admit a meromorphic first integral. However, this
example admits a first integral of Liouvillian type. Thus we can ask.

Problem. Is it true that a germ of holomorphic foliation in dimension two which is topologically conjugated to one having
a meromorphic first integral has a Liouvillian first integral?

This question is answered in a negative way in Section 11. In [20] it is proved that if a polynomial foliation on C2 has
a non algebraic solution satisfying a Liouvillian relation then the foliation has a Liouvillian first integral of a very simple
form (from the Differential Algebra viewpoint). The classification of such foliations is studied, in terms of hypotheses on the
singular set, in [4]. A more general study, related to the existence of an affine transverse structure is given in [17,18].
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The aim of this paper is to give a geometrical approach to the work of Singer and to extend the results of [20] to foliations
(mostly foliations by curves) on more general ambient spaces (Stein manifolds, compact complex manifolds) and to germs
of singular foliations. We also extend these results to codimension-one foliations on the n-dimensional complex projective
space CPn. This paper is organized as follows: Section 1 contains the basic language of Differential Algebra and the concepts
of Liouvillian extension and of Liouvillian function that we will adopt. In Section 2 we introduce the concept of Liouvillian
functions on a complex manifold that will be used in the extension to compact manifolds and to Stein manifolds as well
as for germs of foliations. Section 3 is dedicated to the notion of holomorphic foliation with singularities and to the notion
of affine transverse structure and its first relation with the existence of Liouvillian first integral. Section 4 consists of the
basic examples of projective foliations admitting Liouvillian first integrals and of the so called Suzuki’s example which is an
example of a germ topologically conjugate to a germ admitting a meromorphic first integral but without meromorphic first
integral.We study this example and show it admits a Liouvillian first integral. In Section 11we showhowever that this is not
a general fact. Next Section 5 beginswith somebasic examples of foliations admitting a Liouvillian first integral. The next part
is dedicated to the proof of a slight generalization of a basic proposition found in [20] assuring the existence of a Liouvillian
first integral for a foliation by curves (on a certain manifold) which has a solution satisfying a Liouvillian relation but not an
analytic relation. In the last part of Section 5we give an extension of the results of [20] for codimension-one foliations onCPn.
Next in Section 7 one finds amain tool in the obtention of Liouvillian first integrals from the existence of a suitable Liouvillian
solution. Section 8 contains the extension of Singer’s results to foliations of codimension-one on projective spaces. Sections 9
and 10 are dedicated to the study of germs of (dimension-one and codimension-one) foliations at the origin 0 ∈ Cn. In the
dimension-one case it is possible to extend [20] but in the codimension-one case there exists an interesting alternative
due to the difficulty of stating a Theorem of Darboux [10] to these foliations but which is partially overcame by the use of
the Weierstrass polynomials. In the end of this section we study the space of germs of singular foliations on (C2, 0) which
have a Liouvillian first integral. We prove in Section 11 that there are germs which are topologically conjugated to germs of
foliations admitting a meromorphic first integral but which do not have a Liouvillian first integral. Section 12 is concerned
with the extensions of [20] to foliations on Steinmanifolds and Section 13 regards these extensions to foliations on compact
manifolds. Finally, in Section 14 we give a local description of the nondegenerate germs of holomorphic differential one-
forms, in dimension two, which admit a Liouvillian integrating factor of a generic type and use this description to study the
codimension of this subspace in the total space.

1. Rudiments of Differential Algebra

Let us first introduce some basic material on Differential Algebra.

1.1. Derivations and differential fields

In what follows we refer to [11,15,20].
Let R be a ring (commutative with unit 1 ∈ R). A derivation of R is a map δ : R→ R satisfying:

(i) δ(a+ b) = δ(a)+ δ(b).
(ii) δ(a · b) = a · δb+ b · δa.

A differential field is a couple (k,△) where k is a field and△ = {δi}i∈I is a set of derivations of k. We shall consider only
commutative differential fields, that is the derivations δi ∈ △ commute δi ◦ δj = δj ◦ δi,∀ i, j ∈ I. The constants of (k,△) are
the elements c ∈ k such that δic = 0, ∀ i ∈ I , they form a subfield c(k,△) of k.

A map h : (k,△) → (k′,△′) between two differential fields is said to be a differential map if: (i) The exists a map
τ : △ → △′. (ii) We have h ◦ δ = τ(δ) ◦ h, ∀ δ ∈ △.

A differential extension of (k,△) is a differential field (k̃, △̃) where k̃ is an extension of k and each derivation δ̃ ∈ △̃
induces by restriction an element δ ∈ △ and conversely each element δ ∈ △ extends to an element δ̃ ∈ △̃. Thus it is natural
to think of △̃ as△ extended to k̃ and write (k̃,△) in the place of (k̃, △̃).

The following example gives an extension procedure which will be useful.

Example 1.1 (Adjunction of a Variable). Let δ : k → k be a derivation of the field k and let t be any transcendent element
over k. Then δ extends in a natural way to a derivation δ̃ : k(t)→ k(t). In fact, given any p(t) ∈ k[t], say, p(t) =

∑n
j=0 ajt j

we define

δ̃(p(t)) =
n−

j=0

δ(aj)t j +
n−

j=0

j · t j−1 · aj.

Then we can extend δ̃ to the field k(t) (notice that since t is not algebraic over k we have δ̃(p(t)) ≠ 0, ∀ p(t) ∈ k[T ]).
Let now (k,△) be a differential field and let t be any variable over k. The above procedure gives a differential extension
(k̃, △̃), △̃ = {δ̃, δ ∈ △}, of (k,△).
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1.2. Liouvillian extensions

Let (k,△) be a differential field.

Definition 1.2 (Liouvillian Extension). A differential extension (k(t), △̃) of (k,△) is of type:

(i) adjunction of an integral if δ̃t ∈ k, ∀δ̃ ∈ △̃.
(ii) adjunction of the exponential of an integral if δ̃tt ∈ k,∀ δ̃ ∈ △̃.

A Liouvillian extension of (k,△) is a differential extension (K , △̃) of (k,△) for which there exists a tower of differential
extensions:

k = k0 ⊂ k1 ⊂ · · · ⊂ km = K

such that ki+1/ki = ki(ti)/ki is either an algebraic extension or it is of the type adjunction of an integral or adjunction of the
exponential of an integral.

The following example shows how are the algebraic differential extensions of a differential field of characteristic zero.

Example 1.3 (Algebraic Extensions). Let (k,△) be a differential field, where k is a field of characteristic zero, and let k(t)/k
be an algebraic field extension. Given any derivation τ of k and any polynomial Q (T ) =

∑r
j=0 qjT

j
∈ k[T ]we define

Q τ (T ) :=
r−

j=0

τ(qj)T j
∈ k[T ]

and, as usual, Q ′(T ) :=
∑r

j=1 jqjT
j−1. Let P(T ) =

∑r
j=0 ajT j be the minimal polynomial of t over k with ar = 1. Then we

have t r + ar−1t r−1 + · · · + a0 = 0. Suppose δ̃ is a derivation of k̃ = k(t) over k, that is, δ = δ̃

k is a derivation of k. Then we

have 0 = δ̃(0) = δ̃(t r + ar−1t r−1 + · · · + a0) so that, since δ(1) = 0,

δ̃t = −
t r−1δ(ar−1)+ · · · + δ(a0)

rt r−1 + (r − 1)ar−1t r−2 + · · · + a1
= −

Pδ(t)
P ′(t)

.

Notice that, since k is a field of zero characteristic, actually we have P ′(t) ≠ 0 so that Pδ(t)
P ′(t) ∈ k(t). This shows how we can

extend any derivation δ of a differential field (k,△) of characteristic zero to any algebraic extension k̃/k of k, obtaining a
differential extension.

The next example is the main tool in the study of Liouvillian functions on a compact complex manifold.

Example 1.4 (Function Fields). Let k be a field, an extension K/k is called a function field of n variables if the are n elements
x1, . . . , xn ∈ K which are transcendent (that is, not algebraic) over k and algebraically independent over k, such that
K/k(x1, . . . , xn) is a finite extension. The number n is called the transcendency degree of K/k. The elements x1, . . . , xn are
called separating variables if K/k(x1, . . . , xn) is a finite and separable extension so that by the Primitive Element Theorem
there is an element y ∈ K such that K = k(x1, . . . , xn, y). We begin with the natural (partial) derivations

∂

∂xj
: k(x1, . . . , xn) −→ k(x1, . . . , xn), j = 1, . . . , n,

constructed as in Example 1.1, that is,

∂

∂xj

 −
i1,...,in

ai1...inx
i1
1 . . . x

in
n


=

−
i1,...,in

ij · ai1...inx
i1
1 x

i2
2 . . . x

ij−1
j−1x

ij−1
j x

ij+1
j+1 . . . x

in
n

in k[x1, . . . , xn] and ∂
∂xj

is extended in the obvious way to the quotient field k(x1, . . . , xn). Let now f (x1, . . . , xn, y) =∑r
i=1 ai(x1, . . . , xn)yi = 0 be theminimal equation of y over k(x1, . . . , xn). Then the polynomial g(y) : = f (x1, . . . , xn, y) ∈

k(x1, . . . , xn)[y] is irreducible so that g ′(y) ≠ 0 and then ∂ f
∂y (x1, . . . , xn, y) ≠ 0. Let D : K −→ K be any k-derivation (that

is, D

k = 0). Since D(xij) = ixi−1j · D(xj) it follows that

0 = D(f (x1, . . . , xn, y)) = D


r−

i=1

ai(x1, . . . , xn)yi


(1)

=

r−
i=1

D(ai(x1, . . . , xn))yi +
r−

i=1

ai(x1, . . . , xn)i · yi−1 · D(y). (2)
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By the Chain-Rule we have D(ai(x1, . . . , xn)) =
∑n

j=1
∂ai
∂xj
(x1, . . . , xn) · D(xj) so that from Eq. (2) above we have

0 =
r−

i=1

n−
j=1

∂ai
∂xj

(x1, . . . , xn) · D(xj)yi +
r−

i=1

iai(x1, . . . , xn)yi−1 · D(y) (3)

=

n−
j=1

r−
i=1

∂ai
∂xj
(x1, . . . , xn)yi · D(xj)+

r−
i=1

iai(x1, . . . , xn)yi−1 · D(y) (4)

=

n−
j=1

∂ f
∂xj
(x1, . . . , xn) · D(xj)+

∂ f
∂y
(x1, . . . , xn) · D(y) (5)

and then

D(y) = −

n−
j=1

∂ f
∂xj
(x1, . . . , xn) · D(xj)

∂ f
∂y (x1, . . . , xn, y)

which is a well-defined relation because ∂ f
∂y (x1, . . . , xn, y) ≠ 0 as we have observed above. Given any Z ∈ K we can write

Z =
∑r−1

i=0 bi(x1, . . . , xn)yi with bi ∈ k(x1, . . . , xn) so that, if we write x = (x1, . . . , xn), then

D(z) =
r−1−
i=0

D(bi(x)) · yi + i · bi(x)yi−1 · D(y),

but D(bi(x)) =
∑n

j=1
∂bi
∂xj
(x) · D(xj) so that

D(z) =
r−1−
i=0


n−

j=1

∂bi
∂xj
(x) · D(xj) · yi + ibi(x)yi−1D(y)


(6)

=

n−
j=1


r−1−
i=0

∂bi
∂xj
(x)yi


· D(xj)+

r−1−
i=0

ibi(x)yi−1 · D(y) (7)

=

n−
j=1


r−1−
i=0


∂bi
∂xj
(x)yi − ibi(x)yi−1


·
∂ f
∂xj
(x, y)


∂ f
∂x
(x, y)


D(xj) (8)

=

n−
j=1


r−1−
i=0

∂bi
∂xj
(x)yi + ibi(x)yi−1 ·

∂y
∂xj


· D(xj) (9)

=

n−
j=1


r−1−
i=0

∂

∂xj
(bi(x)yi)


D(xj) =

n−
j=1

∂

∂xj


r−1−
i=0

bi(x)yi

· D(xj) (10)

=

n−
j=1

∂

∂xj
(x) · D(xj). (11)

Therefore we can write D =
∑n

j=1 D(xj) ·
∂
∂xj
, D(xj) ∈ K . Summarizing we have:

Proposition 1.5. Let K/k be a function field of n variables so that there exist x1, . . . , xn separating variables. Then the canonical
k- derivations ∂

∂xj
: k(x1, . . . , xn)→ k(x1, . . . , xn) extend uniquely to k-derivations K → K. Moreover the k-derivations K → K

are of the form D =
∑n

j=1 hj
∂
∂xj

, where hj ∈ K. In particular, the set of k-derivations on K is isomorphic to K n as a vector space
over K .

1.3. Two basic tools from Differential Algebra

In order to study the Liouvillian extensions of a differential field we shall use some results found in [20,15]. A basic tool
is the following proposition:

Proposition 1.6 ([11,20]). Let (k, {δ1, δ2}) be a differential field of characteristic zero. Let P,Q ∈ k be such that the derivation
D = Pδ1 + Q δ2 satisfies c(k, {δ1, δ2}) = c(k,D). If there exists a Liouvillian extension (K , {δ1, δ2}) of (k, {δ1, δ2}) such that
c(K , {δ1, δ2}) is a proper subset of c(K ,D), then there exist elements U, V ∈ k such that:
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(i) PU + QV = −(δ1P + δ2Q ),
(ii) δ2U − δ1V = 0.

This proposition is used to prove that a foliation on CP2 having a Liouvillian first integral must have a Liouvillian first
integral of a very simple form (cf. Theorem5.1). Another basic tool in our approach is the following theoremdue to Rosenlicht
(see Theorem 1 in [15] page 488 and Corollary 1 page 489):

Theorem 1.7 (Rosenlicht, [15]). Let (k,△) be a differential field of characteristic zero and let (K , △̃) be a differential extension
of (k,△) with the following properties:

(i) c(K , △̃) = c(k,△).
(ii) There are u1, . . . , un, v1, . . . , vn ∈ M with ui ≠ 0 and δ̃ui

ui
+ δ̃vi ∈ k, ∀ δ̃ ∈ △̃.

(iii) The transcendency degree of k(u1, . . . , un, v1, . . . , vn)/k is smaller than n.

Then:

(a) There exists a nontrivial linear combination of v1, . . . , vn with coefficients in c(k,△) which is algebraic over k.
(b) There exists a product

∏n
i=1 u

ni
i , ni ∈ Z, with not all the ni’s zero, which is algebraic over k.

We shall use this theorem in the following particular form:

Corollary 1.8 ([15]). Let (k,△) be a differential field of characteristic zero, let (K , △̃) be a differential extension of (k,△) and
u, v ∈ K such that:

(i) u ≠ 0 and c(K , △̃) = c(k,△) = k.
(ii) δ̃u

u + δ̃v ∈ k,∀ δ̃ ∈ △̃.
(iii) u and v are algebraic over k.

