HISTORY OF
MATHEMATICS
VOLUME 38

Early Days
in Complex Dynamics

A History of Complex Dynamics
in One Variable During 1906—1942

Daniel S. Alexander
Felice lavernaro
Alessandro Rosa

American Mathematical Society

London Mathematical Society



Early Days
in Complex Dynamics

A History of Complex Dynamics
in One Variable During 1906—1942






https://doi.org/10.1090/hmath/038

HISTORY OF MATHEMATICS
VOLUME 38

Early Days
in Complex Dynamics

A History of Complex Dynamics
in One Variable During 1906—1942

Daniel S. Alexander
Felice lavernaro
Alessandro Rosa

The London
Mathematical
AMERICAN MATHEMATICAL SOCIETY Society

e, Rhode Island London, England




Editorial Board

American Mathematical Society London Mathematical Society
Joseph W. Dauben June Barrow-Green
Peter Duren Raymond Flood
Robin Hartshorne Christopher Linton
Karen Parshall, Chair Tony Mann, Chair

2010 Mathematics Subject Classification. Primary 01A55, 30-03, 01A60.

For additional information and updates on this book, visit
www.ams.org/bookpages/hmath-38

Library of Congress Cataloging-in-Publication Data

Alexander, Daniel S.

Early days in complex dynamics : a history of complex dynamics in one variable during 1906—
1942 / Daniel S. Alexander, Felice Iavernaro, and Alessandro Rosa.

p. cm. — (History of mathematics ; v. 38)

Includes bibliographical references and index.

ISBN 978-0-8218-4464-9 (alk. paper)

1. Tterative methods (Mathematics) 2. Analytic functions. I. Iavernaro, Felice, 1967— II. Rosa,
Alessandro, 1974— III. Title.

QA297.8.A439 2011
518’.26—dc23
2011014903

Copying and reprinting. Individual readers of this publication, and nonprofit libraries
acting for them, are permitted to make fair use of the material, such as to copy a chapter for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for such
permission should be addressed to the Acquisitions Department, American Mathematical Society,
201 Charles Street, Providence, Rhode Island 02904-2294 USA. Requests can also be made by

e-mail to reprint-permission@ams.org.

(© 2012 by the American Mathematical Society. All rights reserved.
Printed in the United States of America.

The American Mathematical Society retains all rights
except those granted to the United States Government.
The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
The London Mathematical Society is incorporated under Royal Charter
and is registered with the Charity Commissioners.
Visit the AMS home page at http://www.ams.org/

10987654321 17 16 15 14 13 12



Contents

List of Figures

Preface
Acknowledgments
Part 1. Preliminaries

Chapter 1. A Complex Dynamics Primer

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.

1.8.

Signs of life

Newton’s method: The inspiration for complex dynamics?
Schroder: The cornerstones of a theory of iteration
Schréder and functional equations

Fundamental concepts of iteration

Newton’s method on the Riemann sphere: Two examples

Towards a deeper understanding of the local theory:
The work of Keenigs and his students

The problem of the division of the plane

Chapter 2. Introduction: Dynamics of a Complex History

2.1.
2.2.
2.3.

Introduction
Our story begins: Fatou’s 1906 notice
Where we are headed

Chapter 3. Iteration and Differential Equations I:

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.
3.8.
3.9.

The Poincaré Connection
Introduction: Poincaré and the roots of complex dynamics
Methods for continuous systems
Poincaré’s return map: An early use of iteration
Stable or not stable: That is the question
Lattes’ thesis: Closer connections with complex iterates
Lattes’ extension of the return map
Analogies between iteration and differential equations
A numerical method

Concluding remarks

xi

xiii

XV

N Ot e WwWw

11
13

17
20

23
23
24
29

33
33
38
41
49
53
54
o8
99
60



vi

CONTENTS

Chapter 4. TIteration and Differential Equations II:

4.1.
4.2.
4.3.
4.4.
4.5.

