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An appr~~4—~ttan for con vtiag the buey per iod cha,rsceortstIc. is

tbs Cl/Gil queue , .uU..t.4 by D.Crosa sad CJS .~~rrta is that , 1~~

~r~ idaaestals of Queue tng Theory , 1. shown to ha lackiag Is

and is ther efors quit. und.sira bl. for practica L uee .

~~Y ImIDS

ct/C/i queue, hasy period, Ph... ?yp. diatribstion, Ph.. . Type Isn.ws2

Process , c~i~~utatiosa1 probability.
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l.Iatroductloo:

15 a recent book on quau.tn$ tb€~ory by ~~oes sad ~~rr t a ( I I .  an

• approztaatc ~~t hcd is eu~~..Isd for obta tatag the busy period chsrsc icr i.-

tics of the Cl/C/ i qu.trn . Tbr onjh a staple c~~~ atational sa~~~1s, wv

d..cn.t r ate tha t this met hod can be severel y *aaccwrata . I t is po..tbl.

to construc t (simple) en~~~ lss wI~.re thi appre*ia.e ios Is arbitrarily

bad . ~ sr discussion will thou tha t the oppros iest ion could result to

a gross under—.sttaation of th. dur ation of the busy per iod sad Is

theref ore undesirable for u’s is practica l situat losa .

Vs v iii draw our .v pl. f row the c lass of Ct/Il/ i queues with

inter —ar ri val tima s followi ng ~ gesaraltsed L*’lsag dist r ibution. Itciss

queues belong to th. class ci Plu sh queue.. ~~sicb is turn are a sob

class of the lu/Gil queues, analysed in detail by *~~~s~~~1 (SJ .  Is

Section 2 , we pr ovid. a brief discussion of Phase Type diatr ibutloas sad

Phase Type renewal processes and fo l low this in Sec t ion 3 with a

discussion of the PH/Pill queue with particular refer ence to its busy

per iod . In Section 4 vs discuss the approx imate method uru ggestod by

Gross and H arri s obtaining the special for. of their appro~1aate

f orsula for the masa length of the bu sy period . Fina l ly is Section 3,

we present our conputationa l e,a ple arid ma ke sons further rowarks

on the approximation .

2. PH-Distributi on. and PH-Renewal Processes:

A phase type probability distributj .~~ (PH—distribution) , Introduced

bY H .F .Neuts L2 J ,  is obtained as the distribution of th. t ime till 
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absorption in a fin ite Narkov chain with an absorb ing otate isle kitb

absorption l.a certain . ~~ ob.i1 brief ly rsvi w such ~~~.l.

Coesiesr a ccsttnuous-11 Ilsrkov cha in with stat. space

( t ,...... ,n , n+i) for which the states l,.....,n are iran.tanl ad

(e+l) Is absorbing. It  ID sssueed tha t starting 1. say rr *seicnt t Sts

the chain g.ti~ absorb ed In (oil) with probability o n .  The 1*1 Is*

tsstmsl gener ator of such a Piarkov cha in thee has the form

IT

L!
whir. T is an n*n sow—si~~ slar matrix with T11(O, sad T1~~O. 101. Alan

T°)O is an n—vector satisfying Ye + 1.
0 

- .2. wbarc c ’u(l ,.... .,1).

We ass~~. tha t vs are also gives an initial probability vector (~. 0)

for the Plarkov chain.

It ii rim, .aslly seen tha t for cbs above Markov cha ts the t ime

till absorption in the sta ts (n+l) has c.d.f.

P(x) e l-ae zp( Tx )., z &O.

Any probability distribution P C .)  so obta ined will be called a fha~~
Type Distribution , and th. pair (~~, T) is ca l led a representation. The

mean of P(.) is given by ) 1 
— — T .

In (3) Neuts considered the renewa l process obtained by restarting

the Markov chain Q instantaneously af ter each absorpt ion (renewal) by

performing a aultinosial trial with probabilities ~ and outcones 1,...,n
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and called It a Phase Type Isavw.t Process (NI-lusewsi Process) • This

results In anothir contlaious-rlan Narhov chats With Si*lS specs

( l .....,n ) and lnt Inutes insI generator

* T I  T° A°.

where A°udlag(s1........,s~) end - (f .......T°). This Msrkov

chain describes the “pbaa s of the P* ressus l process. is 12$ i t  bee

been sbi~~~ that the r.pss.enlatios (!. fl of P( .) asy be so chosen chit

*the matr ix Q is irreducible. ~~ ball sssi that  th is  is 11w

case .