Then:

(a) There exists v0 ∈ k such that v − v0 ∈ k.
(b) There exists r ∈ N \ 0 such that ur

∈ k.

2. Liouvillian functions on complex manifolds

In this sectionwe introduce the notion of Liouvillian function in a complexmanifold, according to the Differential Algebra
framework and to our purposes. We begin by recalling the notion of Liouvillian function on the n-dimensional complex
projective space CPn as in [20]:

Definition 2.1 (Liouvillian Function on Projective Spaces). A Liouvillian function on CPn is an element f of a Liouvillian
extension (K , △̂) of the differential field (µn, {

∂
∂yj
, j = 1, . . . , n})whereµn = C(x1, . . . , xn) is the field of rational functions

P(x1,...,xn)
Q (x1,...,xn)

, P,Q ∈ C[x1, . . . , xn] in the variables x1, . . . , xn and ∂
∂yj
: µn → µn are the usual partial derivatives, j = 1, . . . , n.

It is clear that:

(i) (µn, {
∂
∂yj
}
n
j=1) is a commutative differential field;

(ii) The field of constants c(µn, {
∂
∂yj
}
n
j=1) = C;

(iii) Given any Liouvillian extension (K , △̃) of (µn, {
∂
∂yj
}
n
j=1), any element f ∈ K defines an analytic function over some open

dense (Zariski) subset Uf ⊂ CPn.

Given a holomorphic foliation F on CPn, a Liouvillian function F on CPn is a first integral for F if given any open subset
U ⊂ CPn where F is analytic and given any leaf L of F intersecting U , the restriction F


U is constant on the connected

components of L ∩ U .

Clearly the notion of Liouvillian function introduced above can be also defined for functions on Cn or on connected open
subsets of Cn; but we will give a more general notion:

Definition 2.2 (Liouvillian Function). Let M be a connected complex manifold. Denote by µ(M) the field of meromorphic
functions onM . A commutative set of derivations△ = {δj}nj=1 of µ(M) is said to be basic if:

(i) dimM ≥ n;
(ii) c(µ(M),△) = C;
(iii) Any derivation of µ(M) is locally a (meromorphic) linear combination of the derivations δj of△.

Under these assumptions any element belonging to a Liouvillian extension of (µ(M), {δj}nj=1) is called a Liouvillian function
onM .
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Example 2.3 (Compact Manifolds). Let M be a compact complex connected manifold. Then the field µ(M) of meromorphic
functions on M is a finitely generated algebraic function field with transcendency degree ≤ dimM . Hence there are
t1, . . . , tr ∈ µ(M) such thatµ(M)/C(t1, . . . , tr) is finite, t1, . . . , tr are not algebraic overC and r ≤ n = dimM . If we choose
t1, . . . , tr algebraically independent over C then t1, . . . , tr are separating variables of µ(M) as defined in Example 1.4, thus
according to Proposition 1.5 the canonical derivations ∂

∂tj
: C(t1, . . . , tr)→ C(t1, . . . , tr) extend naturally to C- derivations

∂
∂tj
: µ(M)→ µ(M), moreover any C-derivation D : µ(M)→ µ(M) is of the form D =

∑r
j=1 hj

∂
∂tj

where hj ∈ µ(M) so that
we have an isomorphism

{C− derivations µ(M)→ µ(M)} ∼= µ(M)r

as C-vector spaces, where x = r transcendency degree of µ(M) over C. This shows that { ∂
∂t }

m
j=1 is basic (see Example 1.4).

The number r = transcendency degree of µ(M) is called the algebraic dimension ofM .

Example 2.4 (Projective Manifolds). Let M be a smooth algebraic projective variety. Then M is a Zariski’s closed subset of
some projective space, say, M = {p ∈ CPn

: fj(p) = 0, j = 1, . . . , r} where f1, . . . , fr are homogeneous polynomials. A
rational function onM is a function f : M → C obtained as the restriction of a rational function P/Q on CPn. It is well-known
that each meromorphic function onM is indeed the restriction of a rational function, i.e.,

µ(M) = {rational functions onM}.

Thus, using the natural partial derivatives, ∂
∂yj
: C(y1, . . . , yn)→ C(y1, . . . , yn) j = 1, . . . , n we can exhibit a basic set of

derivations { ∂
∂yj
}
n
j=1 for µ(M). Thus we can define the notion of Liouvillian function on M . Any Liouvillian function f on M

defines an analytic function on some dense open subset ofM .

Example 2.5 (Stein Manifolds). Let M be a connected Stein Manifold of dimension n ([9]). Given any point p ∈ M there are
globally defined holomorphic functions f1, . . . , fn ∈ O(M) such that (df1∧· · ·∧dfn)(p) ≠ 0. As usual let us denote byµ(M)
the field of meromorphic functions on M . Let us show how we can define a basic set of derivations of µ(M), say {δj}nj=1. Let
δj : µ(M)→ µ(M) be defined in the following way: given any f ∈ µ(M) the differential df is a well-defined meromorphic
one-form onM (holomorphic if f is holomorphic).

Claim 2.6. There are meromorphic functions αj : M → C such that df =
∑n

j=1 αjdfj and the αj’s are uniquely determined by
this formula.

Proof of the claim. Suppose that we have df =
∑n

j=1 αjdfj then df ∧ dfj0 =
∑n

j=1 αjdfj ∧ dfj0 ,∀ j0 ∈ {1, . . . , n}. For
simplicity we will assume that n = 2. Then the equation above shows that α1 =

df∧df2
df1∧df2

and α2 = −
df∧df1
df1∧df2

. This shows
that α1 and α2 are uniquely determined. Now to prove their existence we only need to define α1 and α2 as above to obtain a
meromorphic one-form β = α1df1+α2df2 such that θ = α−β satisfies θ ∧ df1 = 0 = θ ∧ df2. But since (df1 ∧ df2)(p) ≠ 0
it follows that θ ≡ 0 in a neighborhood of p and therefore θ ≡ 0 inM , that is, α =

∑n
j=1 αjdfj. This proves the claim. �

Thus we can write df =
∑n

j=1
∂ f
∂ fj

dfj replacing αj in the notation by ∂ f
∂ fj
∈ µ(M). Define δj(f ) =

∂ f
∂ fj
, j = 1, . . . , n. The

following is straightforward:

Claim 2.7. {δj : µ(M)→ µ(M)} defines a basic set of derivations of µ(M).

Hence, again we can set the notion of Liouvillian function onM .
An interesting particular case is the following: Let M be a compact connected complex manifold such M \ Λ is a Stein

manifold for some codimension-one analytic subset Λ ⊂ M . Using the above procedure we can introduce the notion of
Liouvillian function onM by considering Liouvillian extensions of the differential field (µ(M)|M\Λ, {δj}nj=1). For instance, we
can takeM as a projective space or affine space andΛ ⊂ M as an algebraic hypersurface. We claim that the manifoldM \Λ
is a Stein manifold (cf. [5]).

Indeed, if Λ is given in homogeneous coordinates [z] = [z0 : · · · : zn] by an irreducible homogeneous polynomial
f (z) = 0 of degree d then the function ψ : M \Λ→ R defined by

f ([z]) = log
∑n

j=0 |zj|
2
d

|f (z)|2


where z = (z0, . . . , zn) ≠ 0, is well-defined and is in fact a plurisubharmonic exhaustion of M \ Λ. By Levi’s Extension
theorem ([21]) we conclude thatM \Λ is Stein.
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3. Holomorphic foliations with singularities

In this paper we shall refer to singular holomorphic foliations on a complex manifold M of dimension n ≥ 2. By this we
mean a pair F = (F ′, sing(F )) where sing(F ) ⊂ M is a codimension ≥ 2 analytic subset of M and F ′ is a holomorphic
foliation (without singularities) in theusual sense in the openmanifoldM ′ = M\sing(F ) ⊂ M . The leavesofF are defined as
the leaves of the foliationF ′. The set sing(F ) is called the singular setofF . In the one-dimensional case there is an open cover
{Uj}j∈J ofM such that on each Uj it is defined a holomorphic vector field Xj such that: if Ui ∩Uj ≠ ∅ then Xi


Ui∩Uj
= gijXj


Ui∩Uj

for some non-vanishing holomorphic function gij in Ui ∩ Uj. The leaves of the restriction F

Uj

are the nonsingular orbits of
Xj in Uj while we have sing(F )∩Uj = sing(Xj). In the codimension-one case there are one-formsωj in the open sets Uj such
that ωj is integrable and for each nonempty intersection Ui ∩ Uj ≠ ∅ we have ωi


Ui∩Uj
= gijωj


Ui∩Uj

. The leaves of F

Uj

are
the nonsingular integral manifolds of the distribution Ker(ωj) and the singular set is given by sing(F ) ∩ Uj = sing(ωj).

3.1. Transversely affine foliations

Let F be a codimension-one holomorphic foliation with singularities on M . The corresponding nonsingular foliation
F ′ can be defined by a covering of M ′ by open subsets Ui, i ∈ I , and distinguished mappings fi : Ui → C, i.e. each fi
is a holomorphic submersion and the leaves of F ′


Ui

are the connected components of the level surfaces f −1i (x), x ∈ C.
Whenever Ui ∩ Uj ≠ φ we have fi = fij ◦ fj for some local biholomorphism fij : fj(Ui ∩ Uj) ⊂ C → fi(Ui ∩ Uj) ⊂ C. If
Ui ∩ Uj ∩ Uk ≠ φ then we have in the common domain the cocycle condition fij ◦ fjk = fik. The transverse structure of F inM
is defined by the pseudogroup {fij}i,j∈I so thatF has a ‘‘simple’’ transverse structure if this pseudogroup is ‘‘simple’’ for some
choice. The correct meaning of the expression ‘‘simple’’ above is given by the notion of transversely homogeneous foliation
[8] where the local biholomorphisms fij are restrictions of elements of a Lie group action on an homogeneous space. The
foliation F is called transversely affine on M if we can choose the local submersions fj : Uj → C such that they are related
by affine relations: fi = aijfj + bij for some constants aij, bij ∈ C.

The problem of deciding whether there exist affine transverse structures for a given foliation is equivalent to a problem
on differential forms, see [8] for the case of real non-singular foliations:

Proposition 3.1 ([17]). LetF , M be as above. The possible transverse affine structures forF in M are classified by the collections
(Ωi, ηi) of differential 1-forms defined in the open sets Ui ⊂ M such that: (i) (Ωi,Ui) is like above; (ii) ηi is holomorphic, closed
and dΩi = ηi ∧ Ωi; (iii) In each Ui ∩ Uj ≠ φ we have ηi = ηj +

dfij
fij

. Furthermore two such collections (Ωi, ηi) and (Ω ′i , η
′

i)

define the same transverse affine structure for F in M if and only ifΩ ′i = fiΩi and η′i = ηi +
dfi
fi

for some fi ∈ O(Ui)
∗.

This proposition is concerned with the case of a foliation given by a collection of holomorphic one-forms. Nevertheless,
often in our applications it is useful to consider foliations given by a globally defined integrablemeromorphic one-form. For
this case we have:

Proposition 3.2 ([17,18]). LetΩ be an integrable meromorphic 1-form which defines F outside the polar divisor (Ω)∞. The fo-
liation F is transversely affine in M if and only if there exists a 1-form η in M satisfying: η is meromorphic, closed, dΩ = η∧Ω ,
(η)∞ = (Ω)∞ and Res η = −(order of (Ω)∞


L) for each irreducible component L of (Ω)∞, and (η)∞ has order one. Further-

more, two pairs (Ω, η) and (Ω ′, η′) define the same affine structure for F in M if and only if there exists a meromorphic map
g : M → C satisfyingΩ ′ = gΩ and η′ = η + dg

g .

A closed one-form η as above is called a closed logarithmic derivative of Ω . As a corollary of the above propositions we
obtain:

Proposition 3.3. Let F be a codimension-one singular holomorphic foliation on a complex manifold M. Assume that there is a
meromorphic integrable one-formΩ on M which defines F off the polar set ofΩ . If F is transversely affine on M then F admits
a Liouvillian first integral. Indeed, F admits a Liouvillian first integral of the form F =

 1
hΩ where h =


η is the primitive of a

closed logarithmic derivative ofΩ .

In the next section we shall investigate the converse of this proposition.

4. Some examples of foliations with Liouvillian first integral

In [4] codimension-one projective foliations (with generic singularities) admitting Liouvillian first integrals are classified
as logarithmic foliations or pull-back of suitable Riccati foliations (called Bernoulli foliations). Let us recall these examples:

Example 4.1 (Logarithmic (Darboux Type) Foliations). Let M be a complex manifold, fj : M → C meromorphic functions
and λj ∈ C∗ complex numbers, j = 1, . . . , r . The meromorphic integrable one-form Ω =

∏r
j=1 fj ·

∑r
i=1 λi

dfi
fi

defines a

logarithmic (Darboux type) foliation F = F (Ω) on M . The foliation F has f =
∏r

j=1 f
λj
j as a multiform first integral. We

remark that f = exp
∑r

j=1 λj log fj

so that f is a Liouvillian function onM .
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Example 4.2 (Bernoulli Foliations). A Bernoulli foliation of degree k on C2 is an algebraic foliation F given byΩ = 0 where
Ω = p(x)dy − (yka(x) − yb(x))dx where a(x), b(x) and p(x) are polynomials and (x, y) ∈ C2

⊂ CP2 in some affine chart.
We prove the existence of a first integral for F of Liouvillian type. First we observe that F can be given by

(k− 1)
Ω

pyk
= (k− 1)

dy
yk
− (k− 1)

[
a(x)
p(x)
−

b(x)
p(x)yk−1

]
dx = 0.

Let now f (x) be such that f ′(x)
f (x) = (k− 1) b(x)p(x) and let g(x) be such that g ′(x) = − a(x)

p(x)f (x) · (k− 1). Then F can be given by

(k− 1)
dy
yk
− (k− 1)

a(x)
p(x)

dx+
f ′(x)

yk−1f (x)
dx = 0.

Therefore F(x, y) = g(x)− 1
f (x)yk−1

defines a first integral for F which is clearly of Liouvillian type.

Example 4.3 (Suzuki’s Example, [22]). Consider the germ of singular foliation (see also Definition 9.3) F
=

at the origin 0 ∈ C2

given by: Ω = 0 where Ω = (y3 + y2 − xy)dx − (2xy2 + xy − x2)dy. The germ F
=

has the Liouvillian first integral

f (x, y) = x
y exp[

y(y+1)
x ] and the following remarkable properties:

(i) F
=

is µ− simple, that is, it is a dicritical germ which is desingularized with only one blow-up and the resulting foliation

has no singularities on the exceptional divisor, it is transverse to this projective line everywhere except for (a unique)
point of tangency (see [12]).

