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Abst'act

'Ahis paper traces the develolmoent of he undorstanding of contalnillt tra,-,'r' i

aquifer fcr a radially symmtric region. It presents the progression of idtas and t quations I, :d-

ing t, lhe equation set describing the advective/dispersive mechanisms coupled witi rat,-linil, I

ads,rption. This equation set is converted to a numerical scheme in the Fortralaingua,.l

inite e'lements and finlit difelrrences. The resulting model is tested against the Laplace I r:- :I

-ln1t1 n to the same equation set, and severq. graphs are presented detailing the ctoiIpar .,,a
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IN AN AQIT IFF;R

p ri-~ kiivxwn -ts t lit Iiistailat lor Rest- ratloti P~rogrami to cleanuip t ics', pjhhit i t. tivi, iiii'l

I ,.I, ai 1I efrtIs. ii'sc camiip efforts ofte sInitvolve dirillinig wells litI tis vicitii I 1w 11tl

Il :I ;trra all d .\;rIoiiat Ii I I v at or ii it t h s , cotics'Ii rait I oil of 'sol Iit ;tit I s r,,:i it~ Iv 3* v. I

I .;.' I" d i t it 111,111 till s;m I, iils at a an soun j"i i udgmen'rt 'I hisst' tools irs' frcq'1 ii I\ tVill I SI I I

,~I IIIIII ill s of I Iic ad\s's't i/lispersijv t tranisport equlat ionlI that ares' hii.-t unis'I k ) r t ';isc I IS

'11t~it til m :oiiitfr gsriiwt rN - I i'sI tis miode'lers. stille.s's w hav Is''i ssolldlwtI 111 I:iI '1i.11;

fT f r I I I I I,,Is fit , ,f' j'I ,II tai;ts I I n Ir varii si t I.. ( 33. 51) iai Ir ,c r 'r i!t, I F rt :, i f III t I :f

I I II I;t t h I 7. 9 ) .1 is I , tis'ti!;i s ass'ss s t h act of ild'.irjpt i it pisi ' h I ii.

III dill" ru.11t IVs l Thil' Iniformaitioi is ti,,c to upgralde tlit ;tcnriw I) tit ilii! 1 Il'!'

III,-~ li'I.. -'tiiilvs'sl i ths ll1, atid thes ritisslatioiti shrts.

Ii nt,,u111irial tIls'-lii 4f c'taitnitatit tranisport lit polluted igroitwats'r I, ;ill t1111otl

P1I ftIs', rs'u'i ,Ilit i', ktiwls'lgs' gaijisdh 1 rimtii g this.' fit"i sss 'ati III' isc, k I hli V, 1-

iiwik, prc'hictitii, ;ii'ui thes -t anil duratiin (f 'ls'atiij s'1rrts, andi tos gaint fuirthesr midi,



of the physical processes involved Ii tie( transport of foreign materials Ii thli aqiib-r t> It 11

aIlvtrt iou/dispersion equlat ion has t radi onall been used to niodel the t raiisport A_ lit iii

It uses a retardationi factor to account for the( chemnical sorbinig to the aquifeCr tnatrimis. :

lie local equilibriuni assunipt ion (.LA), where equilibration bet weeni sorhud ;un oi, ,1,

occurs instantly (2).

Withi tis thesis I propose a nunilierical soluition of the matheniat ical inioul4l of t1 -tii w ,

tranistport equat~on (2) mnodified to iincorporate dhiffusion into and ouit of regiotis with l!1j 1

tr.These regions of immobile- water may contribute to rate-limited sorpt i.dllsi ri-

conitailiniaiit , and have a signiificant, impact onl aquifer reinefhiation. Sand and gravelI aq;ilI:,

tIw oilv ones-, considered Iii this research,.n ;li i, insat iratelI zot is Ignored (tfleit is;tit ! -

is thle zone Just above the( water table). 'The ut!!Ienis of' Interest ti this effort are the iii-1, 1vii

of tie bireakthiroughi curve as tflie- contaminant is pumped out of thle aquifer, the( rctardl'' i.I

it, coit amtuiiant dIie, to sorlption, thle cont rib~ution of thle Inumobile Zone dliffusioni to tl, IIIi lii

(,f tie b~reakthlrouigh curve. and tie( effect of pulse pumping (variation Ii the ptitpitug r;oI i

Thli conicentrationis Ili the( water ext racted from a well duriiig piinip-ainl-t reat rc ih tt

is gvrein) part, bv the tranisfer of t lie chemicals froiti a reserv oir of comit atiuiialtit r I

,t1lwrwvise) to the flowing water (22:632).

The goals of t his research are:

1. (Create a nwiirical nmodel that can be ruii onl a small computer. I'lie, nuod will he I ii
ie( tranisport euat ion anid will includle the( physics of rate-limited sorpt ion/leoorpijt Ill

liet rogeneotis auifer.

2 ( 'sing thei nitodul, denmonst rate tie( hreakthlroiigh cuirve and thle observed t aulitug for i~
choices of thie input parameters. This wxill partially validate the miunieri'al >'lI't 1hi
diffusion-himimitd transport ie-hatisit, and give iinsight inito the( elfeet of rat-limt iit ii,
Ilotn on ieII fat eof t I ese p olIIIt _aIts.

;t. lOeuuonst rate how a variat ion iii the puniping rate (pulse pumipinig) might he iishd il. 11t:

geolislv by t hose involved iii tie( reiuedhiat ion, and~ htow slow desorpt ion will e-ffect (t, . wI1i

mnut conicent rat ions after thme pumiping stop-.

I(;ilii a practical, u,,lerst andiiug of finmite udifferenice and finlite eleiiieucit melt aol> uised II m, -
Ii g.
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1.2 Blackgrouznd

The simplest contaminant t ranisport model incorporates ailvection, dispersioni and cquilii,

rmur sorpti ;! to simulate the movement, of a pollutant inI an aquifer. This sin ple model jji, 1(

-olitable when relat ively low levels of contamninat ion are not of significance. llowev( r. wheon hv

levels of cont aminat ion are significant. such ,,s during reined jation or ~n aqu if'- oat aiiii t 'I wt 11

:in organic pollutant, the simp. advect ive/ disptersive, model is Insufficient for (linonsi rat ini- t li

tailing that has been found in ilela and in l-boratory experiments (19). One exp~lanat ion fo, 111s

tailing (whereas thle advective/dispersive mod1el prelicts t virtually symmnetric b~reakthlroughi curve)

is tilie existence of areas in thle aquiifer where lie water doesn't flow. nl'ie cont ani iiarit.S (i ffii' at

liese inmmobile regionls due t, the existence f a concentration gradient This is fiirt her exacerlio dt

by Ihere typicall'- being a larger p)or, sitN in t hese lo w permeability iiimnobil e zones (22:63 1). .\s

he Well pumlps. aiill tile 1min mass of p allittant, ;.' advected away, thle gradient chiaiiges andih

chemicals Legia t- diffuse out of thes,, immobile zones back into tile miovimig water (thle ii lii'

region). As the chemicals diffuse out. of these immobile regi ans, the resultant iilix produaces (Il :Ia

slow decrease in the level of coiitaminant extracted from tilie well, or experien-d in thle lioa

(the tailinig).

C ow~s aiid] Sniith ptropiosedl a iuati'mat ical model1( t) iccoiiit for this plieiioieioii. I Ihe.

post iilated t lie existences of immobile zones dueI( to dead eiid pores (10). lIi t heir niodi-1 t.

coiit aminant tmoves between thle mol a te andl immobile regions at a rate, proport iomial to thle gra Iidi

of thle concent rations in thle two regions. Their met hod was avoided for mniivyars heram~ i e '

comnpuitat ional dlifficuilt ies (21:276).

1..? Statemeinet of the Problem

(Goltz (1-1) (13) presented an analy tical mlodel wich includes 1"ickiami (diffusioni III iia.iiiI

zonies. It uses diffusive exchange between thle two re~gions (mobile zone aiid iiimiiolilo zone) , l I1

theadvct ve/isprsie euatonto model traiisport in t(le niobile region, tliis allowingr for thos l a%

sorption and] desorption of contaminamnt between niol)Ile amid immiobile Zones. Thlis math loi '1ii

nmodel isiie axial syimiet ry of the coiitaminmanit froii an ext ract iou well out to soint arliltr:irv
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(list ance. The mu al: contaminant concentrat ion from the well out, is assumned constaint, (Iropp igl

to zero at the border of the contaminated region. A model that allows for more geiicral houndlilr\

andl initial 7onditions is one step toward a model that may be used by planners at a Cicanlip ,ie

1.4 Scope of the Research

This research details the creation of a numerical model based on the physical principlo of

miobile and immobile zones with the possibility of Fickian diffusion in the nimobile zone. The

numerical model will be compared with the analytic solution of Goltz (13) to confirmn the correct ness

of the model.

