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Abstract

An operator equation X = TTX + G in a Banach space £ of F;-adapted random
elements describing an initial- or boundary value problem of a system of stochastic
differential equations (SDEs) is considered. Our basic assumption is that the under-
lying system consists of weakly coupled subsystems. The proof of the convergence
of corresponding waveform relaxation methods depends on the property that the
spectral radius of an associated matrix is less than one. The entries of this matrix
depend on the Lipschitz-constants of a decomposition of TT. In proving an existence
result for the operator equation we show how the entries of the matrix depend on
the right hand side of the stochastic differential equations. We derive conditions
for the convergence under “classical” vector-valued Lipschitz-continuity of an ap-
propriate splitting of the system of stochastic ODEs. A generalization of these key
results under one-sided Lipschitz continuous and anticoercive drift coefficients of
SDEs is also presented. Finally, we consider a system of SDEs with different time
scales (singularly perturbed SDEs) as an illustrative example.

Key words: Waveform Relaxation Methods; Stochastic Differential Equations;
Stochastic-Numerical Methods; Iteration Methods; Large Scale Systems.

1 Partially supported by the University of Los Andes at Bogotd, University of Minnesota
at Minneapolis and Weierstrass Institute for Applied Analysis and Stochastics at Berlin.

2 To this author all correspondence should go to.

3 B-mail addresses: schneider@wias-berlin.de and schurz@math.umn.edu

Preprint submitted to Elsevier Preprint 23 November 2000



1 Introduction

The solution of complex and large scale systems plays a crucial role in recent scien-
tific computations. In particular, large scale stochastic dynamical systems represent
very complex systems incorporating the random appearances of physical processes in
nature. The development of efficient numerical methods to study such large scale sys-
tems, which can be characterized as weakly coupled subsystems with quite different
behavior, is an important challenge. Under some conditions, block-iterative methods
are very efficient. One of these methods to solve large scale systems is given by the
waveform relaxation method. This method was first proposed by Lelarasmee, Ruehli
and Sangiovanni-Vincentelli [25] for the time-domain analysis of large scale integrated
circuits. For the waveform algorithm concerning deterministic processes and related
aspects, many research papers can be found, e.g. Bremer and Schneider [5], Bremer
[6], Burrage [7], in’t Hout [12], Jackiewicz and Kwapisz [16], Jansen et al. [17], Jansen
and Vandewalle [18], Leimkuhler [23, 24], Miekkala and Nevanlinna [27, 28], Nevan-
linna and Odeh [30], Sand and Burrage [34], Schneider [35, 36, 37|, Ta’asan and Zhang
[42], Zennaro [47], Zubik-Koval and Vandewalle [48], among many others.

To our knowledge, there is no application of the waveform relaxation methods to
stochastic processes in the refereed literature. In what follows we present a theoret-
ical foundation for the construction and convergence of waveform iterations applied
to systems of ordinary stochastic differential equations (SDEs). The attention is re-
stricted to Ité-interpreted SDEs (for original papers, see 1t6 [13, 14, 15], i.e. where
occurring stochastic integration is interpreted in the sense of It6 [15]. For basic as-
pects on the theory of SDEs in the spirit of It [13], see e.g. Anulova et al. [1], Arnold
[2, 3], Dynkin [9], Gard [11], It6 [13, 14, 15], Khas’minskij [19], Krylov [22], Mao [26],
Protter [32] and Revuz and Yor [33]. We see our main contribution in deriving bounds
for the Lipschitz-constants of the corresponding stochastic integral operator and in
describing their dependence on the involved stochastic process.

The paper is organized as follows. In Section 2 we describe the key idea of waveform
relaxation method. Section 3 presents a proof for the existence and uniqueness of an
initial value problem for stochastic differential equations (SDEs) using Banach’s fixed
point principle for vector-valued Lipschitz continuous random operators in random
product Banach spaces with appropriate norms. This key result can be used to derive
conditions for the convergence of the waveform relaxation method in the case of It6
SDEs. Section 4 generalizes this idea to the case of one-sided Lipschitz-continuity
of the drift part, restricted to anticoercive drift coefficients of SDEs. An illustrative
example is given in Section 5. Section 6 closes this contribution with some conclusions,
final remarks and interesting open problems.



2 The general idea of waveform relaxation methods

There are numerous initial- and boundary-value problems of differential equations
which can be formulated as fixed point problems. Therefore, in the following we
consider nonlinear equations of the type

x = Tz+yg (1)

where T maps the function space U into itself, and g € U. There are several tech-
niques to find appropriate conditions on the operator T guaranteeing a unique solu-
tion z* € U of system (1) and resulting in an efficient algorithm to approximate z*.
In the case that (1) represents a network of weakly connected subsystems with quite
different behavior, i.e. (1) carries the feature of a large scale system, the waveform
relazation method is an efficient approach to approximate z*. Its key steps can be
formulated as follows:

(i) Decomposition step: Find a suitable representation of U as a product of subspaces
L[l,Z/{Q, ...,Z/{n, i.e.

U = U xUy X ... XUy, (2)

and a corresponding splitting of T into T4, ... , T, and g into gy, ..., g, such
that the fixed point problem (1) is equivalent to the system

2 =T (W, 2™) 4 g4,
-7/'(2) = T[_Q(x(l)’ ey ‘T’I(n)) + 92,

.......................................... (3)

where () g, € U, and T, maps the space U into the subspace U, for k =
1,2,..,n.
(ii) Solution step: Solve the k-th subsystem

28 = T (2W, . 2®D &) ) 2y 4ogy (4)

by an appropriate procedure. Here, ), j = 1,2, ..., n with j # k are the inputs
from other subsystems.

(iii) Relazation step: Derive conditions such that the successive solution of the sub-
systems (4) leads to the unique solution of the large scale system.

The steps (ii) and (iii) can be combined to some “diagonalized” iteration scheme (see
Schneider [37] for details). In the case of the Gauss—Jacobi procedure

:cgl) = —H_l(xz(l): -Tz('i)lv xz(‘?i)la ooy 955211)’ xy—l)l) + 91



xZ(?) :Tl’z(x(l) 22 2® ---,xgﬁzl)axz(ﬁ)l) T 92,

=1y -1

x(n):'l'l_n(x(l) P 2 ...,x,(ﬁfl),x(-n))-i-gn

1—1r¥g—1r¥i—1»

we get the diagonalized iteration scheme

xgl) = Tl(l'z(i)l, 337(;2,)1, ceey xz(il)l) + 91,
xz@) _ -|-|-2($Z(1_)1, 3352_)1, e xz@l) + 92,

..................................................... (6)

) (2
xEn) = Trn(xg—)la xz(—)la s )xgjn)l) + gn
which represents a block Picard iteration. To prove the convergence of (6) we assume

(Hy) For k =1,...,n, Uy is a complete metric space with norm ||.||.
(Hy) Fork=1,...,n, Ty : Uy xUs X ... XU, — Uy is a globally Lipschitz continuous,
nonlinear mapping, i.e.

[TTe(@®, ..., 2™) = TR@ED, .., 2™,
< L l)lz® = 2O + A+ | J2™ — 2D, (7)

for all z, z(0 e Yy, ..., 2™,z e Y.

