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ABSTRACT 

This paper is concerned with the investigation of the inelastic 

buckling of a deep spherical shell subject to a uniformly distribu- 

ted external pressure. The geometry of the shell is considered to 

be axisymmetrical while the shell thickness may vary as a function 

of the polar angle. The edge of the shell is supported elastically. 

The material of the shell is assumed to satisfy the generalized 

Ramberg-Osgood stress-strain relations and a power law of steady 

creep. The analysis is based on Sanders' nonlinear theory of thin 

shells expressed in an incremental form and Hill's theory of ine- 

lastic bifurcation. Computations are carried out by a numerical 

iterative procedure associated with a finite difference method. 

Solutions are sought for both the axisymmetrical inelastic buckling 

and the asymmetrical bifurcation. 
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1. INTRODUCTION 

In recent years,  new developments in deep ocean exploration 

demand further refinement and sophistication in the design of sub- 

mersibles. An important problem encountered in the design of 

submerged hulls is the selection of a suitable material with high- 

strength and low-density properties. In view of the nature of the 

material available and due to the limitations on structural weight, 

it is necessary that an accurate stress analysis of the hull and 

a reliable prediction of the collapse load be established. 

When the submerged depth is large, the configuration of the 

hull is usually spherical, rhe spnerical shell can provide a good 

structural layout from the viewpoint of stress analysis. Further- 

more, it has the advantage of low drag during the motion of the 

hull. CNR's vehicle ALVTh is a typical example of the spherical 

hull. For this type of pressure hull, when it is submerged to 

a large depth, the deformation of the hull may become finite and 

the state of stress in the hull may reach the inelastic range. 

In a critical condition, structural failure may occur as a result 

of inelastic buckling. 

Sinca Shanley first introduced the concept of inelastic bi- 

furcatior t' * column under increasing axial compressive load [1], 

substantial T rjgress has been made in the field of inelastic buck- 

ling of structures. Research along this line can be found in a com- 

prehensive survey paper prepared by Sewell [2]. The general study 

of the inelastic stability of solids based on the concept of 

"—— - -■*--■ --——"■ «1. - 
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uniqueness of solution was given by Hill [3,4]. He concludes that 

Shanley's concept of inelastic buckling under increasing load is 

a natural sequel to his general theory, In Hill's work, a varia- 

tional principle is established for finite deformation of inelastic 

solids based on the existence of convex plastic potential surface. 

This variational principle is essentially an extension of the 

well-known principle of minimum potential energy in finite elas- 

ticity. Hill's variational principle incorporated with Rayleigh- 

Ritz technique or Galerkin technique has been employed for the 

analysis of inealstic buckling of thin shells [5,6,7], 

Similar tc the case of elastic buckling, the critical con- 

dition for inelastic buckling is usually sensitive to the initial 

imperfections existing in the structural geometry or loading con- 

dition. In fact, for many structures.» such as columns and complete 

spherical shells, the inelastic bifurcation occurs only when the 

geometry of the structure and the loading condition are perfect. 

With imperfections, bifurcation disappears although the collapse 

load can still exist. It is found that the magnitude of the 

collapse load depends strongly on the imperfection of the struc= 

ture [8,9]. This behavior of imperfection-sensitivity indicates 

that the analytical results derived from the variational principle 

may depend on the assumed deflection function used in the Rayleigh- 

Ritz technique. To remedy the deficiency introduced by the 

Rayleigh-Fitz technique, the problem of inelastic stability of 

shells can be investigated directly from the governing nonlinear 

_-,- - .,—w.^^..»g^^jgraaHaeg • - * ■"■miihrmi 
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shell equations. Typical examples of this approach are found in 

[9,10]. 

In this paper, we shall deal with the problems of axisymmetri- 

cal collapse and asymmetrical bifurcation of a deep spherical shell 

in the inelastic range introduced by a uniform external pressure. 

The model of spherical shell use in our analysis is chosen to be 

close to the actual shell configuration of the ALVTN vehicle. The 

thickness distribution of the shell is regarded as axisymrnetrical 

but variable as a function of the polar r     The edge of the 

shell is considered to be elastically supported. The shell material 

is assumed to be isotropic satisfying Raraberg-Osgood stress-strain 

relations and a power law of steady creep. Our analysis is based 

t 
on the Kirchhoff assumption with small strains. Sanders nonlinear 

theory for finite deformation of thin shells [11] will be employed 

in our formulation. 

2. BASIC EQUATIONS 

Consider a deep spherical shell with radius of the middle 

surface R subjected to a uniform external pressure P. Let us 

introduce surfece polar spherical coordinates with polar angle 9 

and longiw^e ß as shown in Figure 1. In the following, we 

shall take 8 ar.d ß aj the parametric coordinates.  Thus our 

lines of curvature are meridional lines and circles perpendicular 

to the polar axis. The edge of the shell if specified by the 

circle e = 9 . We shall assume that the thickness distribution 

of the shell is axisymrnetrical, i.e. h = h(e). 

.. ■ ~. ^mtr-*«* - """'•• *m±     ■  • - «*-—**~ £ tätWfatnXrffSpkamik 
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Let us denote the components of displacement in the meridional- 

circumferential and outward normal directions by U,, U?, and W 

respectively. According to Sanders' nonlinear theory of shells 

[11], the components of rotation in the directions of tangents and 

normal to the middle surface are given respectively by 

*!-jC^ - W^), 

^2 = R (U2 " W,2 CSC 9)' 

co = yg (U2 cot 9 + U2 x - Ux 2 esc e), 

(1) 

(2) 

(3) 

where ( ) ± = |~ ( ) and ( ) 2 s |- ( ). The membrane strains 

are 
E11 = R^W + U1,1>+W + ^ (4) 

E22 = R (W + Ul COt e + U2,2 C9C 9) + \  (cp2 + ®2)>      (5) 

E12 = 2R^U2 1 + Ul 2 CSC 9 " U2 COt 9 + R ^l^' (6) 

The bending strains are 

Kll -R °Pl,l > 

K22 " R ^2,2 CSC 9 + ^i COt 9^ 

K12 = ^Ccp2 i + <Pi 2 csc 9 " *2 COt 9^' 

(7) 

(8) 

(9) 

Let us denote the components of membrane force, transverse shear 

and moment resultant by Nn, N22, N12, Q1, Qg, Mu, M22 and M12. 

The equations of equilibrium of the deformed shell are 

—■"■* "»* ■■■     ■  -  +-*.<m**.*L:. .-"■».. -^.*-.^— 
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Mll, 1 + NH COt 9 + N12,2 CSC e - N22 COt 6 + (V(ülNll+ cp2N12) 

' \ ^(N11 * N22^,2 CSC 9"RP al = ° > (10) 

N22 2 + 2Ni2COS e"l'*I12 lSinfl + ^2Sin 9"^cp2N22 + ^1
N
12

)sine 

+ \ C<p(N114N22)]jlsin8-RP c^ sin e » 0, (11) 

^1,1^1 COt 9 + Q2,2 CSCÖ-(N11+N22)-(^1N11 + ^2\l 

'(cplNll'!i:p2N12)cote " (°PiNi2 4^2N22^ 2 esc 9 " RP = 0> 

Mll 1+ Mncot 9 + M12 2csc 6 -M22 cot 9 - RQ1 = 0, 

M22 2 + 2M12 cos 9 + MT2 x sin 9-KQ2 sin 9=0. 

(12) 

(13) 

(14) 

These equations are self-consistant in a sense that the principle 

of virtual work can be satisfied. Note that nonlinearity is 

introduced through the strain-displacement relations and equations 

of equilibrium, 

fytihe Kirchhoff assumption, the strain components E.. (i » 1,2; 

j = 1,2) at any point in the shell with a distance z measured from 

the middle surface nan be expressed in terms of the membrane strains 

and bending strains as 

E.. - E.. + z K.. , 
aj   10     ij 

(15) 

In Eq. (15), we consider that the shell is sufficiently thin. 

Hence only the linear term in z    is retained. Denote the stress 

*A  I f •>;_"_ »^ 
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components at any point in the shell by   a. .(i = 1,2; j = 1,2). 

In the following we shall assume that the strains are small although 

the deformation of the shell may be finite.    The constitutive re- 

lations can be written as 

where 

Bill 

22 

'12 

Cll    C12    C13 

C21    C22    C23 

pre L31    -32    ^33 

°11 j 

722 

a 12 

+ D2 

o ! 
J      L      J 

1      G 2 
Cn =

 E 
+? (2G

H " CT22} > 
1      G 2 

C22 = E + ? (2<J22 " °11)    > 

1+v A 2Gff* '33 = ~T~ r "u12  ' 

G 
C12 " C21 = " 1 + 5 (2(T11 " a22)(2°22"  °Uh 

G 
C13 " C31 ~ i <2all" a22} CT12' 
C23 = C32 = 1 (2° 22 " all)a12' 

1 
Dl   = F(ae)(all '" i a22}  ' 

1 D F(ac)(a22 - J an) , 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

E   is the Young's modulus,    v    is the Poisson's ratio and   G    is 

defined as 
9 ,1  1. 

to 

for J2 >  0 and Jg - (J2)max; 

for J2 < 0  or J2 < (J2)max* 

(25) 

-Zämtma* ,.^ ■  _.  . _.. ^^W.WftKW^^il« 
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E  is the tangent modulus, J2 is given as 

T      2  4.  2 

J2 = all + CT22 all a22 + 3a 12 * (26) 

(J2)max is the maximum value of J2 in its history, a  is the 

effective stress defined by 

ae = J2 * 

The function F(a ) is given by 

1 ae m"1 

(27) 

(28) 

where m and ac 
are material constants. The constitutive 

equation, Eq. (16), is obtained by a generalization of the uniaxial 

stress-strain relation: 

I   +(? ) 
m 

L •      m 

E    °c 

for o a  ä 0 5 

for oi< 0, 

(29) 

with the assumption that the plastic and creep deformations are 

incompressible. In our study, we shall assume that the material 

of the shell satisfies Ramberg-Osgood stress-strain relation for 

elastic-plastic deformation. Hence the tangent modulus can be 

expressed as 

a. V1-,.! Et - i1 + 7 V^>   ] (30) 

where <j  is the stress determined by the intercept of the 

uniaxial stress-strain curve with a straight line through the 

»*"**-«^ ■e*-^ -.■.--,* 
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origin with a slope 0.7E and    n .    is a material constant. 

When the shell is sufficiently thin,  the membrane forces 

and moments are related to the stress components by 

h/2 

N.. = V       a-• dz 
13      A 13 

(31) 

and 

-h/2 

h/„ 

13      J 
Zff.. dz 

13 
(32) 

-h/2 

Consider   h     a° a reference thickness.    Let us introduce the 

following dimensionless quantities: 

R ui = ir *  W
 

=
 H   

eij=£ V 4j-RK- >  <33> o o J o      J J 13 

o 

«1 

o 

PR 

N 

^ = Eh 
h n        "ij Mii 

X * w~    .< fj = fj    .'    n4^ =      )   m_.. = —£ 
o 

ID        rn/2 Eh0 

(34) 

*i = B7>     P^    '     ei3=l"Ei3'     Ti3=^   <35> no o 0 

TT~ ro m E~ 
c *   _ "° e„ c     E~ '    t ~ IT    * (36) 

Our governing equations for the general deformation of the shell 

can be expressed in terms of these dimensionless quantities as 

*! = x(ul " w 1^ ' 

cog ■» X(u2 - w 2 esc 0) , 

cp " -| (u2 cot 9 + u2 1 ~ ui 2 csc 9^ ' 

"11 ~w+ ui,i + ^x<C0i + cp2) ' 

(37) 

(38) 

(39) 

(40) 

«re»  „   . .... ^^^■iy^.„ 
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12 2 
e22 = w + i^ cot e + u2 2 esc e+ -j X (c$2 + © ), 

1 3 
e12 - -j(u2 x + ux 2 esc 9 - u2 cot 8 + ~ co-jtfg). 