b r  the PH-renewal process de scribed shore, let N(t) d~~~te the

niaber of renewals In (0 ,t I  and .1(t) denote the p hase at t ins t end

def ine

t)  — P(N(c)~ v, J (c).j  I J (0).iJ , - ;  0 , 1 : i.J —

In ( 3) it is ahoy tha t the generating function of the macrices

P(v , t) • (P 13 (v , t)) Is given by

PC. , c) • 
~~~

z’
~
P(u, c) — exp((T+zT°A°)t) , I.~ l, t~ 0.

Also by differentiating,

5(t) — a 1(z, t)~ 1.1_ ~~1 ~r 
~~l 

~ TOA0 
Q (2.1)

‘where the (I , j)—th entry of 5(t) is

M1~(t) — E( N(t) 1(J(t)”j J I J(0).iJ.
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Not. tha t
k

I t
s(t)~~~~l(t)s - • F -— To (2.7)

b—i b~

the •xpac~~~t n i b r  of resewels 1* (0 , cJ .

3. Ths PH/N/I Q~.ue :

tile nor consid er a CL/fl/ i queue Is which srr ivsla occur accord ing to

a Phase Type resewel pr ocess. Such i .odel will be dsaot.d by P1/5/i •

let ~i denote the service race.

Letting 7(t) and J(t) denote rispecthsly the qusun l.~gth (i c:., the

nunber of cua tossrs in the sy.tes) and the phase of th. arriva l procec

at t ine t i . i t  i easily sees that ((1(t). J(t))z t~0) i sa Ilarhew chain

with stats space (0,1 )afl ,. ...a) arid Infinitesimal generator

- 

1 T°A0 0 0 0 ...
UI 1-ui 101,0 0 0

0 00 ~~I T—~~I T A  0 ...

0 0 ul 1—u i ?~~
° ...

.. . . . .  ... •.. . . .  . ..

— 
. . .  ...  • . .  •~~ . ... ... ... 

—

The infinitesimal generator Q is of a form studied by V.Va lla ce ( 7 )  und er

the ness q~asi-b irth—en d-death process ... A queueing model with

inf initas imal generator of the s s  form has also been studied by Neuts ( 4 ) .



ToT the Mar kov chain Q abor. we let C~~.(.). u~O, 1gj .i ’~e, ~-c ~~~ t~~

the probability that, tarting is the state (1+1 . j). i~0, th. f irst

visit to the set at states L ((t ,k)s 1~k~s) occurs so la ter than a end

that at the epoch of such a first passag. the phies of the sysien 1.s 3 ’.

Let

G~~.(s) • ~ en dC~~.(a) . Li ,

and let C(s) denote the ~~~~~~ matrix of entries

Theorem 3.1

1) The matrix C(s) at i ~ ft qs  the equation

C(s) • .1 — (T—ii I)1
1 N I 4 si — (T_ vi ) ) lTOA0 C2(s) (3.2)

for all s’O.

ii) If the queue is stable , i.e. , if •.IIUrl. then 0.C(04 ) is stochastic.

iii) C is the min imal solution In the set of sub-stochastic matrices

to th. equation

C (ul - 1)1 (p1 + TOA0CZ) (3 3)

iv) The matrix C can be cospu ted using the recurrence formulas

C0 - o
) (3.4)

(ii! — T)~~ (vi + T0A0C~ J , i~ 0. J
Proof:

Equation (3.2) follows fr os a s tandard f i r s t  passage argument by considering

the first time the queue length goes either dawn or up. That the queue
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La stable Lit p— 1 /ie’l is well—kaows. Th. proof s of the other cIaias

In the theorem are simIlar to these in $etsts(4) and hc ecs emfttsd .

Remark: In IS) it  is ~bows that the matrix C Is stric t ly posit 1vc 1—
~ thue

has a unique InvarIant probability vector a seth ty in g  ~~~~ u’l.

Theorem 3.5:

Let
ds

Than

• -( I -Gi G) f ( T • T°A°) • (T°A° — pI)G) 1g. 0.6)

where C is the n*n matr ix each of whoa. rows Is a

Pr oof:

Dif ferentiating (3.2) wIth reepec t to s and lettin g stO . ~~~~ get

(( T_ui)+T 0A0+10A0CJ~ • (3 7)

Since I-GIG ii nun-singular and since UI+(T_pI)OPT0A0G2.0 we have tha t

ICT p1)+T°A°+T°A°GJ(i-G9G) • (TIT°A°) + (T-wt+2T0A°)C

Using this in (3.7) we get (3.6) by moting tha t

(T+T°A°)C - (T+T°A°)~g — • 0

Remark: Note that is the exp.cted duration of a busy period which

starts with 1 custoser and in phase I .

Theorem 3.8:
* 

— l/ (u (1—p)) (3.9)

Proof:

This formula is established for the more genei .s1 N/ G/l  queue in (51.
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Remark: Equation (3.9) provides a powerful computational check on the

accuracy of ~~~srica.l computat ions .

Algorithm to compute the scan length of the busy period:

Step 1: Cospute C using (3.4)

Step 2: Compute the invar iant pro ba bility vecto r j of C

Step 3: Compute ii
’ using (3.6)

Step 4: Verify (3.9)
I

Step 5: Compute the mean l g t~h of the busy peri od £(1P) ot,~

4. The Cross—Harrie Approxi mat ion :

In their book I l3 . Cross and Harris obta in a “nice, neat ” expression

for the expected length of the busy period in a GI/C/l queue. By trea t ing

the arrival process as though it were mi noryless and mimicking the derivation

of the wean length of the busy period in an N/C/i queu e , they “show”

that the expected length of the bu sy period in a Cl/Cit queue is

approniaately equal to

E (BP) • E(S)/ (l — 7 .(t) dB (t)J (4.1)
0

where S denotes the service time and B( .)  its c.d. f . .  and where m ( t )

Ic the expected number of arrivals in (0, tI .

Note that for the PH/fl/i queue

7 m (t) dB (t) — a 7 r 
5k—i

0 O k-i
by (2.2)

—1•v a(I—u Q )  j ,

whence (4.1) may be written as

E(BP) h i p  — a(I — u ’Q )
1 
T°J (4.2)

-~
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The existence of the inverse in (4.2) follows from the fact that

Q is a stable matrix , i.e., Re 6
~
<O for every elgenvalue 6~ of Q~

S. The Computational Example:

For our example we considered a queue with a generalized Erlang

distribution for inter—arrival times which, as a PH—distribution, has

the representation

(1, 0, 0 , 0 , 0)

-l 1 0 0 0 0

0 —l 1 0 0 0

T — 0 0 —10 10 0 and — 0

O 0 0 —10 10 0

O 0 0 0 —10 10

The service time distribution was assumed to be exponential with

parameter p 0.483. It may be verified that for this queue p 0.900.

In implementing the algorithm at the end of Section 3 to compute the

(exact) value of the expected length of the busy period , we terminated

the iterations in (3.4) using the criterion