Let L := (Ig;),1 < k,j < n, be the matrix of Lipschitz constants [;; of operators T,
k=1,2,...,n.

Theorem 1 We assume the hypotheses (H,) and (Hy) to be satisfied. Under the
additional assumption that the spectral radius o(L) of matriz L is lesser than one, the
iteration scheme (6) converges in U with respect to an appropriate norm |||.||| (for its
definition, see (9) in the proof below).

PROOF. Without loss of generality we may assume that all entries of L are strictly
positive. Then, by a theorem of Perron (see [10]), the fact o(L) < 1 implies that o(L)
is an eigenvalue of L to which an eigenfunction e with strictly positive components
€1, ---,e, exists. From (6) and (7) we get for k=1,...,n

k _(k 1 (1 n —_(n
12 — 25 16 < |2 — 21+ o+ |2 = 2 |-

Hence, we have



erl|af) — 2P|+ o+ enllal — 2,

< (el + eslog + ... + enlnt) ||z — 2,1 + . ..
+(erln + ealpa + ... + enlnn)||m§ﬁ)1 - x@ﬂ\n

=o(L) (1|2 — 2 [[1 + .+ enl|z™) — 2 ],) -

Now we introduce a norm |||.||| in U :=U; x ... x U, by

alll = exllz® s + ... + en|2™]|n. (9)

Using this norm we obtain from (8)

i =zl < o(D) [l|2ia = zisl]

Thus, the iteration scheme (6) is convergent in U with respect to the norm (9),
provided that o(L) < 1.

Similar convergence results can be derived for modified schemes. The iterative meth-
ods to solve the subsystems can be applied in form of Gauss—Jacobi, Gauss—Seidel,
successive overrelaxation (SOR) or Picard iterations in general, where the related
spectral radii control the convergence of these algorithms in appropriate Banach
spaces. For example, if we replace the Gauss—Jacobi procedure (6) by the Gauss—
Seidel iteration

Igl) = —|_|—1(l‘§1_)1, xz('z)la xz(?:)la ey xz('ﬁzl)’ IS’I—L)I) + 41,
D=y, 22,2, 2,2 + g,
..................................................................... (10)

i ,xz’ ’:,LIZ' 9 ey Z‘ ’:,le'_l

then the corresponding matrix L = (I ;) of Lipschitz-constants can be determined
from the estimates

Amgl) < 111A$(1)1 + llZA‘/le(i)l +-t llnAﬂU(n)

i— i—1
Ax?) < lz1l11AIE§1) + (o1l + 122)A33§2—)1 + o+ (loalin + ZQH)sz(r—L)l’ (11)

where sz(k) = sz(k) - xg’i)lHk'

In the case n = 3, for the Gauss—Seidel iteration



1 1 2 3
2P =T (2, 22, 2%) + g1,
.’,C(2) = Tg(ff)(l), .T7(;2_)1, x,(?l)l) + g, (12)

2 2

2 = Tn(xgl) z? acz(i)l) + g5

2 A A

we obtain the matrix L

lll l12 l13

L = | iyl lorlyo + loo lorlys + log
lsili1 + lsalorliy l31lho + Uso(lorlia + log) ls1lis + 33 + l32(l21lis + lo3)-

Thus, o(L) < 1 implies the convergence of the iteration scheme (12). Consequently,
Theorem 1 can be modified for this iteration scheme as well. General convergence

theorems for iteration methods are also found in standard references, e.g. Zeidler
[46].

Remark 2 Theorem 1 is applicable to operators describing deterministic as well as
stochastic processes. The main problem to be tackled in applying the waveform relaz-
ation method to stochastic systems consists of estimating the influence of stochastic
terms on the Lipschitz-constants. A first approach is presented in the next section.

Remark 3 It is worth noting that system (5) permits the application of multi-pro-
cessor computers (parallel computing) — a fact which renders the waveform algorithm
to be very attractive for numerical solving of large scale systems.

3 Waveform relaxation methods for SDEs
3.1 Notation and main assumptions

Let < .,. >4 denote the Euclidean scalar product defined by < z,y >4= Z;j:l TiYi
for vectors z,y in IR%, d > 1 the current dimension, and ||.|| the Euclidean vector norm
in IR?. Throughout this paper B¢ represents the set of all Borel-measurable sets of IR%.
Let (2, F,IP) be a given complete probability space, and 7 = [0, T a fixed finite time
interval. Suppose that (F;);e7 performs a filtration such that (2, F, Ficr, IP) presents
a complete stochastic basis. In the following we consider only F;-adapted stochastic
processes (X;)ie7 defined on (2, F, Fic7, IP), with finite p-th absolute moments for all
times ¢ € T, where p > 1. Recall that a stochastic process is called “cadlag (a.s.)” if
and only if all trajectories are continuous from the right side, and left hand limits exist



almost surely (with respect to probability measure IP). For more detailed information
on stochastic calculus, see e.g. Anulova et al. [1].

Definition 4 The space &, q is defined to be
X = Xi(w) is a cadlag (a.s.) stochastic process,

Epa = Xi)ost<r + Xy(w) = [0, T] x (Q, F, (F)osi<r, P) — (R, BY), ¢ (13)
X is Fy—adapted, IE supyc<r [[:Xe[[g < 400

and the space &),

X; = X;(w) is a continuous (a.s.) stochastic process,
04 = (Xo<rer * Xy(w) : [0,T] x (U F, (Focrer, ) — (R, BY), ¢ .(14)
X, is Fy—adapted, IE maxo<i<r [|X¢]]f < 400

Proposition 5 The spaces &, 4, 5]?’,1 are Banach spaces with respect to the norm
1/p
IXlle,. = (1 sup, 115) (15)
0<t<T
for X € &4 or X € £, respectively.

PROOF. The proofs of this assertion for £, 4 and Epf”d are similar, hence we restrict
ourselves to the case of £ ;. The fact that £, is a normed linear space follows from
the linearity of IE -operation and properties of real vector norm ||.||q in IR¢. It remains
to show the completeness of £) ;. Let (X (™) .erv be a Cauchy sequence in space E -
That is, we know that

Ve > 0 3ng(e) € N Vn,m > ng(e) : || X™ — X(m)”gOd < e.
Let X(™ converge to X. Then, for all n,m > ng(¢), it follows that
IX — X2, =1 sup [|X, - X"}
0<t<T

0o =
gp,d

n>m 0<t<T

< sup (IE sup ||x ™ —Xtm)||ﬁ> < eP.



Hence, by the Lemma of Fatou (see Bauer [5], p. 92), we get X — X(™) ¢ &y 4 for all
m > ng(e). Therefore

X=X-XMm4Xxmeg,

Thus, the proof is completed. ¢

Remark 6 Forp = 2, the function spaces &y 4, 51?,(1 form Hilbert spaces endowed with
the naturally induced scalar product. For fixed parameters p,d, one finds the natural
inclusion £) ; C Epa.