Kll ~ %!      ' 

IC22 = cpg 2 esc 0 + CD-L cot e  , 

i 
K12 = 1 ^2 1 + * 1 2 CSC 9 " f-°2 COt 9^  * 

(41) 

(42) 

(43) 

(44) 

(45) 

nll 1 + nll COt 9 + n12 2 CSC 9 " n22 COt 9 + ^1 

"(cpInll + «02nl2J " I ^(nll + n22^,2 CSC 9 " pol * °>      (46) 

n22 2 + 2n12 C0S 9 + n12 1 Sin 9 + q2 Sin 9 

-(cp2 n22 + (j^n^) sin 8 + ^ [cp(n]L1 + n22)] jSin 9- Pcog sin9 = c> 

(47) 

q1     + q   cot 9 + Og 2 esc e - (n^ + n22) 

-(CD1 nn + CP2 ^2
},l"(c?lnU + »2nl2)cot 8-(cf>ln12 + °2n22),2CSCe 

- p - 0, 

mll 1 + mll COt 9 + m12 2 CSC 9 " m22 COt 9 " 7 ql ~ ° ' 

(48) 

(49) 

TU. ■ i ' ■  " — Uteri!       ' .T33MWWWM-.-,. /M»SWl 
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m 22 2 * Zm12 COS 6 + m12 1 Sin 9 " T q2 Sin 9 = °> 

e, . ss e. • + C  K- • 

'11 

'22 

'12   ! 
J      L 

~i r • 
cll    C12    c13   I T 

C21    °22    C23 

11 '    j  dl 
1 j 

+ |  cl 

'31    c32    °33 J L 

'22 

'12 

2 :    ' 

0 

"li 

"22 

»       y     [1   +   §    (2tn   "    T22)    ]     , 

»    - [1 + 2 (2r„ -   T,,)   j  , 

e. 33    "    X 

22       '11' 

(1 + v + 2gT12) , 

C12    =    C21 - X  ["V + f (2T
H " T22)(2T22 "  Tll}3   ' 

G13    =    C31 = if (2T
11 '  T225 T12 ' 

:23    ~    C32 ~ X 3 (2T
22 "  Tll)  T12  ' 

\      =   2x F<Te>(2Tll - T22>' 

d2      -    2j F(Te> (2T22 - TU>> 

2 2 „2 
=      T^   T  T00   -   T,,    T„„   +   3T12   , 11      '22        11    22 

I- ei -i) 
- ^2    et g=l 

for   j2 ä 0   and   J2 . (j^  ; 

for   j2 < 0   or     j2 < (j2)max , 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

  
--■'-r-"-'   -- ■■-■ -■«-.—■■•-■ -■-» - ■ ■■       ■ ■   - - -        ■---.- 1 
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Te ~ h  » 

\ 
T m-1 

ey  Or, c c 

n 

r       f. "a -I», -1 

j 
-T)/2 

mij s i   Tij ^ • 

(63) 

(64) 

(65) 

(66) 

(67) 

The edge of the spherical shell at 6 = 9n is considered to 

be elastically supported. Hence the boundary condition at 8=8. 

can be expressed as 

ul<9o> 

w (e0) 

u2(e0) 

all a12 a13 a14 

a21 a22 a23 a24 

nu<e0) 

qx(e0) 

a31 a32 a33 a34 mn(80) 

(68) 

! a41 a42 a43 a44 |  I m12(0o) 
L -8  L 

where a.. are the elastic constants of the support. At the 

apex Q ~ IT,  all displacements and stresses must satisfy regularity 

conditions. The inelastic deformation of the shell will be de- 

termined by the governing equations, Eqs. (37-67),, the boundary 

condition, Eq. (68), and the regularity conditions at e -- ir. 

■  _,. -       • 
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3. AXISYMMETRICAL DEFORMATION 

When the magnitude of the external pressure is small, the 

deformation of the shell is axisymmetrical with respect to the 

polar axis. In this case, cfu = cp = e12 = K^ - nvz ~ ^2 ~  T12 = ° 

and all physical quantities are independent of ß. We shall regard 

this axisymmetrical deformation as fundamental. In the following, 

we shall refer the quantities with a super bar to the fundamental 

deformation of the shell. The governing equations of the funda- 

mental deformation are 

°1 = ^ul ' w L* ' 

hi Ä s + si,i + k *i ' 
e22 = w 4 UT cot 9 , 

Kll ~ %! ' 

ic22 = $^ cot e , 

\,i + \ cot e - (Sn + H22> " < Vll>,l 

" ^1^11 cot s - P = o > 

™I1,1 + *U COt 9 - »22 COt e - \ \ a  ° ' 

(69) 

(70) 

(71) 

(72) 

(73) 

"ll 1 + "ll COt 8 " "?2 COt: 6 + \ " ^1 "-U- P^l = °* 
(74) 

(75) 

(76) 

For axisymmetrical deformation, the shearing stress T12 and 

shearing strain e.,- vanish.  Hence Eq. (52) can be written as 

-'■*" --.„a*,eja- ^■■...■^* -.^ ja^jgjii^ai^iiäiiiiaii^iMa   -   ■    LaaflMgaafeJU 
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i = c T + d 

where 

e = 

~ -      — 

ell 
>   T ~ 

Tll 
■■ *« *■» 

e22 T22 
.          _ L 

c = 
Cll C12 

C21 C22 

!d 
, d = j  !., 

Id- 
L'J 

(77) 

(78) 

where c. are calculated by Eqs. (53), (54) and (56) by setting 

T.. = T... The inverse relation of Eq. (77) is 

where 

T = f e - g 

■I 
f S! " 

[n 11 
s = '22 

m 11 

m. 22 

and g =-.  f d. 

fcll 

£ = i e22 
K 11 

l22 

(79) 

(80) 

By Eqs, (51), (66), (67), (79) and (80), we have 

S = I £ - J , (31) 

where I is a 4 x 4 matrix and J is a 4 x 1 matrix. The 

elements in I and J are 

^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 
' -■ -  ■■■-•■■ -- ■ ■ 
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«n/2 - n/2 C"/2 

Iu  - \ flldC  *  I12 - hl = \ f12 dC'  hz =  \        f22d^ > 
%/2 *-r,/2 -n/2 

r V2 C^2 , 
= \        fu CdO  I14 - I23 = I32 = hl = \        f 12 ^ ' 

-•n/2 -Ti/2 
I13 ~ I31 

,T)/2 ,n/2 -TI/2 

*24 = X42 - \        f22CdC  >  I33 ' J      f ll' <*'  I34= X43^        f12^ dC ■ 
-n/2        -n/2 -1/2 

-n/2 -n/2 jn/2 -nA 
X44 = S   frf^C'Jl-S  gld^J2=\  ^''s"}   «1«' 

-n/2        -n/2      -n/2      -TI/2 

J4 = Jj  g2 c
dC * 

-n/2 

(82) 

where f.. and g. are the elements in f and g . The inverse 

relation of Eq, (81) is 

e = K S + L , 

where 
r-1 

(83) 

(84) K = I"* , L = KJ. 

By using Eq. (83), the incremental form of the field equations 

Eqs. (69-76) can be written as the following matrix equation?: 

U   =AU + BV + C (85) 

and 

D V - E U + F « 0 , (86) 

T!& 

where the prime represents the differentiation with respect to    9» 

T T 
U . [^ ^ w nn \ \x]    and   V . [n22 m^        (87) 

' ■ :-*='r»^niB^r!^s»sKiM»-wu«* ntw »"w* 

JL ■"-—"■ -     -   "•"- 
—....    —aaoi -.    .»;  .«,.,«. T:. . »fe^-..-..  **~,. 
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and the matrices A, B, C, D, E and F are given in Appendix A. 

After eliminating V from Eq. (85) and (86), we obtain 

Uf= M U + R, (88) 

where 

and 

-1 M=A+BD"E, 
M)   tv        *M rv        !** 

R = C - B D"1 F. 

(89) 

(90) 

The boundary conditions at 8 = 9„ can be expressed as 

^(80) 

—                                                                —n 

all    a12    al3 nll(90> 

VV = a21    a21    a23 \\t*0>    ! 

w(e0) 331    a32    a33 j mU(9o) 

(91) 

At the apex, the boundary conditions are 

S>jOr) - 3{ir) - q(7r) = 0. (92) 

In the following, we shall solve Eqs. (88), (91) and (92) by a 

modified Euler's method with a finite difference scheme. 

Let n  be an integer and A = (TT-Q  )/n , Q.  = 9 + (i-l)A, 

(i = 1,2,...., r^ + 1). £., - U(6i), ^ = MOi), Rj = R(6i). Eq. (88) 

can be expressed as 

S i+i -4 +1 <&SdL + Sm ät+i * Si + &+!>• <i=1-2' •••>V 
(93) 

Let   I„be a unity matrix.    Put 
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Xi - Jo- ; M. , (94) 

and 

W     & 

äi = i (
&L 

+ Sd+i) ' 

«a.  <*a+l «•0. 

2d - Äii 5d • 

(95) 

(96) 

(97) 

(98) 

Equation (93) can be written as 

Let 

Hence 

*dL+l tvL  «*i  Si' 

U. - a. u, + ß. . 

a^-fc, and ß1=0. 

(i = 1,2,...,nm)  (99) 

(100) 

(101) 

By substitution, we obtain the following recurrence formula for 

determination of a.; and ß. . 

and 

a.   a p. a. 

BL+1 = ^&L+2i 

(102) 

(103) 

At the apex, we have 

\ +1 
- V * ♦ &w (104) 

Hence, by the boundary conditions, Eqs. (91) and (92), we have 

* ■-.-..'■i.wvr.nafc.;,:;, aN*«l^<Miieiav»»apV(«M*>' i* 

UUL-L ^*8iH»^>:''M^ 
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U, = 

all "ll(1) + a12 «1(1) + a13 Sll(1) 

a21 nn(l) + a22 qx(l) + a23 i^l) 

a31 nll(1) + a32 \(1) + a33 *11(1) » Hn +1 m 

nn(D 

qx(D 

■uCD 

0 

0 

w (n +1) 

a^V» 

L_ 
m^+1) 

(105) 

The first, second and fifth equations in Eq. (104) are the simul- 

taneous equations for determination of rL,(l), cL(l) and ifL,(l) . 