Therefore it follows that:

(i)′ Every leaf of F
=

is a separatrix and therefore is given by some equation (f = 0)where f ∈ O2.

(ii) F
=

does not admit a meromorphic first integral in any neighborhood of the origin 0 ∈ C2 (see [6] for a proof).

Performing a blow-up (y = tx) at the origin 0 ∈ C2 we obtain the foliation

F̃ : t3dx+ (2xt2 + t − 1)dt = 0

given by the vector field

ẋ = 2xt2 + t − 1, ṫ = t3.

The initial foliation has the Liouvillian first integral f = x
y exp(

y(y+1)
x ) and therefore the foliation above has the Liouvillian

first integral f (x, t) = 1
t et(xt+1). Restricting this function to the projective line (x = 0)we obtain f (0, t) = 1

t e
1
t which is a

Liouvillian function on C. The map σ : (C, 1)→ (C, 1) defined by mapping the point p ∈ (C, 1) onto the other intersection
point of the leaf Lp of F̃ though p with the projective line, is (because of the order-2 tangency) a germ of involution on
(C, 1). This germ is given by the relation f (0, t) ◦ σ = f (0, t), that is, 1

t e
t
=

1
σ(t) eσ(t). This defines σ(t) as a nonalgebraic

Liouvillian function on C and according to what we will observe in Section 9 this is enough to conclude that F
=

does not

admit a nontrivial meromorphic first integral.

5. Projective foliations having Liouvillian first integrals

5.1. Existence of elementary first integrals (cf. Singer [20])

In this paragraphwe refer strongly to [20].We aim is to prove that a projective foliation in the complex plane admitting a
Liouvillian first integralmust admit a first integral of a very simple form, called elementary. Using thiswe are able to conclude
thatmost foliations onCP2 admit no Liouvillian first integral.We recall that a function h (of Liouvillian type) is an integrating
factor for a one-formΩ if 1

hΩ is a closed one-form. The main part of the following theorem is found in [20].

Theorem 5.1 (M. Singer, [20]). Let F be a foliation on CP2 given in some affine space C2
⊂ CP2 by the polynomial one-form

Ω = Pdy− Qdx. Then the following conditions are equivalent:

(1) F admits a Liouvillian first integral.
(2) Ω has an integrating factor of the form h = exp


η where η is a closed rational one-form.

(3) There exists a rational one-form η satisfying:
(i) dη = 0;
(ii) dΩ = η ∧Ω .



772 B. Scárdua / Journal of Pure and Applied Algebra 215 (2011) 764–788

Proof of Theorem 5.1 (cf. [20]). Let us first prove that (2) and (3) are equivalent. Given a one-form Ω and a function h of
Liouvillian type, a straightforward computation shows that we have d( 1hΩ) = 0 if and only if dΩ = dh

h ∧Ω . Given a closed
rational one-form η such that dΩ = η ∧ Ω , if we write h = exp


η then we obtain a Liouvillian function which is an

integrating factor forΩ . Conversely, given a Liouvillian integrating factor h forΩ of the form h exp

η where η is a closed

rational one-form then we have dΩ = η ∧ Ω . Now, if Ω admits an integrating factor as in (2) then clearly F =

( 1hΩ) is

a Liouvillian first integral for the foliation defined by Ω . Let us now prove that (1) implies (3). If F admits a rational first
integral then there is nothing to do: indeed, if R is a rational first integral thenΩ = HdR for some rational function H and
therefore η = dH

H satisfies dΩ = η ∧ Ω and dη = 0. Let us therefore assume that F admits no rational first integral. Let
X = P ∂

∂x +Q ∂
∂y be a polynomial vector field defining F in an affine space C2

⊂ CP2. We define k := µ2 = C(x, y), δ1 = ∂
∂x ,

δ2 =
∂
∂y as in Definition 2.1 and take a Liouvillian tower k(X) = k0 ⊂ k1 ⊂ · · · ⊂ km = K of (k(X), {δ1, δ2}) containing a

Liouvillian first integral F of F as in Definition 1.2.

Claim 5.2. The hypotheses of Proposition 1.6 are satisfied for k, {δ1, δ2}, K and D := Pδ1 + Q δ2 = P ∂
∂x + Q ∂

∂y as above.

Proof of the claim. In fact, given any R ∈ C(x, y) such that DR = PRx + QRy = 0 we have that R ∈ C because by
hypothesis the foliation F given by ẋ = P(x, y), ẏ = Q (x, y) does not admit a rational nonconstant first integral. This
shows that c(k, {δ1, δ2}) = C = c(k, {D}). It is also clear that c(k, {δ1, δ2}) = c(K , {δ1, δ2}). Since by hypothesis there is a
Liouvillian first integral F ∈ K for F , we conclude that there exists an element F ∈ K such that F /∈ C but DF = 0, that is,
F ∈ c(K , {D}) \ c(K , {δ1, δ2}) so that c(K , {δ1, δ2}) is a proper subset of c(K , {D}). This proves the claim. �

Using now Proposition 1.6 we conclude that there exist U, V ∈ k = C(x, y) such that

PU + QV = −

∂P
∂x
+
∂Q
∂y


and

∂U
∂y
−
∂V
∂x
= 0.

Thus η = −(Udx + Vdy) is a closed rational one-form which satisfies dΩ = η ∧ Ω where Ω = Pdy − Qdx defines F on
C2. This proves that (1) implies (3) in Theorem 5.1. To prove that (3) implies (1) it is enough to observe that if we write
H = exp


η then dΩ = η ∧Ω implies that d( 1

HΩ) = 0, so that F =
 1

HΩ is a first integral for F . �

We shall refer to a first integral of the form F =
 1

HΩ where H = exp

η as above, as elementary.

Remark 5.3 (Integrating Factors and the Integration Lemma). The following will be useful in understanding the geometrical
consequences of Theorem 5.1.

(i) Given a one-form Ω , and a function h put η = dh
h . Then, η is closed and as we have already mentioned, an easy

computation shows that dΩ = η ∧Ω if and only if h is an integrating factor forΩ , i.e., d( 1hΩ) = 0.
(ii) Consider now be a closed rational one-form η on CP2. According to [6] and [17] we can write

η|C2 =

r−
j=1

λj
dfj
fj
+ d


g∏r

j=1 f
nj−1
j


,

for some λj ∈ Cnj ∈ N and for some irreducible polynomials fj and g on C2. The polar divisor of η is given by (η)∞ ∩C2

=
r

j=1(fj = 0). We have η = dh
h for the Liouvillian function h = exp


η that is, h is given by h =

∏r
j=1 f

λj
j ·

exp( g∏r
j=1 f

nj−1
j

) on C2.

5.2. Liouvillian first integrals and affine transverse structures

The following theorem motivates the more geometric approach we use in this paper.

Theorem 5.4. Let F be a codimension-one foliation on CP(n) admitting a Liouvillian first integral. Then F is transversely affine
outside some algebraic invariant subset of codimension one.

The first step in the proof of Theorem 5.4 is the following:

Lemma 5.5. Let ω be a meromorphic 1-form, in an open subset U ⊂ Cn, n ≥ 2. Denote by X the union of the irreducible
components of the zero set and polar set ofω. Assume that there exists a meromorphic 1-form η in U, which satisfies dω = η∧ω,
and which is closed. Then ω is integrable and the poles of η outside X are invariant by the foliation defined by ω.

Proof. We have ω ∧ dω = ω ∧ η ∧ ω = 0, so that ω is integrable. First we remark the following:

Claim 5.6. Let X be as above. Then, the polar divisor (η)∞ of η has order one along (each irreducible component of) X, and consists
of the union of X and an invariant divisor of F . Moreover, the residue of η along any noninvariant irreducible componentΛ of X
is equal to either – (the order of the poles of ω alongΛ), or (the order of the zero set of ω alongΛ ).
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Proof of the claim. For sake of simplicity, assume that n = 2. Given a generic point p ∈ X we may choose a small
neighborhood U ⊃ V ∋ p and local coordinates (x, y) ∈ V so that X ∩ V = Λ ∩ V = {y = 0} and ω


V = ykgdx, for

some holomorphic non-vanishing function g ∈ O(V )∗, k ∈ Z (recall thatΛ is non invariant). We write η

V = λ

dy
y +

dg
g + dR

for some meromorphic function R in V and some λ ∈ C. Let also η1 := k dy
y +

dg
g . Then the difference η − η1 satisfies

(η − η1) ∧ ω = dω − dω = 0, so that η − η1 = hdx for some meromorphic function h in V . Since dη = dη1 = 0 we have
h = h(x) and therefore (λ− k) dyy + dR = h(x)dx. This implies λ = k and dR = h(x)dx. Therefore, η


V = k dy

y +
dg
g + dR(x).

This proves the claim. �

Suppose by contradiction that some component Γ ⊂ (η)∞ \ X is not invariant. At a generic point q ∈ Γ we have that
ω(q) ≠ 0, andΓ is smooth at q. Therefore, there are local coordinates (x, y) ∈ V ⊂ U , centered at q and such thatω


V = gdx

and Γ ∩ V = {y = 0}, where g ∈ O∗(V ). We can also assume that Γ ∩ V = (η)∞ ∩ V . We have that dω = dg
g ∧ ω, so that

η −
dg
g = h.dx for some meromorphic function h in V . Since η is closed we have dh ∧ dx = 0, so that h = h(x). Therefore it

follows that η

V =

dg
g +h(x)dx, and it has polar set transverse toΓ , contradiction. This concludes the proof of Lemma 5.5. �

Proof of Theorem 5.4. Choose a polynomial 1-form Ω with codimension ≥ 2 two singular set and which defines F in
Cn
⊂ CP(n), where CP(n)\Cn is generically transverse to F . Since F admits a Liouvillian first integral it follows from

Theorem 5.1 that there exists there is an elementary first integral and therefore a closed rational 1-form η which is a
logarithmic derivative of Ω . According to Proposition 3.2 this implies that F is transversely affine outside the polar set
(η)∞. It remains to see that (η)∞ is invariant, what has been proved in Lemma 5.5. This proves Theorem 5.4. �

Corollary 5.7. Let F be a codimension-one foliation on CP(n). If F admits a Liouvillian first integral then it has some algebraic
leaf.
Proof. Let us fix an affine system Cn

⊂ CP(n) such that CP(n)\Cn is generically transverse toF and contains no singularity
of F . Given ω a polynomial 1-form with singular set of codimension ≥ 2, defining F in Cn

⊂ CP(n), we take η given
by Singer’s theorem [16]. If η is polynomial then we have η = dP for some polynomial and ω

exp(P) is closed and entire. In
particular there exists an entire first integral for F in Cn. This implies that the leaves of F are closed in Cn. Now, since
CP(n)\Cn is generically transverse to F and contains no singularity of F , we conclude that the leaves of F are closed in
CP(n). Therefore it follows that the closure of each leaf of F is an algebraic curve. This implies, by a theorem of Darboux
[7], that F has a rational first integral. Now we assume that η has poles in Cn. In this case we only have to apply Lemma 5.5
above. �

Using Jouanolou’s theorem ([10]) on the generality of projective foliations without algebraic leaves we obtain:
Corollary 5.8. There exists an open dense subset of Fol(CP2), whose elements are foliations which do not admit a Liouvillian first
integral.

Nevertheless, we can go a little bit further in this direction as follows. Take a polynomial one-formΩ = Pdy−Qdx on C2

with gcd(P,Q ) = 1. Consider the rational one-form η(Ω) = Px
P dx+ Qy

Q dy.We have η(Ω) rational and dΩ = η(Ω) ∧Ω as
it is easy to check. Given any rational one-form η on CP2 satisfying dΩ = η∧Ω we have η = η(Ω)+ hΩ for some rational
function h on CP2. Conversely if h is any rational function then η = η(Ω)+hΩ is rational and satisfies dΩ = η∧Ω . Finally,
the one-form η = η(Ω)+ hΩ is closed if, and only if, we have

0 = d(η(Ω)+ hΩ) = d

Px
P
dx+

Qy

Q
dy+ h(Pdy− Qdx)


that is,

0 =


−


Px
P


y
+


Qy

Q


x
+ hxP + hyQ + h(Px + Qy)


that is equivalent to

(QQxy − QyQx)P2
− (PPxy − PyPx)Q 2

+ P2Q 2
[(Px + Qy)h+ (Phx + Qhy)] = 0.

Let us write h = f /g where f and g are polynomials on C2 with < f , g >:= gcd{f , g} = 1. Then the last equation is
equivalent to

0 = g2
[(QQxy − QxQy)P2

− (PPxy − PxPy)Q 2
] + P2Q 2

[fg(Px + Qy)+ P(fxg − fgx)+ Q (fyg − fgy)],

which is an algebraic polynomial equation on (the coefficients of) f , g . Let us denote by Fol(CP2) the algebraic space of
(dimension-one holomorphic) foliations on CP2. DefineΦ : C[x, y] × C[x, y] × Fol(CP2)→ C[x, y] in the following way:

Given (f , g,F ) ∈ C[x, y] × C[x, y] × Fol(CP2) choose a polynomial one-form Ω = Pdy − Qdx that defines F on C2,
with gcd(P,Q ) = 1 and defineΦ(f , g,F ) as the right hand side of the last equation above. Let

π3 : C[x, y] × C[x, y] × Fol(CP2)→ Fol(CP2)

be the third coordinate projection.
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Proposition 5.9. The subset ζ ⊂ Fol(CP2) formed by the foliations which admit a Liouvillian first integral coincides with
π3(Φ

−1(0)) and therefore ζ is a Zariski’s closed subset of Fol(CP2); in particular we obtain: there exists an open dense – Zariski
open – subset of Fol(CP2), whose elements are foliations which do not admit a Liouvillian first integral.

6. Classification of foliations with Liouvillian first integrals: generic case

We shall now reobtain the classification of projective foliations admitting a Liouvillian first integral, in the case of generic
singularities that we pass to describe.

Resolution of singularities
Let F be a holomorphic singular codimension-one foliation with isolated singularities on a compact two dimensional

complex manifold M2. Let Λ ⊂ M be an analytic invariant curve. A theorem of Seidenberg [19] gives a resolution of the
singular points of F onΛ.

Theorem 6.1. There is a finite sequence of blow-ups at the points of sing(F ) such that their composition gives a proper
holomorphic map π : M → M a complex compact 2-manifold M and a foliation F̃ = π∗F with isolated singularities such
that:

(i) π−1(sing(F )) =
k

j=1 Pj is a finite connected union of complex projective lineswith normal crossings andπ : M\k
j=1 Pj →

M\ sing(F ) is a biholomorphism (Po is the closure of π−1(Λ\ sing(F )) on M and Pj is isomorphic to the Riemann sphere for
j ≥ 1);

(ii) At any singularity p ∈
k

j=1 Pj of F ∗ there is a local chart (x, y) such that x(p) = y(p) = 0 and F ∗ is given by one of the
one-forms: (ii.1) xdy − λy dx + h.o.t, λ /∈ Q+ (non-degenerate case); (ii.2) xp+1 dy + y(1 + λxp)dx + (h.o.t)dx, p ≥ 1
(saddle-node case).