Our goal is to study the class of Ito-interpreted stochastic differential equations
(SDEs) in conjunction with convergence of waveform relaxation methods. Let W},
W2, ..., W™ be m given independent, one-dimensional Wiener processes adapted to
the filtration F;. Define W = ¢ for all ¢ € [0,7]. In what follows we consider the
initial value problem for the d-dimensional system of SDEs driven by the Wiener
process W, = (W}, W2, ..., W™)

dX, =3 f(t, X;) AW} (16)
j=0
Xo =1x0(w) fixed and Fp—measurable, 0 <t < T.

The main emphasis of this paper is to derive conditions on the functions f; in order
to guarantee the convergence of waveform relaxation methods to the unique solution
of (16) within the space 5;9,(1- For this purpose, we take into account the following
splitting of the d-dimensional system (16) into n interacting subsystems of dimension
d

dxtV Z Frit, X0 X2 LX) dw,

7=0

ax? Zf XM, xP L x™yawi,

............................................... (17)
dX™ =3 fo (6, X0, X2, XY dWi
=0
X, X7, X = (2 (W), 28 (W), e a8V (W), 0< < T,
where fj = (flj,fQj,.. fn]) ,] 0,1,...,m, with fkj : [O,T] X ]Rd — Ide, d =

> p=1dk, k =1,2,...,n. Concerning the functions f; we assume

(Ao) fj,7=0,1,...,m are Lebesgue-measurable.



(A1) frj(t,z),j = 0,1,..,m;k = 1,2,...,n are globally Lipschitz continuous in z ,
uniformly with respect to time ¢ € [0,7], i.e. there are constants Lg,)j € R!
(1=1,2,...,n) such that

V(-’E(l)a ’x(n)), (y(1)7 ’y(n)) € IRdl Ko X ]]_:{d”
n
n n k . .
1fii (2D, oo 2@ = Foi(ty @, sy ™|, < ZLE’J)Hx(z) OIS
i=1

for all times ¢t with 0 < ¢ < T.
(Ag) For k=1,2,...,n,and j =0,1,...,m it holds that

sup inf ||fe;(t,v)|| < Kp < +00.
0<t<T yER4

3.2 An auxiliary result on linear boundedness

In most of the references on SDEs one finds the extra requirement of at most linear-
polynomial boundedness of their coefficients. We shall show that this requirement can
be replaced by the much weaker one of (Ay) as a consequence of requirement (A;).
For this purpose, the following auxiliary lemma is stated and proved.

Lemma 7 Assume that the function fy : [0,T] x R¢ — IR% satisfies the hypotheses

(V1) fe(t, ) is globally Lipschitz continuous in x, uniformly with respect to t € [0,T],
i.e. 1t holds that

ALy € R'Vr,y € R [|filt,2) = fet,y)lle, < Lillz — ylla

for all times t with 0 <t <T.
(Va) supgcicr infycpa (||fk(t, y)| + Lk||y||) < 400 for all indices k.

Then, there exists a nonnegative real constant

Co = C = su inf L + t,
o= alf) = swp o inf Al ) )

such that

Vt € [O,T] Vx € le : ||fk(t, I)“dk < C()(fk) -+ Lk”l‘”d

PROOF. Suppose that the function fj, = fi(¢,x) satisfies hypotheses (V1) and (V3).
Now, consider any value (¢,y) € [0,T] x R? with || fx(¢,y)|la, < +00. One finds the
estimate



1t @)l = 1t )l < et )lay = et )l < 1t 2) = Filt, 9) g
<Lille = ylla < Le(llzlla + l1yla)

using the inverse triangular inequality and Lipschitz-continuity of function f. By
algebraic rearrangements, and taking infimum and supremum on the right side, this
implies

vt € [0,T] Yz € IR®

175t 2)ll4, < sup

in ¢ + ta + ci||x
OstsTyEIRd=IIfk(t,y)Ildk<+oo{ tllylla + 117 y)”d} lllla

where

1 = Cl(fk) = L.

Therefore, there exist nonnegative real constants ¢; = ¢;(f) and

co = co(fi) = sup inf {extlivlla + 1155t v)lla }

0<t<T yE€R: || i (t,9)l]a, <400

such that

vt € [0,T] Vo € R« ||fi(t,2)lla < colfe) + er(fi)lllla,

i.e. the linear-polynomial boundedness of globally Lipschitz continuous functions f;.¢

Remark 8 The hypotheses (Vi) and (Vo) guarantee the linear-polynomial bounded-
ness of functions f; and fi; occurring as coefficients of considered SDEs. The result
of Lemma 7 is trivial for functions f which are independent of time argument t (then,

(V1) implies (V3)).
3.3  On existence and uniqueness of the solution of (16)

In this subsection we present a constructive proof for the existence and uniqueness
of the solution of the Cauchy problem (16) taking into account the splitting (17). The
goal of this procedure is to extract conditions for the convergence of waveform relax-
ation methods applied to SDEs. For this purpose, we make use of the representation
of the Banach space Sg,d as the product space

0 _ ¢0 0 0
gp,d - gp,dl X gp,dz X X Ep,dn

10



with d = >-}_; di. The spaces Sg’dk are equipped with the norm ||.| £, hence they are

Banach spaces according to the Proposition 5. Later we shall introduce an appropriate
norm in &) ; which renders £, to be a Banach space (This new norm is equivalent
to the norm given by (15)).

We define the random operators Ty, k= 1,2,...,n by

m i
[T (X0, X3, X))}, = Xg’“)+Z/fk,j(s,Xgl),XS),...,X§”>)de (18)
=07

J=0

forall X®) € £2,  mapping £, into £J, . Then a solution of the initial value problem
(17) is understood as a solution of the system of integral equations

[T (X0, X3, X)), = X, k=1,2,..,n. (19)

Introducing the operator T = (T, ..., ), a solution of (19) corresponds to a fixed
point of the operator T . The proof of the following theorem relies on the contractivity
of operator T in the product Banach space 5;?,d-

Theorem 9 Let p > 1. Assume that the given functions fy; satisfy the conditions
(Ao) - (As), and that E || XP| < +oo for allk =1,2,...,m;5 = 0,1, ..., m.

Then the initial value problem (17) has an unique, Fi-adapted and continuous (a.s.)
solution in the space £ ;.

PROOF. The proof is carried out in two main steps. First, we shall show that the
decomposed operator T is a mapping from the Banach space 51?701 into itself. Second,
the operator T forms a contraction in the Banach space 5;9,(1 with respect to appro-
priately constructed norm. Then Banach’s fixed point theorem provides us with the
conclusion of Theorem 9.

