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Pèmpto biblÐo thc Sunagwg c tou P�ppou tou Alexandrèwc.O Jeìc, axiìtime MegejÐwn, èdwse stouc anjr¸pouc thn idiìthta na katanooÔnth sofÐa kai ta majhmatik� se �risto kai teleiìtato bajmì, èdwse ìmwc kai seorismèna apì ta z¸a en mèrei aut n thn ikanìthta. Stouc anjr¸pouc, pou èqounto q�risma tou lìgou, èdwse thn ikanìthta na k�noun ta p�nta sÔmfwna me touckanìnec thc logik c kai thc apìdeixhc, en¸ sta upìloipa z¸a èdwse to q�risma nak�noun mìno ì,ti eÐnai qr simo kai wfèlimo gi� th zw  tou k�je eÐdouc, sÔmfwname k�poia prìnoia thc fÔshc. Autì mporeÐ kaneÐc na to parathr sei se poll� eÐdhz¸wn, kai idÐwc stic mèlissec.EÐnai pr�gmati axiojaÔmasth h org�nws  touc kai h peijarqÐa touc stic arqh-goÔc twn koinwni¸n touc, kai akìmh piì axiojaÔmasth h filotimÐa kai h kajariìthtame thn opoÐa sullègoun to mèli kai h frontÐda kai h t�xh me thn opoÐa to apojh-keÔoun. GiatÐ afoÔ, ìpwc xèroume, oi jeoÐ touc èqoun anajèsei thn apostol  naprosfèroun stouc proikismènouc apì tic moÔsec anjr¸pouc autì to komm�ti am-brosÐac, ekeÐnec den katadèqthkan na to enapojètoun ìpou tÔqei sto q¸ma   stoxÔlo,   se opoiod pote �llo �morfo kai akatèrgasto ulikì, all�, sullègontac taeugenèstera ulik� apì ta wraiìtera �njh pou futr¸noun sth g , kataskeu�zoundoqeÐa gi� thn apoj keush tou melioÔ, tic legìmenec khr jrec, pou eÐnai ìlec Ðseckai ìmoiec metaxÔ touc kai èqoun sq ma ex�gwno. Kai ja doÔme amèswc oti autì tomhqaneÔontai akolouj¸ntac ènan gewmetrikì kanìna. Autì pou endièfere kurÐwctic mèlissec  tan na sqhmatÐzoun doqeÐa pou na eÐnai to èna dÐpla sto �llo kaina ef�ptontai kat� tic pleurèc, ¸ste na mhn eisqwroÔn sta mesodiast mata xènas¸mata pou na katastrèfoun to mèli. Autì mporoÔsan na to petÔqoun me trÐaeujÔgramma sq mata, ki enno¸ bèbaia sq mata kanonik�, isìpleura kai isog¸nia,giatÐ ta asÔmmetra sq mata den �resan stic mèlissec. Ta isìpleura trÐgwna loi-pìn, kai ta tetr�gwna kai ta ex�gwna mporoÔn, an topojethjoÔn to èna dÐpla sto�llo, na èqoun tic pleurèc touc efaptìmenec, qwrÐc ken� pou na katastrèfoun thsummetrÐa. GiatÐ h epif�neia pou brÐsketai gÔrw apì èna shmeÐo kalÔptetai apì èxiisìpleura trÐgwna kai èxi gwnÐec, k�je mÐa apì tic opoÐec eÐnai ta 2/3 thc orj c,  apì tèssera tetr�gwna kai tèsseric orjèc gwnÐec,   apì trÐa ex�gwna kai treÐcgwnÐec exag¸nou, pou h k�je mÐa touc isodunameÐ me 1 kai 1/3 thc orj c. En¸trÐa pent�gwna den arkoÔn gi� na kalÔyoun thn epif�neia gÔrw apì èna shmeÐo,kai ta tèssera perisseÔoun. GiatÐ oi treÐc gwnÐec tou pentag¸nou isodunamoÔn meligìtero apì tèsseric orjèc, en¸ oi tèsseric gwnÐec isodunamoÔn me perissìteroapì tèsseric orjèc. En¸ den eÐnai dunatì na qwrèsoun oÔte trÐa ept�gwna me koi-nèc pleurèc gÔrw apì èna shmeÐo, giatÐ oi treÐc gwnÐec eptag¸nou isodunamoÔn me3



perissìtero apì tèsseric orjèc. Kai autì isqÔei akìmh perissìtero gi� ta po-lugwnìtera sq mata. Efìson loipìn up�rqoun trÐa sq mata pou na mporoÔn nakalÔyoun pl rwc thn epif�neia gÔrw apì èna shmeÐo, to trÐgwno, to tetr�gwno kaito ex�gwno, oi mèlissec eÐqan th sofÐa na epilèxoun gi� to skopì touc to sq mame tic perissìterec gwnÐec, giatÐ kat�laban oti ekeÐno qwr�ei perissìtero mèli apìta �lla dÔo.Kai oi mèlissec bèbaia xèroun mìno ì,ti touc eÐnai qr simo, oti dhlad  to ex�-gwno eÐnai megalÔtero apì to tetr�gwno kai to trÐgwno kai mporeÐ na qwrèsei pe-rissìtero mèli, en¸ gi� thn kataskeu  kai twn tri¸n sqhm�twn katanalÐsketai hÐdia akrib¸c posìthta ulikoÔ. EmeÐc ìmwc pou uposthrÐzoume oti eÐmaste sofìteroiapì tic mèlissec, ja exet�soume to jèma bajÔtera.