In case (ii.1) we say that p is resonant if λ ∈ Q−. Let p ∈ sing(F ), be a singular point of F , by the Separatrix Theorem
[3] the foliation F admits at least one separatrix through p; if the number of these separatrices is finite the singularity is
called non-dicritical. This fact is equivalent to the fact that all the projective lines Pj belonging to π−1(p) are tangent to F̃ .
The foliation F̃ is called the resolution of the foliation F .

Finally, as a consequence of Theorem I in [17] we obtain:

Theorem 6.2. Let F be a holomorphic foliation on CP2 having a Liouvillian first integral. Assume that the singularities of F on
CP2 are all nondicritical and produce only nondegenerate singularities after the resolution process by blow-ups. Suppose also that
for each singularity p ∈ sing(F ) its resolution produces at least one singularity of nonresonant type. Then F is a logarithmic
(Darboux type) foliation.

Proof. Let F be a foliation on CP2 admitting a Liouvillian first integral. According to Theorem 5.4 the foliation F is
transversely affine off some invariant algebraic subsetΛ ⊂ CP2 of dimension one. Because of the hypotheses on the singular
set sing(F )we may apply Theorem I in [17] and conclude that F is a logarithmic foliation. �

7. Liouvillian solutions and Liouvillian first integrals (cf. Singer, [20])

In this section we keep on following the exposition in [20]. Some arguments however are slightly modified according to
our context.

Let M be a complex manifold such that it is possible to define Liouvillian functions on M (cf. Definition 2.2). Let F be a
singular holomorphic foliation onM (F has codimension q, q ≥ 1).

Definition 7.1 (Liouvillian First Integral). A Liouvillian function F on M is a Liouvillian first integral for F if given any open
set U ⊂ M where F is analytic and given any leaf L of F intersecting U we have that F


L
is constant on each connected

component of L ∩ U .

Example 7.2. Consider a foliation F by curves on CPn given in an affine chart Cn by the polynomial vector field X =∑n
j=1 Xj ·

∂
∂yj

. Consider the derivation DX : C(y1, . . . , yn) → C(y1, . . . , yn) defined by DX (f ) =
∑n

i=1 Xj ·
∂ f
∂yj

. Denote by
kX = k(X) the field generated over C(y1, . . . , yn) by the the coefficients Xj of X and by all its partial derivatives of all orders.
It is clear that the derivations { ∂

∂yj
} extend naturally to k(X). Since X is polynomial we have k(X) = C(y1, . . . , yn) but

this notation will be useful and we obtain a differential extension (k(X), { ∂
∂yj
}) of (C(y1, . . . , yn), { ∂∂yj }). It is also clear that

the derivation DX extends to a derivation on k(X) as well as on any differential extension of this field. Therefore given any
Liouvillian function F on CPn we can define F to be a Liouvillian first integral of F if, and only if DF = 0 on any open subset
U ⊂ CPn where F is analytic.

Nowwewill consider the general case: LetM be a complexmanifold andµ(M) the field of meromorphic functions onM .
Let△ = { ∂

∂yj
}
m
j=1 be a basic set of derivations ofµ(M) and let X =

∑n
j=1 Xj

∂
∂yj

be a meromorphic vector field onM . Consider
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k(X) and DX to be defined as above in the natural way. The notion of admissible solution to be introduced below is motivated
by Proposition 2.1 (i) in [20], which is a main tool that we wish to generalize. We shall give a proof of this in Proposition 7.7.

Definition 7.3 (Admissible Solution, Liouvillian Relation). Let y(z) = (y1(z), . . . , yn(z)) be a solution of F defined and ana-
lytic in some domain V ⊂ C. We shall say that the solution (y(z), V ) is an admissible solution for F if each element g ∈ k(X)
is analytic non-vanishing in some dense open subset of y(V ). Under these conditions we say that the solution (y, V ) satisfies
a Liouvillian relation if there exists a Liouvillian function F onM –whichwill be necessarily holomorphic in some open dense
subset ofM but whichmay not a priori intersect y(V ) – such that F is analytic in some open set U intersecting the trace y(V )
and satisfying F ◦ y = 0 in V . We also say that any solution – admissible or not – of F , say, (y, V ) satisfies an analytic
(algebraic if M is an algebraic manifold) relation if there exists a nonconstant meromorphic (rational if M is algebraic pro-
jective) function P onM such that P ◦ y = 0 on V .

Remark 7.4 (Admissible Solutions). Given a meromorphic function f on M , the indeterminacy set of f is an analytic subset
σ(f ) ⊂ M of codimension ≥ 2. The polar set (f )∞ and the set of zeroes (f = 0) are analytic subsets of M , each either
empty or of codimension one. Given a solution y(z) = (y1(z), . . . , yn(z)) of a foliation F as above, defined and analytic in
some domain V ⊂ C if this solution is not an admissible solution then there is a meromorphic function g in M which is
identically zero on y(V ) or is not analytic on an open dense subset y(V ). In the first case, we conclude that y(z) satisfies
an analytic relation. In the second case, two are the possibilities. (i) It may occur that y(V ) ⊂ σ(f ), and in this case
we must have dimM ≥ 3 (otherwise the indeterminacy set has dimension zero). (ii) g is meromorphic but not analytic
in any open dense subset of y(V ). Then clearly y(V ) ⊄ σ(g) (so that σ(g) ∩ y(V ) has codimension ≥ 1 in σ(g)) and
y(V ) ⊂ (g)∞. Therefore f = 1/g is analytic and vanishes identically on an open dense subset of y(V ), more precisely on
y(V ) \ (y(V ) ∩ σ(g)). The conclusion is that either the solution y(z) is admissible or y(V ) is contained in the indeterminacy
set of some meromorphic function g, so that y(V ) is contained in a codimension ≥ 2 analytic subset of M. This occurs only if
dimM ≥ 3 and, in case dimM = 3, this implies that y(V ) is an analytic subset of M . Nevertheless, this last condition, even
in the case where dimM = 3, does not imply that y(V ) satisfies an analytic relation. The reason is that a meromorphic
function on M is not necessarily a quotient of holomorphic functions on M . On the other hand, on a projective space or,
more generally, on a projective manifold as well as on a Stein manifold M with H2(M,Z) = 0, any meromorphic function
is a quotient of holomorphic functions, so that in such a manifold, either a solution is admissible or it satisfies an analytic
relation. As observed in [20] if X =

∑n
j=1 Xj

∂
∂yj

is a polynomial vector field, i.e., the coefficients Xj are polynomials in the

variables y1, . . . , yn then a solution y(z) = (y1(z), . . . , yn(z)) is admissiblewith respect to the differential field (C(X), { ∂
∂yj
})

provided that y1(z), . . . , yn(z) are algebraically independent over C or, in other words, the solution y(z) does not satisfy an
algebraic relation. Notice that, however, it can satisfy an analytic relation. Finally, assume now that Xn = 1 and the other
coefficients Xj of X are polynomials whose coefficients are liouvillian functions on some variable yn. Put k0 = C(X) the
differential field generated by these coefficients with respect to the derivation partial

∂yn
and let k = k0(y1, . . . , yn−1). Then a

solution y(z) = (y1(z), . . . , yn(z)) is admissible provided that the yj(z) are algebraically independent over k0. Notice that
since Xn = 1 we can assume that yn(z) = z.

Lemma 7.5. Let F be a dimension-one foliation on CPn given by the vector field X as in Example 7.2 above and let (y, V ) be any
solution of F analytic on V ⊂ C.

(i) If n = 2 and if (y, V ) satisfies an algebraic relation then the leaf L of F which contains y(V ) is an algebraic leaf , that is, the
closure L is an algebraic curve on CP2 invariant by F .

(ii) If (y, V ) does not satisfy an algebraic relation (what in the case n = 2means that (y, V ) is not contained in an algebraic leaf
of F ) then (y, V ) is an admissible solution of F .

(iii) If n = 2 and if (y, V ) does not satisfy an algebraic relation then F is the unique dimension-one foliation on CPn which has
(y, V ) as a solution.

Proof. (i) By hypothesis there exists a nonconstant polynomial P(y1, y2) such that P(y1(z), y2(z)) = 0, ∀ z ∈ V where
z → (y1(z), y2(z)), z ∈ V is the solution of F that we are considering. Denote by L the leaf of F which contains this
solution. Then L and the algebraic curve: P(x1, x2) = 0 coincide in an open set so that by the Identity Principle [9] they
coincide globally on CP2.

(ii) In fact any polynomial P(y, . . . , yn) is nonvanishing in a nonempty dense open subset of y(V ) so that any rational
function R = P(y1,...,yn)

Q (y1,...,yn)
is holomorphic nonvanishing on a dense open set of y(V ).

(iii) Suppose (x(z), y(z)), z ∈ V is a common solution of the foliations F and F1 on CP2 say: F is given by dy
dx =

P(x,y)
Q (x,y) and

F1 by dy
dx =

P1(x,y)
Q1(x,y)

where P,Q and P1,Q1 are relatively prime polynomials. Then we have

P(x(z), y(z)
Q (x(z), y(z))

=
dy/dz
dx/dz

=
P1(x(z), y(z))
Q1(x(z), y(z))

so that (PQ1 − P1Q )(x(z), y(z)) = 0. By hypothesis we must have PQ1 − P1Q ≡ 0 so that PQ1 = P1Q . It follows that
F = F1 on CP2. �
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According to Lemma 7.5 above, a Liouvillian nonalgebraic solution completely determines the foliation on CP2. This is a
good motivation for the following result found in [20].

Theorem 7.6 (Singer, [20]). Let F be a dimension-one foliation on CPn having a solution (y, V ) which satisfies a Liouvillian
relation but which is not contained in an algebraic leaf of F . Then F admits a Liouvillian first integral.

In the case n = 2 it follows from Theorem 5.1 that F admits a Liouvillian first integral of an elementary form.
Theorem 7.6 is a straightforward consequence of the following key-proposition (see [20] Proposition 2.1):

Proposition 7.7 (Key-proposition, [20]). Let△ = { ∂
∂yj
}
n
j=1 be a basic set of derivations of µ(M) where M is a complex manifold

and let X =
∑n

j=1 Xj
∂
∂yj

by any meromorphic vector field on M. Denote by F the dimension-one foliation defined on M by X
and suppose F has an admissible solution (y, V ) which satisfies a Liouvillian relation. Then there exists a tower of Liouvillian
extensions k(X) = k0 ⊂ k1 ⊂ · · · ⊂ km = K of (k(X), { ∂

∂yj
}
n
j=1) as in Definition 2.1 such that:

(i) There exist a subdomain Vτ ⊂ V and an open set U ⊂ M such that y(Vτ ) ⊂ U, each function F ∈ K defines a meromorphic
function on U and,

(ii) each element f ∈ km−1 satisfies: f is analytic non-vanishing in some open dense subset of y(Vτ ),
(iii) the map km−1 ∈ f

ϕ
−→ f ◦ y|Vτ defines an isomorphism from km−1 onto a differential field of functions of one variable L,

meromorphic on Vτ with derivation d : L → L defined in the obvious way and we have from the Chain-Rule d
dz (ϕ(f )) =∑n

j=1 ϕ(
∂ f
∂yj
) · ϕ(Xy).

(iv) In particular, there exists f ∈ K which is a (nonconstant) Liouvillian first integral for F .

Proof of Proposition 7.7. Let us consider C the collection of 3-uples (Vτ ,U, F), Vτ ⊂ V a subdomain, U ⊂ M an open
subset with y(Vτ ) ⊂ U , F a Liouvillian function on M , analytic and not identically null on U such that F ◦ y|Vτ ≡ 0. Since
(y, V ) satisfies a Liouvillian relation, C ≠ ∅. Let us fix (Vτ0 ,U0, F0) ∈ C such that F0 belongs to a defining tower (as in
Definition 1.2) of minimal length, say, k(X) = k0 ⊂ k1 ⊂ · · · ⊂ km = K ∋ F0. Then clearly (y, Vτ0) is an admissible solution
for F which satisfies a Liouvillian relation, therefore we may replace the solution (y, V ) by this last so that we will write
V = Vτ0 , U = U0 and F = F0.

Claim 7.8. We have m > 0.

In fact if m = 0 then K = k(X) so that F ∈ k(X) and since F ◦ y|V ≡ 0 it follows that (y, V ) is not an admissible solution
for F which gives a contradiction. Thus m ≥ 1 proving the claim. We will prove (i) and (ii) for each kj by induction on j.
Let us so suppose that there exist, a subdomain Vτj−1 ⊂ V and an open set Uj−1 ⊂ U with y(Vτj−1) ⊂ Uj−1 such that each
f ∈ kj−1 is meromorphic on Uj−1, analytic and not identically zero on an open dense subset of y(Vτj−1) and furthermore,
kj−1 = quotient field of (kj−1 ∩ O(Uj−1)).We write kj = kj−1(t) and have three cases:

1st case. ∂t
∂yi
∈ kj−1, ∀ i and t is not algebraic over kj−1. By the induction hypothesis for each i there exists an open set

U i
⊂ Uj−1 such that ∂t

∂yi
is analytic in U i

⊂ Uj−1 such that ∂t
∂yi

is analytic in U i and U i
∩ y(Vτj−1) is dense in y(Vτj−1). Define

U =
n

i=1 U
i
≠ φ, U ∩ y(Vτj−1) is dense in y(Vτj−1). Since t is analytic in some dense open subset of M , there exists p ∈ U

such that t is analytic in p and we have a small open ball Bp ∋ p, around p, with Bp ⊂ U and also Bp ∩ y(Vτj−1) ≠ φ.

Claim 7.9. We can define t to be analytic in Bp.

Indeed, ∂t
∂yi

is holomorphic in Bp, ∀ i andwe also have ∂2t
∂yi∂yℓ

=
∂2t
∂yℓ∂yi

, ∀ i, ℓ thereforeα =
∑n

i=1
∂t
∂yi

dyi defines an analytic
closed one-form on Bp so that α = dζ for some analytic function ζ on Bp. Clearly we have t = ζ + λ for some constant
λ ∈ C. This shows that t is analytic on Bp with Bp ∩ y(Vτj−1) ≠ φ. Choose now a smaller subdomain Vτj ⊂ Vτj−1 such that
y(Vτ ) ⊂ Bp and define Uj = Bp. By the minimality of m we have t ≡ 0 on y(Vτj). Clearly (i) holds for this choice of Uj and
Vτj for kj. Now we will prove (ii) for kj. In fact, let be given p(t) = a0t + a1t + · · · + ar t r p(t) ∈ kj−1[t] ⊂ kj; then p(t) is
meromorphic on Uj and since t is not algebraic over kj−1p(t) is not identically zero on Uj. It is also clear that p(t) is analytic
on some dense open subset of y(Vτj). Since m is minimal it follows that: i < m ⇒ p(t) is not identically zero on any open
set of y(Vτj) and therefore given any f = q(t)/p(t), p(t), q(t) ∈ kj−1[t], then f is meromorphic on Uj and from what we
have observed above f is meromorphic on U j and f is analytic in some dense open subset of y(Vτj) being not identically null
if j < m. This shows that any element f ∈ kj = kj−1(t) satisfies (ii). Finally, since t is analytic on Uj it follows that kj =
quotient field of (kj ∩A(Uj)), where A(Uj) = {analytic functions on Uj} = O(Uj).