Step 1: We prove that ||—|_[_k(X)||g£,dk < +oo for X € &), whenever the functions

fr,;(t, ) fulfill assumptions (Ap) - (Az). Thanks to auxiliary Lemma 7, we know
about the linear-polynomial boundedness of functions fj; with corresponding con-

stants co(fx;) and c1(fk;), i-e.

vt € [0,TIVe € R« |If(t,2)lla < co(f) +er(f)llzlla,

Using the latter fact, we can estimate the norm of images of operators T ;. Remember
X, = (Xt(l), o X, ...,Xt(")). We obtain

t m t
; p
TR COME, < (X la, + 11 [ Frols, X)dslla, + 3011 [ Frils, X)aWi a,)
0 0

=1

11



<(m+27 " (I%7115, + | / frols, Xo)ds[g, +Z|| / frg s, X)W 5,
< (m+ 2Pt (IXP e, + l/nfkosx I d8+2||/fkg8X Jaw?|5,)
< (m+ 2 (XS5, + 27 (0 (fro) + 7 (o) / X, l7ds)
0

m t
o+ 27 (] [ fusls, X)awill,)
=10

< (m 427 (IXGO 5, + 22 (A fro) + & (fr0) max [1Xu]15))

Hm+2p (X sup | / feg(s, X)awi[s,)

j:]- 0<u
— k
< (m+ 27 (I1XGV5, + 277 (S (o) + (o) goas 1 ]2)

m t

+(m +2)P! (Z sup || [ fri(s, Xs)dW7|5 )

j=1 0<t<T

with appropriate constants co(fx0) and c¢i1(fro) (see above). Using the Burkholder—
Davis—Gundy inequality and basic properties of quadratic variation of It6 integrals
with respect to Brownian motions W7 (see Revuz and Yor [33]), there are constants
Cpk,; such that

t

T p/2
sy [ sl X)W, <cp,k,j1E(/ (s, X, )13, < W, W >s)

0<t<
p/2
= o ( [ ists, X >||dkds)

where < M, M >, denotes the total quadratic variation of inscribed martingale M on
0, s]. In fact, applying the Burkholder inequality as stated in Protter [32, p. 174-175]
to continuous time, local martingales (here represented by stochastic [t integrals)
and the constants ¢, ; can be chosen universally, e.g.

eoni < ((pfl)p <p(p2—1)>>§

for p > 2, see also Krylov [22, p. 160-163] for an alternative estimate with p €
(0,+00). Note that a deterministic 7" naturally is a F;-stopping time and that here

12



[r,i(s; Xs) are bounded in the sense of norm |[.[[¢, , , thus one has the right to apply
the Burkholder-Davis—Gundy inequality. Using this fact, returning to the estimation

of ||[Tx(X)]4||5,, taking supremum and expectation IE, one receives

(O, ,, = B sup [T (X)llla,

<(m+2)"” 1(IEIIXO IIP + 2P TP (b (fro) + A (o) IX[E,,))
T

p/2
212 (Y Gy ( [ @) + c%<fk,j>||xs||§>ds> )
j=1

0
<(m+ 2)7’—1<IE ||Xé’“)||gk + 227Y TP (B ( fr0) + le(fk,o)”X”Ig)g,d))

+(m+ 277 2P TN (Wb (fog) + A () I X 20 )
j=1 p,d
<+o00,

with appropriate constants co(fs;) and ¢1(fi,;) (see above), since X € £ ,. That is,
the images of operators Ty cannot blow up (a.s.) at finite times ¢ € [0, T] Therefore
and thanks to integral construction of operators T g, the non-blowing up (a.s.) images
of operators Ty are continuous (a.s.) and Fi-adapted stochastic processes T (X)) €
51? 4, Whenever the domain element X to which the operator T is applied lies in
the space &£ ,, and the functions fi; are globally Lipschitz continuous (A;). As a
consequence, the decomposed operator T = (T, ..., T,,) represents a mapping from
the closed space &) ; into itself.

Step 2: It remains to show the property of contractivity of the operator T with
respect to an appropriate norm of the product space Eg’d. Assume that X(gk) = Yo(k)

(a.s.), k=1,2,...,n. Set

AT () == [TR(X®, ., X)) =TT, (v D Y ™)](2)

for all t € [0,7], and

Afii(8) = firi(s XM, 0, XM — fri(s, YO, L VM)

for all s € [0,T]. For any fixed (X®, .., X™) (Y® [ Y™) e &, one has

p
AT (0] (n [ Afiols ds||dk+z|| / Afes(s)dWi ||dk>

< (m+1) (n [ Afeols)asli, + 3211 Afk,j(s>dwz||§k)
J=1 9

13



<(m+1) (t“/nAfko I ds+z||/Afk,J dWJII)

using the triangle inequality and using the Holder inequality several times. Recall
that under global Lipschitz-continuity of f ; it holds that

1A Sk5(s)llg, < n"~ IZ yPIX - YO,

for p > 1. Therefore it follows that

n

IATT(#)][ < (m+1)P P12 SO (LYY max || X0 — YO

o1 0<s<t
m t
+m+ 1P YN [ D)W,
J=1 9

< p—1 p—17p N ( (@) p
<(m+1)P" 0T ;(Lz, OrgggXTHXt - Y,

t
m
Hm+ 17 1Y sup || [ Afis(s)awilg,
j=1 0<t<T 0
Now, by taking the operation of expectation IE on both sides, this implies

IATk[lz, 4 =T sup IIAWk(t)IIZk

< (m+1)P"tnP~ lsz PIXO - yo,
=1 v
t

+(m+1)P 1Z]E sup || Afei(s)dWI, -

j=1 0<t<T

The herein occurring terms fg Afy.;(s)dW? form continuous and F;-adapted martin-
gales started at initial value 0 under the global Lipschitz-continuity (A;) of functions
frj and for X®) € £0 ) where k = 1,2,...,n;j = 1,2,...,m. This can be shown in
the same way as in step 1. Using the Burkholder-Davis-Gundy inequality and basic
properties of quadratic variation of Ito integrals with respect to Brownian motions
W7 (see Revuz and Yor [33, p. 153]), there are constants C, ; such that

t

T p/2
B sup | [ Afuu I, < Cons B (/ 1A fes ()3, d < W, W >s)
0

0<t<T

14



T p/2
= s E ( / IIAfk,j(s)llikds>
0

where < M, M >, denotes the total quadratic variation of inscribed martingale M
on [0, s]. As already stated, we can find an universal estimate of C,; ; arising from
the Burkholder inequality (see Protter [32, p. 174-175], as before), e.g. with

s < (G (2252))

for p > 2, which still depends on p. Note that a deterministic 7" naturally is a F;-
stopping time, and A fy, ;(s) are bounded in the sense of norm ||.|l¢, , , thus one has the
right to apply the Burkholder-Davis—Gundy inequality. Using the last observations
and returning to the estimation of ||A7Tk||§p,dk, we have

AT g, .
< (m+ 1P P TP Y (LEPIXD — YOl
=1 p,ag
p/2
+(m+ 1) IZCP, w (/“Afk,] )||dkds)
7=1
< (m -+ 1P T P - YOI,
=1 p,d;
p/2
+(m+1)P" 1np/220p,k]]E ( /||X s(i)”ids)
j=1
<(m+ 1P YL PIXO - YO
i=1 p,d;
k oy )
Hm 4 )P (TS Oy (ZU;E,})? sup 1% — (¢ ||§z->
Jj=1 i=1
—1,p= (k) i i
<(m+1y"n" ITPZ(Li,O)p“X() —Y‘)H?gd
i=1 ag
Hom o )P TS Gy SEPIXO - YO
j=1 =1 p,d;

under Lipschitz-continuity of fi ;. Hence, by taking the p-th root, we have

||ATrk||sp,d _(m+1)(1’ 1/py(p— 1/pfzk k”XZ)_Y(Z)”gO

=1

15



where the coefficients k; ;, are given by

k
Z pa a] 1/pL( )'

