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ABSTRACT

In the paper, Wald's Sequential Probability Ratio test

for a Bernoulli parameter is studied to assess the influence

of truncation on the true probabilities of error of the first
and second kind. It is shown that a natural truncation point
exists for every SPR test such that the desired error proba-
bilities are not exceeded. Extended acceptance rules were
described whose use allows truncation comparatively early

when certain sample sizes are picked. The true error proba-

bilities achieved are either both smaller or equal to the
- desired ones or one is smaller or equal and the other is

exceeded. In the latter case, that probability of error that

shall not be exceeded can be chosen and the other will be

as small as possible. A listing of 126 SPR plans useful in
quality control applications has been included which gives

all described truncation points with the applicable acceptance

rules and the values for the true probabilities of error.
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I. INTRODUCTION

In the field of statistical quality control, a possible
way to assure quality is acceptance sampling by attributes.
One objective is to keep inspection costs low and still
assure the defined level of quality. Lowering inspection
costs often goes hand in hand with reducing the sample size
of the test. Several types of sampling plans have been
developed, one of which is A. Wald's Sequential Probability
Ratio plan. Whereas other sampling plans have fixed sample
sizes, the maximum number of samples that have to be drawn
in a sequential sampling plan is unbounded. This problem
does not occur only in quality control, but also in other
fields, and various approaches have been undertaken to over-
come this disadvantage.

Although Wald suggested a way of truncating and redefining
the acceptance criterion, he warned that this will change the
envisioned protection against errors [Ref. 1]. Some more
recent papers describe methods of how to determine useful
properties of sample size in sequential tests, as do Aroian
[Ref. 2] for truncated and Corneliussen and Ladd [Ref. 3] for
untruncated sequential tests for the binomial distribution.
Aroian suggested and Corneliussen and Ladd actually used

numerical methods on a computer to obtain the information

needed.




In this paper, we shall investigate two ways of

truncating Wald's Sequential Probability Ratio test for a
Bernoulli parameter. The first way fixes both probabili-
ties of error in advance of desired levels and assures that
they are met. This conforms with Wald's approach to
sequential sampling. The second way fixes and assures only
the probability of one error, either o or 8, and allows
the other to be adjusted. The objective is in either case
to cut down on maximum necessary sample size. Simple and
later on more generated extended acceptance rules at the
truncation point are considered. The results of this paper
will be presented as a display of usable truncation values
for members of a broad class of sequential sampling plans
which could occur in quality control.

We will proceed through the study in the following steps:
The next chapter is an outline of Wald's Sequential Proba-
bility Ratio test for a Bernoulli parameter. It includes
the general procedure of the test, compares planned error
probabilities with truly obtained ones, describes the test
by a sequential-sampling chart, and gives an analysis of
how the probabilities of acceptance accumulate.

The third chapter deals with truncating Wald's sequential
test where both error probabilities are fixed in advance.
The acceptance rule applied throughout the chapter is that

at the truncation point all continue-sampling outcomes are




. wr v —

added to the rejection region. The chapter's result is
the finding of a natural truncation point.

In Chapter IV, we truncate and use an extended acceptance
region by including the closest continue-sampling outcome
at the truncation point. All other outcomes are again added
to the rejection region. We will define this simple extended
(hl-l) acceptance rule and then analyze the now relevant
accumulation of acceptance probabilities. From this, a
necessary condition is described to get true error proba-
bilities that do not exceed the planned ones. The defini-
tion of optimal truncation where only one error probability
is fixed in advance will be brought up. At the end of the
chapter, formulae to calculate optimal truncation points
for use with the simple extended acceptance rule are derived.

Chapter V generalizes the concept of extended acceptance
rules at truncation points, and provides an outline of
problems that arise when optimal truncation is to be
achieved. A way to overcome these problems is discussed.

The last chapter is a comprehensive outline of the study
and gives all obtained results together with an example.
The reader whose main interest is application of the results
may directly turn to Chapter VI,

Appendix A tabulates values for optimal and natural
truncation points for some sequential plans useful in

quality control.
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II. WALD'S SEQUENTIAL PROBABILITY RATIO TEST

Consider a test for a Bernoulli parameter p where the
null hypothesis is p = Py and the alternative is p = P,
The probabilities of errors of the first and second kind
are o and B, respectively. Wald [Ref. 1] developed a
sequential procedure for this kind of test. It will be

described in the following sections,

A. THE GENERAL METHOD

In a Wald sequential plan, samples of size 1 are drawn
sequentially and after the nth sample has been inspected, a
probability ratio of value r is calculated. Then a decision
about the outcome of the test is made by comparing the
probability ratio value r against two test-plan specific

values A and B as follows:

* If T > A then stop sampling and accept the null
hypothesis,

* if r, < B then stop sampling and reject the null
hypothesis, and

* if B < r, < A then continue sampling.

Wald proposed to assign in practice A the value (1-8)/a
and B the value B8/(1-a). At the same time, he pointed out
that with those values, the planned error probabilities o

and B are not exactly met.