After U, is calculated, U.(i = 2,?,...,, n +1) can be determined 

by Eq. (100). To avoid the singularities involved ir. ci^ matrices 

A, B, and E at the apex, we consider that in the neighborhood of 

the apex, the shell is under a uniform contraction. Hence, at the 
•      •     •      • 

apex, we have n^Cir) = n^Cir), 5^(71") = m22(TT> and 

cp^(Tr) = w (TT)  = ^iiC^) = QiCO = n,
1(

7r) = 0. From these conditions, 

we can find the matrices M(?r) and R(TT), 

Our calculation is based on an iterative procedure, i.e. in 

each incremental step, we assume a condition of either (i) loading 

or (ii) unloading or reloading and find the increments Ui and Vj 

for each spatial station. Then, we check the assumed condition. 

This iterative procedure continues until the calculated condition 

agrees with the assumed condition at each station of the shell. 

:'*^MS*fm*-~'*40-■■ 
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It is found that the matrix involved in the evaluation of n, ,(1), 

q,(l) and rä..(l) is nearly singular. To improve the accuracy of 

our computation, the computing program is written in double pre- 

cision. The inversion of a nearly singular matrix is carried out 

by an iterative procedure based on the residual derived from the 

approximate solution in each iterative step. 

4. ASYMMETRICAL BIFURCATION 

When the external pressure is large, the deformation of the 

shell may bifurcate from the fundamental axisymmetrical configuration 

to a shape with an asymmetrical mode. In the following, we shall 

employ Shanley's concept of inelastic bifurcation under increasing 

load [1] to analyze the asymmetrical bifurcation of the deep spher- 

ical shell, Shanley's concept was later elaborated on by Hill [3,4] 

based on the argument of uniqueness of solution incorporated with 

the comparison theorems of linear and nonlinear solids. Hill's 

conclusion can be stated as followss During the incremental process 

of deformation of a solid body, if the constitutive relation is 

definite and independent of the situations of loading and unloading 

(or reloading), the relations between stress rates and strain rates 

are linear. In this case, the material is referred to as a linear 

solid and the potential function is a quadrate of the strain rate 

tensor with coefficients dependent on the state of stress. On the 

other hand, if the constitutive relations are dependent on the situ- 

ation of loading and unloading, then the form of the potential 

function would depend on the strain rate tensor and hence the con- 

i*»' • 
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stitutive relations are nonlinear. In this case, the material is 

referred to as a nonlinear solid. According to these definitions 

of linear and nonlinear solids it is seen that the potential function 

WN for a nonlinear solid would coincide with the quadratic potential 

function W. for the corresponding linear solid in a part of the 

strain rate space. In the region where W„ 4 WT, we have W > W 

for most materials. It can be shown by the comparison theorem that 

if the difference of potentials W„- WL is a convex function of the 

strain rate tensor at every point of th§ solid body^ then the eigen- 

state in the bifurcation of a nonlinear solid is reached at a 

higher bifurcation load in comparison with the bifurcation of a cor- 

responding linear solid. Hence, the constitutive relations used 

for the analysis of bifurcation with the smallest initial load must 

be linear in the sense just described, i.e. the constitutive relations 

should be definite and independent of the mode of bifurcation. From 

the computational point of view, the moduli used for the incremental 

deformation due to bifurcation should be determined first and the 

bifurcation analysis is simply a check as to whether the bifurcated 

deformation is possible. Such a process is similar to what we use 

for the bifurcation analysis of elastic solids.  Note that, under 

an increasing load, it would be proper to use the constitutive re- 

lations obtained from the incremental fundamental deformation of the 

solid body for the analysis of the critical condition of bifurcation. 

In the bifurcation analysis, let us denote the additional dis- 

placement components introduced by bifurcation by u. and w, the 

JÜ'i. Mi mm 
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rotations by cp. and gj ,  membrane strains by e.., bending strains 

by K..,  membrane forces by n.., transverse shears by q., moment 
~"X~1 —"■X1 *"X 

resultants bym.,,  etc.    We have 
—ij 

ul = "l + -1* u2 = -2! '    W = * + - ' 

cp^ - cpj_ + cg^> cp2 = 5^2 ^    $ = .22 J 

€11 ~ ell + ^11 ' e22 ~ e22 + £-22 » e12 ~ ^12 ' 

Kll ~ Kll + $LV  K22 ~ K22 + ^22 ' K12 ~ £l2 ' (106) 

nll = nll + Uli' n22 = n22 + ^22 ' n12 ~ -12 > 

ql = \ + 3l ' ^2 = 32 > 

mll "  "ll + Su* m22 * ^2 + ^22' m12 = S!l2 • 

Substituting Eq. (10G) into Eqs. (37-50) and neglecting the second 

order terms of those quantities due to bifurcation, we obtain the 

governing Linear equations for the eigenstate of bifurcation where 

the the critical load is involved implicitly in the nonlinear elastic 

pre-biforcaw.ion deformation. In the following, we shall assume that 

jg is small and drop all terms involving eg in the field equations. To 

eliminate the ß-dependence in the field equations, let 

^(9,3) = u1(e)sin nß, u2(9,ß) - u2(9) cos nß, w(9,3) » w(e)sin n3 , 

co(9,ß) - qp^CS) sin nß, gg(e»0) - «pg(e)cos nß , 

L»_t' : » ■ • •' 'i^GSteüSN*^**-- $** 
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(e,ß) -111 

KuCe,ß) 

n^Ce^ß) 

eu(e)sin nß, e22(e,ß) = e22(9)sin nß, 

e10(9,ß) = e10(e) cos nß , -12 12v 

Kn(0)sin nß, K00  (9,ß) - K00(6) sin nß, -22 22v 

JC12(9,ß) = K12(e)cos nß ,   (107) 

= nil(e)sin nß, n00(8,ß) = n09(e)sin nß, '11 -22 22v 

n12(8,ß) = n12(8) cos nß , 

Sx <e,ß) Oj^sin nß, q^  (8,ß) = o^6* C0S nß* 

mn(e,ß) = mn(e)sin nß, m22(8,ß) = m22(e)sin nß, 

m12(e,ß) = m12(9)cos nß, 

where n is an integer. The resulting field equations in our 

eigenvalue problem are 

CJ^ = XCU-L - w x) , 

<P2 = X(u2 - nw esc 8), 

en= w + ui,i+ r *i *i • 

;22 
w + u,  cot 9 - nug esc 8 , 

i 1 - 
e12 = "2 (u<? 1 + nul csc 6 " U2 GOt 9 + X *L*25* 

K,-,  = 11 ~ %1 

'22 

(108) 

(109) 

(110) 

(111) 

(112) 

(113) 

(114) 

(115) 

-nc^ csc 8 + tp^ cot 8 , 

K12 = -2 (cp2fl + nc^ csc 8 - cp2cot 8) , 

nu ! + "ii cot 9 " ""12 CSC 9"n22 COt e + ql 

- (S^ nn + nn q^)- psp-p 0,    (116) 

>-   ■*»' S' - ' '#,^*ÄSl*!f,*'',V" V« .■!**'   , .. * AdwfctiL.:. .««MKB»* 
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•--4 
nn22 + 2^2 dot\ 3 + n

12 1 sin 6 + cl2sin 9~ ^2^2 + (Bln12^in e 

;   > - p^sin 9 = 0, (117) 

ql,l + qlcot e ~ nq2 csc e" (nll +n22} -(^lnll,l + ^11,1^1 

+ ^i i nn + ^vfih i^ ~ ^^inn+ "ixcpl^cot e 

+ C©ini2+ ^22*2^   " csc 6 = 0 , 

11,1 + fflUcot 9 "!im12 CSC 9~m22 cot9" T % = ° » 

1 

m 

nm„2 csc 8 + 2m,« cit 9 + m 12,1 ~ X ^ = ° * 

(118) 

(119) 

(120) 

Since the prebifurcation deformation is axisymmetrical, we can 

set T^ . - T±.  for i,j 4 1,2 and T12 = 0 in Eqs. (55), (57), (58) 

and (61) when we determine the material constants. Hence, if we 

denote n 
11 

l22 

m 11 

m 

"ell1 

and e  - 

then 

22 

e    =    X    S , 

22 

Cll 

v22 

(121) 

(122) 

where    K   is given by Eq,  (84).    The rest of the constitutive 

relations are 

•12 hin 
12 

and 

v12 - K22 m: T>     •» 

(123) 

(124) 

- i;i >;>**¥*>: KHSSmmfm*mias- 

*•'   ' - - ''•*S!lK«P*W' 
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where 

*11 = 
1 + v 

x-n. 5^22 - 
12(1 + y) 

Xrf 
(125) 

Hence Eqs. (123) and (124) are elastic relations. Let 

and 

U = [cp! w ux u2 qi nn m^ m12] 

V = Ccp2 02 n22 m22 n12]
T. 

(126) 

(127) 

Our governing equations can be written as the following equations: 

* t   ft 

U 
* * 

A U + B V 

and 
* *   * * 
D V + E U = 0. 

(128) 

(129) 

*   *   *     * 
The matrices A , B . D and E are given in Appendix B. After 

* 
elimination of V from Eqs. (128) and (12S), we have 

U      = M    U    , (ISO) 

where 
ft ft       ft     ftn   ft 

M     -    A - B    D    XE 
(131) 

Equation (130) can be expressed as the following difference equation; 

ft  * 

&+1 "" &L äi ' 

where 
*      A *  -1    A * 

(132) 

(133) 

Thus, if we write 

■*■»' > JS - 

m&,*riwmfte*rrtMmm&wm!situ 
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we have 

and 

11. = a. u_ , 

a. = I 

*    * * 
a. ,T = P. a. . 

(134) 

(135) 

(136) 

and 

Since 

Hence all a.(i = 1,2,...n+1) can be calculated. Intuitively, we 

know that when the configuration of the spherical shell is deep enough 

and the supporting edge is sufficiently rigid, bifurcation would not 

be governed by the case n = 1. The boundary conditions for cases 

n 4 1 can be written as 

all nll(0o> + *12\<*O>  
+ a13mll(0o) + a14m12(9o> 

,  a31 nll(9o) + a32ql(eo) + a33mll(6o> + a34m12(eo) 

|  a21 nll(Qo) + a22%(60) + a23mll(0o) + a24m12(eo) 
| 

U* .       i     a41 nU(9o) + a42%(9o) + a43nU(e0) + a44m12(90> 
~1 ! 

q1(e0) (137) 

nll(9o) 

mu(e0) 

m12(e0) 

* 

**L+I 

V 

-  [0000    q^ir) nn(ir) nt^T) m12(7r)]J 

2«    J.T    Ul     > **v«+l ""1 m 

(138) 

(139) 

-*»  • ■ 
m 
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with a substitution of Eqs. (137) and (138) into Eq. (139), a 

characteristic equation can be obtained by setting the determinant 

derived from the coefficients of n,,(9Q), ^(SQ)* 
mn(60)* 

mi2^9o^ 

in the resulting first four equations zero. The critical pressure 

for bifurcation is then determined by the resulting characteristic 

equation. In our computation, at each incremental step, we check 

the value of the characteristic determinant. The critical pressure 

is determined from the determinant versus pressure curve for each 

value of n. 