Summarizing, we have the relation

|ATT 1 [[ o [XW — YO0
»,dq Py
2 _y®
||A—|T2||gg,d2 < (m+ 1)/ T K ||X Y ||S]?,d2 ’
[AT [0 XM — Y ™|

for any X®) Yk ¢ 50 . With Xék) = Yo(k) (a.s.), where the inequality sign < is under-
stood componentw1se and where K is the n x n-matrix defined by K = (ki;)1<ii<n-
Under the assumption that 7" is sufficiently small we can conclude that the spectral
radius o(L) of the matrix L := (m + 1)?~D/Pp(-1/\/T K is lesser than one. Thus,
o(L) is an eigenvalue of L to which an eigenvector (e, ..., e,) with strictly positive
components e; corresponds. Now we introduce the norm

n 1/p
Xy, = (Sl x®Iz,,,) (20)

k=1

in the Banach space 81?,,1. Then the vector-valued operator T mapping the closed set
EY into itself is strictly contractive with the contraction constant g(L). Consequently,
the sequence generated by iterative application of operator T converges with respect
to norm |||/, of &£y 4 to an unique element of £); which is a solution of original

system (17). Since the norm []- |||£0 of £) ; is equivalent to the original norm ||. ||£0
of 5 > We know that the solution of system (17) also lies in the original Banach space
50

We have seen that the operator T is contractive in &, , 0 for sufficiently small T'. To
get the result for any 7" we have to divide the 1nterval [0 T] in a finite number of
sufficiently small subintervals and to repeat the stated proof-steps successively. Thus,
the proof is completed. ¢

Remark 10 For p = 2, thanks to Doob’s mazimum inequality (see Revuz and Yor
[88]), we can choose

Cokj = Coky = 4

16



in the estimation above. Following Protter [32, p. 174-175] we may apply the Burk-
holder inequality to continuous time, local martingales (here represented by stochastic
It6 integrals), and the universal estimation

max(cp,k j, Cpg) < ((p P 1)P (p(pQ— 1)))g (21)

is established for p > 2. Krylov [22] and Mao [26] have also proved some estimates
for p € (0, 400).

Remark 11 7o get rid of dividing the interval [0, T in sufficiently small subintervals
one may take weighted random norms on Banach spaces. One easily verifies that the
appropriately weighted random norms are equivalent to the original norm (note that
we make use of deterministic weights!).

Remark 12 In the case m = 0 (i.e. no stochastic terms) with p = 1, Theorem 9
yields a convergence criterion for the case of ordinary differential equations (here
there is no dependence on the splitting parameter n).

3.4  Convergence of waveform relaxation methods

The proof of Theorem 9 is based on general contraction principles and can be used
to derive a sufficient condition for the convergence of the waveform relaxation method.
If we consider the block Picard iteration as a special waveform relaxation technique
for the fixed point problem (18), then we get the following sufficient condition for its
convergence from the proof of Theorem 9.

Theorem 13 Assume the hypotheses of Theorem 9 hold. Define L = (l;,) by

L = (m + 1)@ Vepe D/ T(VTLE 1+ 3°(C,) P LP)
j=1

with corresponding universal constants C, occurring at the right hand side of the
Burkholder—Davis-Gundy inequality (or substituted by estimates as in (21)).

Then o(L) < 0 implies the convergence of the waveform relazation algorithm based
on the block Picard iterations (6) for the initial value problem (16) in the Banach
space U = Uy X Uy X - -+ X Uy with norm ||| - ||| defined by (20), where Uy = &, .
If we modify this algorithm with Gauss—Seidel iterations (10) applied to the initial

value problem (16), then the condition o(L) < 0 implies its convergence with respect
to corresponding norm ||| - |||.

17



PROOF. For the completion of the proof, it only remains to determine the matrix
of Lipschitz-constants L. These constants can be extracted from the last steps of the
proof of previous Theorem 9 directly. Finally, one applies Theorem 1 to establish the
claimed convergence with respect to the specifically constructed norm of Y. ¢

4 The case of one-sided Lipschitz continuous and anticoercive drift

The conditions for convergence of waveform relaxation methods can be relaxed as
follows. The global Lipschitz-continuity of drift coefficients of SDEs is replaced by
local one, but, additionally, the one-sided Lipschitz-continuity and anticoercivity of
the drift is required. We shall combine the idea of monotonicity of coefficients of SDEs,
as indicated by Krylov [21, 22] for the analytical solution, and as used by Bremer [6]
for the convergence of waveform relaxation methods for ODEs.

Definition 14 A function fo : [0,T] x R4 — IR? is said to be (uniformly) one-sided
Lipschitz continuous if for the splitting fo = (f1,0, -, 5,05 -, fn0)" there are constants
I:Z(,%) e R'(i,k=1,2,....,n) such that

(As) Ve = (20, .., 2™),y = (4, .., y™) e R" x ... x R%

< fk,()(tax(l)a 71‘(n)) - fk:,()(ta y(1)7 1y(n))ax(k) - Z‘/(k) >dk§ Zi/%)”x(z) - y(Z)”i
i=1

for allt € [0,T]. A function f:[0,T] x R* — IR? is called (uniformly) anticoercive
iof it satisfies

(A)  Fe €R'VE€[0,TIVz € R : < f(t,2),2 >4 < cal +|2[[}) .
4.1  On ezistence and uniqueness of the solution of (16)

One encounters the following result. Assume measurebility (Ag) of all coefficients

-

Theorem 15 Fiz an exponent p > 2. Let the drift function fo = fo(t,z) be local and
uniformly one-sided Lipschitz continuous (i.e. (As) holds), and the diffusion functions
Jrj = fojtx),j = 1,2,...m;k = 1,2,...,n satisfy the conditions (A;) of global
Lipschitz-continuity and boundedness (As). Additionally, assume that fo possesses
the property (Ay) of uniform anticoercivity, and IE ||Xék)||§k < +00,k=1,2,...,n.
Then the initial value problem (16) has an unique, Fi-adapted and continuous (a.s.)
solution in the space £ ;.

18



PROOF. Again, the proof is carried out in two main steps. First, we shall show
that the decomposed operator T is a mapping from the Banach space Egyd into itself.
Second, the operator T forms a contraction in the Banach space £, 4 with respect to
an appropriately constructed norm. Then standard fixed point principles provide us
with the conclusion of Theorem 15.

