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Xinhou Hua and Rémi Vaillancourt 315

J.1. Permutability and iteration (I): Julia’s point 315

J.2. Permutability and iteration (II): The Fatou version 317

J.3. Permutability and iteration (III): Ritt’s approach 321

Appendix K. The Last 60 Years in Permutable Maps
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Preface

Our goal is to tell the story of the development of complex dynamics in the
first half of the 20th century. We introduce the reader to the mathematics we cover
through its origins in the 19th century. We then provide additional context for
our work through discussions of differential equations, in particular, the relation of
Henri Poincaré to the study of complex dynamics and the problem of small divisors.

The works of Pierre Fatou and Gaston Julia, and the controversial events sur-
rounding their work, take up the middle third of our story. But the study of
complex dynamics in the first half of the 20th century did not stop with Fatou and
Juila’s exploration of rational functions, and so we cover subsequent developments
in the last third of our narrative, including the beginnings of transcendental and
algebraic dynamics, as well as a detailed examination of the center problem, which
culminated in 1942 with Carl Ludwig Siegel’s successful solution of a small divisors
problem that links complex dynamics to KAM theory.

The conclusion of our own narrative, however, does not signal the end of our
book: we include numerous appendices, the bulk of which are written by mathe-
maticians currently involved in the development of complex dynamics. Our hope
is that they underscore the connections between current research and its history.

Our book ends with the usual back matter—a glossary, a detailed index and
an exhaustive bibliography—but we also include four appendices of our own devis-
ing: Two contain extended biographical sketches of Fatou and Julia, and the next
consists of capsule biographies of many of the other mathematicians whose work
you encounter along the way. Our last appendix discusses the computer graphics
we use to illustrate the works we discuss. Appendices where the author’s name is
not given were written by us.

Some brief comments regarding our methodology: Unless explicitly noted,
translations are our own. For the sake of notational coherence, we have made very
inconsequential changes in notation in some of our direct quotations. For example,
most functions will be referred to as f whether or not that was the name used by
the author. However, when we refer to an equation number in our quotations, you
may assume the author did likewise, although obviously using a different number.

Most of the technical terms we use are introduced in the first chapter and can
be located through the index where their first reference will be to their definition.
Definitions of terms introduced later are indexed similarly. Bibliographical citations
are keyed by the publication date and a name is added only if the citation is unclear.

We hope you enjoy our work. In the words of the great Stan Lee, we produced
the kind of story we ourselves would enjoy reading.∗

∗The actual quote is, “For just once, I would do the type of story I myself would enjoy
reading. . . ” (Lee [1974, p. 17]).
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Glossary

Note: Italicized terms in the glossary indicate another glossary entry.

C: The extended complex plane or the Riemann sphere.
D: The open unit disc: {z : |z| < 1}.
H: The upper half-plane: {z : �(z) < 1}.
I: The iterative family of f , that is, the set I = {fn : n = 0, 1, . . . }.

Abel functional equation: The functional equation A ◦ f = A + c, where f is known,
and c is a complex constant. In the canonical Abel functional equation, c = 1.

antecedent: An image of a point z under the iteration of f , that is, fn(z), where n ∈ N.
attracting cycle (or orbit): An attracting fixed point or attracting periodic orbit. We

will refer generically to an attracting periodic orbit or an attracting fixed point as an
attracting orbit, attracting cycle or attractor.

attracting fixed point: Given a function f , a fixed point λ satisfying |f ′(λ)| < 1. If
f ′(λ) = 0 then the fixed point λ is a superattracting fixed point.

attracting periodic orbit of order p: A periodic orbit of order p such that

∣∣∣∣ d

dz
fp(λk)

∣∣∣∣ =
∣∣∣∣∣∣
p−1∏
k=0

f ′(λk)

∣∣∣∣∣∣ < 1.

Also called an attracting cycle.

backward orbit: The set O−(z) = {f−n(z) : n = 0, 1, 2, . . . }, where f−1 is the total
inverse of f . One can also consider the orbit of a point under a branch of the inverse.

Baker domain: A region D in C, forward invariant under f , with an essential singu-
larity a ∈ ∂D, with the property that while no orbits O+(z) originating in D have
an accumulation point in D, there is a p ∈ N such that for all z ∈ D, fpk(z) → a as
k → ∞.

basin of infinity: If the point at infinity is an attracting fixed point, then its domain of
convergence is referred to as the basin of infinity.