5» RESULTS AND DISCUSSIONS 

In our numerical computations, we deal with a deep spherical 

shell whose geometry is similar to the hull of the ALVIN vehicle 

used for deep ocean exploration. The radius of the middle surface 

of the shell is 40 inches and the thickness is h = 1.93 inches. The 

shell contains a hatch with polar angle g -- 15°. The actual hull 

of the ALVIN vehicle also has three viewports. However in our 

shell model, the openings of viewports are neglected for simplicity 

of analysis. The shell is thickened in the vicinity of the hatch 

opening. We assume a linear variation in shell thickness in the 

region 15° s % <  24°. At the edge of the hatch opening, the shell 

thickness is 3.6 inches. Although the computing program is written 

to include the general case of elastic support at the edge of the 

shell, in our computation, we only consider a special case of built- 

in edge for which a.. = 0 (i = 1,4 and j = 1,4) in Eq. (68). 

'*«• •■' '*Stt*0»***- 
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'Hie material of the shell is 5A1 2Cb ITa - 0,8 Mo titanium 

alloy whose inelastic mechanical behavior can be represented with 

good accuracy by a Ramberg-Qsgood stress-strain relation with 

E = 16.5 x 106psi, v - 0.3, cQ **  17. Ox 104 psi, and nr « 50.8. In our 

study, the effect of creep under high external pressure is also con- 

sidered. Because of the lack of the creep data for titanium alloy 

4 under room temperature condition., we set ac = 65*4 x 10 psi and 

m = 9.9 in the power law of steady creep fh our calculation. A 

computing program is written in FORTRAN language for the IBM 370 

computer, The list of the program is shown in Appendix C. The time 

interval used in our computation is so chosen that the difference in 

deflection of the shell is insignificant when we halve the time inter- 

val. 

The shell is submerged into the sea water with a rate of 285 

feet/minute (123.6 psi/min.) and then remains thereafter at a depth 

of 13,200 feet where the corresponding external pressure acting on 

the middle surface of the shell is p = 0.00742. When the magnitude 

of this external pressure is sufficiently small, the deformation of 

the shell is axisymmetrical, The average normal displacement,  » 

is plotted against the time in Fig. 2 where the logarithmic scale 

is used for time. It is found that w„ „ increases as a linear ave 

function of time for p < 0.00742 and then remains at a constant 

value when p = 0.00742. For this pressure history, the effect of 

creep is not noticeable for t < 10 minutes. 

-■■ * -  - -* i 
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In Figs. 3 and 4, the tangential component of displacement in 

the meridional direction u. and the normal outward component of 

displacement w are plottei as functions of 0 for p = 0.005194 and 

p = 0.007420. It is found that in the region distant from the edge, 

the deformation of the shell is essentially the combination of a 

uniform contraction and a rigid body translation in the direction 

of the polar axis. Hence, near the apex, a, and w can be expressed 

approximately as 

Ü. = Y sin 0 ,  w = 5 - Y cos 8 > 

where 5 and Y are constants. 

(140) 

The membrane stresses rL. and n_- and the transverse shear 

cL are plotted against 6 in Figs. 6, 7 and 8. Stress concentration 

is found in n,-, and q, at the clamped edge of the shell. Due to 

the junction of the uniform shell thickness and the variable shell 

thickness in the region close to the edge, the variation in n._ 

is not smooth in the vicinity of 0 = 24°. When the value of 0 is 

sufficiently large, botti rL, and £-„ approach a value corresponding 

to the membrane stress in a uniformly contracted shell rL, and rL_ 

» p/2 and the value of qx approaches zero. The variation in m^ 

and m„„ are shown in Figs. 8 and 9. Again, it is seen that both 

m,. and ITU,, approach zero when 9 increases. From Figs. 5-9, it 

is found that in the region 65° <: 0 s 180°, the shell is under a 

uniform contraction, The effect of the clamped edge is only 

restricted to the region Q < 65°. 

I       I  ^fcmim tri. ■ 
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In order to study the effect of creep, the spherical hull is 

submerged to the depth 16,000 feet and lB,003feet below the sea level. 

The corresponding pressures are p = 0.00900 and 0.01010. For these 

pressures, the w  versus t curves are shown in Fig. 2. It is 

found that the increment in the average normal deflection due to the 

steady creep is small. When p= 0.01010, it is nearly 3% for t ■- 10 

minutes. 

Next, we consider the case without creep in which the pressure can 

increase indefinitely. The pressure versus average normal displace- 

ment curve for axisymmetrical deformation is shown in Fig. 10. At 

p = p = 0.02070, equivalent to a depth of submergence of 35,000 feet, 

the p versus w„ „ curve reaches a maximum point which defines the c ave r 

ultimate load for axisymmetrical collapse of the shell. Note that 

this ultimate load for axisymmetrical collapse of the shell in the 

inelastic range is much smaller than the classical elastic buckling 

2 '% 
load of a complete spherical shell which is (P)cxassical ~ 

2/^3^1"^ )1 

= 1.225. The critical load for yielding of a complete spherical shell 

is (P^eiHina = 2TO " °»0206 wnich is v&*y close to our pc.  In 

order to determine whether the shell may bifurcate before the ul- 

timate load is reached, we employ the method described in Section 4 

for the analysis of asymmetrical bifurcation with increasing load. 

It is found that asymmetrical bifurcation can occur at p = p. = 

0,01916 and n = 2. The critical depth of submergence for bifurca- 

tion is approximately 33,000 feet. As a result of asymmetrical bi- 

furcation, the actual load-carrying capacity will be smaller than 

the one found based on the axisymmetrical deformation. In order 

■-*-- - ^mäm^äK^mmmsesmmammmmiläiä^        ■    ■ ^ «*■■»«*'*-* 
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to determine the actual load-carrying-capacity of the shell, post 

bifurcation analysis must be considered.  Note that the difference 

between p  and p,  is small and we could anticipate that tne 

actual load-carrying-capacity in the post-bifurcation stage would 

lie somewhere between these two values. 

6, CONCLUDING REMARKS 

The following conclusions can be drawn about the buckling of 

deep spherical shells in the inelastic range: 

(1) When the magnitude of external pressure is sufficiently 

small, the deformation of the shell is axisymmetrical. Asymmetrical 

bifurcation occurs when the external pressure reaches a certain 

critical value. 

(2) In the prebifurcation stage, the deformation of the shell 

in the region distant from the edge of the shell is a uniform con- 

traction superposed on a rigid body translation in the direction of 

the polar axis.  Stress concentration occurs in the vicinity of rhe 

edge. 

(3) Under room temperature condition , the effect of creep is 

usually insignificant within the limit of time of operation. 

(4) For the deep spherical shell fabricated of titanium alloy, 

asymmetrical bifurcation occurs when the inelastic deformation of 

the shell becomes prominent. The actual load-carrying-capacity of 

the shell after bifurcation is smaller than the limit load determined 

by the axisymmetrical deformation of the shell. However, the difference 

is found to be small. 

"■"  '     ■■ i JMi^. 
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APPENDIX A: MATRICES A, B, C, D, E, and F 
*#      mt     ft*     *&      *v *« 

The matrices A, B, C, D, E and F    are given as follows: 
^t ^f ^0 Äf Ätf *%< 

0 

-<p/X 
i 

rl/X 

nu + p 
A = 

n,,+ n
11(:p1+ cotQ) 0 

0 0 

0 0 
*31 

0 
*33 

0 1 
-X Kll 

0 K13 

1 0 0 0 0 

0 0 ©.-cot 9 -1 
«. 

0 

0 0 l+^-^+K31n11 -cc1- •cote K33nll 

i/x -cot 9 

^32 

12 

B = 
0 

cot 9 

l+^cote+Xg^ 

L° 

*34     ! 

*14      i 
! 

i 
0    ! i 

j 

K34nll | 

cot 9   I 

£ = 
4. 
0 

**1 

P+L3nll! 

3aL -•  - -  ü 

■» *44f<q3l*riK$r»4£ ■:K.^-*'^-g^.^,w 
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rv v22 
D = 

1 
K24 i 

l\2 *44j 

E = 
i ° 
1 

cot 3 1 -hl 0 

i cot e 0 0 ~K/n 0 

"*23 

-K, 43 | 

F = 

I L, 

JLL 
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*&      «T      & V» 

APPENDIX B: MATRICES A , B , D  and E 
*V     #*■     «*■ A« 

*     *     * * 
The nonvanishing elements in A , B , D and E  are 

a16 = *31 ' 

ft  _ V 
17 " *33 ' 

= - 1/X , 

a23 " — i 

a31 " "  cp-i/X i 

a32 -1 , 

a36 " Kll ' 

a*   _ a37 " hs ' 
a*   -  -n esc 9 , 

a*4 = cot 9 , 

*51 - 511,1 + °l(fill + P) + S"   COt 6 '11 

a*5 = -^ - cot 8 , 

a -2 
56 1 + %i + ^ + ^"ll ' 

a*7 " K33 nll ' 

. nni + p 
•61 "    11 

a*      ~   -1 

3rr    — 66 " *1 " COt 9   ' 

l75 1/X , 
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l77 
-   COt   6   > 

a78 " 
n esc 9 

l88 
-2 cot 9  y 

b*    - D13 K32 ' 

b*    = D14 ^4  ' 

b*    = D33 k12  ' 

b*   = D34 

b*    = D41 -cp^/X > 

b* D45 
2hl> 

b* D51 
-nn22 esc 9 > 

b*52 = n esc 9  y 

H-3 = 1 + ®1 ^ G + *32 nu , 

b* D54 

hh = cot 9    , 

b* D55 
n esc 6 y 

b* D74 

b* D82 

cot 9 , 

1/X , 

b* D84 

d* all 

d* a12 

- n esc 9  > 

.1 + ^ + 2^cot 9 - 2X^*22 + P)* 

2(R22/X + X \±) 

^HiW^afc^tS'**" rrtiÄ-lWäP 

-    .ii   i        Mi wrttäm 
_**9£ä- • «fettet w 



UND-73-7 - 36 

d* a13 

d* a14 

d33 

d* u34 

d41 

d* a43 

2n[x(Rn + \2) -  Kg2] esc 9 , 

- 2n (Kg4 + ^22 - X\A)  esc e , 

-2\K11(^1 - cot 9)- 2**11,1  ' 

1 , 

*22 ' 

*24 , 

n esc 9 , 

K42 ' 

d* - d44 ~ 

d* a51 

d55 

'11 

K44 ' 

*1 
+ cot 6 , 

e ,* 12 

"2X Rll ' 

n esc 9(2 cot 9 - 3$-,) , 

o 
n x esc 9 (2 cot 9 - 1) , 

'13 ~2n x esc 6 cot 9 > 

'14 

'16 

'17 

'18 

3* _ 
'22 

** _ 
'24 ~ 

2n esc 9 (X \x  - K31) , 

2n esc 9 (X J^g - K33) , 

2 Kg2 (^ - cot 9) + 
2R22,1 

n x esc e i 

-X , 

!' MnM 
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p* - - 1 e32 _ L ' 

e*3 = - cot 6 ) 

e*4 = n esc e ) 

e36 = *21 ' 

e37 = *23 ' 

e* = - cot e i 

a*   ^ K. "46 ~    41 ' 

=»*    _ 
'47 

e* e51 

**    =, 
'52 

'53 

ÖJ.    ss '54 

=>*    - 
'58 

K43  ' 

-2 n esc 9  , 

- n x esc 8 cot 0  > 

2 n X esc 9  , 

- X cot 6  , 

2       K^        . 

j€J fr 3E  - -- rr*  iüül iäJ 
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APPENDIX C; LIST OF COMPUTER PROGRAM 38 