Step 1: Obviously, the existence of the unique solution of system (17) in any ball of
IR? with finite radius r > 0 follows from the proof of Theorem 9 while assuming local
Lipschitz-continuity of the components of fy. That is that we can justify the unique
solvability of the stopped system

m

dX] = X{supoeses IIXzlla<r} (t Z (8, X7) dW} (22)

in the space Sg,d, where x(}(t) represents the characteristic function of the subscribed
set {.} evaluated at time ¢. Here X] denotes the solution of the system (22) truncating
the system (16) such that the solutions X] of (22) and X; of (16) coincide up to the
first exit time from the ball of radius r. It remains to show an aposterori estimate of
the sequence (X"),~o of local and continuous (a.s.) solutions X" of truncated system
(22) such that its uniform limit uniquely exists in £ ; as the radius r tends to infinity.
Using the well-known It6 formula, the local Lipschitz-continuity and anticoercivity
(Ay) of drift coefficient f, and the Lipschitz-continuity (A;) of diffusion coefficients
fx,; of the considered system of SDEs (17), one recognizes that the stopped solution
processes X must satisfy

m ¢
XG0 = 11+ Y [ (1) aws
=09

with the operators £/ originating from the It6 formula. Thus, we have

Lo(|lll) =pg()ll=]l5

9(z) = <fo(tac)x>d—|— Z||fj D+ P2y < hilta)o >y

2 = el

< < folt,x),x >4 +—Z||f] (t, x)”d’
j=1

C(ll=lg) =p < fi(t, @)z >allzly™ < pllfi(E o) lallly™

where z € IR? and j = 1,2,...,m. For technical reasons, at first assume that we
have [E || X7 |§Z , < +oo. Taking the supremum, taking into account the uniform anti-
coercivity (Ay) of drift fo and the linear-polynomial boundedness of globally Lipschitz
continuous diffusion functions f;(j = 1,2, ...,m) under condition (A,), and using the
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elementary inequality

(o + cillz)l2]”* < co + (co + 1) ]|”

(a slightly more efficient estimate by application of the Hélder inequality would also
be applicable here with (co + c1[|2?)[|2[P~> < o2 + (co”’%2 + ¢1)||z||?) implies that

t
X1, < BIXGIE+PE sup [ (calfo)(d+ 105 +
- 0

p_]-m T T||P—
55— 2 (eolfy) + s U I 1Ia)?) X1 2
j=1
t
E LI(||XT|B)dW?
Z sgh (IX;1)
< BN + 97 (calho) + (0= 1) 3 5)
+o(alfo) + (0= 1) LA(5) + ) /mwwa

1/2

mﬁz( /%m+mmwwmmW%@

0

< B\ X315+ T (calfo) + 2_: c(f;))
(Ca fo) + Z c5(f;) +E(f;) /IEHXTdet
j=1

+p2\/§§j (ﬁco(fj) + (o) + e ([ B ||X[||2”dt)1/2)

for all radii » > 0, where we have also applied Doob’s maximum inequality to the
occurring stochastic integrals (as in the proof above). Note that c,(fy) represents the
constant of anticoercivity (A4) of drift function fy and co(f;),c1(f;) the constants
of linear-polynomial growth of globally Lipschitz continuous diffusion functions f;,
respectively. Now, one can show that

[ ENSHIPd < Taup sup BIXEIP < +o0
0 0<t<T
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and

T
/]E||X{||2pdt < Tsup sup ]E||X[||2” < 400
0 r>0 0<t<T

by applying Dynkin’s formula (see Dynkin [9] or Khas'minskij [15]) to the functionals
IE || X} ||, and TE || X7||%, respectively, while sup,-, IE || X§||7 < +oo. After that step
and using Gronwall-Bellman inequality, one finds

lim ||XT||gp,d < Sl;]g”XTng,d < +00.
T

r—-400

Now, by use of standard localization procedures, one may relax the assumption
IE || X]||?’ < 400 to the weaker requirement IE || X]||P < +oo.

Thus, from uniform anticoercivity (A4) of functions f; and IE||X{|% < +oo, we
know that uniform limit of continuous (a.s.) stochastic processes X" as the radius r
tends to infinity must exist with finite norm ||.||¢, ,. Therefore, by the completeness
of space Sg’d, the limit process lim,_, ., X" which also solves the original system
(16) must exist, be continuous (a.s.), be Fi-adapted and have a finite norm ||.||, ,-
Consequently, the decomposed operator T is a mapping from Banach space Eg,d into
itself.

Step 2: Contractivity of operator T on the space Sg,d. Assume that Xék) = Yo(k) (a.s.).
Take AX®) = X®) —V® for k =1,2,...,n, and AX, = X, — Y. Set

AT R(t) = [TR(XD, . X)) - (YD, y™)|(2)

for all ¢ € [0,T], and

Afk,j(s) = fk,j(sanl): "'7X§n)) - fk,j(‘g’Ys(l)v "'7}/;(”))

for all s € [0,7]. Fix any (XW,., X®) (YW [ y™) e £ where X*) # y®
(a.s.). Define

1 m
91(2, ) =< fio(t,z) — frolt,y), 2™ —y® >4 +3 > et 2) = fe(t w3,
=1

p—2 f‘: < frj(t,x) = fuj(t,y), z® —y® >3

+
2 3 Iz — iz,

p—1
S < fk,O(ta -T) - fk,O(ta y)ax(k) - Z/(k) >dk +T Z ||fk,j(t7 ‘7") - fk,j(ta y)”zk
j=1
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where z = (20, ..., 2®) 2T 4y = (yO, .., y® . y™T ¢ R In the following
let [.] . denote the nonnegative part of the inscribed expression. Then one has

m ¢
|ATT&(0) / L(Iax®ls,)ds + - [ L(1AXO,)dws

Jj=19

gk (X,, V) |AX B ||5-2ds

|I
o\(\L

J=1

m ¢
12 [ < Afis(s), AXE >, |AXP 2w
0

n

t
-1& k _
<p [ (L LGIAXOU, +E5= 300 L IaxO)?) |ax V| ds
0 i=1

j=1 1=1

t
31 [ < Afy(s), AXEO >, [AXPE, W)

Jj=1 7y
t
noo & p—l m ;
<p [ (L EE + 0P S EEDIAXOI ) IAX |l %ds (23)
o =1 j=1
+pzl|/< Afii(s), AXD >4 [AXB|-2aW7)
J
¢ n p_1 m
<p [ (I + g S0 S IAXO s
o =1 j=1
Y| / < Afis(5), AXP >q, [AXO| 2w
j=1
noo p—l m ;
<pt( AL + 0= 3 (L5)14) > sup [AXO[E,
=1 j=1 i=10<s<t

m t
30| [ < Afus(), AXP >4, [AXOE, *aw]|
Jj=1 9

<pT(X LG + —Z Y1) 3 sup. ||AXJ>||p

=1 i=1 0<t
m t
+p Y sup | [ < Afi;(s), AXP >4 [JAXP|[E2dW]]

j=10t<T o

using the It6 lemma applied to ||AXS||§k, triangle inequality, the Holder inequality,
and the Lipschitz conditions (A;) and (43), respectively. Note that the operators £°
and £7 are those operators arising at the application of Ité formula. Now, by taking
the operation of expectation IE on both sides, this implies
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ATk, , = E max [[AT,(8)]]g,