Böttcher functional equation: The functional equation B ◦ f = (B)k where f is
known, and k is the order of the first nonzero term in the Taylor series of f expanded
about a point c.

Cantor set: A totally disconnected, perfect set.
center: Given a function f , a point λ satisfying f(λ) = λ where iteration is conformally

equivalent to a rotation of D. Alternatively, λ is a center if it is satisfies the canonical
Schröder functional equation S ◦ f = f ′(λ) · S, on a neighborhood surrounding λ.

completely invariant domain: A connected component D of the Fatou set such that
f(D) ⊆ D and f−1(D) ⊆ D for all branches of the inverse of f .

consequent: A preimage of a point z under the iteration of f , that is, a point w such
that z = fn(w), where n ∈ N.

critical point: A point z such that f ′(z) = 0.
critical value: The point w = f(z), where z is a critical point of f .

degree of a rational function: If f = p/q is a rational function, the maximum of
{deg f,deg q}, written deg f .

derived set: The set S′ of limit points of a given set S.

379



380 GLOSSARY

domain: An open, connected set in C. Sometimes this will be part of the name of a
particular set and is not intended to imply that the set is open or connected; for
example, the domain of nonnormality is closed, and the domain of normality can be
an infinite union of open, connected sets.

domain of convergence: The set of all z such that fk(z) converges to a fixed point λ,
often denoted A(λ). It is possible that this set has infinitely many connected com-
ponents in which case the component containing λ is called the immediate domain of

convergence.
domain of nonnormality: The set of points z from C on which the iterative family I

is not a normal family on neighborhoods of z. Also called the Julia set of f .
domain of normality: The set of points z from C on which the iterative family I is a

normal family on some neighborhood of z. Also called the Fatou set of f .

entire function: An analytic function which is single valued at all finite points of the
plane.

exceptional value: Let F be a family of analytic (or meromorphic) functions on a do-
main D. If w 	∈

⋃
f∈F f(D), then then w is an exceptional value for F on D.

Fatou set: For a given function f the domain of normality for the iterative family I.
Since this term did not come into common usage until the 1980s, our use of it is
somewhat anachronistic.

filled-in Julia set: The union of the Julia set J and the set of all z ∈ C for which the
forward orbit of z, under f , is bounded. This is usually applied when J is a closed
curve in which case the filled-in Julia set equals the union of J and its interior.

fixed point: A point λ satisfying f(λ) = λ for a given function f .
forward invariant: A connected component D of the Fatou set such that f(D) ⊆ D.

It is also referred to as an invariant domain. If a forward invariant domain is also
invariant for the total inverse of f , that is, if f−1(D) ⊆ D for all branches of the
inverse, it is said to be completely invariant.

forward orbit: The set O+(z) = {fn(z) : n = 0, 1, 2, . . .}.
fundamental circle: A circle C in C such that f(C) = C and f(Int(C)) = Int(C).

Herman ring: A doubly connected component D of the Fatou set of f which is confor-
mally isomorphic to an annulus A on which iteration by f (or some iterate of f) is
conformally equivalent to a rotation of A. It is an example of a rotation domain.

immediate domain of convergence: The component D of the domain of convergence
of an attracting fixed point λ that contains λ. If the domain of convergence only con-
sists of one component, then the domain of convergence coincides with the immediate
domain of convergence.

invariant domain: A connected component D of the Fatou set such that f(D) ⊆ D.
An invariant domain is sometimes called forward invariant. If an invariant domain is
also invariant under all branches of the total inverse of f , that is, if f−1(D) ⊆ D for
all branches of the inverse, it is completely invariant.

irrationally neutral or indifferent fixed point: Given a function f , a fixed point λ
where |f ′(λ)| = 1 but is not a root of unity.

iterative family: The set I = {fn : n = 0, 1, . . . }.

Julia set: For a given function f , the domain of nonnormality for the iterative family
I. For rational functions of degree two or more, this is is equivalent to the closure
of the set of repelling periodic points. Since this term was not used until at least the
1920s and did not come into common usage until the 1980s, our use of it is somewhat
anachronistic.