1. Assumnptions

There are several assumptions iii the formulation of the inodel:

" WVi th aniy flowv rate there will be a (Irawdown (see Figure 1, 1). In the m odel, d ra.wdo%% aI'

j :

7--7 . 77 Zo'/ 77--77-77 lo

II 77 77 7- -- /7 0

IdlealIi zed Actuiial

F'igui I.I. IDrawdowii assumilpt ion aroundl a fully peniet ratiung well in an aquifer

lhe height of thle aquifer duie to the pumtlpinig is igniored,.

" Thle model aissuinies a houimgeneous aquifer material.

" T[le height of thle aquifer is conistauit, thbe flow is not fract al. and tie background seepa-ge rat

is negligible when conireol withI thle water movemneilt due( to pumping.



" The contamination has a radial symmetry and is throughout the vertical extent in the aquifer

(see Figure 1.2). In reality the concentration distribution would depend upon how the aquifr

0

0

Actual

Simplified

Figure 1.2. Radial Symmetry of contaminant profile versus leality

was contaminated. It, is also assumed that the concentration is limited, and no further coll-

tamination takes place i.e., no external sources or sinks of pollutant.

" The molecular diffusion in the mobile region is much smaller than the dispersion caused by

the velocity induced by the pump (33).

1.6 Materials and Support Requirements

Successful completion of the goals of this thesis required the availability of user-fri iill

computer hardware and a standardized computer language accepted by the scientific community.

Both the Sun workstation and various high-end personal computers were considered as caindidaitc

hardware systems. The Fortran language was the obvious choice for this scientific application

because of the availability of opt imized compilers and numerous well-tested numerical recipes (27).

Tie Sun workstation was readily available and had the necessary compiler and graphics utility

(.Mat hemiat ica), but lacked the IMSL routines. I chose the Amiga over the other available hih-cid

personal computers because of its system-level nultitasking, reasonable price, speed, and cklor

graphics. I chose the Absoft AC/FORI'RAN conpiler (1) because it implements the entire ANSI

X-3.9 1978 standard (commonly known as Fortran-77) (23). As it happened, lhe Absoft compiler

compiled the source code considerably faster on the Amiga than the compiler on tie Sun 3/501

1-5



1.7 Overview

The overall thesis effort consisted of four key phases. We begin with a survey of r.clit

literature in the field of modeling sorption processes during contaminant, transport, and develop the

mathematical expressions implemented in the numerical model. Then we develop the ijrical

schemes use( to transform the system of partial differential equations into a form suitabl, for

prograinmingon a computer, and briefly examine the numerical properties of stability, consisl,',

and convergence for the numerical methods. And finally, we present the results ofsample execut i,,..

and compare them with the computer-based analytical solutions of Goltz (13).

The main part of the thesis is presented here, with the source code available as an applndix

from the Mathematics and Computer Science Department of the Air Force Institute ofTechnology.

I i



II. Mathematical Formulation of the Problem

2.1 Introduction

Cleanup procedures at sites where toxic materials have contaminated the groundwater 'l

include pumping the contaminated water out of the aquifer until the level of contanminal.il is

acceptable (9:1329). The models presently in use to hel l in the aquifer cleanup efforts do li i

account for the possibility of rate-limited sorption/desorption and molecular diffusion in rgioll

of low permeability (13, 22). Due to rate-limited desorption, the toxic niater,,dz r' ay prsist

longer and at a much higher concentration than predicted by moclls which assune equilibrillill

sorpt ion/desorption.

The following sections examine the efforts of researchers to develop a mathematical model to

account for more of the known physical processes in contaminant transport. These mathennatical

models necessarily precede the development of computer based solutions.

2.2 The Advective/DzspersVe Model and Linear Sorption

Tile traditional way to model contaminant transport is with advection, dispersion, and some,,

exchange of contaminant with the solid material in the aquifer. Equation 2.1 shows, in cylindrical

coordinates, the mass balance typically used to account for these processes.

0C+ Pas 10 [ ac] 0(t2.l)

0t 0Ot ror r D -

where

C(r, t) = contaminant concentration in the mobile zone [NI/L 3 ]
r = radial coordinate 1111

t = time [T]
,(r, ) = sorbed contaminant (unlit.less]

V(,) = seepage velocity [L/T]
p = bulk density of aquifer iaterial [NI/L I
0 = aquifer porosity [unit less]

2-1



The term D = AIV(r)I + D* is the hydrodynamic dispersion coefficient [L2/7']. A1 is the

longitudinal dispersivity of the porous medium [L], IV(r)I is the magnitude of the seepage velocity

[L/T], and D* is the molecular diffusion coefficient [L2/T]. The seepage velocity is given by

V()= -Q.w22
V(r) - 27r r H 0

where Q is the pumping rate at the well [L 3/T], H is the mean height of the aquifer [L], atd 0 i,

the porosity or volumetric moisture content of the aquifer [unitless].

'rite molecular diffusion is usually taken to be very small compared to the dispersion, atid t I

D- term is dropped. This is certainly true near the well when the well is pumping, but. bcc es

less accurate as we get further from the well, or as the flow rate at the well decreases.

OS
The many models currently in existence differ primarily on how the a term is represented

(6:34) . Nonlinear sorption isotherms are typically represented with the Freundlich equation: .S

hd C" (6)[35]. The standard procedure assumes equilibrium and a linearity between the time1

rates of change of the sorbed and aqueous solvent, viz., S = Kd C, where Ad is the distribhIioni

coefficient. [L3 /1] and n = 1. Substituting this into Equation 2.1 produces:

1O C(r, t) a r 0 aC(r, t) 1~ r aC(r t)(23
R at I rD 'a-rr 23

Ot r Or L Or j----Or23

pd
Where R = 1 + - d is the retardation factor [unitless]. This will account for some retarding

0
of the pollutant as it temporarily adheres to the materials in the aquifer. This is known as the

local equilibrium assumption (or LEA) (3).

2.. Sorption Kinctics

One of the very early attempts to mathenmatically model diffusion processes in adsori tio

coluns is that by Lapidus and Anundson (20). In their 1952 paper they propose a difitsion

process as the cause of slight deviations between predictions and laboratory results.

The asyntnetry in the efiluent concentration profiles from laboratory experiments withi

Coluns of soil led Coats and Smith (10) to postulate the existence of immobile Zones within

the aquifer material. They proposed a differential capacitance mathematical model equiwvalt i
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that of Lapidus and Amundson, with diffusion into small stagnant volumes of water. Their eqlIwii,

set in one spatial dimension is given here (10:76):

ac as a2C ac
- + (1 - A) = D -- V- mobile region (2.tat at aX2 -

(1- A)- = K (C- S) immobile region (2.5)

Where S is the concentration in the stagnant volume [M/L 3 ], C is the concentration in the mntil,

region, A is the fraction representation of stagnant to mobile [unitless], and K is the constanit

describing the rate of exchange between stagnant and mobile regions [T- 1 1. Their results indicated

the total mixing observed in laboratory experiments was the result of more than just the dispersiom

mechanism. (10:78)

Van Genuchten and Wierenga continue these ideas but allow for a sorbing contaniiiamt

(36:473). Using their notation, the following expression describes contaminant transport witin

the mobile region of an aquifer in cylindrical coordinates:

OCm(r, t) A1 V(r)l 2C 1 ( r, t) V(r) OCm (r, ) Oi, Rj,, aCma(r, t) (3)

at Rm ar 2  
- R,, ar OmRm at

where Ci,,,a(r, t) is the average concentration in a representative volume of the immobile region

[M/L 3 ], A1 is the dispersivity [L), 0,, and 0,, are the porosities of the mobile and immobile

regions, respectively [unitless].

The cffcct of th-se imnmobile zcnes on the i .t>ilc contaminant concentri,tions ,. .....

by the ratios of the porosities of the two zones and the ratios of their retardation factors. lie

retardation factors are now

f P '(2R, 1±+o--- (.2,7)

for the inobile zone (tinitless] and

+ ( I-f) P K'

0,2:
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for the immobile zone [unitless]. The term f denotes the fraction of sorption sites in contact Wit h

mobile fluid [unitless].