0<t<T

~ p—l
<pT (SIS +nl S S (L) )ZHAX 12,
j=1

=1

t
+p (Z E max | / < Afi(s), AXP >, ||Axﬁk>||s;2dwg|) .
The occurring terms f§ < Afj;(s), AX® >4 [JAXP)||F2dW/ form continuous and
Fi-adapted martingales started at initial value 0 under the global Lipschitz-continuity
(A;) of diffusion functions fy ; and for X*®) € £, 4., where k = 1,2,...,n;5 = 1,2,...m
As in proof of Theorem 9, using the Burkholder-Davis-Gundy inequality and basic
properties of quadratic variation of Ito integrals with respect to Brownian motions

W7, there are constants Cp,kﬂ such that

E max |/ < Afi(s), AX® >, [AXD|E-2aw|

0<t<T
1/2
<CpijE /I < Afii(s), AXP >4 PAXP|PDd < Wi w7 > )
1/2

=Cppj B / | < Afiegls), AXP >, |2||Axgk>||2,ip‘2>ds)

T 1/2
<Cppi T / ||Afk,j(s>||2||Axﬁk>||3’;—2ds>

T . 1/2
<Cpus B | [ LENAXDO )2 ||Axgk>||§’;—2ds)

’ ’:; 1/2
< CpryV/n E ( [DSCHRTISSAN e st> (24)

o =1

IN

—_— T 1/2
Cora| (2 n(3(LE)? ( [ lax ’Ili’jds>
3 0 =1

" 1/2
(k) i)
< p,k,j\ nT(Z(Li,j ) B (Z Ofgtfgfr |AX; || )

- k $ i
< Comiy nT(3(L)?) 3 T max IAX|f,

=1 =1

k-\nTZ ZHAX 12,
=1
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Using the last estimate and returning to the estimation of AT |7, 4> We have

-1
||Am||gd_pT(2[Llo b= (L)) )ZHAX 12,
Jj=1

()

=1

under one-sided Lipschitz-continuity (Asz) of fio. Hence, one finds

) ||£p,di

||A—|Tk||£p,dk S W %Z 12.5
=1

by taking the p-th root, where the coefficients Ri,k are given by

~ n ~ p_l m n
i = VTR + 50 S + 3 Cou) ™ (o).
=1 j=1 1=1

Summarizing the main result, we have shown the relation

AT |, 4, IX® =Y Olle, ,,

ATT | X® —y®
18T, | ¢ ovric| | e, |

for all X&), v®) ¢ &,, with X = ¥ (a.s.), where the inequality sign < is un-
derstood componentwise, and where the n x n-matrix K is given by K = (Ri,l)lgi,lgn-
Under the assumption that T is sufficiently small, we can conclude that the spectral
radius o(L) of the matrix L := /P %/T K is less than one. Thus, o(L) is an eigenvalue
of L to which an eigenvector with strictly positive components (es, ..., €,) corresponds.
Now we introduce the norm

n 1/p
Xl = (Sl x®iz,,,) (25)

k=1

in the Banach space 5p 4- Then the vector-valued operator T° mapping the closed set

& 0 4 into itself is strictly contractive with the contraction constant g( ). Consequently,

the sequence generated by iterative application of operator T converges with respect

to norm |[.||[g0  of &y 4 to an unique element of £ ; which is a solution of the original
p, bl bl
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system (17). Since the norm |H|||53d of £ ; is equivalent to the original norm ||||53d

of Sg,d, we know that the solution of system (17) also lies in the original Banach space
&L ..
pyd

We have seen that the operator T is contractive in £, 0  for sufficiently small T'. To
get the result for any 7" we have to divide the 1nterval [0 T] in a finite number of
sufficiently small subintervals and to repeat the stated proof-steps successively. Thus,
the proof is completed. ¢

4.2 Convergence of waveform relazation methods

The contractivity of operator T can be used to establish a theorem on the conver-
gence of waveform relaxation methods. Analogous to Theorem 13 we have

Theorem 16 Assume the hypotheses of Theorem 15 are valid. Define L= (i ) by

1/p
noo p— 1m m
VT YL +n =3 (L) + 3 Gy [n(3()2) )
=1 ]

_ <p\/f

with corresponding universal constants C, occurring at the right hand side of the
Burkholder—Davis—Gundy inequality (or substituted by estimates as in (21)).

Then Q(f:) < 0 tmplies the convergence of the waveform relaxation algorithm based
on the block Picard iterations (6) for the initial value problem (16) in the Banach
space U = Uy x Uy X - -+ X Uy, with norm ||| - ||| defined by (25), where Uy = &),
If we modify this algorithm with Gauss-Seidel iterations (10) applied to the initial

value problem (16), then the condition g(ﬂ) < 0 implies its convergence with respect
to corresponding norm ||| - |||.

The proof of Theorem 16 is omitted since the conclusion can be extracted immediately
from the proof of Theorem 15.

4.8 Further remarks

One could think of slight improvements in the estimation of the coefficients k. from
the proof of Theorem 15 and l;x from the Theorem 16. For this purpose one returns
to inequalities (23) and (24), respectively. Now one can make use of the elementary
inequalities

n
-1 p—
dcnziah < —Zczkx + ; Zczk-l—ckk Th

i=1
z;ék i#k
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with p > 1 and

n n
2 p-2 p—2
dockaiay < —Zc,km e > cik + cur | 77,

i=1
#k i#k

with p > 2, where ¢y, x;, T are nonnegative numbers. In passing note that these
inequalities are obtained by the application of the well-known Young’s inequality. Let
[.]+ denote the nonnegative part of the inscribed expression. So one would arrive at
coefficients

(k) =vT [(2) 7" + Tl S LBy +

p 7j=1

+4i, kp 9 & Z[Ll pT Z(L(k ) ]+]

l;ék

m . _ 1 n
o

occurring at

AT kllg, 0, < (pVT)HP > ki [[AX D, .,

where 6, ; represents the Kronecker symbol. However, the evaluation of this result
leads to more complex expressions for the spectral radius of the matrix L = ({;) with

iik = (p\/T)l/p f{i,k

controlling the convergence of the waveform iterations for SDEs with one-sided Lip-
schitz continuous drift part. This is the reason why we preferred to use the more
elementary estimates

n n

n

Yoenalal Tt < Y-y ab

i=1 =1 i=1
with p > 2 after the inequality (23), and

n n n

Senmiah b < Y ey D at

i=1 =1 i=1
with p > 1 after the inequality (24), where ¢, z;, zx > 0.
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The assertions of Theorems 15, 16 remain valid in case 1 < p < 2. In that case one
needs slight modifications in some estimations of corresponding proof-steps.

The crucial point in all generalizations with locally Lipschitz continuous coeffi-
cients is to find an appropriate aposteriori estimation such that the limit process
lim, o X7, where X" = (X", . X™™)T represents the solution of the corre-
sponding truncated system (22), cannot blow up (a.s) at finite times. However, gener-
ically, the solutions do not lie in the original Banach space &£, 4 anymore.

As a by-product, we have shown that any solution of system (16) also possesses the
property

sup IE||X,|7 < 400
0<t<T

under the assumptions of Theorem 15 and with initial condition IE || X,||* < +oc.

Similar assertions as in Theorem 15 can be formulated under the assumptions of
nonlinear Lipschitz-type conditions, like the Osgood—Bihari-type requirement.