10




B. PLANNED AND TRUE ERROR PROBABILITIES

Some truncation rules that we bring up in this paper
make use of appreciable differences between planned and
truly achieved error probabilities. In these truncated
plans, the differences as they occur in Wald's untruncated
sequential tests are reduced as much as possible while still
satisfying the stated risks.

Wald has shown that, with his test procedure, one needs
only worry about three combinations of all possible ways
true error probabilities (a', B') can differ from the

planned o and 8 [Ref. 1, p. 44-46]:
Either (1) a' <o and B' < B,

or (2) o

| A

a and B' > B ,
or (3) a' >a and B' < B.

For use in a test plan, the true risk combination (1) is
satisfactory in that the planned error probabilities will
never be exceeded. In combinations (2) and (3), however,
one of the true error probabilities will exceed its planned
value while the other will not.

Wald pointed out that although the planned error proba-
bilities are exceeded, the difference is insignificant for
practical purposes. Accordingly, as we deal with the appli-

cation of sequential plans, this assurance is used to include

11




combinations (2) and (3) into combination (1) and say:
although one of the true error probabilities may be greater
than planned, since the difference is insignificant, we may
treat it as it they were equal.

Besides the general description of Wald plans, a
graphical representation of sequential sampling plans will
prove helpful. This representation will be given in the

following section.

C. DESCRIPTION BY ' SEQUENTIAL-SAMPLING CHART

In the field of quality control, the sequential-sampling
chart is used as a tool to implement Wald's Sequential
Probability Ratio test. It describes sequential sampling
as a special random walk in two dimensions. In this study,
the chart is used to clarify concepts and notation. The
chart shown in Figure 1 does not represent a specific plan
but rather an illustrative example.

In the notion of a sequential sampling plan as a random
walk, each possible outcome of the test process is defined
by the sample number n together with the value of the
process at n, denoted by X(n). (The value of the process
can be illustrated for the case when the outcome of each
single inspection is classified as good or bad: X(n)
represents the number of bad items that were found among
the total of n items inspected.) The two limit lines which,

as absorbing boundaries, separate the continue-sampling
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region from the rejection and acceptance region, respectively,

are described by

X(n)

and

X(n) -h1 + sn

where h h2 and s are plan parameters,

1’
Once the process crosses the upper limit line, rejection
of the null hypothesis will follow. The value of the pro-
cess at the sample number n, X(n), can take on integer
values such that X(n) =i, i =0, 1, 2, ..., n. As the
test proceeds, it is possible that a decision to accept
the null hypothesis takes place. For that, it is necessary
that the process crosses the acceptance limit line while
having a certain process value X(n) = i. Depending on the
value of the slope s, not all values of n represent possible
points where acceptance can occur. Let us denote the sample
number n at which acceptance can occur for X(n) = i by Ai
and call these sample number values acceptance points. This
means that we have acceptance points at n = AO, Al’ Az, .
and, starting from Ao, these points partition the sample

number axis in disjoint intervals [Ai’ A +1-1], which we

i
shall denote as [Ai’ Ai+1)' The intervals will be of nearly

equal size.




D. ANALYSIS OF ACCEPTANCE PROBABILITIES

The objective of this study is to find truncation points
for sequential test plans for Bernoulli parameters, and to
assess their compliance with the desired specifications.
Judgment will be made on the ground of how close the true
error probabilities a' and B' are to the desired ones o and 8.
Subsequently we will calculate B' directly as the probability
of accepting the null hypothesis when the alternative
hypothesis is true. The value for o' will be obtained by
assessing (1-a'), the probability of accepting the null
hypothesis when it is in fact true. We will analyze in
this section how these two probabilities of acceptance
accumulate over the course of the test.

In the last section, we saw that the sample number axis
may be divided into intervals [0, AO), [AO, Al), [Al, AZ)’ e
where the Ai are the acceptance points of the plan. Now we
associate with each of the acceptance points Ai an uncon-
ditional termination probability that the test will terminate
at Ai with an acceptance decision. The sum of the termina-
tion probabilities associated with all A;'s is the probability
to accept the null hypothesis as it represents all possible
ways to achieve acceptance in an untruncated Wald sequential
sampling plan.

Analogous to the above, the sum of termination probabili-

ties associated with acceptance points that have values

15




less than or equal to n is the probability of accepting the
null hypothesis when at most n samples are drawn. We will
denote this acceptance probability by Pa(n). To indicate
under which assumption the probability was calculated, we
will write Pa(nIHO) if the null hypothesis is true, or
Pa(nIHl) if the alternative is true.

The following statements about the probability of

acceptance when at most n samples can be drawn are true:
(1) Since h1 >0, Pa(O) = 0.