Kœnigs’ linearization theorem: Let f be analytic on a neighborhood of λ. If λ is a
fixed point of f satisfying 0 < |λ| < 1, then there is a conformal mapping S from a
neighborhood of λ onto a neighborhood of the origin satisfying the canonical Schröder
functional equation, S ◦ f = f ′(λ)S.

Lattès function: A rational function l whose Julia set equals the entire Riemann sphere.
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limit function: A function L on a component D of the Fatou set of f , such that a
subsequence of the iterative family I converges uniformly to L on compact subsets of
D.

meromorphic function: A function which has a pole at one or more points z in a
domain D is said to be meromorphic on D.

Montel’s normality criterion: Let F be a family of meromorphic functions on a do-
main D. If F has at least three exceptional values on D, then it is a normal family
on D. If the family is analytic, only two exceptional values are sufficient.

multiplicity of a fixed point λ: The multiplicity of a fixed point λ viewed as a root of
f(z) = z. Since f(z) = z reduces to

0 = (λ− z) + a1(z − λ) + an+1(z − λ)n+1 + · · · ,
near λ, its multiplicity is greater than one only when the multiplier f ′(λ) = a1 is one,
in which case the multiplicity equals n+ 1.

multiplier of a fixed point: The quantity f ′(λ) where λ is a fixed point of f .

neighborhood of infinity: The set {z : |z| > R}, usually for large R.
neutral (or indifferent) fixed point: Given a function f , a fixed point λ with |f ′(λ)| =

1. A neutral fixed point is rationally neutral or indifferent if f ′(λ) is a root of unity;
if it is not, λ is an irrationally neutral or indifferent fixed point.

normal family: A family of functions F is normal on a domain D if every sequence of
functions from F contains a subsequence fn which converges uniformly on compact
subsets of D, or converges uniformly to ∞ on D.

periodic orbit of order p: The set O+(z0) = {z0, z1 = f(z), . . . , zp−1 = fp−1(z)},
where p is a periodic point of order p.

periodic point of order p: A point z satisfying fp(z0) = z0, for p ∈ N, with fk(z0) 	=
z0 for 0 < k < p− 1.

Picard’s Big Theorem: In any neighborhood of an isolated essential singularity, an
analytic function takes on every value of C except at most one. Each nonomitted value

is taken on an infinite number of times in this neighborhood. The omitted value is
called an exceptional value. For the case of an essential singularity of a meromorphic
function, two values are excluded.

Picard’s Little Theorem: An entire function from C to C that omits two or more
values is constant.

Poincaré functional equation: The functional equation f ◦ θ = θ ◦ (s · I), where f is
known, and s is a complex constant. Usually, s = f ′(λ) where λ is a fixed point of f
with |s| ≥ 1.

post-critical set: The union of the sets O+(w), as w ranges over the set of critical values
of f .

preimage of a point z: A point w such that z = fn(w), where n ∈ N.
properly discontinuous group: Our usage is intended to suggest how the term was

used when those mathematicians we wrote about used it. The action of a group G is
discontinuous on a set D if G contains no infinitesimal transformations; that is, there is
no element g 	= I of G such that g(z) is infinitesimally close to z for all z ∈ D. If there
are points in D where an infinitesimal transformation exists, a discontinuous group is
improperly discontinuous at that point, a term that is generally out of use nowadays;
otherwise, its action is properly discontinuous. See Forsyth [1918, pp. 717–719].

rational function: A complex function f = p/q, where p and q are polynomials.
rationally neutral or indifferent fixed point: Given a function f , a fixed point λ

where |f ′(λ)| is a root of unity.
repelling cycle (or orbit): A repelling fixed point or repelling periodic orbit.
repelling fixed point: A fixed point λ of a function f with |f ′(λ)| > 1.
repelling periodic orbit of order p: A periodic orbit of order p such that

∣∣∣∣ d

dz
fp(λk)

∣∣∣∣ =
∣∣∣∣∣∣
p−1∏
k=0

f ′(λk)

∣∣∣∣∣∣ > 1.
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Also called a repelling cycle.
rotation domain: The collective name for a Siegel disc or a Herman ring.

Schröder functional equation: The functional equation S ◦f = c ·S, where f is known
and c is a complex constant. In the canonical Schröder functional equation, c = f ′(λ)
where λ is a fixed point of f .

d’un seul tenant: Used by Fatou and Julia to describe path connectedness. Julia gave
the following definition: a set is d’un seul tenant if, given ε > 0, “one can find in the
set a succession of points beginning and ending with the two points, such that the
distance of each to the one following it is less than ε” [1918a, p. 58].