Definition 17 A drift function fy : [0,T] x R — R? is said to be (uniformly)
one-sided OB-Lipschitz-continuous if there exist Lebesgue-measurable, piecewise in z
monotone functions w; : [0,T] xRy — IR (i =1,2,...,n) with w;(t,z) =0 for z =0
and t € [0,T), and for the splitting fo(t,xz) = (f10(t, ), -, fro(t, ), ..y fro(t, )T
there are constants £§j)0 e R'(i,k =1,2,...,n) such that for t € [0,T]

)

(45) Vo = (M, ., z® . z0)) y =W, L y® L y) e RY x ... x R

< fk,O(tax(l)a ’x(n)) - fk,O(ta y(l)a (XD y(n)),x(k) - y(k) >dk

n
< S LB wi(t, |29 — yD)2) .
=1

A function f : [0,T] x R* — R? is called uniformly w-anticoercive if there is a
Lebesgue-measurable, piecewise in z monotone function w : [0,T] x Ry — IR with
w = w(t, z) satisfying

(Asq) Je, e R VL€ [0,T]Vz € R : < f(t,2),2 >0 < cq+w(t,|z]?).

Then corresponding assertions of Theorem 15 can be found and proved under the ad-
ditional assumptions of OB-Lipschitz-continuous and w-anticoercive drift functions a
with respect to concave and Lebesgue-integrable functions w;, w, and Lipschitz contin-
uous diffusion parts . However, the proof is somewhat delicate and is omitted (Note
that the concavity is needed to control the stochastic terms by Jensen’s inequality.).
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5 An illustrative example with different time scales

There are a lot of real-life processes containing several time scales. For example, a
rich class is given by biochemical processes. The presence of fast and slow variables
can be expressed by singularly perturbed differential equations of the type

W _ fa,y,s),

€ & _ (z,y,s)
dS g 7 ? *

By introducing the fast time ¢ = s/e we get the system

d—x=6f(w,y,6t),

dt (27)
@: (z,y,et)

o =9(@y,¢t).

In what follows, we suppose that system (27) is randomly perturbed in its first com-
ponent by a stochastic term /eh(z,y, et)dW; where W = (W})se[0,7/¢] is a standard
Brownian motion. The system we obtain, which is to be understood in integral sense,
is represented in the form

dXt = ‘Sf(Xt, Y;f, ‘St) dt + \/gh’(Xta Y;ta Et) th,

28
dY;=g(Xy, Vi, et) dt. (28)

The singularly perturbed differential equations (28) with their naturally inherited
splitting into slowly and fastly varying components form a suitable class for an applica-
tion of waveform iteration techniques. The (stochastic) waveform iteration technique
can be applied to approximate the solution of the initial value problem to (28) as
follows. First, fix some initial guess Xt(o) for X, e.g. Xt(o) = Xj. Second, we compute
an approximation for the solution Y = (Y})cjo,r/¢] of the initial value problem of

av® = g(x{* 7V, v, et) dt

while freezing the first component, for example, pathwise by deterministic numerical
methods. Afterwards, by plugging the obtained result Yt(k) into the first equation one
solves the system

ax(? = ef(X{7, v ety dt + VER(X®, Y, et) dw,
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by stochastic-numerical methods. This procedure will be repeated iteratively until a
required accuracy has been reached.

To guarantee the convergence of the waveform algorithm applied to systems (28)
one has to check the spectral radius criterion of corresponding matrix of Lipschitz-
coefficients. Concerning the functions f, g and h, we assume that they are continuous
and globally Lipschitz continuous in  and y uniformly with respect to t, i.e.

1f(@,9:t) = F(Z,9: ) < Liglle — 2l + Laglly — Flle,
||g($, y’t) - g(i;, Y, t)“? < L%,O”‘I - E”l + Lg,O”y - gHZ’ (29)
1Az, y, t) — h(Z, G, )|l < Lyl — Zll + Laqlly — 3l

for all z,z7 € R%,y,57 € R%,t € [0,T], where ||.||; represents the Euclidean norm in

IR%. Taking into account L7, = L}, = 0 we arrive at the 2 X 2 matrix L = (/; ;) of
Lipschitz-constants

(e \/TL%,O + \/EC;/pL%;) (e \/TL%,O + \/EC;/pL%J)
VTLZ, VTLE,

L = 4@-UP T (30)

as found at the end of the proof of Theorem 9. Recall that the constant C,, arises as
the constant on the right side of the well-known Burkholder-Davis—Gundy inequality
and can be replaced by any of their majorants, e.g.

C,=C,r < J (pf l)p (p(pQ— 1))

where p > 1. Finally, the condition o(L) < 1 on the spectral radius o(L) controls
the convergence of corresponding Picard iterations. Correspondingly, the condition

o(L) < 1 on the spectral radius (L) of matrix

]'_:‘ lll l12

loaliq lorlio + oo

guarantees the convergence of the waveform method based on Gauss—Seidel iteration
(cf. matrix L belonging to (12)).

We omit more detailed numerical experiments here, and leave them to the future. In
passing we note that the obtained random model is quite natural due to uncertainties
of modeling and random environmental behavior which may result from the nature
of random vibrations. The form of factor /¢ in the random terms can be justified
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by physical arguments (use Dissipation-Fluctuation Theorem of Theoretical Physics)
and understood best with one-sided Lipschitz continuous and anticoercive drift terms.

6 Conclusions and remarks

This paper is an continuation of our works [35] - [41] concerning the approxima-
tion of the solution of initial value problems for systems of explicit differential equa-
tions. Here, we extended the standard idea of waveform iteration method to nonlinear
stochastic differential equations (SDEs) driven by standard Wiener processes. It turns
out that the Lipschitz-continuity of the coefficients of SDEs is crucial to establish the
convergence of waveform relaxation methods. In particular, the Lipschitz-coefficients
determine the length of integration intervals to which the waveform iterations are
applied (windowing techniques).

Waveform iteration methods provide an alternative approach to approximating the
solution of a system of stochastic differential equations. Compared with the traditional
time-incremental methods as described in [20], [29] or [43], the waveform relaxation
technique forms a global iteration scheme on a given time interval. Its efficiency
depends on an appropriate decomposition of the large original system into weakly
interacting subsystems. These methods are particularly designed to treat very large
scale systems by parallel computations.

We have presented only some first theoretical foundations of waveform relaxation
methods applied to systems of SDEs. Many directions of further investigation are
possible. For example, waveform relaxation methods for some classes of stochastic
partial differential equations or differential-algebraic systems where we expect more
complicated expressions for the control of waveform iterations. An extended test-
ing of computational efficiency, windowing techniques and practical implementation
of waveform relaxation methods applied to SDEs should follow our considerations.
We have not touched either the questions of numerical stability and contractivity of
arising stochastic algorithms (for a recent monograph on basic aspects of stochastic-
numerical stability theory, see [39]) nor their convergence along given functionals.
Any extensions of deterministic numerical algorithms and approximations have to be
done according to the main principles of approximation theory of stochastic processes
on Banach spaces (e.g. see [41]). For a more recent survey on numerical analysis of
(ordinary) stochastic differential equations, see [40].
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