(ii) As n is enlarged, Pa(n) never decreases but increases

at the acceptance points AO’ Al’ AZ’ oo o
(iii) For all n in the interval [Ai’ Ai+l)’ Pa(n) = Pa(Ai)

With truncation at n, and rejecting there if we have not

accepted at an acceptance point,

(iv) Pa(nIHO) (1-a') and

) Pa(nIHI) = R8', where the primes refer to true error
probabilities,

Figures 2 and 3 depict the accumulation of the two
probabilities Pa(ano) and Pa(nlﬂl), respectively, for an
arbitrary sequential probability ratio plan. The ordinate
values were calculated by means of a computer algorithm, The
algorithm accounts for rejection as well as acceptance, i.e.,

only sampling developments are considered that lie between

16
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the acceptance and rejection limit lines until absorption
in the acceptance region occurs,

In Section B of this chapter, we investigated combina-
tions of differences between planned and true error
probabilities. There we said that for our application

purposes only the combination a' < o and B' < B will be

relevant as an outcome of an untruncated sequential sampling

plan. The combination can equivalently be stated as

(1-a)

| v

1 - a)
and
B' < B

For any test plan that we truncate at the sample number n,

we have by definition
Pa(anO) =1-a'
and
P,(n|H;) = 8’

Suppose that we let n approach infinity, i.e., we do not

restrict the plan at all. Then we can write symbolically

Pa(wlﬂo) z (1 - G.) ’

19
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and

P (=|H) <8 .

From Pa(leo) > (1 - o) follows that there must be one or
more values for n for which Pa(nIHO) > (1 - a). We will

denote the smallest of those sample number values by ng,

Pa(nolHo) i (l - 0.) ’

such that Pa(nIHO) < (1 - o) whenever n < n,. The accumula-
tion of Pa(nIHO) as the value of n is increased can be
observed in Figure 2.

Consider in turn the probability of accepting the null

hypothesis when in fact it is false and the alternative is

true. Here, as n increases, the true error probability is

smaller than or equal to the planned one (B' < 8), and thus
possible values for Pa(nlﬂl) are such that 0 < Pa(n[Hl) <8
Hence for control of type II error, it is not necessary to
specify a certain sample number in the sense that we defined
n, when the null hypothesis was true. Rather the planned
error probability B will not be exceeded regardless of the
value that n assumes.

Figure 3 shows an example of the case where the
acceptance probability Pa(nlﬂl) approaches in magnitude the

neighborhood of the number B = 0.1 as the sample number

increases.

20
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We have seen now how the probabilities of acceptance

for our two special cases behave in general. This yields

a remarkable but simple result that will be explained

in the course of the next chapter.
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III. TRUNCATING THE SEQUENTIAL PROBABILITY RATIO TEST

Wald spent some effort on the problem of truncating
his test procedure. He warns that [Ref, 1, p. 61]:

By truncating the sequential process at the nth
trial we shall, however, change the probability of
error of the first and second kind.

We will see in this chapter that for all sequential
sampling plans there exists a truncation point at which
neither of the two specified error probabilities will be
exceeded. In the chapter that follows, we will look for a
way to truncate even earlier than that. There, however,

we will have to allow most of the time some decrease in

protection against the one or the other error.

A. EXISTENCE OF A NATURAL TRUNCATION POINT

We claim that for every sequential probability ratic
sampling plan for a Bernoulli parameter, a sample number n,
can be found at which the plan can be truncated and yet the
specified error probabilities a and B are met. We will call
this sample number n, the natural truncation point of the
plan, since there is no reason to continue sampling beyond
that point. The decision at the truncation point will be:
If no acceptance has taken place up to and at the sample
number ng, then reject the null hypothesis.

The support for the claim follows the outline of the

last section where we analyzed the acceptance probabilities.

22




During the test process the probability of acceptance

A

increases only at acceptance points AO’ Al’ X

With the null hypothesis true, the probability of acceptance

Pa(nIHO) will equal or exceed the level (1 - a) at higher
sample numbers. The smallest value of n for which this is
true will be the natural truncation point n,-.

We do not really need to consider here the probability
of acceptance with the alternative hypothesis true because
this probability Pa(nIHl) will at most insignificantly be
greater than 8. There remains to say that a still better
result than the one given by natural truncation can be
obtained when one alters the acceptance rule. Our goal
is to cut down on necessary sample size even below the
natural truncation point and still achieve as good a pro-
tection against errors as before. In cases where this is
still not enough, we may allow one or the other error
probability to increase but then always the true error

probabilities shall be assessed.

23
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IV. A SIMPLE EXTENDED ACCEPTANCE RULE

Up to now, the way by which we deciced in a truncated
sequential sampling plan whether to accept or to reject was
that if no decision was made after the last sample was

examined we rejected the null hypothesis. From here on,

slightly more complicated acceptance rules will be allowed.
They will be applied for decisions when the outcome of the
final inspection would again lead to '"continue sampling.”
A rule to include one or more of continue-sampling outcomes
into the acceptance region will be called an extended

acceptance rule.