2nd case. ∂t
∂yi
/t ∈ kj−1, ∀ i and t is not algebraic over kj−1. Let si = ∂t

∂y then ∂si
∂yℓ
=

∂sℓ
∂yi

, ∀ i, ℓ

Claim 7.10. There is a Liouvillian function v such that ∂v
∂yi
= si, ∀ i.
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Indeed again α =
∑

i sidyi is a closed one-form so that α = dv for some function v so that ∂v
∂yi
= si,∀ i. Define now

t̃ = exp(v) then we can replace t by t̃ and argue as above to prove this case.

3rd case. t is algebraic over kj−1. Let P(T ) = T r
+ a1T r−1

+ · · · + ar be the minimum polynomial of t over kj−1. By the
induction hypothesis there exists an open subset UP ⊂ CPm such that ak is analytic on UP , ∀ k and UP ∩ Vτj−1 is dense in
Vτj−1 . Let D be the discriminant of P(T ), then D is a polynomial in the ak’s with coefficients which are complex numbers and
thus D ∈ kj−1, D is analytic on UP . Since P(T ) is irreducible D ≢ 0 on UP and since D ∈ kj−1 it follows by the induction
hypothesis that D ≢ 0 on y(Vτj−1) and therefore there exists Vτj ⊂ Uj, Uj = some component of {y ∈ UP | D(y) ≠ 0},
which intersects y(Vτj−1) and t is analytic on Uj. Any f ∈ kj is of the form f = b0 + · · · + br t r , with bk ∈ kj−1 (recall that t
is algebraic over kj−1, of degree r). Arguing as above we can then conclude that (i) and (ii) hold for kj. Now we consider the
map

ϕ : km−1 ∋ f → f ◦ y|Vτ ∈ L, Vτ = Vτm−1
where L is defined in the obvious way. By the Chain-Rule we have

d
dz
(ϕ(f )) =

d
dz
(f ◦ y) (12)

=

−
i

∂ f
∂yi

(y) ·
dyi
dz
=

−
i

ϕ


∂ f
∂yi


· y′i(z) (13)

=

−
i

ϕ


∂ f
∂yi


· Xi(y) =

−
i

ϕ


∂ f
∂yi


· ϕ(Xi). (14)

Conditions (i), (ii) obtained for km−1 show that ϕ is a well-defined injective homomorphism and therefore is an
isomorphism of km−1 onto L which is a differential field of meromorphic functions of one variable. This proves (iii). Now
it remains to prove (iv): Let K = km−1(t) and let f ∈ K defining the Liouvillian relation which (y, V ) satisfies.

Claim 7.11. t is not algebraic over km−1.

Proof of Claim 7.11. Suppose on the contrary that t is algebraic over km−1, then F ∈ km−1(t) is algebraic over km−1 and
then we can take P(Y ) = a0 + · · · + arY r its minimum polynomial over km−1. Since a0 ∈ km−1 is non identically zero it
follows that a0 is analytic and not identically zero on some open dense subset of y(V ). But P(F) = 0 and F ◦ y|V ≡ 0 so that
a0 ◦ y|V = 0, contradiction. �

Therefore we have two cases to consider:

1st Case: ∂t
∂yi
∈ km−1, ∀i = 1, . . . , n and

2nd Case: ∂t
∂yi
/t ∈ km−1, ∀i = 1, . . . , n.

Multiplying F by suitable elements of km−1[t]wemay assume that F ∈ km−1[t]. The isomorphism ϕ : km−1 → L extends
therefore in a natural way to a homomorphism ϕ̃ : km−1[t] → Lwhere L denotes the algebraic closure of L: In fact we remark
that since F ◦ y|V = 0 it follows that ϕ(F) = 0 but since F ∈ Km−1[t]we have that t ◦ y, that is, ϕ̃(t) is algebraic over L. Since
t is not algebraic over km−1 it follows from Example 1.1 that ϕ extends to a homomorphism km−1[t] → L.

1st Case: In this case we have that

d
dz
(ϕ̃(t)) =

n−
i=1


∂t
∂yi
◦ y

·
dyi
dz
=

n−
i=1

ϕ


∂t
∂yi


· ϕ(Xi)

belongs to L. We also have that ϕ̃(t) is algebraic over L so that according to Corollary 1.8 we have ϕ̃(t) − u ∈ C for some
u ∈ L. Choose now α ∈ km−1 such that ϕ̃(α) = u, then

0 =
d
dz
(ϕ̃(t)− u) =

d
dz
(ϕ̃(t − α)) = ϕ̃


n−

i=1

∂

∂yi


= ϕ̃(DX (t − α)).

Since t − α ∈ km−1 and since ϕ̃ is an isomorphism on km−1 it follows that D(t − α) = 0 now, if ∂
∂yi
(t − α) = 0, ∀i then

t − α ∈ C and then t = α + (t − α) ∈ C + km−1 so that t is algebraic over km−1, a contradiction. Therefore t − α is not a
constant.

2nd Case: ∂t
∂yi
/t ∈ km−1, ∀i.

Claim 7.12. ϕ̃(t) ≠ 0.

Proof. In fact, since ∂t
∂yi
/t in analytic non identically zero on some open set of y(V ) it follows that t is no identically zero on

some open set of y(V ) so that ϕ̃(t) = t ◦ y|V is not zero. �
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Now

d
dz
(ϕ̃(t))/ϕ̃(t) =

−
i

ϕ̃


∂t
∂yi


· ϕ̃(Xi)

ϕ̃(t)

but since ∂t
∂yi
/t ∈ km−1, ∀i it follows that d

dz (ϕ̃(t))/ϕ̃(t) ∈ L. Again we remark that ϕ̃(t) is algebraic over L so that according
to Corollary 1.8 we have ϕ̃(t r) ∈ L for some r ∈ N. Choose now β ∈ km−1 such that ϕ̃(t r/β) = 1 and define G = t r/β . Then
G ∈ km−1 is such that DG

G ∈ km−1: In fact one can use the fact thatG ∈ km−1 and thatD induces a derivation on any differential
extension of k(X). We also have ϕ̃(DG/G) = 0 (because ϕ̃(G) = 1) and since DG/G ∈ km−1 where ϕ̃ is an isomorphism it
follows that DG

G = 0 so that DG = 0. If G ∈ C then tr
β
∈ C and since β ∈ km−1 it follows that t is algebraic over km−1, a

contradiction. Therefore G = t r/β is not a constant. This ends the proof of Proposition 7.7. �

Remark 7.13. As it is clear from the proof above, the notion of admissible solution plays an important role in the search of
extensions of Theorem 7.6 to more general situations.

8. Codimension-one projective foliations having a Liouvillian first integral

Proposition 7.7 above deals with the case of foliations by curves, i.e., dimension one foliations. Now we are concerned
with the codimension-one case. We shall begin with the case of foliations on CPn. In few words a singular codimension-one
foliation on CPn, consists of a pair F = (F ′, S)where S ⊂ CPn is a codimension≥ 2 analytic subset and F ′ is a nonsingular
codimension-one holomorphic foliation on CPn

\ S which cannot be extended as a regular foliation to any point of S. We
call S the singular set of F and write sing(F ) = S. The notions of Liouvillian first integral (Definition 1.2), and solution that
satisfies a Liouvillian or analytic relation are extended in a natural way to these foliations. The notion of admissible solution
(Definition 7.3) may require some attention. Nevertheless, we recall that for dimension-one foliations in projective spaces,
a solution is admissible provided that it does not satisfy an algebraic relation. This clearly generalizes to the codimension-
one case with the same idea of proof (a rational function is holomorphic and dense in the complement of a Zariski’s subset,
except if this set is contained in its polar set or set of zeroes). Thus we shall work with solutions which do not satisfy an
algebraic relation and this will be enough for our purposes in this section.

Let us denote by Fol(CPn) the space of codimension-one foliations on CPn. An elementF ∈ Fol(CPn) is defined in homo-
geneous coordinates [x0 : x1 : · · · : xn] ∈ Cn+1, by an homogeneous integrable one-form ω =

∑
Aj(x0, . . . , xn)dxj, where

theAj are polynomials of a samedegree r , gcd(A0, . . . , An) = 1, and satisfying the conditionω·R⃗ = 0 for the radial vector field
R⃗ =

∑n
j=0

∂
∂xj

. The integrability condition isω∧dω = 0. The one-formω is unique up tomultiplication by nonzero constants.
Thus, Fol(CPn) is is an algebraic projective variety and, as a generalization of the results of [20], we shall prove the following:

Theorem 8.1. Let F be a codimension-one foliation on CPn.

1. F admits a Liouvillian first integral if and only if it admits a solution which satisfies a Liouvillian relation but not an algebraic
relation.

2. F admits a Liouvillian first integral if, and only if, F is given in some affine space by a polynomial one-formΩ =
∑n

j=1 Pjdyj

which has an integrating factor of the form h =
∏r

j=1 f
λj
j · exp


g∏r

j=1 f
nj−1
j


, λj ∈ C, nj ∈ N, for polynomials fj, g.

In particular we shall obtain the following version of Proposition 5.9:

Proposition 8.2. The set T of codimension-one foliations onCPn which admit Liouvillian first integrals is a proper Zariski’s closed
subset of Fol(CPn). In particular, there exists a Zariski’s (dense) open subset of Fol(CPn), whose elements are foliations which do
not admit a Liouvillian first integral.

In order to prove these facts we must state a basic lemma which will allow us to use the dimension two case. First we
recall that a linearly embedded q-plane CPq

⊂ CPn is in general position with respect to F if:

(a) CPq is not contained in any leaf of F .
(b) CPq is transverse to any smooth strata of sing(F ).
(c) Outside CPq

∩ sing(F ) the set of points of tangency of F with CPq has codimension≥ q− 1 in CPq.

Lemma 8.3. Concerning Liouvillian functions on CPn we have:

(i) Let F be a Liouvillian function on CPn and let CP2
⊂ CPn be any linearly embedded 2-dimensional plane. Then there exists

a Liouvillian function f on CP2 such that f = F |CP2 .
(ii) Conversely, given a codimension-one foliation F on CPn and a linearly embedded 2-plane CP2

⊂ CPn in general position
with respect to F then any Liouvillian first integral f for the induced foliation F ∗ = F |CP2 (induced by the inclusion map
i : CP2

→ CPn, F ∗ = i∗(F )) extends to a Liouvillian first integral F for F on CPn.
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(iii) Let F be a codimension-one foliation on CPn and let L be a leaf of F such that given any linearly embedded 2-plane
CP2
⊂ CPn, in general position with respect to F we have that L|CP2 satisfies an algebraic relation on CP2, then the closure

L is algebraic codimension-one subset of CPn.
(iv) The set of all q-planes CPq

⊂ CPn in general position with respect to F is an open and dense subset of the Grassmanian of
q-planes in CPn.

Proof. Item (i) is immediate. Item (ii) is proved in [4]. Item (iii) is an easy consequence of the fact that the condition in (iii)
implies that L is an analytic subset of CPn and of Chow’s Theoremwhich states that analytic subsets of projective spaces are
algebraic [9]. Finally, (iv) is the content Lemma 10 of Section 6 of [5]. �

Now we consider a holomorphic codimension-one foliation F on M = CP(n), n ≥ 3, S ⊂ M an invariant codimension-
one irreducible divisor. We need the following extension result for adapted logarithmic derivatives.

Lemma 8.4. If F

N admits a logarithmic derivative adapted to S ∩N for some generic section N ⊂ M then the same holds for F

and S on M.

Proof. By induction arguments it is enough to prove the casewhere dimN = dimM−1. Nowwe recall that fixedω defined
on M and defining F , for each regular point q ∈ N\ singF , we have ω = gdf for some meromorphic function g and some
holomorphic function f , both defined in a neighborhood U of q in M . Furthermore in U ∩ N we have η = a df

f +
dg
g + dϕ,

for some holomorphic function ϕ : U ∩ N → C, and therefore using a local flow box for F around q we can extend ϕ and
η to U , ϕ is extended as a holomorphic first integral for F in U . Two such extensions η and η′ are related by η − η′ = hω,
where h is holomorphic in U ∩U ′ and d(hω) = 0. Therefore hω = dψ for some holomorphic first integralψ of F in U ∩U ′,
and since (η − η′)


U∩U ′∩N ≡ 0 it follows that ψ is constant in U ∩ U ′ ∩ N , and since it is a transverse section to F


U∩U ′ , it

follows that dψ ≡ 0 and therefore η ≡ η′ in U ∩ U ′. Thus we can extend η to a neighborhood of N\(singF ∩ N) and then
using Hartogs’ extension theorem we can extend η to a neighborhood of N (recall that singF has codimension-2) and then
using the fact that M\N is a Stein manifold and the compactness of M , we can use Levi’s extension theorem to extend η to
M and clearly it is adapted to S onM . �

Proof of Theorem 8.1. Let F be a codimension-one foliation on CPn having a solution that satisfies a Liouvillian relation
but not an algebraic relation. Let L be the leaf of F that contains this solution. By Lemma 8.3 given a linearly embedded
projective plane E ⊂ CPn in general position with respect to F , the induced foliation F1 = F


E exhibits a leaf L1 ⊂ L ∩ E

that satisfies a Liouvillian relation but no algebraic relation. This implies by Theorem 7.6 that F1 admits a Liouvillian first
integral and again by Lemma 8.3 the foliation F admits a Liouvillian first integral. This proves the nontrivial part of (1) in
Theorem 8.1. Assume now that F admits a Liouvillian first integral. Choose a polynomial one-formΩ on Cn

⊂ CPn, which
is integrable and defines F in Cn. PutΩ1 := Ω


Cn∩E. Notice that Cn

∩E is an affine space E0 ∼= C2 embedded in E. The one-
formΩ1 is polynomial in E0 and definesF in this affine space. By Lemma 8.3F1 admits a Liouvillian first integral. Therefore,
according to Proposition 1.6 there is a closed rational one-form η0 on E which definesF . Now, extension Lemma 8.4 assures
that η0 extends to a closed rational one-form on CPn also satisfying the condition dΩ = η ∧Ω . This proves the nontrivial
part of (2). �

9. Dimension-one foliations having a Liouvillian first integral

Let us denote by On the ring of germs of holomorphic functions of n-variables at the origin 0 ∈ Cn. It is well-known that On
is a Noetherian local ring and an integral domain; whose elements are defined as equivalence classes of pairs (f , V ) where
V is an open neighborhood of the origin and f ∈ O(V ) and we have (f , V ) ∼ (g,W ) if, and only if, there exists an open set
0 ∈ U ⊂ V ∩W such that f |U = g|U (see [9]). Thus, given any germ f ∈ On there exists an open neighborhood V ∋ 0 and
a holomorphic function f ∈ O(V ) such that f = [(f , V )], that is, f corresponds to the class defined by (f , V ) in On. We say
that (f , V ) is a representative of f. Since On is an integral domain we can define its quotient field µn called the field of germs
of meromorphic functions of n-variables at the origin. The evaluation map E : On → C, f → f (0), (f , V ) is a representative
of f is a well defined ring homomorphism. The elements of the Kernel E−1(0) are called nonunits. In µn we have a natural

basic set of derivations∆n =


∂
∂yj

n
j=1

whose elements ∂
∂yj
: µn → µn, j = 1, . . . , n, are defined in the obvious way: given

f
g ∈ µn take (f , V ) and (g, V ) representatives of f and g respectively. Define ∂

∂yj
(f/g) = [( ∂

∂yj
(f /g), V )]; it is clear that this

definition makes sense and that f/g ∈ c(µn, {
∂
∂yj
})⇔ ∂

∂yj
(f /g) = 0 in a neighborhood of 0 ∈ Cn, ∀j⇔ f /g is constant in a

neighborhood of 0 ∈ Cn
⇔ f/g ∈ C. Therefore c(µn,∆n) = C.