Part 2.

Small Divisors
Introduction: Big problems from small divisors
Poincaré encounters small divisors
Small divisors in the work of Cigala and Levi-Civita
Small divisors in perturbation theory

Concluding remarks

The Core (1906-1920)

Chapter 5. Early Overseas Results: The United States

5.1.
5.2.
5.3.
5.4.
5.5.
5.6.
0.7.
5.8.
5.9.

Introduction

Pfeiffer and irrationally neutral fixed points
Kasner’s mapping of conformal angles
Pfeiffer: The dawn of a new perspective
Pfeiffer and Diophantine numbers

A Dbrief glance at Cremer’s 1927 paper
Pfeiffer and the functional equation ¢ = f
On Bennett’s work

Concluding remarks

Chapter 6. The Road to the

6.1.
6.2.
6.3.
6.4.
6.5.
6.6.
6.7.

Grand Prixz des Sciences Mathématiques
The 1918 edition
One
Doctor in mathematics
The controversy between Fatou and Julia
The third man
Other conversations

Concluding remarks: The awarding of the prizes

Chapter 7. Works Written for the Grand Priz

7.1.
7.2.
7.3.
7.4.
7.5.
7.6.

Introduction

Julia: Mémoire sur l'itération des fonctions rationnelles
Fatou: Sur les équations fonctionnelles

The first men into (parameter) space

Lattes: The lost manuscript

Concluding remarks

Chapter 8. Iteration in Italy

8.1.
8.2.
8.3.

The Italian tradition
Andreoli and Tricomi

Pincherle’s encyclopedia entries

67
67
72
7
81
90

95
95
96
97
100
105
107
108
109
110

113
113
115
118
119
126
126
128

131
131
133
148
165
167
179

181
181
181
183



8.4.
8.5.

8.6.
8.7.

CONTENTS

Early steps: Pincherle and graphical iteration

Pincherle: From functional equations to... Pincherle-
Julia sets?

The Pincherle-Mandelbrot set? Pincherle’s Grand Prix entry

Concluding remarks

Chapter 9. The Giants Fall

9.1.
9.2.
9.3.
9.4.
9.5.
9.6.

Part 3.

Introduction: Centers...and frictions
Julia’s (non?) centered approach
Julia’s (not so) final verdict on centers
Fatou’s singular approach

The possibilities for singular domains

Concluding remarks

After-Maths (1920-1942)

Chapter 10. Branching Out: Fatou and Julia in the 1920s

10.1.
10.2.
10.3.
10.4.
10.5.
10.6.
10.7.

Introduction

The trilogy of permutable rational maps
Seeds of dynamics for algebraic functions
Fatou’s solo in transcendental dynamics

Julia’s dynamical program

Self-maps of the unit disc

Concluding remarks

Chapter 11. The German Wave

11.1.
11.2.
11.3.
11.4.
11.5.
11.6.
11.7.
11.8.
11.9.

Introduction

Tteration in Germany: Historical overview

Transalpine transitions: Placing Cremer in post-war Germany
The bequest of Fatou and Julia

Cremer: Who is he? What did he do?

Cremer’s noncenters

Cremer’s 1932 paper I: The existence of noncenters

The 1932 paper II: Doubly connected singular domains

Concluding remarks

Chapter 12. Siegel, the Center Problem, and KAM Theory

12.1.
12.2.
12.3.
12.4.
12.5.
12.6.

Full circle!

