GRAPHICAL CALCULUS FOR THE HECKE ALGEBRA

Pablo Gonzalez Pagotto
Departamento de Matemdtica, IGCE-UNESP Campus Rio Claro

August 2013

Abstract

We develop a graphical calculus for the Hecke algebra of type A, when its parameter is nonzero and not a
nontrivial root of unity. Then we proceed to generalize the concepts of symmetrizer and antisymmetrizer to
this algebra. We also explore some of their properties, recursive relations and their interaction with each other.

1 Introduction

The symmetric group &,, is the group of permutations of the set {1,2,...,n}. The study of permutations and
combinatorics dates back to the 6th century B.C. in India, where the first traces of this kind of thinking can
be found. Their importance grew substantially in 1770 when Lagrange published “Réflexions sur la Résolution
Algébrique des Equations”. This paper initiated the study of permutations in connection with the study of the
solution of polynomial equations. It was probably the first clear instance of implicit group-theoretic thinking in
mathematics. It led directly to the works of P. Ruffini, N. Abel and E. Galois during the first third of the 19th
century, and the concept of permutation group and, in particular, the symmetric group. Later in that century
A. Cayley defined the modern concept of a group and proved that every finite group is isomorphic to a subgroup
of the symmetric group, a result known as Cayley’s Theorem.

The finite dimensional irreducible representations of &,, in characteristic zero are very well understood, with
everything from their degrees and character formulae to explicit matrix representation being known for many years.
In contrast, very little detailed information is known about the modular representation theory of the symmetric
groups.

In this work we are concerned with the Hecke algebra (or Iwahori-Hecke algebra) of type A which is a
g-deformation of the group algebra of the symmetric group. Loosely speaking, it is the quantum analogue of
the symmetric group that corresponds to passing from Lie algebras to quantum groups. When ¢ is nonzero and
not a nontrivial root of unity, then its representation theory is very similar to the representation theory of the sym-
metric group. At a nontrivial root of unity, its representation theory is more similar to the modular representation
theory of the symmetric group in characteristic zero.

The study of Hecke algebras was pioneered by R. Dipper and G. James in a series of landmark papers (see
[5] for references and a more detailed overview of the history of this subject). The main motivation for the study
of Hecke algebras is that they provide a bridge between the representation theory of the symmetric and general
linear groups. In addition, Hecke algebras play an important role in the theory of categorification. They also have
applications to many other areas of algebra, combinatorics and geometric representation theory.

In the book [2] we find a graphical calculus using string diagrams for symmetrizers and antisymmetrizers defined
on the symmetric group. The goal of this work is to generalize these notions for the Hecke algebra together with
their graphical description. The graphical calculus is a powerful tool for theoretical and practical purposes. From a
practical point of view, since we are very visual beings, it helps us to visualize relations and properties more easily,
which may not even be noticed without it, giving a hand to intuition. For instance, in the graphical calculus, one of
the defining relations of the Hecke algebra (relation (b) in Definition [1)) follows immediately from the fact that we
consider diagrams up to isotopy relative the boundary. Another feature of the graphical calculus is that, since the
group algebra of the symmetric group and the Hecke algebra are quotients of the group algebra of the braid group,
their graphical calculi share deep similarities. From the theoretical point of view there is interest in diagrammatic
categorification in which Hecke algebras play an important role. For instance, the graphical calculus of the Hecke



algebra is of fundamental importance in the categorification of the Heisenberg algebra developed in [4]. In fact, in
the current paper we will provide proofs of some of the statements asserted there without proof.
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2 Graphical Description

In our work we are going to explore properties of the symmetrizer, antisymmetrizer and their relation. All these
entities are defined on the Hecke algebra.

Definition 1 (Hecke algebra.). Let F be a field of characteristic zero and consider ¢ # 0 an element of F, which is
not a nontrivial root of unity. For n > 2, the Hecke algebra Hy(q) is the F-algebra generated by tq, ..., t,—1 with
relations

(a) t2=q+ (¢g—1)t; fori=1,2,...,n—1,
(b) t;t; =t;t; fori,j=1,2,...,n—1 such that |j —i| > 1,

(¢) titivit; =tipatitipa fori=1,2,....,n—2.