Rao and otherb (29:684) measured diffusion in porous ceramic spheres for some chemirals

that do not adsorb in an attempt to describe sol!,te transport in aggregated porous media with

distinct mobile and immobile zones. A Fickian diffusion model was used to fit tht experimental

data The results pointed favorably toward a diffusion model to describe solute transfer between

these porous spheres and the mobile region (29:687).

Nkedi-Kizza and others examined more breakthrough concentration curves from laboratory

experiments to explain the tailing of both nonsorbing and sorbing pollutants (25:471). They coupled

the standard advective/dispersive model presented earlier with Fick's second law of diffusion. Their

calculations agreed favorably with measurements in the laboratory, verifying the utility of a.ssuming

diffusive solute transfer to describe transport in aggregated porous media (25:475).

Sudicky and others (32) put this model to the test in a laboratory experiment by creating all

aquifer of thin sand sequestered by layers of silt. Their results indicated that the effect of molecular

diffusion within the silt, zones was more important than the dispersive effects in the mobile zone tfbr

understanding the fate of the contaminant. The longitudinal diffusion (dispersion) was of secondary

Importance.

Miller and Weber concentrated their effort on the rate-limited effects of diffusion by examining

a variety of mathematical models for predicting contaminant fate and transport in the light of labo-

ratory experiments. They concluded that the process of sorption in their systems was rate-limited,

and the best fit was obtained by models that incorporated intraparticle diffusion (2.1:243,2t60).

The equation frequently used to describe Fickian diffusion within the immobile zone is

491 ZV - 1 Ri,z [ I-

where C'i,, is the concentration of the contaminant in the imnmobile zone.

'l'he( retardation factor Ri. accounts for contaminant sorption within the iuuobile zoi,. aii

is called the inmobile zojie ret ardation factor. Th(, diffusion coefflcient in th 1 .... IDtie u, I),

[L'/T]. 'Ite term v defines the type of immiobile region geometry:
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v = I for Layered Immobile Region Geometry
L, = 2 for Cylindrical Immobile Region Geometry
v = 3 for Spherical Immobile Region Geometry

To couple this equation with the mobile region mass balance equation (Equation 2.6). vol~nii,.

averaging is used. The amount of contaminant entering/leaving the mobile region must equal th,

amount of contaminant leaving/entering the immobile region. The amount of contaminant in tlie

immobile zone is given by

t) = - l~mr~ )dz (.2. 1(

where b is the halfwidth of a typical immobil zone [L], and v defines the type of i nobih rIcg i,,i

geometry. One of the findings of Nkedi-Kizza and others (25:475) was that a reasonable raigie of

sizes and shapes of aggregates could be approxlnated by a representative spherical aggregate.

2.4 The Model Equation Set

The equation for the mass balance (Equation 2.6) needs the knowledge of what transpire's in

the immobile zones, to determine the last term on the right, hand side of the equation.

The governing equation for the immobile zone depends upon whether v is one, two, or tlire,

For v 1 Equation 2.9 becomes

OCi,,(r,tz,t) _ D, 02 Ci,,,(r, ,,t)

tI?,n dz2

and the volume averaging equation (Equation 2.10) becomes

I bC,,, r )= b1 ('1111(0% :,t) d- 2."

These equations (2.6, 2. tI, and 2.12) form a complete set describing advection and dispersiion

in a radialiy synnnet ric aquifer wit h imnmobile layers of clay or other layered sorbate (see Figure 2. I).

When v= :3 E(qiation 2.9 beconmes

C'i,,(r, z,t) I). raC,i..(r. z, t) 2 0C,..ir, z,t)1
U1- ? .. " Oz"~ + O)z j 1'2
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C (ZZIIIIIZZZDAquifer

Figure 2.1. Layered Immobile Zones in an Aquifer

andi~ Equation 2.10 becomes

3 lbJ
(r t) = - Cim(r, z, ) dz (2. 11)

"Ilrese equtatlons (2.6, 2.13, arid 2. 1.1) describe spherical immobile regions in t he aquifer whn U(

the cont aminant miay unrdergo adsorption (see Figure 2.2).

Thiese equations forur the basis of lie wnmerical model examined in the next. chiap~ter.

26
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Figure 2.2. Spherical Immobile Zones in an Aquifer
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III. Numnerical A0ho(Is

I, Problent Statement

Ili the last chapter we looked at tie( theoretical and experimreuntal evidlence for incld ing Ir:1-

limnited sorpt ion/desorpt ion physics ili our contaminant transport triodel. 'This chapt er pritt

tie numerical implemnenation of these equat ions. This implement at ion uses nmrlrical plualr;ttm

techniques, the Finite Elemnt Miethiod ( FlMl) and Finit'' Differenmce iet hod ( FI)N) to I raii~l.!

lhe partial differential equations into an algorithm suit able for the Fort ran larrgriage.

J2 1Proqcm Di,.zqtn

Bfeginrig wit EIii>rat ions 2.9. 2 11). and 2.6 as re-presentirig eit her thre larce ('r 1111 I L

nit ory, the. preferrel sohlrtFr would b, a t ransfo)rri that conilics thbe two rt-o(ii as !!l

Ii r. 11:11 into a Sli git riuatl Tho n Lb place t rarsfo)rmi waiat, i t el huti 110 n i 11I

4f ;i foruriila rejireselitatiur i f Iic lc~cls of curitirinarit Ili both regliMs waV In~t.rl \

th105 rtest rictiori, the miodel omu1 hot siriiilaie pulse prirripiig. Thiese equlal ois ;ire s i

special Case. of a Constant levecl of the( conitaiminant frontr tie( well center ouit an o rbit rarN

,iid] lien down to zero (13). Thiis Laplace t ranisformi solurtion will be discussed in ( l;ipter It

The simiplest anid [m)st olbvioris solnirion wVa.- to keep arrays of grilled dat a for 'achI -. I

Figure 3.1 shows the rellresetitatilollr 11 in cited in] this thesis. '1lemitira a oIlI

he ccpagv velocity iii thle trobile, region pre'senrts a fict itioums sinigularityx at thie well ciil

")VrI'onrie1 t his problem tie( gridl begins a slight distanice fromn the well (enter: atn apiiil II1

li te houmidary of f lie, well itself. '[hle grid for t lie immniobile zone, is mtore claiboraite tlt:itt lh

for tie 111o1,ile Zone. bc-,,- (A th lie ed to tmaittain a suf~ient number of grid joints. to pi-p .' I\

ri irosent a gradient profile for thle ["ickian diffrisioti.

[lie tModel will se forward within the imnobile region a siriall ;itount f li1111'

F jii;ti i 2 9. and tw lii rtegrat.' (.solvIng Lqitioi 2.10). 'I'es' necw virhi's 11ill 1-i 11" 1 1

C;il''rilalte newA vah~i's Ili the, miobile zone, by steppig forward Ini tune risinig Lqtrillwii '2 tmIYii

jir--ss will be repc:, t -, 1,0 Ow ftII~ inal rile !S reached.
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?..2.1 Data lowu Orrt~ed P( ign lit or'l',r to Impillemlenrt pulse Juii1i"'. 114 I-d li 11t-

lit' abliity to) stop f lit, flow rate, after aI specified time anid begin again withi rediirtd or iiIrt';i-,. i

rate'. and perhaps adjust other paramieters like fte (lirat ion of the sinirlitteo exerilt onl. It ;o ;,

haii have ft( imiodel run interact ivelv and solicit Infornmat ion periodiclly fromi t it( iser, it \\[I

Create all ouitlopn file, that conitainedo fte same infornmation as tihe Input file. \%)it Iitis designl Ill,

iiltlCould Cycle onl its own data, keeping tlit, output contanminarit levels for hmothI rcgioti>. LUi

>i-i->. an1l other grid itifrriti m from owue execut ion arid lising tis as inlput to) ft" ll' r't mI-I

Be cauise of t it'- large ru tber of Inpuit parameuters, t wo input files wct'r cli.,n owi 1,,' r L.

p:urauuut'trs tit wt're sub jet to chlutgt anid 'tu1itirg', arid one( for flte grid arid ctumitiiiiniti 1',\,

lhI 1'st- fleis ur,' sit %%-it int I oat :t flow dfiagramrt ( F~igiure' 3 2) amid I lit, frrruats of I list' flo - "

'it wit Illt tlit- (il'ou11uu1-111t;11ti lt'aft'r f r theli r, lt rInets that read I htiu' ( (I; A R %S anti (- 1ll 'Nl