4



EISAGWGHSthn ergasÐa aut  melet�me to klasikì isoperimetrikì prìblhma ston Rn,kaj¸c kai merik� apì ta pio shmantik� isoperimetrik� probl mata se metrikoÔcq¸rouc pijanìthtac:1. To isoperimetrikì prìblhma sto epÐpedo eÐnai èna prìblhma elaqÐstou:Apì ìla ta epÐpeda qwrÐa pou èqoun to Ðdio embadìn A, na brejoÔn ekeÐna pouèqoun el�qisth perÐmetro.To prìblhma autì apasqìlhse touc gewmètrec apì thn arqaiìthta: mèsa apìaploÔc gewmetrikoÔc sullogismoÔc, o Zhnìdwroc katèlhxe sthn arq  oti o dÐ-skoc eÐnai h lÔsh tou. PolÔ argìtera, o Steiner èdwse tic pr¸tec apodeÐxeic touoti, an up�rqei lÔsh sto prìblhma tìte upoqreoÔtai na eÐnai o dÐskoc. H austhr apìdeixh thc Ôparxhc lÔshc eÐnai sunèpeia thc isoperimetrik c anisìthtacP 2(K) � 4�A(K);pou isqÔei gia k�je qwrÐo me sÔnoro leÐa apl  kleist  kampÔlh. Sto pr¸to mèrocaut c thc ergasÐac perigr�foume ènan apì touc sullogismoÔc tou Steiner, kaj¸ckai mia apìdeixh thc isoperimetrik c anisìthtac pou ofeÐletai ston Hurwitz kaik�nei qr sh seir¸n Fourier.Sto deÔtero mèroc thc ergasÐac, dÐnoume dÔo apodeÐxeic thc isoperimetrik canisìthtac @(K) � njDnj 1n jKjn�1ngia kurt� s¸mata ston Rn. H pr¸th basÐzetai sthn anisìthta Brunn - Minkowskipou afor� thn sqèsh an�mesa ston ìgko kai to �jroismaMinkowski: An A;B eÐnaimh ken� sumpag  uposÔnola tou Rn, tìtejA+Bj 1n � jAj 1n + jBj 1n :DÐnoume dÔo apodeÐxeic thc anisìthtac Brunn-Minkowski: h mÐa qrhsimopoieÐ talegìmena stoiqei¸dh sÔnola (Lyusternik), h �llh basÐzetai sthn apeikìnish touKn�othe kai dÐnei thn anisìthta sthn kurt  perÐptwsh.Gia thn deÔterh apìdeixh thc isoperimetrik c anisìthtac, melet�me thn mèjodothc summetrikopoÐhshc kat� Steiner. Me thn mèjodo aut , xekin¸ntac apì tu-qìn kurtì s¸ma kai ektel¸ntac diadoqikèc summetrikopoi seic odhgeÐtai kaneÐc ses¸mata osod pote kont� se mp�la. O ìgkoc diathreÐtai se k�je b ma, en¸ h epi-f�neia mikraÐnei. Ena epiqeÐrhma sÔgklishc pou basÐzetai sto je¸rhma epilog c5