By convention, we set Hy(q) = H1(q) = F. We let 1 denote the identity element of H,(q). The algebra H,, has
a basis {t, }seces, where for o € &, t, =t;, ---t;,, where 0 = s;, -+ s;, is a reduced expression for o.

Throughout our work we shall make use of a graphical description of the Hecke algebra formalized below. The
graphical description of the Hecke algebra is the F-module generated by planar diagrams modulo local relations
(Hecke algebra relations). The diagrams are oriented compact 1-manifolds immersed in the strip [0, 1] x R, modulo
rel boundary isotopies. The endpoints of the 1-manifold are located at {0} x {1,2,...,n} and {1} x {1,2,...,n}.
In such a description, the element ¢; is represent by crossing the ith and (i 4+ 1)th lines. There is also a natural
product defined by gluing diagrams. The local relations are as follows.

(1) ey ] (5 — T O S ] (" e

i+2 i+2

Notice that if we set ¢ = 1 in Definition [} then H, (1) is the group algebra of the symmetric group &,,.

Definition 2. We define the homomorphism p : H,(q) — Hy,(q) by p(t;) = tn—;. This homomorphism is in fact
a automorphism called the ‘flipping’ automorphism. Diagrammatically, this automorphism performs a flip in the
horizontal axis. For example, the image of the element totytst; under the flipping automorphism is t3titoty.
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3 The Symmetrizer and The Antisymmetrizer

Definition 3. In H,(q), let m,k be positive integers such that k < k+m — 1 < n. Define the homomorphism
it Gy — G, by

(k=1 +ot+(1—k), te{kk+1,.. . k+(m—1)}

(5) L??(J)(t){t, te{l,2,....k—1k+m,...,n}.

We define the symmetrizer to be

1
(6) Skkt1,.. kb (m—1) = ! Z tim (o)
T 6ea,,
Where [n]q! = [1]4[2]q - - [n — 1]g[nlq and
n—1 .
(7) [nlg = Z q"
i=0

It is depicted by a white box enveloping the strings from k to k + (m — 1).

1
2

k—1
k
k+1

k4 (m—2)
k4 (m—1)
k+m

n—1
n

.....

Remark 1. Given k, m,n positive integers such that k +m — 1 < n, there exists a natural embedding of H,,(q)
into Hy,(q) with relation to the kth string given by

Iy« Hy(q) — Hp(q)
ti = thti—1-

In view of this the following statements for the symmetrizer S and for the (to be defined) antisymmetrizer A are
also valid for S . r4m—1 and Ak, g4m—1-

1
2
k—1
1 k
2 k+1
3 I
4 —
5
: k4 (m—2)
m k+(m—1)
k+m

n—1
n




The next result tells us that crossings may be absorbed by the symmetrizer at the cost of a factor g.

Theorem 1. For alli € {1,2,...,n — 1} we have t;S = ¢S = St;.

(8) 1+1DC T4 i - :7:4;1 - DC

Proof. Leti € {1,2,...,n—1} be afixed integer. Let A = {0 € &,,;£(s;0) > {(0)} and B = {0 € &,;{(s;0) < ¢(0)}.

Let f : A — B be the function defined by f(c) = s;0. We must prove that f is a bijection. In fact, clearly f
is injective, to show that f is onto let 7 € B. The permutation s;7 is in A since £(s;(s;7)) = £(1) > £(s;7),
furthermore f(s;7) = 7. In view of this we may rewrite the symmetrizer as

9) S = LZ(tmtvtf(c,)).