Stable once more

Solved at last

Siegel and the center problem

KAM theory: A new approach to small divisors

Concluding remarks

184

186
187
196

197
197
198
202
204
208
209

213
213
216
219
221
225
226
227

229
229
230
231
232
232
235
242
246
252

253
253
253
254
260
261
265



viii CONTENTS

Chapter 13. Iteratin’ Around the Globe 267
13.1. Introduction 267
13.2. Ritt: Iterate on, Columbia, iterate 267
13.3. Remoundos: Iterated algebraic functions in Greece 269
13.4. Tambs-Lyche: Centers in Norway 270
13.5. Complex dynamics in Japan: Shimizu and Oka 271
13.6. Radu Badescu: Fatou, Julia, and the Abel equations 273
13.7. Back to Germany: Hans T6pfer 275
13.8. Concluding remarks 277

Part 4. Tying the Future to the Past

Appendix A. Report on the Grand Priz des Sciences Mathématiques
in 1918 281

Appendix B. A History of Normal Families
JOEL L. SCHIFF 285

Appendix C. Singular Lines of Analytic Functions
A1MO HINKKANEN 291

Appendix D. Kleinian Groups
KATSUHIKO MATSUZAKI 295

Appendix E. Curves of Julia
SANFORD L. SEGAL 297

Appendix F. Progress in Julia’s Extension of Schwarz’s Lemma
PETER R. MERCER 301

Appendix G. The Denjoy—Wolff Theorem
KATSUHIKO MATSUZAKI 303

Appendix H. Dynamics of Self-Maps of the Unit Disc
LAWRENCE A. HARRIS, DAVID SHOIKHET,
MARK ELIN, AND SIMEON REICH 307

Appendix I. Koebe and Uniformization

JoHN W. MILNOR 313

Appendix J. Permutable Maps in the 1920s
XINHOU HUA AND REMI VAILLANCOURT 315
J.1. Permutability and iteration (I): Julia’s point 315
J.2.  Permutability and iteration (IT): The Fatou version 317
J.3.  Permutability and iteration (III): Ritt’s approach 321

Appendix K. The Last 60 Years in Permutable Maps
XINHOU HUA AND REMI VAILLANCOURT 325

K.1. Introduction 325



CONTENTS

K.2. Schréder’s functional equation

K.3. Permutable rational functions

K.4. Permutable transcendental entire functions

K.5. Permutable transcendental meromorphic functions

K.6. Other dynamical properties of permutable functions
Appendix L. Understanding Julia Sets of Entire Maps

DIERK SCHLEICHER

L.1. Introduction

L.2. Dynamics of Polynomials

L.3. Dynamics of Transcendental Entire Functions

L.4. A Transcendental Function Which is Not Understood

Appendix M. Fatou: A Biographical Sketch
M.1. Fatou the mathematician
M.2. The Private Fatou
M.3. A Fatou genealogy

Appendix N. Gaston Julia: A Biographical Sketch
N.1. Julia’s early years
N.2. Julia’s academic career
N.3. Julia under suspicion
N.4. A Julia Genealogy

Appendix O. Selected Biographies

Appendix P. Remarks on Computer Graphics
P.1. Introduction
P.2. Escape time method and its variants
P.3. Domain coloring
P.4. Grid-maps

Glossary
Bibliography

Index

326
326
327
328
328

331
331
334
336
340

341
341
345
348

351
351
354
356
356

359

371
371
371
374
377

379
383
433






List of Figures

1.1 The dynamics of Newton’s method for f(z) = 2% — 422 —32+5 14
1.2 A Siegel disc 15
1.3 Ernst Schroder and Gabriel Keoenigs 17
1.4 The local viewpoint, circa 1900 18
2.1 Pierre Fatou 24
3.1 Equilibrium points of an ODE 44
3.2 The Poincaré return map 45

Color Plates

1 Herman ring for f(z) = % 63
2 Julia set for the function fs(z) = % 63
3 Fatou and Julia set for the function g(z) = 22% 63
4 Julia sets for f(z) = 2% +¢ 64
5 Newton’s method for the cubic 64
6 Fatou’s Archipelago 64
7 Pincherle’s o, = 22 — a 65
8 Julia set for z — # 66
9 Lattes’ example 66
10 Baker domains IT 66
11 Domain Coloring 66
4.1 The Poincaré return map on a torus 84
4.2 Andrei Nikolajewitsch Kolmogorov 89
5.1 Iteration around a neutral fixed point 96
5.2 Edward Kasner 97
5.3 Curvilinear angles 98
6.1 Gaston Julia and Emile Borel 116
6.2 Members of the Académie 123