C  THIS PROGRAM IS IN DOUBLE PRECISION.THIS IS INDICATED BY 
C  IMPLICIT R£AL*8U-H.O~Z) 
C  THE FOLLOWING IS THE INTEGRATION SUBROUTINE USED IN THIS PROGRAM 

SUBROUTINE INT (V,DEL»N.VAL) 

Nl » N-i 
VAL «0.0 % 
DO 201 I * l.Nl ,2        .  ._ • i 
VAL * VAL ♦ V<I) ♦ 4.0 * V(I ♦ 1) ♦ 9(1*2) 

201 CONTINUE 
VAL*VAL * DEL / 3.0 
RETURN  ...         __.__  _    
END 
FOL  .     ..._ 
SUBROUTINE SLOP <V,DEL.N,VS> 

C THE FOLLOMING_I$ VMg DIFFERENTIATION SUBROUTINE 

IMPLICIT RkAL*8CA-M,0-il 
DIMENSION V(51J,VS(51J 
CO » 0.5 /DEL 
DO 208 I « 2,f 
VStll ■ oo*Tvu*i)  - ¥11-111 
DO 208 I « 2,N 
VSIII * OD*I 

208 CONTINUE 
VSIll » DD * I -3.0 * Vfl) ♦ *.0 * V12) - VI3»» 
VS1N ♦ II * DO *I3.0 * V(N ♦ I) - 4.0 * V«N) ♦ V(N -I)) 
RETURN 
END 

C THE MATRIX ADDITION SUBROUTINE FOLLOWS 
SUBROUTINE OMADD{A,a,R,N»M) 
IMPLICIT REAL*8(A-H,Ö~i) 
DIMENSION A(l)»B(l)«R(n 
NM - N*M 
DO 10 I » ItNM 

10 R(I) * All) ♦ BUI 
RETURN 
END 

C  THE MATRIX MULTIPLICATION SUBROUTINE FOLLOWS 
SUBROUTINE DMpRO<A»B,R,N»M,L> 
IMPLICIT REAL*8(A-A,0-Z) 
DIMENSION M1),BU),RU) 
IR *  0 
IK ■ ~M 
DO 10 K * 1,L 
IK = IK ♦ M 
DO 10 J » l»N 
IR = IR ♦ I   
JI * J-N 
IB a IK 
RtlRJ ■ 0 
DO 10 I * i,M 
JI ■ JI ♦ N 
IB * IB ♦ 1 

10 RJIR) ■ RtlRJ ♦ MJII*SUS) 
RETURN 
END 
DIMR4iioNRfÄ^5!!tT?llTfiT«5l),PH{5i   UMM   >»WC51   itXNTH(51   }, 

1   XNPH151   ),§191   i.XMTHiSl   >,XMPH(5l   I.TUTHi5i,2t?,TUPH{51,211 

DIMENSION  D2!5l!21)!G(51t21)tGS{5Lt21),C(2,2)!LAI2)fMA(2),DD(2), 
lGAl2),FJ(2,2f21).GjlI,2l5,Xii(21^X12i|n,X22l|ll,xl3 !|lliXU(2l) 

DIMENSION  *2M2iI,X3|l2i}1X3M2n,X|lUn.Yi(21),Y^ 
1   Y4!2njTHPH(51,2n,PHTHl5l.2i)iTUTMOt5lf2l),TUPHDi51?2iJ,CC   6) 

il)tPHP(Sl)»DN(2.2l2EN|2t6itFN^)   ^.OElg.61 ,fOf(6.61 
ON pEn2,6,5U|BDFR(6J,BETl6)   .&T!KI6t6}j9i6'Sl)iAL?i6l6> 

,uNM6,6),VNi6\6),wM<6\6,5i).ZM(6,5iWLCi6),Nc<6>.zzj6) 
UN   WW(6,6),VW(6,6)tyZ(6)f     G6D(3>, ANEI6.6   , 

DIMENSI! 
1XNTHP(5U,PHP(! 

DIMENSION ~ 
1.DF12)      ,1 

DIMENSION   WW(6,6J,VWU.6)|¥Z(6J,     GBD<3>t     n      _t   Ä41%  ANEI6.61, 
lUMD(6.5l>,yNDl6}fLD(3JtM0mfVWM6|.8NE(6»,^ 

DIMENSION 08L'3),XOi|ifYOj[3)fGBMt|t3}.< 
DIMENSION  AKBi(2,2,5l|,AKBT5l),AK8P(5i 

^MIN^ON^ES!^^^ 
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L 
c 
c 
c 
c 
cc 
c 
c 
c 
c 
c 
c 
cc 
c 
c 
c 
c c 

ARE 
OF 

THE FOLLOWING PARAMETERS TO BE READ IN 
THO * HALF ANGLE OF HATCH, H » NUMBER 
N * NUMBER OF INTERVALS ON THE MERIDI 
IN WHICH THE THICKNESS VARIES NEAR THi 
THICKNESS AT THE HATCH EDGE,TO » THE 
BECOMES CONSTANT,PO * VALUE OF PRESS 
RATIO, TUC « NQNDIMENIONAUZEO STRESS 
TUO*NONDIMENSIONALIZED STRESS CONSTANT I 
SM AND SN ARE EXPONENTS Ig THE CREEf 
RESPECTIVELY,XLA * RATIO OF SHELL THICKN 

DEFINED 
INTERVALS 

HER 39 
OUGH THICKNESS, 

AL, NB *  NUMBER OF INTERVALS 
HATCH,HO IS THE RELATIVE 

<HICH.THE"PRESSURL^ 
IS POINT,XNU» POISSON'S 

STANT IN THE CREEP RELATION, 
RAMBER6-0SG00D EQUATION, 

-jSAMBtsas _.._ OSGOOO EQUATIONS 
MID-SURFACE RADIUS, RESPECT IVELY»*LA * RATIO UP SHELL THICKNE5S 

TD*TIME INCREMENT.TF» FINAL TIME 
THE FOLLOWING ARE PROGRAM CONTROL PARAMETERS 
IND » 0 FOR NO CREEP »IJ-fiR £1 
Q,XNTH,XNPH,XMTH,XMPH AND TH 
EACH STATION ON THE MERIDIf 

100 READ (5,*) TMT 
IF KIP «I  BIFUR. 
FIRST VALUE OF THE 
THE INCREMENT.  NBIFUR DENO 
PASS PRIOR TO CHECKING FOR 

i MODE PARANE Mi TER NIF 
OF TIME 

„OF y,WiPH, 
EMENT FOR 
T PRINTED. 

*,XLA,DT,TF,IND.IP 
NOT, Nil DENOTES 
THE LAST, MlNC IS 
INCREMENTS WHICH 

*8% 
PAR AMI 

ES THE NUMBER 
BIFURCATION 

«/■«'I» Kbfii'UMIflSdfST* 
READ (5.*) All,Al2,A13,A14,A2l,A22,A23,A24,A31,A32,A33,A34,A41, 

I A42,A43,A44 
IF IM) 101,500,101 

101 WRITE (6,8) THO,H.N,NB,HO,TOvPO,XNl 
8 FORMAT (lX,7HTHETA0»E13.5,lX,2HM«Ij 
1 3HH0»E13*5,lX.3HT0«E13.5,lX.3HPO»f 

"V 

IX.2HN*I3,1X.3HNB«I3,1X, \t IX,ZHN*I3»IX,3HNB* 
:13.5,1X,3HNU«E13.5) 

2551 

AI  llAlfniUV, 
1,1X,7HLAMBDA*E13,5 
WRITE (6,255l)TF,I 
FORMAT(IX,3HTF-E13 .5,ix,6NTNDf 

1 4HNII«I3,IX,4HNIF«I3,2X,7HNB1 
*■ I i*.lXt Jlf ir» I S | 4 A £ t 
FUR«I3,2X,5HNINC«I31 

P«litlX.4HKIP«I3,2X, 

WRITE (6.14*91 
1449 FORMAT (2X.32HELASTIC SUPPORT CONSTANTS A(I,J)) 

WRITE (6,1550) AU,A12,A13,A14 
WRITE (6,1550) A21,A2|,A?I,A24 
WRITE (6.1550) A31.A32.A33.A34 
WRITE(6,1550) A41,A42,A43,A44 

1550 FORMAT UX,4E13.5) 
FIND » IND 
XLB • i.O/XLA 
SF33«XLA/(i.0*XNU) 
XN » N 
XM * M 
TAX * 3.141592654 - THO 
DEL  «  TAX/XN 
Nl   *  N *   1 
N2   ■   N+2 
N81   *   NB  +   1 
Ml   =   M  ♦   1 
DTT'DT 
FNB*NB 
HH*(H0~1.0)/FNB 
TIM  ■  0.0 
P   *  0.0 
PR  *   PO/TO 
PRS*0.01*PR*PR 
WAVE   ~  0.0 
NT   *  0 
XNN*TO/OT*0.01 
NN  «  XNN 
TUCM   =»   TUC**SM 
SMI   ■   SM -   1.0 
SN1   «   SN  -   1.0 
CQ»3.0*SN/7.0 
0EL2  »  0.5*DEL 
DO  38   I   «   1,6 
Rtl.Nl)   • 0.0 
CM(f)*0.0 
BET:(I«1)"0*0 
DO  37   j  *   1,6 
AMU,J)*0.0 
ALPIU,J,U»0.0 
UNMII,J)   «   0.0 

37 CONTINUE 
38 CONTINUE 

******<«<■*% itfNBWrf frj«,     %  f$':£ 



371 

33 
32 

1500 

1501 
1502 

1506 

10 

U 
12 

DO 371 I»l»6 
UNM! itn*i.o 
ALPIU,1,11*1.0 
CONTINUE 
DO 32 J»i,2 
DflUtNl» « 0.0 
00 33 I«l96 
BHU,J}»0.0 
DEI Jtl.Nll*0.0 
CONTINUE 
CONTINUE 
DO 1502 1-1*8 
DO 1500 J*1.8 
AMS ItJi«0,0 
ALPISU,J,1) * 0, 
UNNH(ItJ) ■ 0.0 
CONTINUE 
00 1501 J*1.5 
BNSU,J»*0.6 

40 

ENSUtI) 
CONTINUE 
CONTINUE 
00 1506 I 
UNN".iI|I) 
At>*S«f 11 
CONTINUE 
DE!(lf4*Nl) 
DEI(2»6iNl) 

0,0 

• 1,8 
* 1.0 
til * 1.0 

1.0 
1.0 

AH<2t35 « -1,0 
AMI3*11 » -XLB 
AM(3,2i < 1.0 
AM(4,5) » -1.0 
AM(6,5) >  XLB 
EM(lil) * 0.0 
EMtl*3) * 1.0 
EMIlt5) * 0.0 
EN(2,2) * 0.0 
EM<2,3) ■ 0.0 
EMC2.5) » 0.0 
ANSTj.l) » -XLB 
AMS(2»3) * 1.0 
AMS(3,2) * -1.0 
AMSC6,5J * -1.0 
AMS$7,5) « XLB 
8NS{8,2) * XLB 
EMSflt*) « XLA 
EHS<2,4» * -XLA 
ENS(3*2) » -1.0 
00 14 I » 1,N1 
II » 1 -1 
XII » II 
THU) * THO ♦ XI1*0EL 
IF (I - NB1S 10,10,11 
TU) »HO -HH*XI1 
60 TO 12 
TU) » 1.0 
OELLU) « Tlll/XN 
AXBUl,l,I> * l.0/(SF33*T(I)) 
AKBI(1,2*I) « 0.0 
AKBI(2tltI) « 0.0 
AKBI(2.2iI> « 12.Q/UK0I(ltlttl*T(l.|*T,CIJI 
DO 13 J - i,»l 