[n}q!UEA
On the other hand,
(10) ti(tg + tf(a)) =tite +lilyo) =) + tiQtU =tro) T qlo + (¢ — 1)titg = q(tf(a) +ty),

where we have used that t;t, = ts,,, since £(s;0) = (o) + £(s;) for 0 € A. Therefore we have

1 1
(11) tiS = Wzti(% +tr0)) = WZQ(%(J) +1s) =4qS.
TocaA T oca
The other equality follows by symmetry. O

Lemma 1. (a) For a giveni € {1,2,...,n+ 1}, let GSJ)FI ={re€Gps1;7(n+1)=1i}. Then

(12) Z qf(‘r) _ qn+1fi Z qé('r)'

7_6657’:)»1 TES,

(b) For a given positive integer n we have the following identity,

(13) ! =Y "

ceS,

Proof. (a) In fact, it is easy to see that equation holds for ¢ = n 4+ 1. Since the correspondence ¢ — ¥g,

where ¢ = (i,i+1,...,n,n+ 1), between 627:31 and 6531 is a bijection we can write
(14) Z qf(T) — Z qf(llwﬁ).
"’665111 4)665;:;1)

We claim that £(v¥¢) = £(¢p) + €(¢). Consider the sets ® of the inversions of the permutation ¢ and
U={({,n+1);n+1>¢(j)>1i}. These sets are disjoint since ¢(n + 1) = n + 1 and it is a straightfor-
ward case-by-case analysis to check that both are subsets of the set of inversions of ¢, whence we have
that

L) = #(V U @) = £(¢) + £(¢).

Since £(¢) < L(Y) + £(¢) we conclude that £(¢p) = £(v)) 4+ £(¢p). Then equation becomes
(15) Z qf(T) - Z q@(¢)+f(¢) - qf(w) Z q€(¢') =gt Z q€(¢').

res!), pesnhy pesniy $EG,



(b) We shall prove by induction on n. For n = 1 it is trivial. Suppose the equality holds for some positive integer

n and we shall prove it holds for n + 1. Let GS_)H = {7 € G,q1;7(n+ 1) =i}. It is easy to see that these
sets are disjoint and their union is equal to &,,+1. Thus we may write:

(16) Z qé("'): Z €(7)+ Z 7')_|_ -4 Z T)+ Z qé("').

S el el ree),  resl

By Lemma[Ij(a) we have that

(17) Z o(r) anrlfi Z qZ(T)

TGGELJ)rl TES,

then, using our induction hypothesis that

[n]q' = Z q5(7)7

T€EG,

we can rewrite equation to obtain

(18) > ") =" nlg!+q" T nlgt - Falnlg!+ Il = (@ " D) [l = [ 1glnlg! = [n+1]g)
TES 11

The next result tells us that bigger symmetrizers absorb smaller ones.

Theorem 2. If 1<a<a+b<n+1, then

(19) SSa ..... a+(b—1) = Sk,...,kJr(mfl) = Sa ..... a+(b71)S~
1 1
a—1 . a—1
a a
(20) . =
+(b—1) : a+(b-1)
a+b - a+b
n n

Proof. By definition of S, ,45—1) We have,

1
(21) Sa,.ato-1)S = ( o >t b(a>> = ol > (tr0)9)-
€6y

aEGb
Now, applying Theorem [1| we obtain,
1 1 (¢"@)
(22) oA > (tin(0)S) = orp 3 (¢"83).
geBy €Sy
Finally, by the distributive law and Lemma b)7

(23) |Z —(b'Zq ) S. O

O'GG oeBy



Theorem 3. We have the following recursive relation

1
(24) S = ——[1+t1 +tats +tatots + -+ tn_1tn_2---t1]52, . n.

[n]q

1

[n]q ; h :

. . . . n—1 e
n n n n n D n

(25)

G w e
G w o e
G w o e
G w =

Proof. By definition of Sy, we have that

1 1
(26) m[l +t ot 4+t ]S, = ! 1+t +tat1+ - +tpo1---t1] Z tn1(e)
c€G, 1
As we have seen in the proof of Lemma a)7 fori=0,1,...,n—2and 0 € &,,_1,
(27) it - tltL;“l(a) = t81+isi'”81L;71(U)'
Furthermore, the sets L371(6n71)7 legfl(Gn,l), 3231@71(6”,1), ceySn_18p_2 """ le’;*l(Gn,l) are pairwise dis-
joint, since they each fix different subsets of {1,2,...,n}, and their union equals &,, since we have n! distinct
elements of G,,.
Then we can write equation as
1
il H i bttt t] D e
a 0€G,-1
1
e D ST S
DRl (< o€s1 8 NS pno1) 0€sp 1510 H(Sp1)
1
= t
Dt
[n]q.UEGn
(28) = 6.
By and we conclude that
1
(29) S = W[l‘i‘tl +tot1 +tatots + -+ tu_itn_o- - t1]S2, n O
q
Corollary 1. We have the following recursive relation
1
(30) S = W[l +tpo1 +tp—otn_1 +tn_gtn_atn_1+ - +tita-ty_1]S1, n-1-
q
) ) : 1 j 1 ' . X
(31) = — i + s + s "
5 [n]q 5 n—2