1/01 ? s>J Ilou(1ti, ottI tIt f, 1iqSI S I rauiisf rtu ;ti iu;ils\\ W;u (-Iit'i u Lioii ;tVaII -r~ ru

Ill, hf y I v t ilist ' I i it L it i d It , -hi , ,r it It,ei (ftr'i 11( wt fir, it I t, -i in I t i i-> tt t

-11l11,1t , I, ;iut 15t-rct t11wN f( r huIt, ia;i t lt ttit tit filt (' 7 )

I t'- uni r, utuin, rt'cti 's aill I tut itipt I lif rfiton fromt ( ;S1 N FO. p;L,.mts aili tIs It lid I '1)1

t ,it vtt uris I Ill fiia i a fu;I (>'.- V-ig~urt' :3 3i f r IIt', tvt-raill impulemeuunt t it lets- I r tr'utv I

.ut ivisi lii' ntnun rt iu- tIt lu>' Inut- fitiil dli tin tit h 't.-\\I If( 'whii cr'at- nIt' 11p

'hih-t'u~'sor fimiit- Avt'i'iws Ill flit- rni'iuit' I'mit Hfu''st jtttsS~iitits uIjitt' ntfiturahiv fall litJ

trt;mrtutnrs ('25:275) Figuir' : 1 shows tit traiusaci'-tt anl iiss with PRlflI'l ai, thu' tranuit iitit

tnr anti st't-rii-itis flit-ath It f( 'r t hit thitftr, it posihili t's mttuttuiitd ;tvt'.
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3.3., Numerical Methods

The following sections describe the procedures employed for mapping the partial differ,'i l:i

and integral equations ipto numerical algorithms.

3.3.1 The Innobile Zone The immobile zone grid (shcwn in Figure 3.1) is sorwhit I'-

ceptive: the gid spacing in the radial direction is on tile order of met ers, while the grid splai g

ii the z direction is on the order of millimeters. In other words, each column in tle ii ini

zone grid is virtually isolated from every other column. The contaminant diffuses in a coluin. kit

not between columns. This should he intuitive because each "column" is actually a rpre,.i:,1

layered or spherical aggregate of the immobile material.

The immobile zone could consist of spherical aggregates or layers. A colimn in the ilillit'il,.

zone represents tie concentrations in a hmlfwidth of a layer or the concentration protile alon , Ih'

radius of a typical spherical aggregate, depending on whether we are studying layered or sphrial

zoii's. respectively.

3.2 1. 1 Diffusioi ini Laycrs The derivative oii the right hand side of l'quation 2. I

repilaced by a numerical approximation based on tile Taylor's series expansion about th [lillt U

for aii arilrary analytic fiiction f(tv):

A lf'( w) All' 2f"(t) A :If ..(u.( ) Alif'' '(1.)

1' ± 2! 3! 4)

atll.]

A ?vf'ii) Alu-f (w) Ai. 3fI'( ) A 't f""'(w)f~i - Air) =f(ii) -+ + - . :1"

-At)I + 2! 3! 4

T'Ils,, are added and tle resulting infinile series truncated to produce lie coiiverg.it , ii itd

;ilplr(xiiation for the second derivative with gridded data

f"ii) = f i - A w) + 2fr(w) + f(i + AIt) + OA1.2)

\ Ii this a1)l)roxi ia t ion applied t Equation 2.11 b,(',nis



OCi,(r,z,t) De Ci,..(r, z - A:, t) + 2Ci,(r, z,t) + Cim(r, z + Az, 1)

at Rim AZ 2

Eliminating the derivative in time by following the method of Crank and Nicolson (38:10-15) Ih

integrating from t to t + At:

OCi.,(r, , r) dr

S iDe (vir(r, z - Az, r) + 2Ci,,(r, z, 7) + C, r(r, z + A Z, 7)d

Rii A z 2

and using he trapezoidal quadrature rule to get Cim at the future time:

,,(r. z, t + At) = C", (-, t)

+ At A,

[Cwt(I - Az, t + At) + 2Cji.n(". :, t + At) + C('ir(r,. + A--,t +

+ Ci...(7, - A _z, t) + 2C'i,,(r, z, t) + Ci7,,(r, z + A., t)] (3.6)

This method also requires boundary conditions for the surfaces of the immobile layers at f

and t + At. The values at tie boundaries of these layers are the contaminant concentrations in Ihe

iobile region.

This implicit method has the following benefits (17:132,152): it is absolutely stable, it -I,

Ilot chi ange amplitude of the physical mode, and has no computational mode! Its drawbacks arc i ,

ned to do a matrix inversion and it retards the phase slightly. The routines I NATIB, 1NIAT31B.

INIIIf. and INIAT1NI all create matrices using this method, and invert these matrices oi, ,in

further iuatrix inversions are needed during the execution.

The grid poiiits are mubered with point I nearest the inobil zone. aid increasing , i'.

Ie, c,t'r of thit' imiobil,, zone. Th coitaamitan conceitrations at one side of the lih

Zl," iiiatch thos, at the" other. This is because tie concentration in lhe mobile zone ta b 1,u

vortical component. For this reason, the concentration profile of the contaminant il t lie iiuuu,' leh"

lvrs has a svmnitry around t lh center. Fquation 3.6 need only be expanded for tite halfwidlth.
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with a reflection across the center (at = 0). Taking z = (i - 1)Az for i 1,2, .... , W and

Cm,(r, t) = Cim(r, [i- I)Az, t), the matrix form of Equation 3.6 is:

BC.,m(r,t + At) = B 2C,m(r,t) + V,(rt) (3 7)

the matrices and vectors are defined as:

DeAt1Bt,., = + R±r--- i,= 1,2,...,M- 1 (3 S)

R,Ar2

. DeAt i, =2,3,-... Af (3.9)
2RmAr 2

- De At
. 2R,,Ar 2  (3.10)

DeAt
B2 ,, = 1 Ar ,=1,2,.,M-l (3.11)

RDAr 2

B:2.. , = DAt i, =2, 3,- M (3 12)
2 Rim Ar 2

De At
B2 . . = ,A i,= 2,3,.., M (3.13)

2Rim,,r
2

De At [Cm(r,t) + Cm(r,t + At)] i= 1

Vt,(r, 1) = 2.R,- Ar 2  (3.14)
0 otherwise

The boundary conditions mentioned above are incorporated into the V, vector. This scheme requires

the knowledge of Cm(r, t + At) which is not available until after several more procedural steps. .-k

approximation to C,,,(r, t + At) was made using the available data and linear extrapolation:

C,(r, t + At) = 2C,(r, t) - C,,,(r, t - At) (3.15)

These equations are implemented in routine IMATIB in the program.

3.3.1.1 Diffusion in Spheres The form of the Fickian diffusion equation for spheies

differs slightly from that for layers. The additional term in Equation 2.13 is:

20 C,(r, z, t) (3.16)
z gOz

Using the Taylor's series expansions above (Equations 3.1 and 3.2), and subtracting instead

of adding, to obtain the approximation for the first derivative:
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f/(w) = f(u + Au') - f(w - Ail) +:3. 17)
2Aw + O(Aw 2 )

This is included in Equation 3.4 resulting iII:

gc, O (" , 7) dr =
(9t

[ ,D, [Cir(r,:- Az, r) + 2Cjm(r,z, r) + Cim(r,z + Az, r)

1 Cim(r, z + AZ, T) - Cim(r, z - Az, 7)1 dr p.I1)
z AZ I

which is integrated using the trapezoidal quadrature rule to obtain the numerical scheme

Ci,,(r,z,t + At) = C ,,.(r, z, t) + At D,
2 RimA

2

- A, t + At) + 2Cim(r, z, t + At) + Cim(r, : + A:, t + At)

+ (Cim,(r,: + Az, t + At) -Cim(r,z - Az, t + At))
2

+ Cim(r, : - A--, t) + 2Ci ...(r, z, t) + Ci ... z - Az, 1)
1 *1

+- I-((*in(l',2- + A -- ,0 --C'ir", Z A- Z, 1)) (}l

In vector form this is identical to Equation 3.7 with slightly different constituents for the

matrices.