Siegel disc: A singly connected region D of the Fatou set of f which is conformally
isomorphic to D on which f (or some iterate of f) is conformally equivalent to a
rotation of D. It is an example of a rotation domain. The fixed point is called a center.

singular domain: A component of the Fatou set of f such that the iterative family I
has nonconstant limit functions.

superattracting fixed point: Given a function f , a point λ satisfying f(λ) = λ and
|f ′(λ)| = 0.

total inverse: The multifunction defined by f−1(z) = {w : f(z) = w}.
total orbit: The union of the forward orbit O+(z) and the backward orbit O−(z).

wandering domain: A component of the Fatou set D such that the infinite sequence
{fn(D)} is pairwise disjoint.
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[1999] The Julia-Wolff-Carathéodory theorem(s), Complex Geom. Analysis in Pohang, 1997,
pp. 161–172; Contemp. Math., 222, AMS, Providence, 1999.

Abdo, G. and Godfrey, P.

[1999-W] Table of conformal mappings using continuous coloring, 1999, http://my.fit.edu/

~gabdo/.

Abel, N.H.
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[1935] Zur Theorie der Überlagerungsflächen, Acta Math., 65, 1935, pp. 157–194.
[1966] Complex Analysis, 2nd edition, McGraw-Hill, New York, 1966.
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[1930c] Sur l’équation intégrale de Volterra, Mathesis, 44, 1930, pp. 71–74.
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[1929a] Über die Winkelderivierten von beschränkten analytischen Funktionen, Sitzungs-
berichte Preuss Akad. Wiss. Berlin, Phys.-Math Kl., 1929, pp. 39–54.

[1929b] Stetige Konvergenz und normale Familien von Funktionen, Math. Ann., 101, 1929, pp.
515–533.
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Math.-Phys. Akad. Leipzig, 32, 1930, pp. 243–250.

[1930b] Ein Existenzbeweis der Kreisringabbildung zweifach zusammenhängender schlichter
Bereiche, Berichte der Mathematisch.-Phys. Klasse der Sächsischen Akademie der Wis-
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pp. 65–88.
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pp. 694–696.

[1921d] Sur l’evanouissement d’une branche de fonction uniforme aux points d’une singulière,
Darboux Bull., (2), 45, 1921, pp. 65–81.
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[1926] Sur l’itération des fonctions transcendantes entières, Acta Math., 47, 1926, pp. 337–
370.
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[1941] Über einige Anwendungen der Operationen der gebrochenen und der komplexen Itera-
tion, Doklady Akad. Nauk USSR, (2), 31, 1941, pp. 835–836.

Gispert, H.
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Française d’Histoire des Sciences et des Techniques, Paris, 1991.

Gispert, H. and Hulin, N.
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[1930] Über konforme Abbildung des allgemeinen zweifach zusammenhängenden schlichten
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[1928] Über Folgen analytischer Funktionen, Math. Ann., 100, 1928, pp. 212–263.

van Haselen, H.

[1929] Van asymptotische ontwikkeling van holomorfe functies in een halfvlak, Proefschrift
Utrecht. VIII + 36 + II blz. Groningen, P. Noordhoff, 1929.
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165, 1917, pp. 819–823.

[1918] Rapport Humbert, Internal report on entries to the 1918 Grand Prix des Sciences
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[1918a] Mémoire sur l’itération des fonctions rationnelles, Grand Prix des Sciences
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fonctionnelles, Bull. SMF, 52, 1924, pp. 279–315 = Œuvres, III, article #61.

[1925a] Séries de fractions rationnelles d’itération, C.R. Acad. Sci. Paris, 180, 1925, pp. 563–
566 = Œuvres, II, article #62.
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[1884a] Sur une généralisation du théorème de Fermat, et ses rapports avec la théorie des
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ings of the International Congress of Mathematicians, Amsterdam, 1954, Vol. 1 pp.
315–333, Erven P. Noordhoff N.V., Groningen; North-Holland Publishing Co., Ams-
terdam, 1957. Engl. Transl., Abraham R., Foundations of mechanics, Benjamin, 1967,
Appendix D.

Koppe, M.