- - ) n—2 n-—2 N n—2
n — n —_— n n n e

Proof. The image of S under the flipping automorphism p is S. Thus applying p on both sides of equation of
Theorem |3| we obtain equation . O]

Corollary 2. We have the following relations:



1 1 —— 1
2 2 —  E— 2
1 [
(32) : = — i 4
5 [n]q 5 —— — 5
,, N I
(ii)
1 T — 1
2
1 g [ _
(33) : = 4+
5 Nlg n—2— — n—2
[l 1
n—1—of I— "o

Proof. (i) Multiply equation , on the left, by and use Theorem |1

ce W o =

1

(i) Multiply equation (31]), on the left, by " and use Theorem |1

n—2
n—1
n -

Definition 4. Let m, k be positive integers such that k < k+m — 1 <n. We define the antisymmetrizer to be
1

(34) Ak,k+1,...,k+(m—1) = Wq’ll Z (*Q)%(”)t%n(g).
eSS,

It is depicted by a black box enveloping the strings from & to k + (m — 1).

1
2

k-1
k
k+1

k+ (m —2)
k4 (m—1)
k+m

n—1

n

.....

As noted in Remark [I] all the statements below about the antisymmetrizer A are also valid for Ay . gym—1.
The next result tells us that crossings may be absorbed by the antisymmetrizer at the cost of a sign.

Theorem 4. For alli € {1,2,...,n — 1} we have t;,A = —A = At,.

1 1 1

5 7 _ i i
(3 ) i+ 1 i+ 1 i+1

n n n




Proof. Leti € {1,2,...,n—1} be afixed integer. Let L = {0 € &,,;{(s;0) > ¢(0)} and B = {0 € &,,;(s;0) < £(0)}.
Let f: L — B be the function defined by f(o) = s;0. As we have seen in the proof of Theorem [} f is a bijection.
In view of this we may rewrite the antisymmetrizer as

(36) A= ﬁz((_qyao)ta T (— U@, ).

On the other hand,
(=)t + (=) U Dtg0)) = () Dtity + ()it
:(,q)fé(a)tf(a) + (fq)ff(f(cf))tfta
= —q(=q) "D ts0) + (=)D (gt + (g — Dtit,)
= — (=) "V Dts0) = (=) Dty — (—g) VD (1 - g)tit,)
(37) == (ts(0) +1o),
where we have used that t;t, = ts,,, since £(s;0) = (o) + £(s;) for o € A. Therefore we have

(38) t;A= = ,Zt Do+ (—¢) Vi)

1 —L(o —L(f(o
= 1 (0 o+ (20 ) = -4
oc€A

The other equality follows by symmetry. O

The next result tells us that bigger antisymmetrizers absorb smaller ones.

Theorem 5. If1<a<b+a<n+1, then

(39) AA,,..., a+(b—1) = A= Aa,...,aJr(bfl)A-
1 1
a—1 . a—1
(40) a _ a
a+(b-1) . a+(b-1)
a+b " a+b

n n

Proof. By definition of A, ,4@—1) We have,

1 —L(o
(41) Aa,...,a+(b—1>A:< P tw)A i1 2 (C0 7ty A).

ceBy

Now, applying Theorem [] we obtain,

(42) _1' Z fb(U>A q 1' Z (o) )E(U)A _1’ Z 72(0)14

q cEG, TEG, q TEG,
Finally, by the distributive law, together with the fact that
(43) Blgt= Y a7,
geSy

which is Lemma (b) after replacing q by ¢!,

T (g T) - m

‘1 oEG, oEG,

we have




Theorem 6. We have the following recursive relation

= —q "t1T—q “la2l1 —q “lglaly + - —q n—1ln—2- " 11]A2,. . n-
(45) A i -[1 Y+ q ot Statots + -+ (—q) "t t]A
o
1 | 1T 1o (—1)mt
(46) 1 = —|. — — +747+"'+T .
., e 40— ¢ q L