BI,, = l+ RThe , i=2,3,...,I (3.20)

D, (- ) i=2,3,..,M-1 (321)

D At i 2,3,.., Al - 1 (3.22)

I32, D'A I 2,i 3 .. .. f -1( .3
\,, , ri 2 )

.... - 2R ih 2 ( i= 2,3,, -1 (3.21)

,,+, - D, 4- i) i = 2,3....,!- I (21,)
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Dt[Cm, ) + Cm,t + A~t)] i =1

Vjr 1 0R~ ot herwise(.2)

When i =I these formulas can not be computed, but the first grid point in the mnobile reglM

begins Al.r from the well, yielding a slightly different value for the B12,, BI1 , B2 ,21 and 1 1-

components. This is implemented in routine IMAT3B In the program.

3.3.2 The VolumetrIc Averaging To get the time-rate-of-change of the Pollutant colicrii-

tration in the immobile zone we integrate over the halfwidth of Gic layer or over the radius, ""

the sphere. This change is what ii,;ies its way into thle mass balance equation ( Equiationi 2.6

to account for the chemicals entering and leaving tle mobile zone. The equation govering thle

volunietric averaging (Equation 2.10) is approximated for each of the two types of immobile 70on1S

by the quadrature formula known as Simpson's rulle (38:369).

3.3.2.1 Voluinctric Aiucraging In Laycrs Equation 2.12 gives the volumietric average of

tilepollutant in atypical laver oft lie immobile zone. The layered medium provides thle sinipl'st f rI-111

of Equation 2.10 and( thle con version of this integral to a tilumerical quadratutre is st raigtit frw; rd

Simipson 's rule requires anl odd nlimber of points. For example, given a funetion f whichismegaI

011 the interval [a, 6]

rb
1 ]. f Ot) die (31.27)

(b-a) [f(a)±+.4fb(+a) + f(b)]i 2

(b -a) rf(a) +4f a + Lb +2f (a1+ 2b-a

44

But with symmuetry about the origin, the number of grid points in a coluniti in the Immiiobile Z,1111

call be even or odd. The point, at z=0 Is the center point, in the region, withI gridl poit.; ext enii Hg1"

Inl both di(irect ions, necessitating anl odd( number of points total. The algorit lin inplentlllt- Illn

N 1 ( NlA makes use of this argument to initegrate over the hialfwidi I.
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3.3.2.2 Volumetric Averaging in Spheres The argument for spheres is almost the na-lw

as that for layers, except that here the number of grid points requested in the immobile region imist

be odd. The model checks to make sure the requested number of grid points will work with this

algorithm in the GSINFO routine.

The integrand of Equation 2.14 contains a z2 term which complicates matters slightly. ThIe

center-most grid point of a sphere doesn't contribute to the total volumetric average, as is shiwn

in this example formula where A: = (i.e., 5 grid points in the immobile zone):

Az
V -- [f(b) + 4f(3A:) + 2f(2-z) + 4f(Az) + f(0)] (:. t)

where f(z) = z2 C,,, (r, z, t) for fixed r and t, and the result is

I A z 2Z C,, 2 ,
"-- [b 2Cim(r, b, t) + 4(3Az)'Cim(r, 3Az, t) + 2(2Az)2C m(r, 2Az, t)+

4(AZ) 2C ,(r, A:, t) + (OAZ) 2 C,,(r, 0,t)] (3:.1)

3.3.3 The Mobile Zone Mass Balance Equation The mass balanced equation (Equation 2.6)

is solved numerically by two methods, the finite element method and finite differenccs. The finite

differences are easier to understand, and were implemented as a check against the finite elements.

Comparisons of these two methods with the same input data are made in Chapter 4.

3.3.3.1 Finite Differences in the Mobile Region The procedures for the finite difference

meth od involve replacing the derivates in the equation with approximations to the derivatives lasd

on Taylor's series expansions. The partial derivatives with respect to r of Equation 2 6 are ro -ai-,,

h".

2 C,,,(r,t - [Ct() - Ar, t) + 2C,,.(r, t) + C, (,'+,r A (:112

ai-2Am rAr )]32
aC'm(r, t) [C,(r + Ar, 1) - Cm (r:Ar, ))

resulting in

OC(r,t) OimRin Ci,,a(r,t)+
at OmI?,n at
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AIIV(')lr [Cm(r - Ar, t) + 2Cm(r, I)+ C,,,(r + .)1

R, I Ar2 J
V(r) [Cm(r + Ar, t) - Cm(r - Ar, t)

Rm , 2Ar 1] (:1

Integrating this from t to t + At and rearranging yields:

C',,(r,t + At) = Cm(r,t)

Oim Rim

At0,m. [Ci, (r, t + At) - Cim(r, t)]

+ At [A, IV(r)l

Cm(r- Ar,t o+At)+ 2C,(r,t + A) + C,.(r + A,t + At))\ Ar 2

V(r) (C,,(Y- + Ar, t + At) - Cm(r - Ar, t + At)

Rn(2Ar A)
+ AIV(r) ,C...(r-At,+ C.(,t),+ Co(r+ , At

(Rr At) 2cict±mrA~l

V(r) (c((3.+5A,,-cm(A,,)

Taking r (i - 1)Ar" for i = 1,2, N -t, thi equation gives the vcctor equation:

PI Cm(t + At)= P2 Cm(t) - Cim 0 (t + At1) - Cima(0) (3:1)
At

Oim Rim

where j3- O.R,, and Cm,(t)= C([i - i]Ar. t) fori= 1,2,.., N.

The values for C ,na(r, t) are available at t + At because they depend upon Ci... (:,1) olily,

and the algorithm makes the linear extrapolation to approximate Cm (r, t + At). The tri-diagoiua

matrices PI and P2 are initialized in routine INIATIF, and individual components of these ra rices

are defined here:

P- K + 0 = 2,3,-,N- 1 (3.37)
(i - 1)
(2() i

1*, - +--1 i= h2,3,--.,A'- 1 (:1.18
I I) At

(- ( + 0 1 ) 2, 3 , - N - I

l~l.,++- i = 2, 3, - , N - I (p.: w)

(i3- 1)

)') ... (, = 1 i= 2,3,-.,NV-1 (:1. t0

(i- l)



P2,,- (i-01 +  I-- i = 2,3,.....N - I (p ..tl)
(2C- ) 1t

P, - i-.+- + 2,3, N -1 (312)
wi .. - A ia - 1)

At 1Q.1l Q.
With 4 R,7r H 0 (=r) 3 and 2 R,, = r The values in the first row of each of li,.,c

matrices differs slightly because the grid begins .1Ar out from the well.

3.3.3.2 Finite Elements in the Mobile Regia, The finite element method eiiiplyed

here uses the chapeau function (also known as the 'roof' or 'hat' function (17:183) (31:27). see

Figure 3.5). The first, two functions in the series deviate slightly because of the restriction at the

well, where the formula for induced water velocity (Equation 2.2) has a singularity. The haisi.

l lh 2h 3h (N-1)h Nh r

Figure :1.5. FEM Basis Functions for the Mobile Region

functions are

(-r I
O:(r 1 (0. 1) h < 7- < h
~(r) - 0.

9 +i 0.9 (.3

0 otherwise

I" I{ - (0.1)h < r < h

00+2 h <r<2h (.. 2)

0 othernwisc

A td for i {3,. .. , N :
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r _(i-2) (i-2)h<r <(i-1)h

r + (i- 1)h < r< (i)h (3.A5)

0 otherwise

r -(i- 1) (i- 1)h< r <(i)h

-r +(i+ 1) (i)h< r<(i+)h

0 otherwise

- (i -3) (i - 3)h< r < (i - 2)h

-r +(i -1) (i-2)h<r<(i-1)h (3.47)

0 othcriwise

with derivatives

(0' 1)h < , < h
0 otherwise

(0. 1)h < r <i

0(2 { h < r < 2 h

0 ot hrc i -se

(i -2)h < r < (i )h

- (i- l)h < r < (i)h (3.50)

0 othrwise

I(i - I )h < r" < (i)h

= (i)h<r< (i+I)h

0 othcrvis

(i -3)h<r<(i-2)h

S(i - 2)h < r < (i - )h2)

0 othivrisr
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Taking Equation 2.6 and multiplying by Oj (r) for each j = 1,2, , N and ilitegratii.g WIt I

respect to r over the domain [0,R] yields:

Ot t) o(rt)<)dr A f IV(r)l 0'r, t) Oj(r)dr

LRn V(r) 9Co(r t ) o j ( r ) d r

Bi n q m(r, t)
- R9G3a(r, t) jj(v)dr for i 1,2,... (d53)

Integration by parts of the second derivative term produces:

R  G(r, t) dC (r r ) R

ar2  8, (r ) 0

OCm(r, t)

0r J C" ) '()d (:l"-"l)

Applying the definition of the O i(r) eliminates the evaluation term. Substitu iting this resnI i,:wk

into Equation 3.53 yields:

I R 0C, (A, 1) 0AI , (r,t

A,,, I OrOr

- I V() 0% ) 0 2 (r)dr

if (r,I)e (r)dr for 1, 2,.. N (3,.5)

The variables C', (r, t) in t his equat ion are replaced by the chapeau fiuct lions shown above:

N

( ,(r, t) - i(t)o (r)

ing:i

-- 1



R Nt

3 1 R 01 0 r)dr 7

for j = 1. 2. N. This produces:

I? _____,,, __ ,t., A, A, L' + Ot - A,,2 Q- A 3 o -

whire o(t) - [(nI(t), (,-)(t) . v(t)]r and aI(t) = (a'(t), a'(t) .... 0 %(t)]T, and tI, .i fi, ,c-

tioi vector o(r) = [0i(r),0 2 (r),.-,ON(r)]T, with the matrix components for tlie four matriv',.