XjnijJ) • - 0.5*TU) ♦ «XJ - i»0»*OELLU) 
TUTM(I»JJ » 0.0 
TUPH(I.J) » 0.0 
TUTH0(I,J) » 0.0 
TUPHDUtJ) * 0.0 

J) ■ c.o 
tj}*0.0 

HU.JI   »  0.0 
NTINUE 
NTINUE 

uu  7*41   I-l.N 
Sll"OSIN(TH(in 
CC0«DC05tTH(jn 
CSU»   «   1.0/SII 

JtiL '******•*' "smmm' 



7941 

0.0 
0.0 

7890 
403 
15 

16 
7749 

17 

18 

19 

citn-cco/sn 
00 7890   I  «   1,NJ. 
pHcn » o.o 
urn * o.o 
wm * ö.o 
XNTH(l) 
XMPH(I) 
Qtll   * 0*0 
XMTH(I)   *  0.0 
XNPH(I)    «   0.0 
CONTINUE 
WRITE   (6.13)   TIM.P.WAVI 
FORMAT (IXj5JiTJME«£U«! 
IF(IP)240*240,16 
WRITE(6f7749T 
FORMAT« • THÜ»*») 
WR|TE(6,18HTH(ll,I-l. 

41 

,1X,2HP«E13.5,1X*5HMAVE«E13.5) 

WRITE (6,wi 
FORMAT (1X14HU(I)) 
WRITE (6,18) (U(j) 

14, SHlMHlf 
FORMAT   (IX,4HW(IJ) 

Nl) 

,1   •   I.Nil 

IRMAT ilX«4HI 
ilTE (6.ÖI 
ifTE(6.77§4) 

I • ItNl) WRIT 
WRI 
FORMAT(• PH(I) »•) 
WRITE(6,18) (PH(I),l«l,Nl) 
WRlTE(6.770ij 
FORMAT I* QU) » •_!_._ 
WRITE<6,18)  (0(1),1*1,Nl) 
WRITE (6.7702.) 

7704 

7701 

7702 FORMAT (* XNTHM i » * I 

7711 

7703 

7706 

240 

411 
278 
20 

21 

22 

WRITE(6,18) (XtitH(l),!?l«Nl) 
WRITE(6,7711) 
FORMAT(* XNPH(I) » •) 
WRtT£(6,18) (XNPH(»),I«l,ND 
WRITE(6,7?03) 
FORMAT<• XMTH(I) »») 
WRITE(6,18) (XMTH(I),1«1,N1) 
WRITE16.7706) 
FORMAT(J   XHtMIl*   •) 
WRITE(6,1B)(XMPH(I),I«1,N1) 
HI   ■  NT  ♦   1 
TtM=T!M*DT 
IF 
IF 
DT 
DP 
GO 
OP 

535 

536 
23 
24 
25 

411,411,100 
278,21 

CALL 
DÜ  24 
00  23 

(TIM - TF) i 
INT-NN» 20 vi 
»  5.0«DTT 
■  PR*OTT 
TO 22 
»  0.0 

DT*2.0*DT 
PST   *   P 
P    a    P    *    DP .„».       -.. 
PDOT  »  DP/OT 
if» *  I CALL   SLOP   (XNTH,OEL»N,XNTHP) 

"LOP   (PH,0£L,NtPMP) 
I   ■   1.Nl 

XJ2UtJ>"«   fuiH(I,J)*(TUTH(I,a)-Tu^H(I,J))+TUPH(I,J)*TUPH(I,J) 
XJMdtJ)   *  QMAXMXJMU,J)tXJ2(I»J)). 
TUE  •  0SQRTtXJ2(I*J)) 
F  a  YUE**»M1/TUCM 
ETA*CQ*(TUE/TU0)**$N1 
THPHd.J)   •   2-9*TUTH?X»J)   -  TUPH( 
PHTM(1*J)   »   2.0*TUPH(!,J)   -  TUTH« 
XLAF   *   0.5*F/XLA 
Dl(lfJ)   ■   XLAF*THPH(I,J)*FIND 
02(1,J)   »   XLAF*PHTH(I,J)»FINO 
IF   (NT-1)   535*535,536 
GSS(I»J)«0.0 
GO   TO  23 
GSS(I,J)   -   2.25*ETA/XJ2(I,J) 
CONTINUE 
CONTINUE 
DO  36     I»l,N1 
DEIT   *   DELHI) 
DO  28   J   «   i,Ml 

ItJ ) 

MkX :<»mm***-*- 



Gff,J)   »  GS(I.J) 
C»l,l)   ■   XLB*lKO*GCIiJJ*THPH(If J)*THPH{I,J)/9.0) 
C(l,2)   »   XL8*(-XNU  «•  GiltJ)*THPHfI, J )*PHTHU, J)/9.0) 
C(2,l)   *  CTl.2) 
C(2.2)   «  XLB*U.O  ♦ G(IsJ>*PHTH{IfJi*PHTH(I,J)/9.0J 

DMINV   IS  THE  DOUBLE  PRECISION MATRIX   INVERSION  SUBROUTINE 
CALL  OMINV(Cf2,DET,I.A,MA> 
DDdS   *  DKItJ) 
00(2)   »  D2(I,J) 
CALL  DMPRD(C,DD,GA,2,2,1) 
00 27   Jl   *   1«2 
00  26   J2   »   1,2 
FJ(J1,J2,J)   «  CUl,J2) .      _ 

26 CONTINUE 
GJ(J1,J) ■ GA(Jl) 

27 CONTINUE 
28 CONTINUE 

DO 29 J = l,Ki 
XIKJ» 
xiiiTi 
X12(J) 
X12UI 
X22U) 
X22KI 
X13U) 
X14U) 
X24U> * FJ(2t2,J)*XSI<I,J) 
X33U» 
X34UJ 
X44(J) 

42 

29 

■ 

301 
300 

36? 

564 
565 

366 

FJtltltJ) 
,j) « xliij) 
* FJU,2,J) 

♦JJ « X12(J) 
« FJ12.2.J) 

*J) « X22U) 
« FJ(1,I,J)*X 
FJU, ,J)*xStU 
FJ(2,2.J2*XSKI 
X13(J)*XSI(I,JJ 

I-CItJ) 
IU,J) 

Y1(J) * 
YIKI.JI 

Xl4(J)*X< 
X24(JK 

Itl) 
1,2) 

UA|(2,2) 
bAf(l,3) 

GJ(i.J) 
vi(j> 

Y2U) »GJI2,J) 
YZIU.J) * Y2JJ» 
Y3U) * GJ(1,J)*XSI(I,J) 
Y4U) * GJ(2,J)*XSIU,J) 
CONTINUE 
CALL INT (Xll,D£tT,N,AI( 
CALL INT (XI2,CELT,*,Ali 
AI(2,1) • AI(1.2) 
CALL INT (X22,DELT,K»A 
CALL INT (X13,0ELT,H 
AI(3}1)*A1(1,3) 

CALL INT (X14,CELT,M,Aid,4U 
AI(2,3) »  AIlI.4) 
AI(3,2)"AI(1,4) 
AU4,1! * AII3.2) 
CALL INT <X2*.0lLT,«,AI«2,4)) 
AI(4,2)-AI<2,4) 
CALL INT U33,0ELT,M,AIt3,3)> 

(X34.DELT,N,AI(3,4)) 

«X44,DELT,H.An4 
(Yl,OELT,N»AJ(l) 
iV2,D6LT,M,AJ(2J 
{Y3,DELT,M,AJ(3I 
(Y^.OiLTtN.AJC^Jj 

<Al,4,0EftLB,NB) 
£AI,AJ,AL,4,4,1) 

DO 300 II » i»4 
ALKUtlj ■ ALII1) 
DO 301 12 « 1,4 
AHfii112.i> » Ann, 
CONTINUE 
CONTINUE 
IF(I-Nl)366,367,36 
DO 565 li»I,6 
DO 564 12*1,6 
YMK{n,I2:«0.0 
CONTINUE 
CONTINUE 
YMtaf ,3)»- 
VMM2,4 
YMK(2,6i-«ii* 
R(21Ni)-AL(i) 
GO TO 566 
AMC|,4| » An3,11 

Al(3,3) 

CALL INT 
AI(4»3? 
CALL INT 
CALL 
CALL 
CALL 
CALL 
CALL 
CALL 

INT 
INT 
INT 
INT 
DMINV 
DMPRD 

,4)) 

12) 

:!:sli!:Ji:siü:H 
AMU,6) * 

Mt t 



AHC2.1) 
AN(2.4> 

-PHU)/XLA 
Miiai 43 

AM(2>6)   »   AIU.3) 
COP  »  DCQSCPHUH 
AM(4,1»   *     XNTH'J)   ♦   PST*COP 
AMUUI * PHU) - crm 
SP  -     DSINCPHU}) 
ANt5.ll   *     XNTHPUl   ♦ XNTHU)*JPK(n   ♦ CTCIU  - 

1   PST*ISP  -  PM(I)*C 
AN<5,4> » 
AK15.5) 
AH(5,6) 
AMi6,6J 

BMU.2) 
BM(2,l> 
BN12.2) 
BMI4.1» 
BM 5.1) 
BK 5.2) 
BM 6.2» 
CM(lJ • 
CM 2) * 
CN{4» » 
CHI5J * 
DNU.l) 
DM(1,2) 
ONJ2,l) gmza) 
ENI1.2> 
EMU,4? 
EHU,6J 
E«(2,n 
EM{2,4) 
EH«2,6) 
FM 1) » 
FM(2) 

35 

202 
203 
566 

39 
40 

41 
42 
36 

44 
45 

PHPU)   ♦ i.O  ♦ 
-PHU! - CT«n 

* AH3.3)*XNTHf 1) 

* Äf13,2} 
* AU3.4J : mm 
« CTU) 
* 1.0 ♦  PHIIi*CT(I» 

AI   3.4»*XNTtMn 

PH(I»*PHCI)     ♦   AI(3,1)*XNTH(H 

♦  AI13,2J*XMTHU) 

-:r-,- 

CALL 
CALL 
CALL 
CALL 
CALL 
CALL 
DO 35 

DMINV 

rf*löP ♦ Atdl  • XNTHtlt  ♦ P»«I)*PDOT*SP 

12.4J 
AK4.2) 

: tflft*' 
«  -AH2.H 
*  -AU2.3) » CTJII 
»  -AH4.1} 
«  -AK4.3» 
AL(2) 
AL 14] 

CONTINUE 
00 203   II 
DFIUi.I 

(0M.2,0|TtLA,«A) 
0HPft0lDM,EM»DS.2}2.6) 
0MP*0<BM,OE,B0§.6,2,6> 

(8H,0FtBOF»Cf6i* » 
UH.BDE,YMK,6,6) 