~~~~~~~~~ 
G~~1(i ,j) — Ck(i ,j )

~ <

Then a linear extrapolation, based on the last two iterates, was used to

make the computed matrix C stochastic. The invariant probability vector

~ of C was computed using Wachter ’s method [6]. All these were programmed

in APt , and a copy of the program may be obta ined by writing to either

of the authors. We summarize the results of our computations below:

-



r ~

,-———-- -- - - -  - -— -—

~~~~~ 
——  -~

— (14.55679 , 20 .58772 , 29.53159 , 30.8S7’~6, ~2.24840)

a — ( 0.27996, 0.54192 , 0.05679 , 0.05938 , 0.06194 )

*
— 20.73940

—1 —i 20.73940
~i (1—p) —

— 14.55679

The approximation to the expec ted length of the busy per iod wa~

computed using (4.2). The computed value of the “app r ox ima t ion” (or

E(BP) turned out to be 5.95040 which , when compared to tho true value

14.55679, is grossly inaccurate.

A close examination of the model here reveals why the appr oxtamtton ”

fares so poorly . The assumption of a memoryless property for the arrival

process in the example amounts to resetting the phase of the PH-renewal

process at 1 immediately after every depar ture. This, for our ~~dc1 ,

has the effect of “slowing down” the arrivals 1. ediately after each

departure and leads to under—est imating the duration of (and the number

served during) a busy period . Wha t one needs to recognire is tha t the

resetting of the phase to 1 is repeated several times during a busy period

and not just at the end of the first service completion alone. As p gets

larger and closer to 1, one expects a busy period to consist of a larger

number of service completions making the approximation progressively

worse as p increases. Further by considering a general matrix I

of the form



-a a

-a a

—b b

—b

for defining the generalized filang distribut ion and by making a’ esaliar

and ‘b ’ larger , one can constr uct ~~“~~‘1es where the approximation 1. wora

for queues vith Ivan the s e  valu e for a.

Acknowledi.ent: U. express our grati tude to Professor N. P .  $suts for

suggesting this prob l and for his guidance.
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