6.3 The flow of events 125

xi



7.1
7.2
7.3
7.4

8.1
8.2

9.1
9.2
9.3

10.1

11.1

12.1
12.2

B.1

G.1

M.1

N.1

P.1

LIST OF FIGURES

Iteration near a point in the Julia set

Schwarz’s Lemma (a), the corollary (b), and Julia’s extension (c)
Depictions of Fatou-Julia-Leau flowers

Koch Snowflake

Salvatore Pincherle and Francesco Tricomi

Graphical iteration

A global view of fixed points, circa 1920
Julia’s exploration of centers

Fatou’s exploration of singular domains
Baker domain I
Hubert Cremer

Carl Ludwig Siegel

Jiirgen Moser
Paul Montel
Arnaud Denjoy
Fatou’s family tree
Julia’s family tree

Grid Maps

136
139
147
163

182
185

198
201
205

222

233

260
262

286

304

349

357

377



Preface

Our goal is to tell the story of the development of complex dynamics in the
first half of the 20th century. We introduce the reader to the mathematics we cover
through its origins in the 19th century. We then provide additional context for
our work through discussions of differential equations, in particular, the relation of
Henri Poincaré to the study of complex dynamics and the problem of small divisors.

The works of Pierre Fatou and Gaston Julia, and the controversial events sur-
rounding their work, take up the middle third of our story. But the study of
complex dynamics in the first half of the 20th century did not stop with Fatou and
Juila’s exploration of rational functions, and so we cover subsequent developments
in the last third of our narrative, including the beginnings of transcendental and
algebraic dynamics, as well as a detailed examination of the center problem, which
culminated in 1942 with Carl Ludwig Siegel’s successful solution of a small divisors
problem that links complex dynamics to KAM theory.

The conclusion of our own narrative, however, does not signal the end of our
book: we include numerous appendices, the bulk of which are written by mathe-
maticians currently involved in the development of complex dynamics. Our hope
is that they underscore the connections between current research and its history.

Our book ends with the usual back matter—a glossary, a detailed index and
an exhaustive bibliography—but we also include four appendices of our own devis-
ing: Two contain extended biographical sketches of Fatou and Julia, and the next
consists of capsule biographies of many of the other mathematicians whose work
you encounter along the way. Our last appendix discusses the computer graphics
we use to illustrate the works we discuss. Appendices where the author’s name is
not given were written by us.

Some brief comments regarding our methodology: Unless explicitly noted,
translations are our own. For the sake of notational coherence, we have made very
inconsequential changes in notation in some of our direct quotations. For example,
most functions will be referred to as f whether or not that was the name used by
the author. However, when we refer to an equation number in our quotations, you
may assume the author did likewise, although obviously using a different number.

Most of the technical terms we use are introduced in the first chapter and can
be located through the index where their first reference will be to their definition.
Definitions of terms introduced later are indexed similarly. Bibliographical citations
are keyed by the publication date and a name is added only if the citation is unclear.

We hope you enjoy our work. In the words of the great Stan Lee, we produced
the kind of story we ourselves would enjoy reading.*

*The actual quote is, “For just once, I would do the type of story I myself would enjoy
reading. ..” (Lee [1974, p. 17]).
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Glossary

Note: Italicized terms in the glossary indicate another glossary entry.

The extended complex plane or the Riemann sphere.

The open unit disc: {z: |2| < 1}.

: The upper half-plane: {z: R(z) < 1}.

The iterative family of f, that is, the set Z={f" :n=0,1,...}.