A. DEFINITION OF THE ACCEPTANCE RULE
Reaching back to the graphical representation of the

i sequential-sampling chart as well as to our analysis of

f acceptance probabilities gives the basis for the following
development. Let the natural truncation point n, be
identical to the acceptance point Ak. Consider any sample
number interval [Ai’ Ai+1)’ i=0,1, 2, ..., (k-2), i.e.,
an interval where the acceptance point A; is greater or equal
to AO, and Ai+1 is strictly smaller than the natural
truncation point Ak' In such intervals, the acceptance
decision can take place only at the acceptance number Ai, as

was shown previously, and the decision to accept can be made

24




only if the value of the sampling process X(n) at Ai is

X(Ai) =1,

Suppose that the result of the Aith sample tells us to
continue sampling but the test is to be truncated at that
sample number. If the outcome in the continue-sampling
region is such that the process value is X(Ai) =i + 1
(the outcome closest to the acceptance region), then we will
accept the null hypothesis. Otherwise, we will reject it.
This acceptance rule will be called the (h1 - 1) rule since
the final decision under this rule for a plan with plan
parameter h1 is the same as the final decision made with
the non-extended acceptance rule but for a plan whose
acceptance line intercept with the ordinate is (h, - 1).
(This is shown in Figure 4 by the dashed line.) We demon-
strated the rule for a value of n equal to the acceptance
point Ai but the rule can be applied for all sample numbers
in the interval [Ai’ Ai . 1). Figure 4 shows schematically
the assignment of sampling outcomes to the acceptance and

rejection regions.

B. ACCEPTANCE PROBABILITIES INSIDE INTERVALS
In Chapter II, we worked with the overall picture of the

sequential-sampling chart. Now we must have a close-up lo0k

[

at it.

L

The intervals [Ai, Ai . 1), i=1,2, 3, ..., defined by

pairs of adjacent acceptance points, partition the sample
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The points B,C,D and E represent the sampling outcomes of
the continue-sampling region at the truncation point. Out-
come B is described as the closest, outcome E as the
farthest from the acceptance region. The (h,-1) acceptance
rule assigns B to the acceptance region (shown by "a") and
C,D and E to the rejection region (shown by "r").

Figure 4 - SCHEME FOR ASSIGNING SAMPLING OUTCOLES AT TH
TRUNCATION POINT (SIMPLE EXTENDED ACCEPTANCE RULE)




number axis. We are going to study the development of the
probabilities of acceptance to get a picture of the effects
that extending the acceptance rule will have on the
probabilities and hence on the probabilities of errors.
The intervals under consideration are only those that
contain sample numbers smaller than the natural truncation
point.

Figure 5 is an enlarged portion from a sequential-
sampling chart, It will be needed for the derivation that
follows. (It is a characteristic of charts used in quality

control that the intervals [Ai’ A )} are quite large.

i+l
Plans where the acceptance points are very close together
or even adjacent may not give the results that will be
derived in the following part of the paper.)

Earlier in the text, we defined Pa(n) to be the
probability of accepting the null hypothesis when at most
n samples can be drawn. There a non-extended acceptance
rule was in use. Now we denote with Pa'(n) the acceptance
probability that refers to the truncation under the simple
extended (h1 -~ 1) acceptance rule. When we define a third
probability, namely the probability that the sampling
process reaches the lattice point (n, X(n) = j), to be
P[X(n) = j], then the extended probability of acceptance for
truncating at the acceptance point Ai’ i=20,1, 2, ...,

will be
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The lattice points that the test process is able to reach
are represented by black dots. The sample number n; shows
the chosen truncation point. The acceptance points are Ai
and Ai+1‘

Figure 5 - DESCRIPTION OF THE LATTICE FIELD ON AN
INTERVAL




P,'(A;) = P (A;) + P[X(A{) =i+1],i=0,1,2, ... ()

Consider now that instead of Ai we truncate the sampling
process at a sample number Nn; inside the interval [Ai’ Ai . 1)
and stay with the extended acceptance rule. There the proba-

bility of acceptance becomes
Pa'(ni) = Pa(Ai) + P[X(ni) =i+ 1] . (2)

The probability that appears as the second part of the sum
can be written as

n; - A j

P[X(n;) = i+ 1] = P[X(A;) =i +1](2 -p) * , (3) |

since in order for the process to have the value i + 1 at

the sample number n n; it must be that the process already

had this value at n Ai‘ Here, p represents the true

Bernoulli parameter. The second factor (1 - p)ti - Ai

follows from the fact that it takes the process (ni - A))

i

failures to move from Ai to n;.
The obtained probability (3) is a decreasing function in

ny, and thus as we choose truncation points further out in

the [A;, Ai + 1) interval, the total probability of acceptance

Pa'(ni) will decrease. Using (3), (2) becomes

n. - A,
P,'(n;) = P (A;) + P[X(A;) =i+1]1Q-p)* %,




We notice that if we allow n, = Ai+1’ then Pa'(ni) = Pa(A

i+1).
Now we are ready to work toward a conclusion. Since

A is strictly smaller than the natural truncation point,

i+l
applying the non-extended acceptance rule with the null

hypothesis Ho true all acceptance probabilities obtainable

up to Ai + 1 will be smaller than (1 - a). Equivalently with
the alternative hypothesis H1 true the probability of
acceptanée will be smaller or equal to the planned error
probability B.

Once again we look at the case where the null hypothesis
is true. Suppose that truncating at the acceptance point Ai
under the simple extended (h1 - 1) acceptance rule yields a
total probability of acceptance that exceeds the value (1 - a),

i.e.,
Pa'(AiIHO) >1 - a

However, for a truncation point n,; inside the interval

[A Ai . 1) the total acceptance probability

i,
Pa'(ni) approaches pa(Ai . 1)

as

n; approaches Ai +1

Together with the fact that




P_(A

aldi + 1lHp) <1 -a

it must be that for rational values of n we are able to find
' a sample number ﬁi that will give us a probability of

acceptance such that
i ' = -
Pa (nilHO) 1 -a.