Definition 9.1. A field of germs of Liouvillian functions of n-variables at the origin is a Liouvillian extension (M, ∆̃n) of
(µn,∆n). The elements f ∈ M are called germs of Liouvillian functions of n-variables at the origin.

Now we ask about the relation between germs of Liouvillian functions of n-variables and Liouvillian functions of
n-variables on open neighborhoods of the origin 0 ∈ Cn. Let (K, δ′n) be a field of germs of Liouvillian functions of n-variables
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with defining tower µn = k0 ⊂ k1⊂ · · · km = K where kj+1 = kj(Tj+1), j = 0, . . . ,m − 1. Given any element r ∈ k1 =

k0(T1) = µn(T1)we can write r = Σaj·T
j
1

Σbi·Ti
1
where aj, bi ∈ µn. We have three different cases:

1st Case: ∂T1
∂yj
∈ µn, ∀j

2nd Case: ∂T1
∂yj
/T1 ∈ µn, ∀j

3rd Case: T1 is algebraic over µn.

Given an open subset V ⊂ Cn denote by µ(V ) the field of meromorphic functions on V , constructed as in [9]. Using the
fact that given any finite subset {fα, α ∈ A} ⊂ µn there exist an open set 0 ∈ V ⊂ Cn and meromorphic functions mα on
V such that mα = fα/gα where fα = [fα, V ], gα = [gα, V ], ∀α ∈ A; one can prove that: There exists an open connected
neighborhood V of 0 ∈ Cn and a differential extension


µ(V )(t1),


∂
∂yn


of

µ(V ),


∂
∂yn


such that τ is represented by an

element τ ∈ µ(V )(t1). This can be done for any finite subset of elements {τα, α ∈ A} ⊂ k1 = µn(T1). Using an induction
argument one can prove:

Proposition 9.2. Let (M, ∆̃n) be any field of germs of Liouvillian functions of n-variables. Given any finite subset X ⊂ M there
exists a Liouvillian extension


K ,

∂
∂yj


of

µ(V ),


∂
∂yj


, where V is some connected neighborhood of the origin in Cn, such

that each element τ ∈ X is represented by an element τ ∈ M.

Nowwe introduce some definitions in order to set up our main result. In what follows we will consider only dimension-
one foliations:

Definition 9.3. A germ of holomorphic singular foliation on (Cn, 0) is an equivalence class [(F ,U)] of pairs (F ,U) where
U is an open neighborhood of the origin and F is a holomorphic foliation on U with an isolated singularity at the origin
and where we define (F ,U) ∼ (F ′,U′) if, and only if, F and F ′ coincide in some neighborhood 0 ∈ W ⊂ U ∩ U′.
Clearly the space F 1

n = Fol1(Cn, 0) of the germs of holomorphic singular dimension-one foliations on (Cn, 0) is isomorphic
to the quotient of the space Xn of germs of singular holomorphic vector fields on (Cn, 0) by the equivalence relation:
X ∼ Y ⇔ X = f · Y for some unit f ∈ On. In particular to any germ F

=
∈ F 1

n it is associated a representative (F ,U)

which is defined by a holomorphic vector field X on U with an isolated singularity at the origin. Using this we say that F
=

has a Liouvillian first integral if this holds for some representative (F ,U) and we say that F
=

has a solution which satisfies an

analytic relation if some representative (F ,U) has such a solution, that is, if there exists a solution (y, V ) of (F ,U) which
satisfies an analytic relation, i.e., f ◦ y = 0 for some f ∈ O(U). We also say that F

=
has a solution which satisfies a Liouvillian

relation if for some representative (F ,U) there exists a solution (y, V ) of (F ,U) which satisfies a Liouvillian relation, i.e.,
τ ◦y = 0 for some Liouvillian function τ onU. Finally we say that a germ of Liouvillian function of n-variables is a Liouvillian
first integral for F

=
if it has a representative defined as a Liouvillian function on some small enough U which is a Liouvillian

first integral for F
=
.

All these definitions make sense thanks to Proposition 9.2 and from what we have observed above. Using now (the same
arguments used in the proof of) Proposition 7.7 one can prove:

Theorem 9.4. Let F
=

be a germ of dimension-one holomorphic singular foliation on (Cn, 0) which has a solution satisfying a

Liouvillian relation but not an analytic relation. Then F has a Liouvillian first integral.

Remark 9.5 (Absolutely Dicritic versus Absolutely Analytic). Let us give an interpretation of the conditions under which we
cannot apply Theorem 9.4 above. Let F

=
be a germ of dimension-one holomorphic singular foliation on (Cn, 0)which has a

solution satisfying a Liouvillian relation. For the case n = 2 we have two possibilities:
(1) F
=

is absolutely analytic , that is, every leaf of (a representative of) F
=

satisfies an analytic relation and in this case F
=

does

not exhibit an admissible solution (see Definition 7.3). Given a leaf of f we call it a separatrix if such a leaf accumulates at
and only at the singularity. This implies that the closure of this leaf consists of the leaf and the singularity. Also, such a leaf is
closed off the singularity and by a well-known theorem of Remmert and Stein [9] this implies that the closure of the leaf is
an analytic subset of dimension one. In dimension two this is equivalent to say that the closure of the leaf is the zero set of a
germ of holomorphic function, i.e., that the leaf satisfies an analytic relation. Thus, in the two dimensional case, if a foliation
f has all its leaves separatrices then it is absolutely analytic. A foliation with infinitely many separatrices is called dicritical.
A foliation for which all the leaves are separatrices will be called absolutely dicritical. An absolutely dicritical foliation is
absolutely analytic and therefore admits no admissible solution. For an absolutely analytic foliation admitting a Liouvillian
solutionwe cannot apply Proposition 7.7 in order to conclude the existence of a Liouvillian first integral. Even if the existence
of a Liouvillian first integral is granted and the dimension is n = 2 we cannot apply Theorem 5.1 in order to conclude the
existence of an elementary Liouvillian first integral.
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(2) F
=

is not absolutely analytic. In this case we can conclude that w has an integrating factor h = exp

η where η is

meromorphic and closed.

Therefore we can state:

Theorem 9.6. Let F
=

be a non absolutely analytic germ of foliation on (C2, 0) given by the germ of holomorphic one-form w.

Then F
=

admits a Liouvillian first integral if, and only if, w has an integrating factor h =
∏r

j=1 f
λj
j exp


g∏r

j=1 f
nj−1
j


, fj, g ∈ O2,

λj ∈ C, nj ∈ N. This occurs in particular if F
=

has a Liouvillian non-analytic leaf (solution).

A word should be said about this last theorem: It follows from Theorem 9.4 and Proposition 1.6 in a similar way to that
used to prove Theorem 7.6; but this is possible because of the following local version of the Integration Lemma due to
Cerveau–Mattei [6].

Lemma 9.7. Let η be a closed germ of meromorphic one-form on (Cn, 0). Then there are g, fj ∈ On, λj ∈ C, nj ∈ N with

j = 1, . . . , r such that η =
∑r

j=1 λj
dfj
fj
+ d


g∏r

j=1 f
nj−1
j


so that h = exp


η =

∏r
j=1 f

λj
j · exp


g∏r

j=1 f
nj−1
j


.

Let us denote by A2 the set of absolutely analytic germs F
=
∈ F 1

2 =: F2. Using Theorem 9.6 and a procedure similar to

the one used to prove Proposition 5.9 we obtain:

Proposition 9.8. Denote by τ2 = {F
=
∈ F2 : F

=
admits a Liouvillian first integral}. The set τ2 \ (τ2 ∩A2) is a codimension-one

analytic subset of F2 \A2 and in particular its complementary is an open dense subset of F2 \A2.

And also:

Proposition 9.9. A germ of holomorphic singular non absolutely analytic foliationF
=

on (C2, 0) admits a Liouvillian first integral

if, and only if, F
=

is represented by some pair (w,U)whereΩ is a holomorphic singular one-form in U ∋ 0,Ω(p) = 0⇔ p = 0,

which has an integrating factor of the form h =
∏r

j=1 f
λj
j · exp


g∏r

j=1 f
nj−1
j


, λj ∈ C, nj ∈ N, fj, g ∈ O2.

The following example gives us a sufficient condition to have a non absolutely analytic germ of foliation:

Example 9.10. Let F
=

be a germ of singular foliation on (C2, 0) and suppose that the resolution F̃
=

of F
=

by the blow-up

method (cf. [19,13]) exhibits a hyperbolic singularity. Then F
=

has (infinitely many) nonanalytic solutions. In fact this is a

straightforward consequence of the following claim.

Claim 9.11. Let F
=

be a germ of singular foliation on (C2, 0) given in local coordinates (x, y) ∈ (C2, 0) by xdy − λydx = 0,

λ ∈ C \ Q. Then except for (x = 0) and (y = 0) all the solutions of F
=

are nonanalytic.

Proof. In fact the solutions of F
=

are given by x → (x, c · xλ), c ∈ C and y → (c · y1/λ, y), c ∈ C. Choose now any analytic

function f =
∑

i,j∈N fijxiyj and suppose f is constant along some solution of F
=

different from (x = 0) and (y = 0); say, given

by x → (x, cxλ), c ∈ C∗. Then we have

f (x, cxλ) =
−
i,j∈N

fijxi · c jxλj =
−
i,j∈N

c j · fij · xi+λj ≡ a

for some a ∈ C. We can assume that a = 0. Therefore
∑

i,j∈N c jfijxi+λj = 0 so that since λ /∈ Q we have c jfij = 0,
∀(i, j) ≠ (0, 0) and therefore fij = 0, ∀(i, j) ≠ (0, 0), a contradiction. �

10. Germs of singular codimension-one foliations

In what follows we will consider only codimension-one holomorphic foliations having singular set of codimension≥ 2.

Definition 10.1. A germ of (holomorphic singular codimension-one) foliation on (Cn, 0) is an equivalence class [(F ,U)] of
pairs (F ,U)where U is an open neighborhood of the origin and F is a holomorphic foliation on U given by a holomorphic
integrable differential one-formΩ on U, F : Ω = 0, having singular set {p ∈ U : Ω(p) = 0} = sing(Ω) of codimension
≥ 2. Two such pairs (F ,U) and (F ′,U′) given by Ω = 0 and Ω ′ = 0 respectively are equivalent if, and only if, we have
Ω ∧Ω ′ = 0 in some neighborhood 0 ∈ W ⊂ U ∩U′.
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Since sing(Ω) and sing(Ω ′) have codimension≥ 2 it follows fromDe Rham’s Division Lemma [16] that this is equivalent
to say that Ω ′ = fΩ in some 0 ∈ W ⊂ U ∩U′ for some f ∈ O(W )∗. Therefore we have sing(Ω) ∩W = sing(Ω ′) ∩W
so that it is well-defined the singular set of the germ F

=
= [(F ,U)] as the germ of codimension ≥ 2 analytic set sing(F

=
)

induced by sing(Ω) in 0 ∈ Cn. The space of germs of holomorphic codimension-one foliations on (Cn, 0) will be denoted
by Fn = Fol(Cn, 0). We say that an element F

=
∈ Fn has f

g ∈ µn as a (germ of) meromorphic first integral if there is a repre-

sentative (F ,U) for F
=

and a representative f /g ∈ µ(U) for f/gwhich is a first integral for (F ,U), that is, d(f /g)∧Ω = 0

if F : Ω = 0 on U. A leaf L of (F ,U) is a separatrix if L ⊂ L ∪ sing(F ). Since L is an analytic subset of U \ sing(F ) and
since sing(F ) has codimension ≥ 2 it follows from Remmert-Stein theorem [9] that the closure L of L is an analytic subset
(of codimension-one) of U. Therefore if ∆L is a small enough polydisc around the origin 0 ∈ ∆L ⊂ U then there exists a
holomorphic function fL ∈ O(∆L) \ 0 such that L ∩ ∆ = {p ∈ ∆|fL(p) = 0}. However this can also happen for leaves of F
which are not separatrices of F

=
. Applying Lemma 5.5 we obtain:

Lemma 10.2. Let F be given in U ⊂ Cn by the holomorphic one-formΩ with sing(Ω) of codimension≥ 2. Let f : U→ C be
any nonconstant reduced holomorphic function. Then the following conditions are equivalent:

(i) f −1(0) is invariant by F ;
(ii) Ω ∧ df

f is a holomorphic 2-form on U.

Proof. Denote by P < TU the complex distribution Ker(Ω) inU and byΛ ⊂ U the variety (f = 0). Since all objects involved
are analytic we may consider the local case also at a generic (and therefore non-singular) point p ∈ Λ∗. In suitable local co-
ordinates (z1, . . . , zn) = (z1, . . . , zn−1, f )we have p = 0 andΛ given by {f = zn = 0}. Also we may writeΩ =

∑n
j=1 aj dzj.