A1 . A.. A 3 , and A.14 dfind:

If

J,, o,(r)l(r)dr i= 1,2,. NT j2 1,2, .

Al,, o,(r)o(r)I1'(r)Idr i - 1,2, .. j = 1.2, ( .... I

r U
.A:t,, O (,')cJ(,)'(.)d i= 1,2.V, j= 1.2, .. V ;

-A . f '(roj(r)V(r)dr i= 1,2,-. j =-1,2,- .V :i;?

'he i1ethod of Crank-Nicolson (trap'zoidal quadrature for the time derivative) is u.,1 > ,

renove th, integration in time to obtain:

A "i (A , A , ( + A t) 1  (A ., 1 (t)
t 2IH, (±21 R.. [At 21,, , ( 2 1?...

- I? aci, 0 r 1. 0%~ d 0~ 
- 3

which is further ;iiildfilied hy defining

[ A + (-, + A: ) + H, 2 1.

Q'2 A (A : - ; ,.-,A
[A/ 91,, 2 1?,...

yi hlii g:
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Q (t + At) = '2 2 (t - a . - 6,;

lhse niatrices are iitialized in routine INIAT1NI in the program MODI I LIT. (s- I ' ai 2

Ii.- Thsis).

3- H ;



I. III trodu cttoi

This Chapter presents an evaluation of the computer model developed in C h;ijr.'r 3t sii

li're exists a paucity of suitable field dat a for comparison, complarison wIll he iw idl. it

ransfornm solut ion provided by Dr. Goltz. An internal conmparisoni will als') Imn ' r,

demnst rate the relative effect of the( advection, dispersion. and dliffulsion iiichl~ti iiii.

'Tle results of several executions are presenit'e(I here, The model execution produi'> ,i0' 1,1

quianilties of data that almost require graphical depictionis to make them iti'rt ti I i'i

fOflowiig sections 1iicltide mlany such pictutres showing the( progress and late of thic cnittmiii:ili I :

miainy instances, the output fronm one( execttiont is fed hack into tie( next exe~cut inn In) (ill,1: tI!,

tlte fe'asibility of simnulat ing pulse pumping.

'The c-ompu~lter miodel solves the( samte equation set used by ( oltz. bitt ~tra>>III,,

of Ihis solit ion by allowing arbitrary init ial conditions, and pulse punmpinig. 'LT' cost f tilt- ;1.1 1, 1

feb'iilty is thle accuracy of the( solti on as time progresses. With Identical Init ial latai l)I Ilil1

;hOild producte simiilar results. The aiialvtic solttion solves tlit, puroblemi for all t Jules slitilt :1i'

ant tile nutmterical solution steps forward li tinie, atid ts. therefore. subjeoct to c'tnlouH fil-111

4.1 ayf i'd Imnmohiz .110, 1ial '[he results of ne cotiparisn ;ir' st( -wIi IIJ

Itlit coiliiiiiI i bled -FE'N1'' Is thet( filie elettietitl soltutioni. the colittue: bibebId 1 1 \lF

IIb reilces. anid t Ie( '-A tiM" is t lie ;tuml t ic so tiit ]oit provided by ( ;()h z (1.3 ),' Y I I, it ;t ,

iiceitratn oif te po~lluitantt at the( well.

Tlhe iii it ial cont auiniant coticettratiton d ist ribtiott wa1. a Conist ant 0 o1 ut '2' ttr fr, :

%-i c,-it r and thlii downward to a value of 0.0 for hoth miilobile Iith i itittiol)[ib ',I, 11 ' li Til:

/(in t t'! was *layce' tilie other iniput dat a is shiown ii 'Table 1.2.

I I I' l.J.NI'' si Int iii is reasoitahl v close to th lialyt ic sollltloll ande ill hl.i (1\ d,

ho I) 71V aut 100 days! l'l'''K soluion imore closely resemlbled tie( auialvt ic slutil~ 1 Iil Ii

I- I



Table 4.1. Layered Immobile Material Comparison Test

Day Anal [ FEMI FDM II Day Anal [ FEM ] FI)M
0 1.000 1.000 1.000 32 .5838 .5889 .6647
5 1.000 1.000 1.000 35 .4580 .4525 .5511

10 1.000 .9999 .9998 40 .2978 .2726 .3092
15 .9980 1.002 .9948 45 .1998 .1648 .2261
16 .9991 1.002 .9918 50 .1,163 .1115 .1343
17 1.000 1.002 .9876 55 .1188 .0896 .0891
18 1.001 1.001 .9821 60 .1045 .0814 .k736
19 .9999 9976 .97,18 65 .0963 .0783 .0722
20 .9937 .9910 .9656 70 .0906 .0766 .07,19
21 .9837 .9806 .95,11 II 75 .0859 .0752 .0770
22 .9682 9657 .940,1 80 .0816 .0738 .0773
24 .9197 .9213 .9050 S5 .077r; .0723 .0762
26 .850,1 .8573 .8591 90 .0739 .0708 07,15
28 .7663 .7T71 .80:30 19.5 .0704 .0693 .0726
30 .6750 .6838 .736,1 100 .0673 .0678 .0709

Tlhde 4.2. Input Parameters for the Layered ulrvnobile Material (Comparsol lest

, 1 0 1 ,/O I, II 1 f,1 b -- I
[j l~l;E-2 .42 I .', 1.15F:-10 1 o.  1.81E-3 . [ o _ .  14 l

.1-2



_1. @E+06

e. ..-.i- .

I Angle 50' 13

Figure 4.1. Mobile Zone Concentration Progression, Days 0-10, Layered Immobile Material

'FDM" solution. Part of the deviations between these solutions is caused by the initial profile of

the concentration. Whereas the analytic solution drops the concentration from 1.0 to 0.0 instantly

at r = R, the numerical solution drops it linearly between two grid points. This makes it difficult

to match the initial conditions, especially when the grid spacing is over 2 meters, as in the first

test.

Figures 4.1 through 4.6 show the level of the contaminant in the mobile region as time pro-

gresses. Each of these figures represents 10 days time, with the beginning profile in the foreground

and ending in the background. The magnitude of the contaminant is shown by the axis of the

ordinate and the radial distance out from the well is shown along the axis of the abscissa. The

greatest and least levels of the contaminant shown on the graph are printed on the right rear of

the projection. The angle of the projection is the angle the perspective appears to make relative

to the abscissa. The numbers along the abscissa are the number of grid points in the radial dimen-

sion, with 1 being the point at the well boundary. The numbers along the right side of the graph,

following the perspective, are the number of iterations displayed (not the number of iterations for

the calculations).

As these figures demonstrate, the contaminant is drawn toward the well and extracted. until

the level drops below about 10%. From this point onward, the level drops much more slowly.

until it appears to level off at around 0.070. Actually, the level is dropping, but the contaminant

4-3
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" SE-01 -

1 13

Figure 4.2. Mobile Zone Concentration Progression, Days 10-20, Layered Immobile Material

9. 9E-01

__ 28S..-E-S

I

13

Figure 4.3. Mobile Zone Concentration Progression, Days 20-30, Layered Immobile Material

.- " - I6. 9E-01

"- i

S. -E-01- -.

1 13

Figure 4.4. Mobile Zone Concentration Progression, Days 30-40, Layered Immobile Material
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13

Figure 4.5. Mobile Zone Concentration Progression, Days 40-50, Layered Immobile Material

7. J.E-02

--.---.--- -- z-

13

Figure 4.6. lobile Zone Concentration Progression, Days 90-100, Layered Immobile Material
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8-- - --" -

1
I Angle 30- 13

Figure 4.7. Immobile Zone Concentration Profile, Day 10, Layered Immobile Material

-7f

1 . o-" .-"

0." E-01 .....
1

13

Figure 4.8. Immobile Zone Concentration Profile, Day 20, Layered Immobile Material

that ,esorbs from the immobile regions feeds the mobile zone. This can be seen more readily by

examining Figures 4.7 through 4.12 which display the concentration profiles in the immobile zone

at the end of each period indicated.