Let us integerize by cutting off decimal values and call the
result nI. This number will be a truncation point in the
interval [A;, Ai + 1) that yields the closest value o' to the
planned error probability a while not exceeding a. Figure 6

explains the derivation graphically.

In a similar manner the closest value to the desired
probability of error of the second kind, B, can be found.
Using the simple extended acceptance rule (h1 - 1) and
truncating at the sample number n, will yield the total
acceptance probability Pa'(nilﬂl). As n; increases through
the interval the value of Pa'(nilﬂl) will decrease. So, when
Po(A; , 1IHl) is strictly smaller than B, we are able to find

Y
a smallest sample number n, for which it is still true that

P! ** <
a'(my) <8 .

L3 ]
The sample number n; Tepresents the earliest possible

truncation point in the interval that will still assure the

planned error probability B. Refer to Figure 7 for an example.
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A Probability of
Acceptance, P;(ano)
1.0 |
S 00
0.9 } |
!
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|
l
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L
A, 60 70 0 90 A,

Sample Number n

The graph shows the accumulated acceptance probability

over the interval {A,,A,) when H, is true and the simple
extended acceptance rule is applied (upper curve)., Values
shown are for the test Ho:p=0.005, H,4:p=0.05, «=0.05, B=0..
For comparison the acceptance probability when the simple
extended acceptance rule is not applied is shown (lower
curve). Using the upper curve and choosing n% as a trunc-
ation point yields a true error probability & which is
closest to « without exceeding it.

Figure 6 - ACCUMULATED ACCEPTANCE PROBABILITY WITE THE
SIKPLE EXTENDED ACCEPTANCE RULE (NULL HYPOTHESIS TRUE)
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A Probability of
Acceptance, P'(n|H1)
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exceeding it.

Sample Number n

The graph shows the accumulated acceptance probability over
the interval [A,,A,) for the test in Figure 6 when H; is
true and the simple extended acceptance rule is applied
(upper curve). For comparison the probability when the

rule is not applied is shown (lower curve). Using the

upper curve and choosing n* as a truncation point yields

a true error probability p°which is closest to £ without

Figure 7 - ACCUMULATED ACCEPTANCE PROBABILITY WITH THE
SIMPLE EXTENDED ACCEPTANCE RULE (ALTERNATIVE TRUE)
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Note that it need not be that the extended probability
of acceptance for the left side interval limit point,
Pa'(Ai[HI), is greater than or equal to 8. If it is not
greater than B8 then it is clear that nf* = A..

i i
Also note that with H, true we have not talked about the

0
smallest sample number that allows us to hold the error
probability o but rather we talked about the largest sample
size n; that would do that. Obviously the smallest sample
number for that purpose would likewise be equal to Ai but
this definition would not be useful. Under an extended
acceptance rule the true error probability B8' will be much
smaller and hence more favorable when we move further out in
the interval.

Up to here we looked at the truncation points n; and nI*
separately. What happens to the true error probability B8'
when we truncate at the sample number n:? Conversely, what
happens to a' when we truncate at nz*? One can think of two
possibilities:

(1) Both of the planned error probabilities are satisfied or

(ii) only one is satisfied and the other is exceeded.

In the following two sections we will investigate both

possibilities.

34




T wy W YT

C. HOLDING BOTH PLANNED ERROR PROBABILITIES

We showed in the last section that when the necessary
assumptions to use the simple extended acceptance rule are
satisfied the two special sample numbers n; and nz* can be
found for each interval leftward of the natural truncation
point. At sample number n; we are assured that when we
truncate there the allowed error probability o will not be
exceeded. This is the largest sample number that has this
property in the interval. Similarly, nz* is the smallest

2 *®
sample number for which 8 is not exceeded. Thus, if n. < n,

i =71
for the interval [Ai’ Ai + l), then we will have both planned
error probabilities not exceeded when we truncate at a sample

*

R
number n such that n; <n < n;.

For the experimenter the sample number n;* is the most
favorable as it gives him the smallest required maximum
sample size in the range of the considered interval while
both planned error probabilities are met. When one looks at
the computed results of truncation points in Appendix A, one
can see that a great number of sequential sampling plans have
at least one interval where n:* is smaller or equal to n;.
Those intervals are listed under "Hold Alpha and Beta."
However, sometimes no such truncation points exist. For
intervals closest to the natural truncation point this may

be the case when at the natural truncation point the true

error probability B' is not strictly smaller than B.