Suppose Λ is PΩ invariant. Then, since Λ is given by {zn = 0} we have Ω · ∂
∂zj
|{zn=0} = 0 for all j ∈ {1, . . . , n − 1}. In

other words zn divides aj in C{z1, . . . , zn} for every j ∈ {1, . . . , n − 1} and thereforeΩ =
∑n−1

j=1 zn ãj dzj + an dzn for some
holomorphic ã1, . . . , ãn−1 ∈ C{z1, . . . , zn}. Thus Ω ∧ dzn

zn
=
∑n−1

j=1 ãj dzj ∧ dzn is holomorphic. Conversely, if Ω ∧ dzn
zn

is

holomorphic thenΩ =
∑n−1

j=1 zn ãj dzj + an dzn as above thereforeΩ · ∂
∂zj

vanishes on {zn = 0} for every j = 1, . . . , n − 1.

Since { ∂
∂z1
, . . . , ∂

∂zn−1
} generate TΛ in a neighborhood of 0 we obtain that TΛ ⊂ P in a neighborhood of p. Therefore Λ is

P-invariant. �

We recall that a germ F
=
∈ Fn is absolutely dicritical if every leaf of F

=
is a separatrix. Another lemma, which is a conse-

quence of what we have observed above, is the following (see Remark 9.5):

Lemma 10.3. Let F
=
∈ Fn be an absolutely dicritical germ of foliation. Then F

=
is absolutely analytic.

Nowwe will study a special class of absolutely analytic germs of foliations. In order to define this class we introduce the
notion of Weierstrass polynomials. Let (x1, . . . , xn) holomorphic coordinates on (Cn, 0).

Definition 10.4. AWeierstrass polynomial of degree k ∈ N in xn is an element h ∈ On that is of the form h = xkn+ a1 · xk−1n +

· · · + ak with aj ∈ On−1 a germ of holomorphic function depending only on the variables (x1, . . . , xn−1) ∈ (Cn−1, 0), and
aj ∈ On−1 is a nonunit , that is, aj(0) = 0 ∀j ∈ {1, . . . , k}.

A holomorphic function h ∈ O(U), U ∋ 0 in Cn, h ≢ 0, is said to be regular of order k ∈ N at the origin 0 ∈ Cn if k is
the less greater ν ∈ N such that the ν-jet hν of h at the origin is not zero. We say that f is xj-regular of order k at 0 ∈ Cn if
xj → h(0, . . . , xj, . . . , 0) is regular of order k at the origin 0 ∈ C1. Clearly any Weierstrass polynomial of degree k in the
local variable xn is regular of order k at the origin in this variable. The converse of this fact is the following:

Theorem 10.5 ([9], Weierstrass Preparation Theorem). Let f ∈ On be a germ regular of order k in xn. Then there exists a unique
polynomial of Weierstrass of degree k in xn, h ∈ On−1[xn] such that f = u · h for some unit u ∈ On.

We recall that given an element h ∈ On we can define the germ of analytic set v(h) as the germ at the origin induced by
the set {p ∈ U|h(p) = 0}where (h,U) is any representative of h. It is clear that given h and f ∈ On we have v(h) = v(f) if,
and only if, h = u · f for some unit u ∈ On. In particular it follows from Theorem 10.5 that:

‘‘The germ of analytic set v(f) defined by a germ f ∈ On coincides with the variety v(h) where h is a Weierstrass polynomial
in some variable xj.’’

We also have:

Theorem 10.6 ([9], Weierstrass Division Theorem). Let h ∈ On−1[xn] be a Weierstrass polynomial in xn of degree k. Then any
germ f ∈ On can be written in a unique manner in the form f = g · h + r where g ∈ On and r ∈ On−1[xn] is a Weierstrass
polynomial of degree< k. Moreover if f ∈ On−1[xn] then g ∈ On−1[xn].

Motivated by these facts we define:
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Definition 10.7. A germ of holomorphic one-form w in (Cn, 0) is a Weierstrass polynomial k-form in the variable xn if its
coefficients are Weierstrass polynomials in xn.

According Lemma 10.2 and Theorem 10.6 we have:
Lemma 10.8. Let w be a germ of Weierstrass polynomial integrable one-form in the variable xn, at the origin 0 ∈ Cn, and let
h ∈ On−1[xn] be a Weierstrass polynomial of degree k in xn. Then the following conditions are equivalent:
(i) v(h) is a union of solutions of the germ of foliation F

=
: w = 0

(ii) w ∧ dh
h is a Weierstrass polynomial 2-form.

We shall use another fact:
Lemma 10.9. Let hj ∈ On−1[xn], j = 1, . . . , r, be Weierstrass polynomials satisfying: (i) hj is irreducible, ∀j; (ii) hi and hj have
no common factor (nonunit), ∀i ≠ j.

Then the map Or
n−1 → Λ2


On−1

µn defined by (λj)rj=1 →
∑r

j=1 λj ·
dhj
hj

is injective.

Proof. Suppose on the contrary that
∑r

j=1 λj
dfj
fj
= 0 for some fj ∈ On and some λj ∈ On−1 ⊂ On. For reasons of simplicity

we will assume that n = 2 and consider local coordinates (x, y) ∈ (C2, 0) and x ∈ (C1, 0) ⊂ (C2, 0). Let us choose an open
bidisc ∆ = ∆x × ∆y centered at the origin and representatives fj ∈ O(∆), λj ∈ O(∆x) ⊂ O(∆) for fj and λj respectively.
Thus we have

r−
j=1

λj(x)
dfj
fj
(x, y) = 0 in ∆.

Let us denote by Xj the hypersurface fj = 0 in∆.
Claim 10.10. Xi ⊄


j≠i Xj.

Proof. In fact if Xi ⊂


j≠i Xj then since the germ fj is irreducible it follows that (for ∆ small enough) Xj is irreducible as
an analytic set and therefore Xi = Xj for some j ≠ i so that necessarily we have fi = u. fj for some unit u ∈ On which is a
contradiction. �

Since Xj is closed it follows from the claim above that we can obtain a ball Bi with Di = Bi∩Xi ≠ ∅ and Bi∩ (


j≠i Xj) = ∅.
Choose now any a = (a1, a2) ∈ Di and let L be the vertical line segment through given in parametric coordinates by
Dε ∋ t → (a1, a2 + t) = L(t)where Dε is a small disc around the origin 0 ∈ C1. Let qj(t) = fjL(t) then from (2) we have

r−
j=1

λj(a1) ·
q′j(t)

qj(t)
= 0, t ∈ Dε.

But
q′j(t)

qj(t)
is holomorphic in Dε ∀j ≠ i and q′i(t)

qi(t)
has an order one pole at the origin t = 0 with residue equal to the multiplicity

ν of the root t = 0 of qi(t). Therefore from (2) we obtain

ν · λi(a1) = 0 so that λi(a1) = 0.

Since a ∈ Di is arbitrary it follows that λi = 0 in a nonempty open subset of∆x and therefore λi = 0 in∆x. This finishes the
proof. �

Now we recall that, according to a theorem of Darboux [10], a codimension foliation on CPn having infinitely many
algebraic solutions has a rational first integral. The notions introduced above allow us to state a kind of Darboux Theorem,
as follows:
Theorem 10.11. Let F

=
∈ F2 be a germ of foliation given by a Weierstrass polynomial integrable one-form w in (C2, 0).

Suppose that F
=

has infinitely many separatrices then there are Weierstrass polynomials hν ∈ O1[y] ν = 1, . . . , r, and linearly

independent elements (λν), (µν) ∈ Or
1 such that

w ∧
r−
ν=1

λν
dhν
hν
= 0.

Proof. Since we are in a dimension 2 situation we will denote by (x, y) the local coordinates in (C2, 0) and assume that w
is a Weierstrass polynomial one-form in the variable y.

Let us denote by S the set of separatrices of F
=

and by S̃ = S ∩ O1[y] the set of separatrices of S which are defined as

v(h)where h ∈ On[y] is a Weierstrass polynomial. Using the remark after Theorem 10.5 we conclude that: an element s ∈ S
belongs to S̃ if and only if s = v(h) where h ∈ O2 is regular of some order k in y and in this case we may assume that h is itself a
Weierstrass polynomial in y.
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Claim 10.12. S̃ is infinite, that is, there are infinitely many elements s = v(hs) ∈ S such that hs is regular of some order in y.

Proof. In fact if a germ f ∈ O2 is not regular of any order in y then f (0, y) = 0 for some representative (f , V ) of f and in
particular f ∈ O1, that is, f = f (x). Since f (0) = 0 it follows that x|f in O2 so that since v(f) is irreducible (because it is a
separatrix of F

=
) it follows that v(f) = v(x) = y-axis. Therefore except eventually for the y axis the separatrices of F

=
are

given by elements h ∈ O2 regular of some order in y and this proves the claim. �

Now we define the O1-module O1(S̃) of all the sequences (λs)s∈S̃ where λs ∈ O1 and λs = 0 except for a finite number

of indexes s ∈ S̃. We denote by r2 the O2-module of germs of holomorphic 2-forms in (Cn, 0) and by T : O(S̃)
1 → r2 the

map (λs) →
∑

s λs
dhs
hs
∧ w which is clearly a finite sum for each (λs) ∈ O

(S̃)
1 . We recall that given any s ∈ S̃, hs ∈ O1[y]

is a Weierstrass polynomial such that s = v(hs). According to Lemma 10.8 the map T is a well-defined homomorphism of
O1-modules and the image T (O(S̃)

1 ) consists of Weierstrass polynomials 2-forms and as it is easy to see they have a degree
equal to degree ofw in y minus 1; say, k− 1.

Claim 10.13. T is not injective, in fact, we have dimO1 Ker T ≥ 2.

Proof. In fact since S̃ is infinite and since dimO1 O
(S̃)
1 = cardinality of S̃ the claim follows from the fact that the image

T (O(S̃)
1 ) ⊂ r2 has a finite dimension (which depends only on k) over O1 (see also Lemma 10.9). �

Now given any element (λs) ∈ Ker T we have w ∧
∑

s λs
dhs
hs
= 0 and

∑
s λs

dhs
hs
≠ 0 where λs ∈ O1 is null for almost

every s ∈ S̃. This ends the proof of Theorem 10.11. �

We attempt to the fact that Theorem 10.11 above may not be true (as stated) for the codimension-one case. In fact we
cannot prove Claim 10.12 in the codimension-one case: for instance if n = 3 and the variables are (x, y, z) then the germs
of the form xf+ yg ∈ O3 are not regular of any order in z but can define infinitely many separatrices of a germ of foliation
F
=
∈ F2. However this difficult is overcame if we assume that the germw is a Weierstrass polynomial in each variable:

Theorem 10.14. Let F
=

be a germ of codimension-one foliation given by a germ of integrable one-formw in (Cn, 0). Suppose:

(i) w is a Weierstrass polynomial in each variable xj, j = 1, . . . , n.
(ii) F

=
has infinitely many separatrices.

Then there are Weierstrass polynomials, in some variable xj, hν ∈ On−1[xj], ν = 1, . . . , r and linearly independent elements
(λν), (µν) ∈ Or

n−1 such thatw ∧
∑r

ν=1 λν
dhν
hν
= 0 andw ∧

∑r
ν=1 µν

dhν
hν
= 0.

11. Existence of absolutely dicritical germs of foliations without Liouvillian first integral

A germof singular codimension-one foliationF
=

on (Cn, 0) is said to be absolutely dicritical if all its leaves are separatrices,

that is, F
=

is represented by some pair (F ,U) such that every leaf L of F accumulates only at the origin, i.e., L = L ∪ {0}.

According to Remmert-Stein Theorem [9] this implies that L is an analytic subset of U and therefore there exists a
holomorphic function f ∈ On such that L and f −1(0) coincide in a neighborhood of 0 ∈ Cn. Examples of these foliations are
given by the µ-simple germs of foliations defined in Example 4.3 and studied in [12].

The most simple of these foliations are those of type D0(1, 1) (according to the notation of [12]) which are foliations in
dimension two that, after one single blow-up, are nonsingular foliations with only one point of tangency with the projective
line and this is a order-2 tangency (see also [2] for further properties of such foliations). Themapdefined in a neighborhood of
this point of tangency in the projective bymapping one point p on the other point of intersection of the leaf Lp, through p, with
theprojective; is a local biholomorphism fixing the tangent point andhas order 2 (it is an involution). By performing a (single)
translation or an inversion on C we can consider that the tangent point is the origin and define a map H : D0(1, 1)→ B2
where B2 is the subgroup of germs of biholomorphisms of C fixing the origin, generated by the involutions. We denote by
A the equivalence relation defined by analytic conjugation in D0(1, 1) and by D0(1, 1)/A the quotient space.

Theorem 11.1 ([12]). The map H is onto and induces a bijective map

H : D0(1, 1)/A←→ B2/PSL(2,C)

that is, two germs F
=
, F
=

′
∈ D0(1, 1) are analytically conjugated if, and only if, the corresponding involutions are conjugated by

a Möbius transformation T ∈ PSL(2,C).

This theorem shows that the problem of classifying the germs F
=
∈ D0(1, 1) which admit some type of first integral

(meromorphic, Liouvillian) can be set up in terms of the involutions σ ∈ B2.
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11.1. Construction of a non-Liouvillian absolutely dicritical germ of foliation in (C2, 0)

Let us now show how to construct an example of an absolutely dicritical foliation without Liouvillian first integral. We
shall follow a construction proposed by Gabriel Calsamiglia. If F

=
is an absolutely dicritical germ of foliation in (C2, 0) and

admits a Liouvillian first integral F we consider its restriction f to the exceptional divisor, which is a Liouvillian function
over CP1 having at most a countable number of singularities. Suppose F

=
has only one tangent point with the exceptional

divisor and consider the involution σ defined by it in a coordinate t centered at this point. In a neighborhood of (0, 0) ∈ C2

the Liouvillian function G(X, Y ) = f (X)− f (Y ) defines σ implicitly: G(t, σ (t)) = 0. The set of singularities of G is contained
in the set sing(f )×sing(f ), and therefore the set of points where σ cannot be analytically continued is at most countable. To
construct the example of a non-Liouvillian germ, we just need a germ of involution σ ∈ Diff(C2, 0) having an uncountable
set as natural boundary, since any germ of involution can be realized as the involution induced by a foliation at a tangent
point with the exceptional divisor. Suppose c : S1

→ C is aC1 non-analytic Jordan curve bounding a topological disc D ⊂ C
and such that the intersection of c and −c occurs only transversely. Consider a conformal Riemann mapping h : D → D
which extends as a homeomorphism to the boundary, but does not extend analytically, since such an extensionwould imply
the existence of points where c is analytic. Suppose 0 ∈ D and h(0) = 0 and define the germ σ(z) = h−1(−h(z)). We can
apply the result in [14] p. 628 to deduce that σ has a topological circle as natural boundary and by definition σ 2

= Id.
The following lemma will be useful:

Lemma 11.2. Let f (z) be a rational function on C and let σ ∈ Bih(C, 0) be any germ of biholomorphism satisfying f ◦ σ = f ;
then σ extends to C as an algebraic function over C(z).
(ii) Let f (z) be a Liouvillian function on C and let σ ∈ Bih(C, 0) be such that f ◦ σ = f ; then σ satisfies a Liouvillian relation.