REFAQ

Abel functional equation: The functional equation Ao f = A + ¢, where f is known,
and c is a complex constant. In the canonical Abel functional equation, ¢ = 1.

antecedent: An image of a point z under the iteration of f, that is, f™(z), where n € N.

attracting cycle (or orbit): An attracting fized point or attracting periodic orbit. We
will refer generically to an attracting periodic orbit or an attracting fized point as an
attracting orbit, attracting cycle or attractor.

attracting fixed point: Given a function f, a fized point \ satisfying |f/(\)| < 1. If
f'(X) = 0 then the fixed point A is a superattracting fized point.

attracting periodic orbit of order p: A periodic orbit of order p such that

p—1
=[] r0ow| <1

d
—IP(\k)
‘dz o

Also called an attracting cycle.

backward orbit: The set O~ (2) = {f™™(2) : n = 0,1,2,...}, where f~! is the total
inverse of f. One can also consider the orbit of a point under a branch of the inverse.

Baker domain: A region D in C, forward invariant under f, with an essential singu-
larity a € 9D, with the property that while no orbits Ot (2) originating in D have
an accumulation point in D, there is a p € N such that for all z € D, fpk(z) — a as
k — oo.

basin of infinity: If the point at infinity is an attracting fized point, then its domain of
convergence is referred to as the basin of infinity.

Béttcher functional equation: The functional equation B o f = (B)* where f is
known, and k is the order of the first nonzero term in the Taylor series of f expanded
about a point c.

Cantor set: A totally disconnected, perfect set.

center: Given a function f, a point X satisfying f(\) = A where iteration is conformally
equivalent to a rotation of D). Alternatively, A is a center if it is satisfies the canonical
Schréder functional equation So f = f/(A\) - S, on a neighborhood surrounding .

completely invariant domain: A connected component D of the Fatou set such that
F(D) C D and f~(D) C D for all branches of the inverse of f.

consequent: A preimage of a point z under the iteration of f, that is, a point w such
that z = f™(w), where n € N.

critical point: A point z such that f/(z) = 0.

critical value: The point w = f(z), where z is a critical point of f.

degree of a rational function: If f = p/q is a rational function, the maximum of
{deg f,deg q}, written deg f.
derived set: The set S’ of limit points of a given set S.

379
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GLOSSARY

domain: An open, connected set in C. Sometimes this will be part of the name of a
particular set and is not intended to imply that the set is open or connected; for
example, the domain of nonnormality is closed, and the domain of normality can be
an infinite union of open, connected sets.

domain of convergence: The set of all z such that f¥(z) converges to a fixed point A,
often denoted A(M). It is possible that this set has infinitely many connected com-
ponents in which case the component containing X is called the immediate domain of
convergence.

domain of nonnormality: The set of points z from € on which the iterative family T
is not a mormal family on neighborhoods of z. Also called the Julia set of f.

domain of normality: The set of points z from C on which the iterative family T is a
normal family on some neighborhood of z. Also called the Fatou set of f.

entire function: An analytic function which is single valued at all finite points of the
plane.

exceptional value: Let F be a family of analytic (or meromorphic) functions on a do-
main D. If w & Upe 7 f(D), then then w is an exceptional value for 7 on D.

Fatou set: For a given function f the domain of normality for the iterative family .
Since this term did not come into common usage until the 1980s, our use of it is
somewhat anachronistic.

filled-in Julia set: The union of the Julia set J and the set of all z € C for which the
forward orbit of z, under f, is bounded. This is usually applied when J is a closed
curve in which case the filled-in Julia set equals the union of J and its interior.

fixed point: A point X satisfying f(A\) = A for a given function f.

forward invariant: A connected component D of the Fatou set such that f(D) C D.
It is also referred to as an invariant domain. If a forward invariant domain is also
invariant for the total inverse of f, that is, if f~1(D) C D for all branches of the
inverse, it is said to be completely invariant.

forward orbit: The set Ot (2) = {f"(z):n=0,1,2,...}.

fundamental circle: A circle C in C such that f(C) = C and f(Int(C)) = Int(C).