[1909] Die Iteration des Sinus und anderer Funktionen, Progr. (Nr. 115) Luisenstädt. Real-
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[1906] Sur les équations fonctionnelles qui définissent une courbe ou une surface invariante
par une transformation, Annali di Mat., 3, 13, 1906, pp. 1–137.

[1908] Nouvelles recherches sur les courbes invariantes par une transformation (X,Y ;x, y, y′),
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définie par son développement de Taylor, C.R. Acad. Sci. Paris, 126, 1898, pp. 632–634.
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[1917] L’histoire de la longitude à la mer, Augustin Challamel, Paris, 1917.

Marie, M.
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Toulouse, Ser. 3, 23, 1931, pp. 183–261.

Mayer, J.

[1990] An explosion point for the set of endpoints of the Julia set for λ exp(z). Ergodic Theory
Dynam. Systems, 10, 1990, pp. 177–184.

McMullen, C.

[1987] Area and Hausdorff dimension of Julia sets of entire functions., Trans. AMS, 300, 1,
1987, pp. 329–342.

Mellon, P.

[1996] Another look at results of Wolff and Julia type for J*-algebras, J. Math. Anal. Appl.,
198, 1996, pp. 444–457.

Mendès-France, M.

[1988] Nevertheless, Math. Intelligencer, 10, 4, 1988, p. 35.

Mercer, P.R.

[1999] On a strengthened Schwarz-Pick inequality, J. Math. Anal. Appl., 234, 1999, pp. 735–
739.

[2000] Another look at Julia’s lemma, Complex Variables Theory Appl., 43, 2000, pp. 129–138.

Milloux, H.

[1926] Sur le théorème de Picard, Bull. SMF, 53, 1926, pp. 181–207.



BIBLIOGRAPHY 415

Milnor, J.W.

[2004] “On Lattès’ maps”, in Dynamics on the Riemann sphere. A Bodil Branner Festschrift,
P. Hjorth and C.L. Petersen, eds., European Math. Soc., 2006.

[2006a] Dynamics in one complex variable, 3rd edition, Princeton Univ. Press, 2006.

Minetti, S.

[1933] Un teorema generale sulle successioni di funzioni convergenti verso una funzione olo-
morfa, Rend. Accad. Lincei Roma, (6) 17, 1933, pp. 58–61.

Mineur, H.
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[1912b] Sur quelques généralisations des théorèmes de M. Picard, C.R. Acad. Sci. Paris, 155,

1912, pp. 1000–1003.

[1916] Sur les familles normales de fonctions analytiques, Ann. Sci. Éc. Norm. Sup., Ser. 3,
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[1918b] Sur les polynômes d’approximation, Bull. SMF, 46, 1918, pp. 151–192.
[1922a] Sur les familles quasi-normales, C.R. Acad. Sci. Paris, 174, 1922, pp. 22–24.
[1922b] Sur les familles quasi-normales de fonctions méromorphes, C.R. Acad. Sci. Paris, 175,
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Festschrift), 7, 1929.

[1970] Analytic functions, Die Grundlehren der Mathematischen Wissenschaften in Einzel-
darstellungen (translated by Phillip Emig), Springer-Verlag, New York, 1970.

Nevo, S.

[2001a] Applications of Zalcman’s lemma to Qm-normal families, Analysis, 21, 2001, pp. 289–
325.

[2001b] Normality properties of the family {f(nz): n ∈ N}, Comput. Methods Function Theory,
1, 2001, pp. 375–386.

[2003a] Generating quasinormal families of arbitrary degree and order, Analysis, 23, 2003, pp.
125–149.

[2003b] Transfinite extension to Qm-normality theory, Results in Mathematics, 44, 2003, pp.
141–156.

Newton, I.

[1687] Philosophiae Naturalis Principia Mathematica, S. Pepys, Societatas Regalis, London,
1987.

[1713] Philosophiae Naturalis Principia Mathematica, 2nd edition, Cornelius Crawford, Cam-
bridge, 1713.

Nicoletti, O.