Proof. Write f (z) = P(z)/Q (z) where P(z),Q (z) are polynomials. Then from f ◦ σ = f we obtain P(σ (z))
Q (σ (z)) =

P(z)
Q (z) , so that,

P(σ (z)) · Q (z) − P(z) · Q (σ (z)) = 0. Define p(Y ) = Q (z) · P(Y ) − P(z) · (Y ), then p(Y ) ∈ C(z)[Y ] is such that p(σ ) = 0
and this proves that σ extends in a natural way as an algebraic function over C(z).
(ii) In fact define g(w) = f (w)− f then g = 0 is clearly a Liouvillian equation over C(z). �

Given a germ of foliation F
=
∈ D0(1, 1)we write F

=
∈M (respectively F

=
∈ L) if F

=
admits a meromorphic first integral

(respectively, a Liouvillian first integral). Also denote by M/A and L/A the corresponding quotient spaces by the above
defined relation A. Lemma 11.2 and the discussion in the beginning of this paragraph then give:

Theorem 11.3. The map H : D0(1, 1) → B2 induces a bijection between the spaces M/A and {[σ ] ∈ B2/PSL(2,C) :
σ is an algebraic function over C(z)}. Moreover we also have an injection

L/A −→ {[σ ] ∈ B2/PSL(2,C) : σ satisfies a Liouvillian relation}.

In particular, there are elements F
=
∈ D0(1, 1) which do not admit a Liouvillian first integral.

12. Foliations on Stein manifolds having Liouvillian first integrals

The notion of Liouvillian function onM can be introduced in a natural way whenM is a Stein manifold as C2 for instance
(see Example 2.5). Using this we can generalize the results of [20] set up for foliations on CP2, to foliations on Stein
2-dimensional manifolds. We shall begin by proving basic lemmas for differential one-forms and foliations by curves on
Stein manifolds:

Lemma 12.1. Let F be a holomorphic foliation on a Stein manifold Mn.

(i) If F has dimension-one then F is given by a meromorphic vector field X on M.
(ii) If F has codimension-one then F is given by a meromorphic integrable differential one-formΩ on M.

Proof. (i) Since M is a Stein manifold given any point p ∈ M there exist f1, . . . , fn ∈ O(M) with (df1 ∧ · · · ∧ dfn)(p) ≠ 0.
It is clear that the set Y = {q ∈ M/(df1 ∧ · · · ∧ dfn)(q) = 0} is a codimension ≥ 1 analytic subset of M so that M \ Y is
connected (M is supposed to be connected). There exists an open cover


i∈I Ui = M by connected sets such that F |Ui is

given by a holomorphic vector field Xi on Ui and in each Ui ∩ Uj ≠ ∅ we have Xi = fij · Xj for some fij ∈ O(Ui ∩ Uj)
∗. Given

any point q ∈ M \ Y we have (df1 ∧ · · · ∧ dfn)(q) ≠ 0 so that ∂
∂ f1
, . . . , ∂

∂ fn
are holomorphic vector fields on M which are

linearly independent on a neighborhood of p so that given any open set Ui we can write locally Xi on Ui \ (Ui ∩ Y ) as a linear
holomorphic combination of the ∂

∂ fk
is but since Ui \ (Ui ∩ Y ) is also connected this can be done in all Ui \ (Ui ∩ Y ), say

Xi =
∑n

k=1 α
i
k
∂
∂ fk

, αk ∈ O(Ui \ (Ui ∩ Y )).

Claim 12.2. The αi
k’s extend meromorphically to Ui.
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Proof. This is a straightforward consequence of Lemma 12.3 below. Thus we have extended the αi
k’s meromorphically to Ui.

In each Ui ∩ Uj ≠ ∅we have Xi = fij · Xj so that−
k

αi
k
∂

∂ fk
= fij ·

−
k

α
j
k
∂

∂ fk
,

that is,−
k

(αi
k − fij · α

j
k)
∂

∂ fk
= 0.

Since ∂
∂ f1
, . . . , ∂

∂ fn
are locally linearly independent outside a codimension-one analytic subset if follows that αi

k− fij ·α
j
k ≡ 0

inUi∩Uj so that αi
k = fij ·α

j
k inUi∩Uj. Thuswe αik

αi
ℓ

=
α
j
k

α
j
ℓ

, ∀k, ℓ and this allows us to define α1, . . . , αn meromorphic functions

onM by setting αk =
αik
αi1

in each Ui so that we have

Xi =
−
k

αi
k
∂

∂ fk
=

−
k

αi
k

α1

∂

∂ fk
⇒ Xi = (α

i
1)
−1
·

n−
k=1

αk
∂

∂ fk
= αi

1 · X

where X =
∑n

k=1 αk
∂
∂ fk

is a meromorphic vector field onM . Clearly X also defines F onM . The proof of (ii) is similar to the
proof of (i) and we shall omit it. �

Lemma 12.3. Let X, Y1, . . . , Yn be holomorphic vector fields on an open polydisc∆ = ∆1 × · · · ×∆n ⊂ Cn. Suppose that:

(i) Y1, . . . , Yn are locally linearly independent on∆ \ (∆1 × 0 · · · × 0)
(ii) X =

∑n
j=1 αjYj in∆ \∆1 for some holomorphic functions α1, . . . , αn on∆ \∆1.

Then α1, . . . , αn extend meromorphically to∆.

Lemma 12.4. LetΩ, Ω1, . . . ,Ωn be holomorphic integrable differential one-forms on an open polydisc∆ = ∆1×· · ·×∆n ⊂ Cn

such that Ω1, . . . ,Ωn are locally linearly independent outside ∆1. Then we can write Ω =
∑n

i=1 fiΩi for some meromorphic
functions f1, . . . , fn on∆, in a unique way.

Proof. Given any point p ∈ ∆\∆1 there exist local coordinates (x1, . . . , xn) centered at p such thatΩj = dxj, (j = 1, . . . , n)
(remark that Ω1, . . . ,Ωn are integrable). Thus we can write Ω =

∑n
i=1 fi · dxi =

∑n
i=1 fi · Ωi for some holomorphic

fi(x1, . . . , xn) defined in a neighborhood of p. We have clearly Ω ∧Ω2 ∧ · · · ∧Ωn = f1Ω1 ∧ · · · ∧Ωn,
Ω ∧Ω1 ∧Ω3 ∧ · · · ∧Ωn = −f2Ω1 ∧ · · · ∧Ωn,

...
...

...

 .
Therefore fj is uniquely determined and extend in a natural way as a meromorphic function on∆. �

Using what we have observed above and Proposition 7.7 we can prove:

Theorem 12.5. Let F be a foliation by curves on a Stein manifold Mn and suppose F has a solution (y, V ) which satisfies a
Liouvillian relation but does not satisfy an analytic relation. Then F has a Liouvillian first integral on M.

Definition 12.6. A holomorphic singular foliation (of any dimension) on a complex manifold M is said to be absolutely
analytic if each solution of F satisfies an analytic relation given by a meromorphic function onM .

Clearly an absolutely analytic codimension-one foliation F satisfies the following conditions:
(i) F is proper that is each leaf L of F is properly embedded
(ii) each leaf of F is an analytic subset ofM
(iii) F does not admit a hyperbolic singularity.

Proposition 12.7. Let F be a dimension-one foliation on a Stein manifold Mn. Suppose that each solution of F satisfies a
Liouvillian relation. ThenF is absolutely analytic orF has a Liouvillian first integral. In particular if n = 2 andF is not absolutely
analytic then F has a Liouvillian first integral of the form F =


Ω

h whereΩ is a meromorphic one-form in M which defines F

and h is an integrating factor forΩ of the form h = exp

η where η is a closed meromorphic one-form on M.
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13. Foliations on compact complex manifolds having Liouvillian first integrals

As we have already observed the notion of Liouvillian function on a compact complex manifold M is naturally set up
using the fact that its field of meromorphic functions is a finitely generated algebraic function field over C. Therefore we
can generalize the main results of Section 5 (from [20]) to this case. However we will have to suppose that the foliation by
curves is given by a (global) meromorphic vector field onM . We beginwith some basic notation: Let x1, . . . , xr , y ∈ µ(M) be
such that µ(M) = C(x1, . . . , xr , y) as in Example 2.3. A solution (y, V ) of a foliation by curves F onM is called an algebraic
solution if there is an algebraic function that is, an element f ∈ C(x1, . . . , xr) such that f ◦ y = 0 in V . We say that (y, V )
satisfies a Liouvillian relation if there is Liouvillian function f on M analytic in some neighborhood of y(V ) which satisfies
f ◦ y = 0 in V .

Theorem 13.1. Let F be a holomorphic singular foliation by curves on a compact complex manifold M given by a meromorphic
vector field X on M. Suppose F has a nonalgebraic solution which satisfies a Liouvillian relation, then F has a Liouvillian first
integral.

Theorem 13.2. Let F be a holomorphic singular foliation on a compact complex surface M2 given by a meromorphic vector field
X on M and a meromorphic one-formΩ on M. Then F has a Liouvillian first integral if, and only ifΩ admits an integrating factor
of the form h = exp


η where η is a closed meromorphic one-form on M.

Corollary 13.3. The set τ of foliations by curves on a compact 2-dimensional complex manifold M2 admitting Liouvillian first
integrals is a Zariski’s closed subset of the space Fol(M) of foliations by curves on M. In particular there exists an open dense
subset U ⊂ Fol(M) whose elements do not admit a Liouvillian first integral.

In order to prove Theorem 13.2 we need the following version of Darboux’s Theorem [1,7]:

Proposition 13.4. LetF be a codimension-one holomorphic singular foliation on a compact manifoldM given by ameromorphic
integrable one-formΩ onM. Then F has a meromorphic first integral on M if, and only if, F has infinitely many algebraic leaves.

Let us write µ(M) = C(x1, . . . , xr , y) in the usual notation. Given a meromorphic one-form Ω defining F we write
Ω =

∑r
j=1 Ajdxj, Aj ∈ C(x1, . . . , xr , y) (see Proposition 1.5). There are ‘‘polynomials’’ Dj ∈ C[x1, . . . , xr , y] such thatΩ ′ =

(
∏r

j=1 Dj).Ω is a ‘‘polynomial’’ integrable one-form onM also describing the foliation F . Therefore we will assume that the
coefficients Aj ofΩ are elements of C[x1, . . . , xr , y]. Now we have the following lemma:

Lemma 13.5. The following conditions are equivalent for a polynomial P ∈ C[x1, . . . , xr , y]:

(i) {P = 0} ⊂ M is invariant by F
(ii) Ω ∧ dP

P is a ‘‘polynomial’’ 2-form on M, that is, its coefficients belong to C[x1, . . . , xr , y].

Lemma 13.5 is proved just like Lemma 10.2 (see also the proof of Lemma 3.5.3 of [10]). The proof of Proposition 13.4 goes
as the proof of Theorem 7.6. �

Once Proposition 13.4 is proved one canproceed as in Section 5 andprove Theorems13.1 and13.2, and also Corollary 13.3.

14. Local canonical forms of certain foliations with Liouvillian first integrals

According to what we have done above, in several situations, the existence of a Liouvillian first integral for a foliation
F : Ω = 0 is equivalent to the existence of a Liouvillian integrating factor , that is, ameromorphic closed one-formη satisfying
dΩ = η ∧ Ω so that if we define h = exp


η then η = dh

h and therefore dΩ = η ∧ Ω is equivalent to d(Ωh ) = 0. When
h is meromorphic the form Ω has a well-known general form [6]. Here we regard the problem of describing the possible
general form forΩ when h is multiform and generic , say, h =

∏
f
µj
j where fj is a holomorphic function and µj is a complex

number ∀j; such that:

(i) (fi = 0) is transverse to (fj = 0), ∀i ≠ j.
(ii) If

∑
j dj · µj = 0 with dj ∈ Q then dj = 0, ∀j.

We will also assume by simplicity that the ambient is a 2-dimensional complex manifold. Thus it is enough to consider
the following situation: LetΩ be a holomorphic one-form defined in an open bidisc ∆ centered at the origin of C2 and let
(x, y) ∈ ∆ be holomorphic coordinates in∆ centered at the origin. Let also λ,µ ∈ C with λ/µ ∈ C\Q be given and suppose
thatΩ(p) = 0, p ∈ ∆⇔ p = 0.

Proposition 14.1. Under the conditions above we have the following as equivalent conditions:

(i) d( Ω

xλyµ ) = 0.

(ii) IfΩ =
∑
∞

ν=Ων whereΩν is the ν-jet ofΩ in the coordinates (x, y) then d( Ωνxλyµ ) = 0, ∀ν ≥ 0.
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(iii) Ω is of the formΩ = f dy
y + fλ,µ dx

x for some f ∈ O(∆) where fλ,µ is defined as

fλ,µ =
∞−
ν=1


ν−

j=0

λ− (ν + 1− j)
µ− j+ 1

· aj · xν−j · yj


for f =
∑
∞

ν=1

∑
∞

j=0 ajx
ν−jyj


.

Proof. (i)⇔ (ii): WriteΩ =
∑
∞

ν=0Ων as in (ii). Then we have:

0 = d

Ω

xλyµ


⇔ d(Ω) =


λ
dx
x
+ µ

dy
y


∧Ω ⇔

∞−
ν=0

dΩν =

∞−
ν=0


λ
dx
x
+ µ

dy
y


∧Ων

⇔ dΩν =


λ
dx
x
+ µ

dy
y


∧Ων, ∀ν

where the last equivalence follows from the fact that (λ dx
x +µ

dy
y )∧Ων is homogeneous of degree ν− 1, ∀ν > 0. Therefore

d

Ω

xλyµ


= 0⇔ d


Ων

xλyµ


= 0, ∀ν > 0.

(ii)⇔ (iii): Write Ων+1
xy = fν(x, y)

dy
y +gν(x, y) dxx for ν ≥ 0where fν(x, y) =

∑ν
j=0 aj ·x

ν−j
·yj and gν(x, y) =

∑ν
j=0 aj ·x

ν−j
·yj,

aj, aj ∈ C. Then an easy computation shows that (ii) equivalent to

aj =
λ− (ν + 1− j)
µ− j+ 1

· aj, ∀j = 0, . . . , ν.

This shows the proposition. �

Proposition 14.1 provides several examples of foliations which admit a Liouvillian first integral. In fact we have:

Corollary 14.2. There is a canonical bijective correspondence
holomorphic one-formsΩ in∆

satisfying d( Ω

xλyµ ) = 0


←→ O(∆)

Ω = xy

f
dy
y
+ fλ,µ

dx
x


←→ f .
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