Proof. By definition of Ay ., we have that

L e L S e
.
1 _ _ _ _
e e R G e R B S S e
q c€S, 1
As we have seen in the proof of Lemma a), fori=0,1,...,n—2and 0 € §,,_1,
(48) Brpitio b1 =t e o)
Furthermore, the sets (271 (S,_1), 5162 N (Gpn_1), 52517 H(Sp 1), ..., Sp18n_2 - s1t2 " H(S,,_1) are pairwise dis-
2 2 2 2
joint, since they each fix different subsets of {1,2,...,n}, and their union equals &,, since we have n! distinct

elements of G,,.
Then we can write equation (47) as

1 - — —n —L(o
[n] L+ (o)t (o) Pt o () T ey ] Z () )tbgfl(w
q_l. €S,
1 . o (o
= o ot Y () e+t > (—9)""t,
a o€l (& n1) o€s1 8 NS pno1) 0Esn_1-81h (Sn1)
— 1 —{(0)
T Z (—q) to
q ceS,
(49) = A
By and we conclude that
(50) A= [1—q 't +q %oty — q tstats + -+ (=) "tno1tn_o- - t1]As . O

[n]q*1

Corollary 3. We have the following recursive relation

(51) A = [’I’L] R [1 - qiltn—l + q72t7z—2t7z—1 - qigtn—3tn—2tn—1 + -+ (_q)lintth et tn—l]Al,...,n—l-
a
(52) _ L., S 1
) oL 0 ke 7T .
X ";l£ ' i

Proof. Tt is easy to check that the image of A under the flipping automorphism p is A. Thus applying p on both
sides of equation of Theorem @ we obtain equation . O

Corollary 4. We have the following relations:



s W
—_
s W

(ii)

1
: | 1—1[nl,-1 .-
(54) : L Ve
5 [n]q—l n—2 [n]q—l n—2
n—1 n—1
o
Proof. (i) Multiply equation , on the left, by : i and use Theorem (4
1
(ii) Multiply equation , on the left, by " and use Theorem [4
n—2
n-—1

n

Proposition 1. Fori € 1,2,...,n—1 we have that A; ;11541 =0=5;i414;i41-

i—1 : i—1 :
i i
(55) =0=
i+1 i+1
i+2 - i+2
n n
Proof.
1 - r 1 1 1
. 2 2 2
i—1 -
. i—1 i—1 i—1 i—1
| j:t = (1 . ) : + . ‘ —q
i1 | | i+l i+l i+l i+l
:2 [2]‘1 [2]‘171 i+2 i+2 i+2 i+2
n : n—1 n—1 n—1 n—1
r 1 !l 1
2 2 — 2
1 1 i1 -] i—1
_ i -1y 1
- <[2] 2,1 | LG R N G I S -
q- q- i+2 i+ i+2
n—1 n—1 n—1
L . n n

2 2 2
i—1 i—1 i-1

—1 i ( —1) i

q L, XX =, +(1—-q ), X
i4+2 i+2 i+2
n—1 n—1 n—1

10



Corollary 5. If a symmetrizer and an antisymmetrizer have at least two strings in common, then their product is
zero.

Proof. Suppose that the common strings to the symmetrizer Sy ., and to the antisymmetrizer A, ; are j and
j + 1. Then,

(56)  Sk,..mAa,.. b= (Sk,..mSji+1)(Ajj+14a,. . ) = Sk...m(Sji+14; i+1)Aa, b = Sk,...m(0)Aq, p=0. O

In [2], the author develops a graphical calculus corresponding to the contraction of indices of tensors. It is
possible to extend this concept to the Hecke algebra case, but doing so requires a more detailed knowledge of the
representation theory of the Hecke algebra. We hope to pursue this idea in a future paper.
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