CMIII) - BDFKUil 

OMPRO IBM 
OMAOOUH 
II 

Of I«II ,12.1> 
00 

w (III 
1.6 
*  0EUi,I2> 

CONTINUE 
CONTINUE 
00 40   U   »  1.6 
00  39   12  «  1.6 
D^L¥«06L2*Y«ilUi,!2» 

llfl.121 IS 
VNU1.I2) 
WNU 1,12 
CONTINUE 
CONTINUE 
CALL DMINV 

00 41 12 ■ 
VMMU1.I2.I) 
CONTINUE 
CONTINUE 
CONTINUE 
DO 45 
00 44 

UNHi 
OfLY 
♦ DELY 

(VN.6.DET.LC.MC) 
i»6 
1,6 

* VNU1.12) 

tSMIftU 
I ■ 1;N 
II ■ 1.6 

til * DEL2* (RUltlt   ♦ ftdlii   +   IM 

CONTINUE 
00  50   I 
IA-I+l 
00 46   Ii 
BET Ul > 
ZZU 
DO 47 12 
ALP 111*12 1 

l.N 

1*6 b    II    *    1.6 
sn-BETitii.i) 
1)   -   ZMIIl.lt 

1.6 
'ALP!(!l,I2t!> 

&L£Z  'Ji 



WHII1.I2) * MMII1.I2.I) 
VM(UtI2) - VMM(I1«I2,IAI 

47 CONTINUE 
46 CONTINUE 

CALL 0MPR0|VM,WW»VH»6i6»6J 
CALL DMPR0tVM,Z2vVZ(6.6,U 
CALL OHPRO tVH,ALP.ANE,6,6,6) 
CALL OHPRO (Vtt,8ET,VWft»6»6,l) 
DO 54 11*1,6 
BETim.lA)*VWB(Il>*VZ(in 
00 53 I2»l,6 
ALPI(U.I2tIA)-ANE(Ilf 12) 

53 CONTINUE 
54 CONTINUE 
50 CONTINUE 

X0(1) * 0.0 
XQ«2) « 0.0 
X0I3) ■ 0.0 
IT*1 
GAHU.l)*ALPHl,4tNl)«-All*ALPIU,l»Nl>*A2i*ALPIU,;,Ni 

L6AN7}f2)*ALPI(ltS»Nl)4A12»Al.Pl<lfi»lillHA224'AtPI(l»2(Nl 
1.3.N1) 
GAM(1.3»=ALPni,6,Ni)*A13»ALPItl,i»Nl»+A23*ALPHl,2,Nl 

dAM(2a)*ALPI(2f4»NlHAU*ALPI(2f LfNl)4A2i*ALPI(2t2tNl 
1.3,Nl> 
GAM(2.2)*ALPIC 

dAÄ(2.3)»ALPH ,6,Nli*A13*ALPI(2,itNll*A23*AtPI«2,2tNl 

dAH(3,l)»ALPIt5,4,NlKAll*ALPH5,i,NlHA2i*ALPI(5,2,Ni 

dAM(3,2)*ALPn5,5,Nn*Ai2*ALPn5,l,Nl»*Ä22*ALPn5,2tNl 
L,3»N1) 
GAM(3.3)»ALPH5,6,NlJ*Ai3*ALPH5,i,NiI*A23*ALPH5,2,Nl 
1,3,Nil 
OAL(l)«BEYfUtNl) 
DAL(2)*BETK2,Nl) 
DAL(3)»8ETUS,N1) 
00 91 11*1*3 
DO 90 I2«l,3 
GBM',11,125 « GAM(I1#I2) 

90 CONTINUE 
91 CONTINUE .. _._, 

CALL DMINV (GAM»3.DETiL0fMD) 
CALL DMPRD (GAM,0AL?GAD,3,3,1) 

735 X0C1I » X0<1) - GAOll) 
XQ»2) « X0<2) - 6ADC2J 
X013) * X0I3) - GA0?3! 
CALL DHPPD16BK,X0.Y0t3t3,i) 
DBL<I> = YOU) ♦ OALIIJ 
DBL<2> * YQ<2) ♦ öAü£> 

Y0J3) ♦ OALtll 

44 

5,Nl)*A12*ALPH2,l»M)*A22*ALPH2,2,Nl 

)+A3L*ALPI(l 

)+A32*ALPlll 

)*A33*ALPI(1 

)*A31*ALPI12 

)+A32*ALPII2 

»♦A33*ALPI(2 
)*A31*ALPI(5 

)+A32*ALPI(5 

|*A33*ALPI(5 

DBL13) * 
AAA « OHAXi(OABS(OBL(in» 
IFIAAA- O.OOOOi) 796f798» 
IT » IT ♦ 1 

- 10) 
799 

IF<IT - 10T 732,732,733 
733 WRITE {6,734) IT 
734 F0RMATUX,3HIT«I3) 

GO TO 500 
732 CALL DMPRC 

ABS(DBL(2n»0ABS<0BL*3))> 
99 

A12*XQ(2) 
A22*X0lt) 
A32*X0<2> 

10<GAH,DBL,GA0,3,3,1) 
GO TO 735 

798 UMDU,1) * All*XOil) ♦ 
UMD<2,1) * A|I*XO I  ♦ 
UND(3V1) * A3l*X0(l> ♦ 
U*D<4,l)»X0U) 
UN0(5,1)»X0(2) 
UMOU.U-XOtl) 
DO 788 II * 1,6 
cciiii« uPO(ii*i) 

786 CONTINUE 
00 59 1*2,Nl 
DO 57 11*1,6 
DO 56 I2»i,6 
ALP(Il,I2)»ALPHIl,I2,II 

56 CONTINUE 
57 CONTINUE 

Al 
A; 
A- 

3*X0C3) 
3*X0(3) 
3*X0(3) 

— M mi 1 mill i (Til 



58 
59 

66 
67 

68 

69 
70 

71 

72 

73 
744 
74 
75 

76 

77 

777 
78 

79 
80 

81 
1102 
1100 
7192 

1787 

CALL DMPRO (ALP,CC,ALPC,6,6, 1» 
00 58 U»lt6 
UMD(IltI>*ALPC(U)+BETI(UvI) 
CONTINUE 
CONTINUE 
DIMO.O 
OED * 0.0 
DO 77 I » l,Nl 
CKU) * 0.0 
CWK(I) • 0.0 
DO 67 12   * 1.6 
UN0M2» « UM0U2,I) 

oit!f,ü)«DEif tit 12,11 
CONTINUE 
CONTINUE 
DO 68 II * 1*2 
OFt12)   * OFT(I1,I) 
CONTINUE 
CALL OHPRD (0E,UND,VD,2,6,1> 
SD<2> = VOID - DFll) 
SD<4) « VDI2» - DF(2) 
VOHhl) * SD(2) 
V0I(2»n * SD(4» 
SOU) - UND14) 
S0(3) ■ UN0(6) 
DO 70 II » 1,4 
DO 69 12 * 1,4 
AIU1,12) » AIIUltI2tI) 
CONTINUE 
CONTINUE 
CALL DKPRD <AI,S0,ASD,4,4,1) 

45 

00 71 II « 1.4 
ESDU1) = ASDUl) 
CONTINUE 
DO 76 J = ltMl 
PX = ESDii) + X 
py • E$5m ♦ x 
7UTHD(I,J) » X 
TUPHÜU.J» « X 

♦ ALM III I) 

:\\\:i)im )(3> K4) 

mil:iBH.:88III:iBR:?HII;JI 

72.744  
ItJI-XJMU.JM 

PftS* 
G(I.J) 
GO  TO  75 
IF   (XJ20U»J)1   72*i 
IF(XJ2(I»J»*OT*XJ2< 
G(!,J)   »  GSSU,J) 
CKD  »  DAB$(GU,JJ   -  GSlItJ)) 
CKK   »   DABSIGdtJM 
CWKU)   =   DMAXMCMKMlfCKK) 
CK(II   »  DMAX1«CK(I),CK0} 
GSU.J)   *  G(IfJ) 
CONTINUE 
OIF   «  OHAXl(CKU)tDlF) 
DED * D«AXMCWKU)»DEO) 
CONTINUE 
IF (DIFS 81,81.777 
IF (OIF/DEO - 6.001} 81,81,78 
ITER * ITER ♦ 1 
IF I ITER - 20! 25,25,79 
WRITE 16,80] 
FORMAT axf18HlTERATI0NS DIVERGE) 
GO TO 500 

1081,1102 
1081,1081,1100 

fit 
'♦NINC 

IF{NCOUNT-NIF)1787,1787,1081 
SNN»NCOUNT 
DO  1101   I« 
AKBl  T«AK 

wm&* 

IF(KIP)   loeij 
IF(NT-N8IFUÄ 
NC0UNT«NII-NI 
NC0UNT«NCOUN1 

no. 
>AK( AKC( 

CON:  NUä 
CALL   SLOP 
CALL   SLOP 
00  7175   I« 
IFM-NM 

1789   00   1790   II 

l,Nl 

1:1:1 
(ARB, 
(ARC* 

El,N,AKBP> 
£L,N,AKCP) 

l7fo.l?89,l?89 
1,8 

jtf:'_ _*_£_ m     ■ H i mill 



00 1791 12 
YWCSIIl*»?» 
CONTINUE 1791 

1790 CONTINUE 
GO TO 7194 

1788 ANSU.6) * 
ANS(l,7) * 
AMSi3tl) * 
AMS{3,6! * 
AMS(3,7) * 
ANS<4,3) * 
ANS14,4) * 

' o.o 

AIK.3,1,1) 
AIIO.3,1) 
-PHUJ*XLB 
All(ltlti) 
Alill.StI) 
-$NN»CSU> 
CTU) 

46 

ANS(5,1)   •   XNTHPm*PHtI)*( 
ANS<5,5>   *   •ftlllWTm 
AMS{5,6) * uo+PHpmmtm 

I )*(XNTH( I)*PST)*XNTHf I >*CT( I» 

ANS(5,7J 
ANS(6,i) 
ANS(6*6) 
ANS(7,7) 
ANS(7,8> 
AHS(8.8) 
00 1505 
00  1503 

__   _ ._,  __«?H(I)*AII(3vltI)«XNTHm 

pHUHMT 
pH(u-CTin 
-CTU) 
SNN*CSU) 

__   jjj«i.5 
ONS(IIIJJJJ)«0.0 

1503  CONTINUE 
1505  CONTINUE 

DNS (1,1) =-1.0+   PHP(IJ+2.0»PHU>*CT(I )   ♦< AKBIf 2. i, I )-XLA*AKbI (1»1,1 
l))»(XNPHU)+PSTl*2.0 
DNSll,2)   *  2.0*<XLB*  AKBI<2,2,I)-AKBI<1,2.I)  -C AKBI ( 2, i, I)~ 

1   AKBIU.1»I)*XLA)T 
DNS{1,3»   •-2.0«SNN«CSm*1AKBl(2tltI)-(AK6I(ltl,I)*AIIfl,2»I))*XLA 

l*AII(3?2tIM 
DNS (1,4;   »  -2.0*SNN*CS(I)*CAXBH2t2tl»-XLA*AXBni,29I)*Ain3,4,I)- 