35




D. OPTIMAL TRUNCATION WITH ONE ERROR FIXED

We will now consider the case where the values of the
two sample numbers n; and n;* will be such that n; is
smaller than n;*. This implies that when one error

probability is met the other is likely to be exceeded. An
*

example was given back in Figures 6 and 7 where n, = 76 and
**_
n, = 95,

This gives rise to the following definition for an
optimal way to truncate a sequential sampling process inside

one of its intervals [Ai’ Ai . 1):

(1) If holding the a-requirement is desired and flexi-
bility with the B-requirement is allowed when using the

®
sample number n, as truncation point will be optimal in the

sense that it gives the smallest actual error probability

B' that can be obtained in the interval.

k (ii) Likewise, if the B-requirement must be met and the

-

a-requirement can be handled more loosely, then truncating
R*x

the process at the sample number n; will yield optimality

in the sense that the true error probability a' achieved

will be the lowest possible for that interval.

This constrained optimality concept is rather powerful
as it tells us that for sequential sampling plans, when the

sample number axis is partitioned into sufficiently large

intervals by the acceptance points, there exist within most
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intervals "best' truncation points (depending on whether
a or B is fixed).

The concept holds not only for the extended (h1 - 1)
acceptance rule case but also for the higher order (h1 - m)
cases, as will be shown later. The reason that we treated
the (hl - 1) acceptance rule separately and extensively 1is
that first, it is the easiest to analyze and second, it is
the easiest to calculate numerically: Once a basic computer
program has been set up that describes the sampling process
numerically at the acceptance points, a simple formula can

* ®x
be employed to calculate the sample numbers n, and n.

i
exactly for each interval [Ai’ Ai + l). The explicit
formulae to calculate the two numbers will be developed in

the section that follows.

E. FORMULAE FOR OPTIMAL TRUNCATION

Earlier we suggested that optimal truncation points can
be found for sequential sampling plans where the simple
extended (hl - 1) acceptance rule is applicable. The formulae
that we will derive in the following paragraphs will yield

. . . * **
numerical values for the optimal truncation points n, and n. .

i
At the end of the section special situations employing these
formulae are discussed.

Suppose numerical values for the following expressions

are given:
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(i) [A,, A, , ), 1=1,2,3, ..., (k- 2), which

represents an interval on the sample number axis and where
AL refers to the acceptance point that is the natural

truncation point.

(ii) Pa(AilHo) and Pa(AiIHI), the unextended probabili-
ties of accepting the null hypothesis accumulated during the

sampling process up to and including the Ai'th sample.

(iii) PIX(A;) = i+ 1[H0] and P[X(A;) =1 + 1|H1] denote
the probabilities that at the sample number Ai the sampling
process has the value (i + 1) for the respective hypothesis.

Let us first consider the case where the null hypothesis
H0 is true, Under the (h1 - 1) acceptance rule we wish to
find n;, the optimal truncation point to hold the error

l probability a. We restrict ourselves to test plans where

the total acceptance probability Pa' is such that

P'(A;[Hy) = Po(A;[H)) + PIX(A;) = i + 1{Hj] > (O - a)

Thus it must be for the optical truncation point on the

interval [Ai’ A 1) that

i+
n, - Ai
Pa(AiIHO) + P[X(Ai) =i + 1|Ho](1 - PO) > (1 - o)
where PO is the Bernoulli parameter under the null hypothesis.

*
Solving this for the optimal truncation point n; leads

to

38
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n, - A, 1 - o - P (A;|Hy)

(1 - Py) S PIXGA = 1 ¥ IH,T

and after taking logarithms to

* log(l-a-Pa(Ai)) + Ai log(1-P

- - 1og(PIX(A;) = i+1])
ni=1n

0)

B 2 TR SR

‘Iog(l-PaT

log(l-a-Pa(A.)) - log(P[X(Ai) = i+1])
= int (A, + 1
i log(l—PbJ

where int[ ] denotes the integer function and all values are

obtained for the case where the null hypothesis H, is true.

0
When the alternative hypothesis H1 is true, we wish to
. X% . . .
find n; , the optimal truncation point to hold the error

probability 8. If

n.-A.
P,' (A [H)) = P_(A;[H)) + P[X(A;) = i+1{H;1(1-P,) Pl

then, in a manner similar to the previous derivation, we

obtain
ax log(B-P,(A;)) - 1log(P[X(A;) = i+1])
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where again int[ ] represents the integer function and all

values are calculated with the alternative hypothesis true.

The parameter P, is the one hypothesized under Hl‘

1
Implementing these formulae on a computer involves

little difficulty and thus the numbers n; and n;* can easily
be obtained. (We will see later that when more extended
acceptance rules are used, the values cannot be explicitly
calculated and we will have to search for them along the
interval.)

Up to now we have not touched the interval (A - 1> Ay
which lies directly before the natural truncation point Ak.
The use of the derived formulae is restricted in this interval.
&

The formula for n,

the optimal truncation point to hold a,
is never valid in this interval because from the definition
of the natural truncation point n, and the (hi - 1) accept-
ance rule, Pa'(niIHO) approaches Pa(nOIHOJ from above as n,
approaches n, from the left. This implies, however, that
the true error probability o' will always be smaller than or
equal to o regardless of where we truncate in the interval.
The formula for n;*, the optimal truncation point to hold
B, is not valid, when at the natural truncation point

the true error prob: : B' is not strictly less than the

planned 8. No optimal truncation point exists in this case

because B' will exceed B regardless where we truncate in the

interval with the (h1 - 1) acceptance rule.