Herman ring: A doubly connected component D of the Fatou set of f which is confor-
mally isomorphic to an annulus A on which iteration by f (or some iterate of f) is
conformally equivalent to a rotation of A. It is an example of a rotation domain.

immediate domain of convergence: The component D of the domain of convergence
of an attracting fired point A that contains A. If the domain of convergence only con-
sists of one component, then the domain of convergence coincides with the immediate
domain of convergence.

invariant domain: A connected component D of the Fatou set such that f(D) C D.
An invariant domain is sometimes called forward invariant. If an invariant domain is
also invariant under all branches of the total inverse of f, that is, if f~1(D) C D for
all branches of the inverse, it is completely tnvariant.

irrationally neutral or indifferent fixed point: Given a function f, a fized point A
where |f’(\)| = 1 but is not a root of unity.

iterative family: Theset Z={f":n=20,1,...}.

Julia set: For a given function f, the domain of nonnormality for the iterative family
Z. For rational functions of degree two or more, this is is equivalent to the closure
of the set of repelling periodic points. Since this term was not used until at least the
1920s and did not come into common usage until the 1980s, our use of it is somewhat
anachronistic.

Koeenigs’ linearization theorem: Let f be analytic on a neighborhood of A. If X is a
fized point of f satisfying 0 < |A| < 1, then there is a conformal mapping S from a
neighborhood of A\ onto a neighborhood of the origin satisfying the canonical Schrider
Sfunctional equation, S o f = f'(\)S.

Lattés function: A rational function | whose Julia set equals the entire Riemann sphere.
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limit function: A function L on a component D of the Fatou set of f, such that a
subsequence of the iterative family 7 converges uniformly to L on compact subsets of
D.

meromorphic function: A function which has a pole at one or more points z in a
domain D is said to be meromorphic on D.

Montel’s normality criterion: Let F be a family of meromorphic functions on a do-
main D. If F has at least three exceptional values on D, then it is a normal family
on D. If the family is analytic, only two exceptional values are sufficient.

multiplicity of a fixed point A\: The multiplicity of a fized point X viewed as a root of
f(z) = z. Since f(z) = z reduces to

0=M\—2)F+a1(z=NFant1(z=N"T1 ...

near ), its multiplicity is greater than one only when the multiplier f'(\) = a1 is one,
in which case the multiplicity equals n + 1.
multiplier of a fixed point: The quantity f/()\) where X is a fixed point of f.

neighborhood of infinity: The set {z : |z| > R}, usually for large R.

neutral (or indifferent) fixed point: Given a function f, a fized point XA with | f/(\)| =
1. A neutral fixed point is rationally neutral or indifferent if f/(\) is a root of unity;
if it is not, A is an irrationally neutral or indifferent fixed point.

normal family: A family of functions F is normal on a domain D if every sequence of
functions from F contains a subsequence f, which converges uniformly on compact
subsets of D, or converges uniformly to co on D.

periodic orbit of order p: The set OF(20) = {20,21 = f(2),...,2p—1 = fP~1(2)},
where p is a periodic point of order p.

periodic point of order p: A point z satisfying f?(z0) = zo, for p € N, with f¥(z0) #
zo for 0 <k <p-—1.

Picard’s Big Theorem: In any neighborhood of an isolated essential singularity, an
analytic function takes on every value of C except at most one. Each nonomitted value
is taken on an infinite number of times in this neighborhood. The omitted value is
called an exceptional value. For the case of an essential singularity of a meromorphic
function, two values are excluded.

Picard’s Little Theorem: An entire function from C to C that omits two or more
values is constant.