The level of pollutant in the mobile zone is displayed in the foreground, with the profile for

the immobile zone behind it. As the level of the pollutant in the mobile region decreases, the

gradient between these two regions increases, as does the flux of chemicals from the immobile zone.

At the end of this 100 day test (see Figure 4.12), the levels in the immobile regions are still quite

high, and indicate that only a small portion of the total contaminant was removed.
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Figure 4.9. Immobile Zone Concentration Profile, Day 30, Layered Immobile Material

-. -Si E+

13

Figure 4.10. Immobile Zone Concentration Profile, Day 40, Layered Immobile Material

H---- 1

t 13

Figure 4.11l. Immobile Zone Concentration Profile, Day 50, Layered Immobile Material
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Figure 4.12. Immobile Zone Concentration Profile, Day 100, Layered Immobile Material

Table 4.3. Spherical Immobile Material Comparison Test

[ Day I Anal I FEM I FDM ]] Day ] Anal [ FEM I FDM 33
0 1.000 1.000 1.000 30 .0381 .0518 .0546
2 1.000 1.000 .9999 40 .0250 .0359 .0377
4 1.000 1.000 .9813 50 .0170 .0258 .0271
6 .8174 .8187 .8343 60 .0116 .0188 .0197
8 .4468 .4493 .5405 70 .0081 .0138 .0145

10 .2257 .2308 .2846 80 .0057 .0101 .0107
15 .0969 .1129 .1159 90 .0038 .0074 .0078
20 .0674 .0821 .0868 100 .0026 .0054 .0058

4.2.2 Spherical Immobile Material This test demonstrates the model's ability to simulate

spherical immobile regions. The input parameters used here are given in Table 4.4, and the results

of model executions are presented in Table 4.3.

The model presented here agrees favorably with the analytic solution for several days, then

begins to show a markedly higher concentration. By the end of the test period, the model predicts

about twice as much contaminant at the well as the analytic solution. This is due to the way the

model represents spherical immobile material. The radius of a typical sphere, and the number of

Table 4.4. Input Parameters for the Spherical Immobile Material Comparison Test

Q. 0 1 0 IOr./l 1 l I p if b IAi Kd

1.16E-2 1 .42 2 2/3 I 1.15F-1 0 10. 1 1.81E-3 1.4 1.05 1 .5 .0
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divisions in the immobile region is input. fhe sphere radius is divided into even intervals, wit h Ii e

boundary (the mobile region concentration) at the same interval from the boundary of the splh'i'.

This eff,ctvely includes the extra interval in the immobile element :nd since the extra 'shell" ;idds

a substantial volume to the sphere, the amount of contaminant released by desorption is imch

greater than expected. For the simple case of four grid points in a sphere, the volume increase is

95%! As the number of grid points increases, this effect is diminished, though as the number of

grid points increases in the immobile region, the execution time increases as well.

The concentration in the immobile zone decreases more rapidly when the zone is spherical

than when it consists of layers. This is because for the same volume, the spherical aggregate's hIve

a iiuch larger surface area in contact with the mobile zone than the layered immobile material.

The spherical aggregates have six times as much surface area in contact with the boundary t han

layered immobile material of the same volume and halfwidth. For instance, with one cubic meter

and a halfwidth of 0.05 meters, the surface area for layered immobile material is 10 square mincters,

and for spherical immobile material is 60 square meters. This also means that the contaniamnt

concentration in the spheres decreases more rapidly than is observed for layered immobile mat ,rMal

when all else is identical.

4.3 Advection, Dispersion, and Slow Desorption Tests

The comparison undertaken here is one where the input parameters are adjusted so that the

program models advection only, then advection and dispersion, and finally advection, dispersion,

and slow desorption. The temporal progressions for these three model executions are shown iII

Figures 4.13, 4.14, and 4.15, with the concentrations extracted from the well shown in Table i.6.

'These three tinie progressions are displayed with time decreasing with the perspective (the opposil

of otlier similar figures in this chapter.) The. input parameters are shown in Tathe 1.5. A dvcl i,,

only is achieved by making the diffusion in the immobile region so small it becomes negligihh, aml

dispersioti is eliminated by setting the dispersivity to zero. The model simulated layered imunodihe

material for this test anid used finite elements in the mobile zone.

1-9
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Figure 4.13. Mobile Zone Concentration Profile, Days 0-30, Advection Only (reversed perspec-
tive)

With advection only, there should not be a spreading of the contaminant. The sharp drop

in contaminant should be advected intact toward the well. However, because of the representation

in the model, the top of this gradient is one grid point closer to the well than the bottom of the

gradient. This, coupled with the slightly increased water velocity makes the top of this gradient

move faster than the bottom.

The model equations do not provide smoothing of the data or require the concentration to be

positive in sign. The dispersion induces a smoothing of the data, and prevents spurious negative

values from occurring. Unfortunately, when the model simulates advection only, the shock condition

from the input profile causes an overshooting that yields negative concentrations. When the input

data is devoid of these shock conditions, negative concentrations don't appear.

With advection only, all the contaminant would be removed from the aquifer. When the

dispersion coefficient is not zero, the contaminant is spread out and it takes longer to remove the

contaminant from the aquifer. By comparing the final profiles in Figures 4.14 a,- .. 15 and the

concentrations extracted from the well (Table 4.6) it is evident that the slow desorption process is

especially important in the latter part of the remediation effort.
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Figure 4.14. Mobile Zone Concentration Profile, Days 0-30, Advection and Dispersion (reversed
perspectiv~e)

I. OE+SS

7 S. SE-01

1 11

Figure 4.15. Mobile Zone Concentration Profile, Days 0-30, Advection, Dispersion, and Slow
Desorption (reversed perspective)

Table 4.5. [nput Parameters for the Advection, Dispersion, and Slow Desorption Comparison
Test

Test Q. 0 011/0 D, H p f Ib IA, ~
Ad-. 1. 16F-2 .42 .5 1. 15 E- 20 10. 1.81E-3 .4 .05 .0 1.48E3
Adv+Disp 1. 16F,2 .42 .5 1. 15E-20 10. '.81E-3 .4 .05 .0 1.48E3

IAll 1. 16E-2 .42 .5 1.i1E- 10 10. 1.81E-3 .4 .05 .5 1.48E3
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Table 4.6. Advection, Dispersion, and Slow Desorption Comparison Test

i Day I Adv J Adv+Dis All IJ Day Adv [ Adv+Dis ] All
T 1.000 1.000 1.000 16 .9454 .7179 .78-45

2 ---99 1.000 1.000 16 .9268 ].6414 .6520

4 1.000 .9998 .9998 20 .6582 .5002 .516.1

0 .9995 .9999 .9999 22 .4670 .3708 .3929
8 .9988 1.004 1.004 24 .2854 .2623 .2900
10 1.004 1.001 1.001 26 .1357 .1755 .2084
12 1.013 .9693 .9698 28 .0401 .1141 .1511
14 1.004 .8955 .8980 30 -.001 .0714 .1117

4.4 Pulse Pumping

The first test above had a duration of 100 days. In this section looks at the continuation of

that test out to 400 days with different pumping rates. In this first test, (Pulse Pumping Test 1)

the pumping rate was one cubic meter per day for the remaining 300 days (see Figure 4.16). [it the

next test (i 'UI S Pumping Test 2) the pumping rate was one cubic meter per day for days 10t) to

200, then at 1tOO cubic meters per da-, (the value used in the first test in this chapter) from day

200 to 300, and then back to one cubic meter per day for the last iGO days (see Figure 4.17). In

the final example (Pulse Pumping Test 3) the pumping rate was 50 cubic meters p day for ti

entire period from day 100 to day 400 (see Figure 4.18).

SAs can be seen from Figures 4.19 through 1.32, if the pumping is ceased before the level iin

the immobile region is reduced significantly, the concentrations in the mobile region increase with

tihe. This is not an unexpected result, and has already been observed (22:633) (19).