In the following chapter we will, different from the
approach in this chapter, include more outcomes of the
continue-sampling region at the truncation point into the

acceptance region and look for implications that arise,
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V. GENERAL EXTENDED ACCEPTANCE RULES

When one wants to use natural truncation one will
recognize that this rule will still yield relatively large
maximum sample sizes. In practical tests an experimenter
might be forced to cut sampling somewhere far below that
range of sample sizes that allow for natural truncation.
Also, one might encounter sequential sampling plans that are
not suitable for the simple extended acceptance rule because
there is not enough probability mass that is added to the
acceptance probability when only the closest continue-
sampling outcome is included into the acceptance region.

Do we have to give up the search for useful truncation
points then? The answer is '"no'" but before we work on
that answer let us describe what we mean by a general

extended acceptance rule.

A. DESCRIPTION
Suppose that the sequential test is to be truncated at
the sample number n; where n; is contained in the acceptance

point interval [Ai’ Ai v 1), Furthermore, suppose that the

outcome of the nith sample is "continue sampling." If this

outcome is such that the process value X(ni) satisfies

i<X(ng) ci+m,

J
* U aEe e .




Process Value

A Rejection
Region

h2+sn
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r
=5 r
a—"
m=4l v __ — =(hy~3)+sn

Acceptgnce Region

—>
Truncaetion Sample
point Number

The points m=1,2,...,7 represent sampling outcomes in the
continue-sampling region at the truncation point. The
general extended acceptance rule (hy-m) with m=3 assigns
the outcomes m=1,2 and 3 to the acceptance region (shown
by "a") and the outcomes m=4,5,6 and 7 to the rejection
region (shown by "r"),

Figure 8 - SCHEME FOR ASSIGNING SAMPLING OUTCOMES AT THE
TRUNCATION POINT (GENERAL EXTENDED ACCEPTANCE RULE)




where m is an integer greater than i, then we include this

outcome into the acceptance region and accept the null
hypothesis. Otherwise we reject the null hypothesis. We
could denote this acceptance rule by (h1 - m) in general and,
substituting integer values form, m =1, 2, 3, ... ; (h1 -1,
(h1 - 2), (h1 - 3), ... in particular. Figure 8 shows the
scheme of assigning sampling outcomes to the acceptance and

rejection regions for the (h1 - 3) acceptance rule,

B. EXTENDED ACCEPTANCE OPTIMAL TRUNCATION

Now we will look closer at the actual probabilities of
acceptance as they are implied by general extended acceptance
rules. The basic approach to the analysis resembles the
one in Section C in Chapter II and Section B of Chapter IV,
In the former chapter the general picture was given and
in the latter the simple extended acceptance rule was
derived. From Figure 9 where the null hypothesis is
true, it can be seen that on the interval [Ao, Al) as well as
on the interval [Al’ AZ), the necessary acceptance rule must
be the (h1 - 2) rule in order to hold the a-requirement
somewhere in each interval. Figure 10, however, with the
alternative hypothesis true, shows that the (h1 - 2)
acceptance rule overshoots the B-reyuirement at all sample
numbers contained in the intervals. This pattern will

become worse when an even higher order acceptance rule is

applied.
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A Probability of
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The graph shows the accumulated acceptance probability for
the test Ho:p=0.01, H,:p=0.05, £=0.05, g=0.1 when He is
true and the acceptance rule (h;-2) is applied (upper
curve). For comparison the respective probability with the
(he-1) rule is shown (lower curve). Optimal trunction
points are ng=82 and n}=134 when the upper curve is used.
True error probabilitiesp’ are 0.22 and 0.13 respectively.

Figure 9 - ACCUMUILATED ACCEPTANCE PROBABILITY WITH A
GENERAL EXTENDED ACCEPTANCE RULE (NULL HYPOTHESIS TRUE)
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A Probability of
Acceptance, P;(n|H1)
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The graph shows the accumulated acceptance probability for
the test in Figure 9 when Hy is true and the acceptance

rule (h,~2) is applied (upper curve). For comparison the
respective probability with the (h4-1) rule is shown (lower
curve)., Optimal truncation to hold # requires use of the

lower curve., Truncation points are then n/*=84, ng3* =124 and
the true error probabilities & are 0.19 and 0.10 respectively.

Figure 10 - ACCUMULATED ACCEPTANCE PROBABILITY WITH A

GENERAL EXTEIDED ACCEPTANCE RULE (ALTERNATIVE TRUE)
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What implications do the results have for the concept

of optimal truncation? We will work it out for the case
that we are not allowed to exceed the planned error proba-
bility a.