Poincaré functional equation: The functional equation f o6 = 6o (s-I), where f is
known, and s is a complex constant. Usually, s = f’(\) where X is a fized point of f
with |s| > 1.

post-critical set: The union of the sets O1 (w), as w ranges over the set of critical values
of f.

preimage of a point z: A point w such that z = f™(w), where n € N.

properly discontinuous group: Our usage is intended to suggest how the term was
used when those mathematicians we wrote about used it. The action of a group G is
discontinuous on a set D if G contains no infinitesimal transformations; that is, there is
no element g # I of G such that g(z) is infinitesimally close to z for all z € D. If there
are points in D where an infinitesimal transformation exists, a discontinuous group is

improperly discontinuous at that point, a term that is generally out of use nowadays;
otherwise, its action is properly discontinuous. See Forsyth [1918, pp. 717-719].

rational function: A complex function f = p/q, where p and ¢ are polynomials.

rationally neutral or indifferent fixed point: Given a function f, a fized point X\
where |f’()\)] is a root of unity.

repelling cycle (or orbit): A repelling fized point or repelling periodic orbit.

repelling fixed point: A fized point X of a function f with |f/(\)] > 1.

repelling periodic orbit of order p: A periodic orbit of order p such that

'd%fp@k)

p—1
=TI Fow|>1
k=0



382

GLOSSARY

Also called a repelling cycle.
rotation domain: The collective name for a Siegel disc or a Herman ring.

Schroder functional equation: The functional equation So f = ¢-S, where f is known
and c is a complex constant. In the canonical Schroder functional equation, ¢ = f/(X)
where A is a fized point of f.

d’un seul tenant: Used by Fatou and Julia to describe path connectedness. Julia gave
the following definition: a set is d’un seul tenant if, given € > 0, “one can find in the
set a succession of points beginning and ending with the two points, such that the
distance of each to the one following it is less than €¢” [1918a, p. 58].

Siegel disc: A singly connected region D of the Fatou set of f which is conformally
isomorphic to D on which f (or some iterate of f) is conformally equivalent to a
rotation of D. It is an example of a rotation domain. The fized point is called a center.

singular domain: A component of the Fatou set of f such that the iterative family T
has nonconstant, limit functions.

superattracting fixed point: Given a function f, a point A satisfying f(\) = X and
)] = 0.

total inverse: The multifunction defined by f=1(2) = {w : f(2) = w}.
total orbit: The union of the forward orbit O%(z) and the backward orbit O~ (z).

wandering domain: A component of the Fatou set D such that the infinite sequence
{f™(D)} is pairwise disjoint.
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The theory of complex dynamics, whose roots lie in 19th-century studies
of the iteration of complex function conducted by Keenigs, Schoder, and
others, flourished remarkably during the first half of the 20th century,
when many of the central ideas and techniques of the subject developed.
This book by Alexander, Iavernaro, and Rosa paints a robust picture of
the field of complex dynamics between 1906 and 1942 through detailed
discussions of the work of Fatou, Julia, Siegel, and several others.

A recurrent theme of the authors’ treatment is the center problem in
complex dynamics. They present its complete history during this period
and, in so doing, bring out analogies between complex dynamics and
the study of differential equations, in particular, the problem of stability
in Hamiltonian systems. Among these analogies are the use of iteration
and problems involving small divisors which the authors examine in the
work of Poincaré and others, linking them to complex dynamics, prin-
cipally via the work of Samuel Lattes, in the early 1900s, and Jiirgen
Moser, in the 1960s.

Many details will be new to the reader, such as a history of Lattes func-
tions (functions whose Julia set equals the Riemann sphere), complex
dynamics in the United States around the time of World War I, a survey
of complex dynamics around the world in the 1920s and 1930s, a discus-
sion of the dynamical programs of Fatou and Julia during the 1920s, and
biographical material on several key figures. The book contains graph-
ical renderings of many of the mathematical objects the authors discuss,
including some of the intriguing fractals Fatou and Julia studied, and
concludes with several appendices by current researchers in complex
dynamics which collectively attest to the impact of the work of Fatou,
Julia, and others upon the present-day study.
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