[1906] Sulla teoria dell’ iterazione, Mem. Soc. It. Sci., (3), 14, 1906, pp. 181–257.
[1907] Sulla teoria della convergenza degli algoritmi di iterazione, Annali di Mat., (3), 14,

1907, pp. 1–32.
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[1900] Sur une classe de surfaces algébriques dont les coordonnées s’expriment par les fonc-
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existence des intégrales uniformes. Solutions asymptotiques., Gauthier-Villars et Fils.,
Paris, 8◦, 1892, pp. 385.
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l’Académie Royale des Sciences 1666–1793, Ed. Flammarion, Champs Sciences, Paris,
1978.

Sarason, D.

[1988] Angular derivatives via Hilbert space, Complex Variables Theory Appl., 10, 1988, pp.
1–10.

Saunders, E.S.

[1978] The Archives of the Academy of Sciences, French Historical Studies, 10, No. 4., 1978,
pp. 696–702.

Saxer, W.

[1928a] Über quasi-normale Funktionsscharen und eine Verschärfung des Picardschen Satzes,
Math. Ann., 99, 1928, pp. 707–737.

[1928b] Sur la structure des familles normales de fonctions méromorphes, C.R. Acad. Sci.
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[1925c] Sur les fonctions méromorphes qui sont exceptionnelles relativement au théorème de
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Kongress Zürich, 2, 1932, Orell Füssili, Zürich, pp. 36–37.
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Capitant, René (1901–1970), 356

Carathéodory, Constantin (1873–1950),

269, 286, 301, 366

cited by Julia, 138

Schwarz’s Lemma, 138

Carnel cemetery, Lorient, 345
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classes préparatoires aux Grandes Écoles,
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consequent

definition, 35

Cooke, Roger L. (1942–), 40

Coulomb, Jean (1904–1999)

Julia necrology [1978], 351

Courant Institute

New York University, 364

Cowen, Carl C. (1945–), 309, 310

CPGE, see classes préparatoires aux
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répétiteur, 355
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cited Poincaré in [1901], 114

Lattès dissertation committee, 53, 114
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Mémoire sur l’itération des fonctions
rationnelles, see [1918a]

military service, 115, 353–354

battle at Chemin des Dames, 116–117

wound, 116–117



444 INDEX

monetary reward for 1918 Grand Prix
des Sciences Mathématiques, 129
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Schröder functional equation, 216–217

Abel functional equation, 17, 36

biography, 361–362

discussed by Julia in [1918a], 137, 142

division of the plane problem, 20–21,
114, 177
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Lattès function, 115, 126–127, 169–171

method of majorants, 41

necrology by Buhl, 167

normal families, 167

permutable functions, 55

Pfeiffer functional equation, 55, 108

Pincherle, 183



446 INDEX
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110

[1916b], 96

[1917], 96, 100–105, 202, 234

Diophantine numbers, 106

divergent solutions, Schröder equation,
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Böttcher functional equation, 268, 321



INDEX 451

[1922]

permutable functions, 322
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The theory of complex dynamics, whose roots lie in 19th-century studies 
of the iteration of complex function conducted by Kœnigs, Schöder, and 
others, flourished remarkably during the first half of the 20th century, 
when many of the central ideas and techniques of the subject developed. 
This book by Alexander, Iavernaro, and Rosa paints a robust picture of 
the field of complex dynamics between 1906 and 1942 through detailed 
discussions of the work of Fatou, Julia, Siegel, and several others.

A recurrent theme of the authors’ treatment is the center problem in 
complex dynamics. They present its complete history during this period 
and, in so doing, bring out analogies between complex dynamics and 
the study of differential equations, in particular, the problem of stability 
in Hamiltonian systems. Among these analogies are the use of iteration 
and problems involving small divisors which the authors examine in the 
work of Poincaré and others, linking them to complex dynamics, prin-
cipally via the work of Samuel Lattès, in the early 1900s, and Jürgen 
Moser, in the 1960s.

Many details will be new to the reader, such as a history of Lattès func-
tions (functions whose Julia set equals the Riemann sphere), complex 
dynamics in the United States around the time of World War I, a survey 
of complex dynamics around the world in the 1920s and 1930s, a discus-
sion of the dynamical programs of Fatou and Julia during the 1920s, and 
biographical material on several key figures. The book contains graph-
ical renderings of many of the mathematical objects the authors discuss, 
including some of the intriguing fractals Fatou and Julia studied, and 
concludes with several appendices by current researchers in complex 
dynamics which collectively attest to the impact of the work of Fatou, 
Julia, and others upon the present-day study.
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