SuppoSe we have the acceptance point interval [Ai, Ai . 1),
and let truncation occur at the sample number ny inside the
interval. We seek an extended acceptance rule (h1 - m) that
will satisfy the a-requirement. Associated with this rule
will be a true error probability B'. An optimal result (the
smallest achievable true error probability B') will be
obtained when the parameter m is as small an integer as
possible. Note that this will automatically result in the
single extended acceptance rule (h1 - 1) if it is applicable.
It follows then that it is generally consistent to denote
the found optimal truncation point for the interval

*
[A A l) by n, as we did it earlier,

i? i o+

When we have to hold the B-requirement then we work along
nearly the same path: Instead of selecting the smallest
possible parameter m for the general extended acceptance rule
(h1 - m) we will search for the largest value. This in turn
gives the smallest true error probability a' at the trunca-

. . R
tion point n. .

i
We see that the optimal truncation concept is not lost
with general extended acceptance rules. The simple extended

(h1 - 1) acceptance rule is merely a special case of the 4

general rule,
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The next chapter provides a comprehensive review of the

results of this paper. Appendix A gives numerical values
of natural and optimal truncation points for a wide range

1 of sequential sampling plans that are useful in quality control.




VI. RESULTS

The starting point is Wald's Sequential Probability
Ratio test procedure to test for a Bernoulli parameter PO.
The objective of this study was to investigate the influence
of test truncation on the true probabilities of error of
the first and second kind compared to the desired errors,
and to recommend truncation rules and acceptance rules when
limiting the sample size is necessary.

It was shown that a natural truncation point exists for
every sampling plan, and it may be found by numerical
methods on a computer. Stopping the test at the plan's
natural truncation point n, and rejecting the null hypothesis
when an acceptance decision has not yet occurred gives the
assurance that both planned error probabilities are satisfied.
Sampling beyond the natural truncation point is not necessary.
(In Appendix A the natural truncation points are given for
each considered sequential sampling plan.)

During the sampling process decisions about accepting
the null hypothesis are possible at acceptance points.
These points partition the sample number axis into intervals.
Extended acceptance rules, which are applied at a truncation
point, allow to meet the planned probability of error of
the first kind at any desired truncation point. Under an

extended acceptance rule, m of the most adjacent sampling
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outcomes of the continue-sampling region at the final sample
are included into the acceptance region. The decision rule

then is that if no acceptance decision can be made the null

hypothesis should be rejected.

This rule increases the true probability of error of the
second kind. Using a suitable extended acceptance rule will
for most intervals result in truncation points that give the
following protection against errors:

(1) The planned probability of error of the first kind
are met, but the one of the second kind is exceeded.

(2) The planned probability of error of the second kind
is met, but the one of the first kind is exceeded.

(3) Both planned probabilities of error are met.

In Case (1) an optimal truncation point exists when the
smallest value for m is used that still results in the
planned probability of error of the first kind when the null
hypothesis is true. The truncation point is optimal in the
sense that the planned probability of error of the first
kind is satisfied while the smallest obtainable true
probability of error of the second kind is achieved. (In
Appendix A those truncation points are listed under '"Hold
Alpha.")

In Case (2) an optimal truncation point exists when the
value for m is used that, when the alternative hypothesis is

true, will make the true probability of error of the second
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kind smaller or equal to the planned one. Optimality means

that here the true probability of error of the first kind is
as small as possible for any truncation point on that
interval while the planned probability of error of the
second kind is satisfied. (In Appendix A those truncation
points are listed under '"Hold Beta.")

The protection as described in Case (3) occurs when Case (1)
and Case (2) use the same m-value for the extended acceptance
rule and the optimal truncation point from Case (2) is smaller
or equal to the optimal truncation point in Case (1). (The
smallest sample number that results is listed in Appendix A
under "Hold Alpha and Beta.') When the value of m can be
set equal to 1.0 then the numerical calculations are simpli-
fied and the analysis is quite easy.

A limitation on the methods described may come up in
connection with test plans outside quality control whenever
acceptance points of the plan are very close together or
even next to each other. However, the natural truncation
concept will always be valid.

This study did not assess the average amount of inspec-
tion necessary to obtain a decision when the recommended
truncation rules are applied. One reason is that the used
computer algorithm is not applicable for the necessary

calculations. We suggest the investigation of this topic

using some algorithm like the one described by Corneliussen
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and Ladd in Ref. 3. It is hoped that this work will not
only be useful to those working with quality control
problems, but will also generate interest in further

studies in this area.

e s 2
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APPENDIX A

TABULATED VALUES FOR NATURAL AND OPTIMAL TRUNCATION POINTS

On the following pages 126 sequential plans are listed.

Sets of a- and B- values considered are:

@« = 0,05, B = 0.05,
@ =0.05, B =0.1,
a=0.1, B =0.1.

Values of the parameters P0 and P1 are for each set:

P0 = 0.005, Pl = 0.01 through 0.1 (increments of 0.01),
Po = 0.010, P1 = 0.02 through 0.1 (increments of (0.01),
P0 = 0.015, P1 = 0.03 through 0.1 (increments of 0.pl),
P0 = 0,020, P1 = 0,03 through 0.1 (increments of 0.01),
P0 = 0,025, P1 = 0.04 through 0.1 (increments of 0.01).

For the meaning of '"natural truncation point'" and the
column headings "Hold Alpha and Beta,' "Hold Alpha" and
"Hold Beta'" refer to Chapter VI. All acceptance point
intervals are listed for each test starting from the natural
truncation point downwards to Ao. The abbreviation Yundef.!
in the column "Hold Alpha and Beta'" means that no truncation
point that satisfies at least one of the planned error proba-

bilities can be found.
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