The creation of this model involved one assumption about diffusion: dispersion > diffusion il

the mobile region, and therefore diffiision could be ignored. With no pumping there is no gtiarant,1

that diffusion in the mobile region will not play an important part in the fate of the pollutatt. FX,r

this reason, a small piniping rate is mhaintained, even if it represents a velocity of only a 1*cw

millimeters per (lay.

•1-12
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Figure 4.16. Pulse Pumping Schedule for Test I
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Figure -1.17. Pulse Pumping Schedule for Test 2
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1000 C,
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Figure .1.18. Pulse iumping Schedule for Te'st 3
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Figure 4.19. Pulse Pumping Test 1; Negligible Flow, Progress from Days 200J-300

9. 5E-011

3 1

Figure .4.21. Pulse Pumping Test I; Immobile Region Profile at Day :300
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Figure 4.22. Pulse Pumping Test 1; Negligible Flow. Progress from Days .300-400

9 .SEO - -- -

31

Figure 4.23. Pulse Pumping Test I~ Immobile Region Profile at Day 400
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31

Figure 4.24. Pulse Pumping Test 2; Normal Flow, Progress from Days 200-300, (revfrs.'i ;.,'r-
spe-tive)

16

31

Figure 4.25. Pulse Pumping Test 2. Immobile Region Profile at Day 300
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31

Figure 4.26. Pulse Pumping Test 2; Negligible Flow, Progress fiom Days.:300-400

- 9-1 - _

31

Figure 4.27. Pulse Pumping Test 2; Immobile Region Profile at Day 400

- - 42

31

Figure 4.28. Pulse Pumping Test 3; Re~uced Flow, Progress from Days 100- 200
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31

Figure 4.29. Pulse Pumping Test 3; Reduced Flow, Progress from Days 200-300

16

31

Figure 4.30. Pulse Pumping Test 3;1 Reduced Flow, Immobile Region Profile at Day 300

31

Figure 4.31. Pulse Pumping Test 3; Reduced Flow, Progress from Days 300 400
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Figure 4.32. Pulse Pumping Test 3; Reduced Flow, Immobile Region Profile at Day 400
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V. Conclusions and Recommendations

This concluding chapter draws together tile research presented in the previous chapir. It

focuses ol how the research may improve the ability of planners to estimate the needed dirai,

time of remedjation pumping. It also shows how slow sorption and desorption of chemical in

porous media could play an important part in the fate of pollutants. Secondly, it enumerates tlihe

conclusions which may be drawn from the research. Finally, it lists recommendations bolt for

improvenients and for the follow-on efforts to this research.

5.1 Summary

The literature survey revealed that research in, the last few decades has contributed to ,'i liii-

proved understanding of the desorption processes in contaminant transfer through porous mc,'lIa.

Although there's been an increase inl our abilities to mathematically model this contaminaul I

port, there exists a paucity of computer based solutions that incorporate rate-limited desoi,I) ,.

5.2 (o nclusions

Several conclusions could be drawn from tie comparison of this computer based solt ion t Ie

conitaininant trais .,rt. equations with the analytical solution provided by Goltz. (Uifortmiiunily.

without a large database for comparison with field data or laboratory experiment, we can l

properly evaluate this research. Ai initial laboratory experiment will he conducted shortly h% )r.

Burris (7), but not soon enough to add to this thesis. That laboratory experiment will conlsiIt of

monitoring the contaminant levels ii a three dimensional physical model with axial symi ry. A

foiur foot diameter tank will be filled witi a sand or soil material, and will have a fully penet r;ii g

well in tit( center of the tank. The contaminant concentrations at the well and in te tank oill Ihe

moitored.

If lie laboratory experiments yield favorahle comparisons with this numerical soluiti,. anid

lisldaY similar tailing of contaminants, this simple model could he distributed to ldanners at t, xi

cleanuup sites for incorporation into their computer toolkit.
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5.3 Recommendations

Most of the drawbacks of this model stein from the assumptions made in the Assiulm/h,."

section of Chapter 1. The primary emphasis for future research is to eliminate these assuilndi,,111

(in the order given):

1. Eliminate the necessity for spherical symmetry; make the mathematical model t'ul i ,v
dimensional.

2. Add the ability to simulate multiple wells, including injection wells.

3. Create a user-friendly input port for the contaminant, profile; probably base:d oil niouse,-,ii\.1
inputs on aii Amiga or a Sun workstation.

,1. Add the ability t.o estimate the total contaminant remaining in the aquifer, and the rtf, at

which it will desorb at normal seepage rates.

Other improvements could include correcting the problem with the apparent radius whn

using diffusion into spherical aggregates. Only experimentation will indicate if this is advi,,d.

Also, instead of allowing only spherical or layered immobile material, allow the third possibilitv:

cylilidrical immobile material. One additional enhancement could be a further simplification (dch

existing code to use the first-order models presented by Coats and Sinith (10), van Geunchien (:W).

and Valocchi (33).

.5.4 Remarks

As industrial development continues, and as long as Murphy's laws apply, there will be el,-

tuiate instances of polluted groundwater to address. This, together with the need to cleaiii t he

existing toxic spill sites, make this aji important piece of research for the environnintally cowtc' 'IS

community. This research has endeavored to fuirther the cause of numerical modeling applied to

porous media, and to provide the community with another tool to help in the field.
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Appendix A. Notation

These are most of the variables or constants used in this Thesis. Parenthesized names arc

the variable names used in MODEL1T representing the same data.

A, - [L] Dispersivity in the mobile region (alphaL)

b [b] Characteristic length of the immobile region geometry, the halfwidth or radius of tlhe
immobile region

C [M/L 3 ] Concentration of adsorbate in the fluid stream: Solute concentration

C,, -- [M/L 3 ] Solute concentration vector in the mobile region (Cm)

([A/L 31 Solute concentration vector in the immobile region (Cin)

[M/L 3 ] Volume averaged solute concentration vector for the immobile region (Ciiwi)

D [L 2 /T] Hydrodynamic dispersion coefficient

D, -- [L2 /T] Diffusion coefficient within the immobile region (De)

D - f[L/TI Diffusion coefficient within tjhp mobile region

f [unitless] Fraction of sorption sites in direct contact with mobile water (ef)

I1 [L] Average height of the aquifer

A [T-'] Exchange rate between stagnant and mobile water

Nd - [La/I'] Distribution Coefficient (I)

Q,, -- [La/T] Flow rate at the well (Flow), extraction being positive

r - L] Radial coordinate within the mobile region; 0 < r < R
I d

R- [unitless] Average retardation factor: 1? = 1 + LL (retardation is a friction-type force that
0

slows the progress of the contaminant relative to the flow of groundwater velocity, typical
values are 1.. 33): also used as the maximum extent of the contaminated aquifer iM, Ihe

radial dimension [L]

R,,, [unitless] Mobile region retardation factor: R, 1 + f 2..__ (hRm)
Orn

i,,, - [unitless] Immobile region retardation factor: RiM 1 (1 - P P

.- [M/L 3 ] Sorbed solute concentration, or [unitless] sorbed contaminant

t [T] Time

V(r) - [L/T] Velocity of tle groundwater through the interstices of the aquifer (niobi le regions
only)

-- Greek --

Or [T] Basis function (temporal extent)

z [1. Spatial coordinate within the immobile region

.3 [i nitless] Solute capacity ratio of the immobile to mobile regions: /3 = OirnRit, (beta)

A-1



0 [unitless] Porosity or Total water content: 0 .= 0,, + Oi, (theta), also called total PlrOi1Y
(typical values for granular aquifers are 20-40%, )

0i,,, -[unitless] Immobile water content, also called immobile region porosity

0,,, [unitless] Mobile water content (thetaM), also called mobile region porosity

A - [unitless] Fraction representation of stagnant to mobile water

r- [unitless] Ratio of diameter of a circle to its circumference

p - [M/L 3J Bulk density of aquifer material (rho): rho is also used as a constant in the inodl

r- [unitless] Integration variable

- [L Basis functions (spatial extent), also [unitless] ratio of mobile to total water content:
0 =0/0 (phi)
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Abstract

This paper traces the development of the understanding of contaminant transport in an

aquifer for a radially symmetric region. It presents the progression of ideas and equations lead-

ing to the equation set describing the advective/dispersive mechanisms coupled with rate-limited

adsorption. This equation set is converted to a numerical scheme in the Fortran language using

finite elements and finite differences. The resulting model is tested against the Laplace transform

solution to the same equation set, and several graphs are presented detailing the comparison.
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