!   AII(i,AvI»*XtA) 
DNS(liS)   *   2.0*UCTU)+PHU))«AKBU2,liI)-AKBPU)«XLA+ 

l(AKBlh,l,n*XLA-AKBI<2,l,I))*(-PNU)*2.0*CTU))-AKBIU,l,I)*CTU) 
2 *XLA) 
DNS(2tli 
DNS13.3 
DNS(3,4 
DNS«4,l 
DMS14,3 
D*S(4,4 
DMSC5»! 
DNS(5,5 
BNS(l,3 
BNSlft* 
BNSC3,3 
BNS(3»4 
BHsUtl 
BMS(4»5 
BMS(5,1 
8NS{5,2 
BNS(5,3 
BKSJ5.4 
BNS(6,3 
8MS(6,5 
6*5(7,4 
BMS(8,4 
ENS(1,1 
ENS<1,2 
EMSli,3 
ENS(li6 
ENS(lt7 
EMS(lt8 

1 «-(CTU 
EMS«2,2 
EMS13,3 
ENS<3,4 
ENS 5 3,6 
ENSO,7 
ENS(4,1 
EMS(4,6 
EMS(4,7 
ENS(5,1 
EMS(5*2 
ENS(5,3 
EMS(5,4 

1.0 
Aii<2,2,n 
Atn2»$ifi 
SNN*CSU) 
AlIC4,2,I) 
AIH4,4,I) 
CTUJ+PHU) 
2,0*CAKBl(2.1,l)-AKBIU,l,I)*XLA) 
A11 {3,2.1) 

Aim,2,1) 
£11(1,4,11 
~XLB«PHU) 
2.0*AK8IU.l,I) 
-SNN*XNPHU)*CSU) 
SNH«€Sil! 
1.0 + PMU)*CTm*XNTHm*AII(3«2*I) 
AII(3V4,I)«XNTNU) 
CTUJ 
BNS«5»2> 
BNSI6,3) 
-BMS15.2J 
SNN«CSU)*<; 

>CS 

utftrfititiwcLAi 

.0*CTU)~3.0«PHU)) 

-2.O*SNN*C-._: '     *   :: 
■   2.0*SNN«CSm«tA!Ul,l(I>«XLA-AIU3,i,!)) 
=  2.0*SNN*CSU)*CAllU»3.n*XLA-Ain3,3.I>) 
«   2,0*(AKCPmHAJ<BI(2|2,h~AKBIUt2,I)*XlA)*CTU)*2.Q 

♦ PH(in*AKBn2,2,n~CTTl)*A* 
«   SNN*CSU)*XIA 
«   -CTU) 
* SNN*CS(I) 
»   411(2,1,I) 
»  AU(2,3,I) 
* -CTUJ 
* AII(4«1,I) 

»  -2kQ*SNN*CSU) 
* -SNN*CSm«CTU)*XLA 
«   -ENS<5.1)«XLA 
* E»sT4tl)«XLA 

JfA'il^. 



; 
EMS15J8)   »  2.0*(AKBIt2|2iI)~AKSni92tn*XLA) 47 

DMINV(DHS»5,DET,LAS,MAS) CALL 
\ CALL  DMPR0(0MS»EMS,DE$.5£5.e) 
I CALL  0MPR0{8MS,0ES,B0ES,8,5,8) 

00  7177   UI   »   1,8 
\ 00  7176   U2  -   1,8 
{ YMKS(U1.U2>   «   AMSUJ1,U2>-8DES<IJ1,IJ2) 

7176  CONTINUE 
I 7177  CONTINUE 

7194  DO  7172   Ui   »   1,8 
00  7171   U2   «   1.8 
DELYS  «   DEL2*YMKSUJ1,U2> 
VMS(U1,U2)   »  UNNN(U1»1J2]   - DELV& 
WMSUJl,U2,I)   «   UNNMCUl,?J2>   ♦  0€LYS 

7171  CONTINUE 
7172  CONTINUE 

. UNV<VMSf8jr! 
0Ü  7174   Ui  -   1,8 
CALL DMINV(VMS,6,D£T,LCS,NCS) 

DO 7173 IJ2 - ltL 
VMMS(U1,U2,I) * VKSUJltIJ2) 

7173 CONTINUE 
7174 CONTINUE 
7175 CONTINUE 

DO  7180   I   »   1,N 
IA  »   1*1 
DO 9177   UI   «   1,8 
DO  9176   IJ2   *   1,8 
ALPSUJUU2)   «   ALPIS(IJltIJ2f I) 
WWS(IJ1,IJ2)   *   MMS(IJlttJ2tI) 
VMS(U1»U2)   «   VMHSIIJltIJ2tIA) 

9176 CONTINUE 
9177 CONTINUE 

CALL  DMPRD$VMS*WWSiVWSf8f8»8) 
CALL   DHPRD«VWS,ALPS,ANES,8,8,8) 
DO  7179   Ui   «1,8 
DO  7178   IJ2   »   1.8 
ALPISUJl.U2.IA)   *   ANES«U1,U2»   .... 

7178 CONTINUE 
7179 CONTINUE 
7180 CONTINUE 

GAMSIltl) ■ ALPISH«6*Nll>ALPiSlltl«Wll*Ail*ALPISa,2,Ni)»A31* 
l  ALPlS{l,3,Nl)*A21*ALPfSU,4tNl>*A4l .     . ,,, 
GAMS<1,2> » ALPlSUt5,Nl}+ALPISU.l.Nl)*A12+ALPIS(l,2.Nl)*A32* 

1     ALPIS( 
>   *   ALPISUtS.NU+AlPISClilfN 
U3»Ni)*A22*ALPISa,4.NlJ»A42 

GAMSd.3)   »  ALPIS{lf7.l<lJ*ALPlSil|l*Nl»*Ai3*ALPISa,2,Nn*A33+ 
1     ALPlSll,3,Nn*A23»AL>IS(lt4.Ni)*W3 mam   m     m%     m 
GAMS(l.A)   «   ALPIS(lt8tNil*ALPiS<ltl?Nli*A14*ALPIS(l,2,Nl>*A34> 

1     ALPtSCl,3,Nl)*A24+ALPIS{i,4,NU*A44 
GAMS<2,1)   -   ALPlSi2.6.Nl]*kPIS(2*itNH*All+ALPIS<2.2,Nl)*A31 + 

1     ALPIS(2,3,Nl)*A21*ALPIS<2,4jNl)*A41 ä       M< .   _„ 
GAHS!222)   «   ALPlSi2,5,N12+ALPlS(2tltNl)*Ai£*ALPIS(2,2,Nl»*A32+ 

l     ALPlS(2*3,NH*A22+ALPIS<2»4jNil*Ä42 m . .   .   „ 
GAMS 12.3)   *  ALPISi2,7*NL)*illPiSC21l,iJl)*A13*ALPIS{2,2,Nl)*A33+ 

1     ALPlSt2,3,Nl)»A2l*At.PlS(I,4lNl)*W*3 •...«.     . ,   .,, 
GAMS«2,4)   »   ALPI$<2,8tNl)*ALPiS«21|?Nn*A14*ALPIS12,2fNl)*A34* 

i     ALPlS(2,3,Nn*A24*ALPl5(2t4,Nn*A44 .     ,   ä     ..*..,. 
GAMSI3.1)   -   ALPlS(3»6|lNiH4tPlS<äil!Nn*Ali*ALPISJ3,2,Nn*A3i + 

1     ALPl§{3,3,Nl)*A2i+ALPlS<I,4,Nl)*A4l .   ä   M 
GAMS13.2)   «   ALPIS(3t5*Nli*ALPIS{31i.NU*Al2*ALPIS«3,2,Nl)*A32* 

I     ALPl$<3,3,Nl)*A22«-ALPHC3,4,Nl|*A42 ,   m .   .,, 
GAMS(3,3)   »   ALPISi3,7JNlltALPiS(3tl4Nl>**i3+ALPISf3.2tNU»A33^ 

1     ALPl$<3.3.NU*A23+At?I§?3.4|ltll*»3 „   .   „     . ,   _, 
GAMSC3.4)   «   ALPIS(3»8»Nn*AlPbC3iI.m>*Al4*ALPIS(3,2,Nl)*A34+ 

1     ALP!SC3,3»NU*A24*ALPlS«3»4tNl)*A44 
GAMSI4.L)   «  ALPISH,6j«!|*ALPIS(4»l.Nn*All*ALPIS(4,2,Nl)*A31* 

1     ALPfS(4s3tNl)*A21+ALPlSC4,4.Nl»*A4t .   M %      _ 
GAMS{4.2>   «   ALPIS(4,5fNl]*ALPlS(41lfNi)*Al2+ALPIS(4,2»Nl)*A32+ 

1     ALPIS{4,3,Nn«A22*ALPl5(4,4tNl)*A42 
GAMSI4.3)   ■   ALPIS(4j7,Nll*ALPlS(4,I|Nn*Al3*ALPIS<4,2»Nl)*A33+ 

I     AlPlSf4,3,Nl2»A23*AiP!St4,4tNl)Wi 
GAMSJ4.4)   ■   ALPI$i4,8,Nil*ALPISf4,lfNl>*A14+ALPIS<4,2,Nn*A34* 

I     ALPI${4.3,Nl)*A24*ALP!$i4.4.Ni)*A44 
THE  MATRIX       GAMS   IS  MULTIPLIED 8Y   iO*»-10 

7183   DO  7746   Il«l,4 
DO 7747 i?«l,4 
GAMS«11.12) * GAMS III«121*0.0000000001 

7747 CONTINUE 
7746 CONTINUE 

_Ai_ 



f 
CALCULATION OF THE 

CALL DMINVIGAMS 
DETERMINATE OF GAMS,DENOTED BY DET1 

7195 

1081 

st4»DETl1HGASl.NGAS2 
WRITE16,71?5). NCOUNTfDETl,PSI 

?' 
48 

f*DT 

FORMAT«•   NCOUNT«*,I3t 
GO  TO 7192 
DO 83   I   «ItNl 
Uli)   «  Uli)   ♦ UMDC2 
WCI)   »  WCI»   ♦  UNDC3.I 
PHill   ■  PH(I)   ♦  UM0(1,I)*DT 
XNTHIU   «  XNTMU)   ♦ 
XNPHIU   *   XNPH(I)   + 
C(I)   «  Q!l)   *  UMD15 
XMTH(I)»XNTH 
XMPH(n»XMPM 

DETI   »•♦E13.5.« PST  »SE15.7) 

?! 
82 
83 

0 82 J 
UTHII.J) 

TUPH(IffJ) 
CONTINUE 
CONTINUE 

litJ*UI 
UMD(4,I)*DT 
VDUltI)*0T 

♦ UMDJ5,n*0T 

l!i:^?i!:fi:B? 
I, Ml 
»  TUTHU,Ji   ♦ 
»   TUPHCI.J)   ♦ 

TUTMDCI,J >*0T 
TUPHDU,J**OT 

C CALCULATION OF AVERAGE RADIAL 
CALL INT<U.DEL»NtWINTT 
WAVE * HlNt/TAX 
GO TO 403 

500 STOP 
END 

/* 
//GO.SYSIN OD * 

DEFORMATION, WAVE 

*Ä -_^-L  — - — - -*——— 
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/;VJm7^yV 

Fig.  1     The geometry of the shell. 

MfcA    .. || l      ^ .— m 
SffJ 
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