tou Blaschke deÐqnei oti h mp�la eÐnai h lÔsh tou isoperimetrikoÔ probl matoc anperioristoÔme sthn kl�sh twn kurt¸n swm�twn.DÐnoume dÔo akìma efarmogèc thc summetrikopoÐhshc. Parousi�zoume thnlÔsh pou èdwse o Blaschke sto prìblhma twn tess�rwn shmeÐwn tou Sylvester, kaimÐa prìsfath apl  apìdeixh thc anisìthtac Blaschke - Santal�o gia to ginìmeno twnìgkwn enìc summetrikoÔ kurtoÔ s¸matoc kai tou polikoÔ tou.2. To genikeumèno isoperimetrikì prìblhma gia ènan metrikì q¸ro pijanìthtac(X; d; �) diatup¸netai wc ex c:Gi� k�je � 2 (0; 1) kai k�je " > 0 na brejoÔn ekeÐna ta uposÔnola A tou X pouèqoun mètro �(A) = � kai h "-epèktas  touc A" = fx 2 X : d(x;A) � "g èqei toel�qisto dunatì mètro.An èna uposÔnolo tou X eÐnai lÔsh tou parap�nw probl matoc gia k�je " > 0,tìte lème oti èqei el�qisth epif�neia gia to dosmèno mètro �. Sta pio fusiologik�paradeÐgmata metrik¸n q¸rwn pijanìthtac, h lÔsh tou parap�nw probl matoc eÐnaih Ðdia gia k�je " > 0 kai emfanÐzei pollèc summetrÐec:(a) An X = Sn�1 eÐnai h EukleÐdeia monadiaÐa sfaÐra me thn gewdaisiak metrik  kai to analloÐwto wc proc tic strofèc mètro pijanìthtac, tìte h lÔsh touisoperimetrikoÔ probl matoc eÐnai h d-mp�laB(x; r) = fx 2 Sn�1 : d(x; x0) � rg:DÐnoume apìdeixh autoÔ tou isqurismoÔ k�nontac qr sh thc sfairik c summetriko-poÐhshc.(b) An X = f�1; 1gn eÐnai o q¸roc tou Cantor me thn fusiologik  metrik d(x; y) = 1n jfi � n : xi 6= yigj kai to fusiologikì mètro aparÐjmhshc �(A) =jAj=2n, tìte p�li h lÔsh tou isoperimetrikoÔ probl matoc dÐnetai apì tic d-mp�lec.(g) An X = Rn eÐnai o q¸roc tou Gauss me thn EukleÐdeia metrik  kai to mètropijanìthtac pou èqei puknìthta thn (2�)�n=2 exp(�jxj2=2), tìte h lÔsh tou isope-rimetrikoÔ probl matoc dÐnetai apì touc hmiq¸rouc pou èqoun to dosmèno mètro�. DÐnoume apìdeixh autoÔ tou isqurismoÔ me b�sh thn sfairik  isoperimetrik anisìthta kai thn parat rhsh tou Poincar�e.Se ìla ta parap�nw paradeÐgmata up�rqei mÐa akìma par�metroc: h di�stashn. Sunèpeia thc lÔshc tou isoperimetrikoÔ probl matoc eÐnai se kajemÐa apì ticparap�nw peript¸seic h akìloujh parat rhsh:An A � X kai �(A) = 12 , tìte gia k�je " > 0 isqÔei�(A") � 1� c1 exp(�c2"2n);ìpou c1; c2 > 0 apìlutec stajerèc.Gia meg�lec diast�seic n, autì shmaÐnei oti an epekteÐnoume èstw kai lÐgo ènauposÔnolo mètrou 1=2 tìte autì pou perisseÔei eÐnai exairetik� mikrì apì thn �po-yh tou mètrou. Oi sumperiforèc dhlad  twn uposunìlwn tou q¸rou apì thn �poyhthc metrik c kai apì thn �poyh tou mètrou eÐnai polÔ diaforetikèc. To fainìmeno6



autì apokaleÐtai {sugkèntrwsh tou mètrou}. DÐnoume apeujeÐac apodeÐxeic tètoiwnektim sewn gia ìla ta paradeÐgmata pou anafèrame. To pleonèkthm� touc eÐnai otiparak�mptoun tic barièc teqnikèc pou apaitoÔntai gia thn akrib  lÔsh twn antÐstoi-qwn isoperimetrik¸n problhm�twn, usteroÔn ìmwc apì thn �poyh thc diaÐsjhshcme thn ènnoia oti h fÔsh twn epiqeirhm�twn pou qrhsimopoioÔntai eÐnai mìno me thn{eurÔterh ènnoia} gewmetrik .
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PERIEQOMENAI. H ISOPERIMETRIKH ANISOTHTA STO EPIPEDO1. To isoperimetrikì prìblhma sto epÐpedo.2. H lÔsh tou isoperimetrikoÔ probl matoc apì ton Steiner.3. H apìdeixh thc isoperimetrik c anisìthtac apì ton Hurwitz.II. H ISOPERIMETRIKH ANISOTHTA STON Rn1. OrismoÐ � Sumbolismìc.2. H anisìthta Brunn - Minkowski.3. SummetrikopoÐhsh kat� Steiner.4. Apìstash Hausdor� � To Je¸rhma epilog c tou Blaschke.5. Apìdeixh thc isoperimetrik c anisìthtac kai thc anisìthtac Brunn - Minkowskime th mèjodo thc Steiner summetrikopoÐhshc.6. To L mma tou C. Borell � Sugkèntrwsh tou ìgkou.7. To prìblhma twn tess�rwn shmeÐwn tou Sylvester.8. To polikì s¸ma enìc summetrikoÔ kurtoÔ s¸matoc � H anisìthta Blaschke -Santal�o.9. H apeikìnish tou Kn�othe � Mi� trÐth apìdeixh thc anisìthtac Brunn - Minkow-ski.III. SUGKENTRWSH TOU METROU � OIKOGENEIES L�EVY1. H isoperimetrik  anisìthta sth sfaÐra.2. Oikogèneiec L�evy.3. Diakrit� paradeÐgmata oikogenei¸n L�evy.4. {Isomorfik } isoperimetrik  anisìthta ston q¸ro tou Gauss.
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I. H ISOPERIMETRIKH ANISOTHTA STO EPIPEDO1. To isoperimetrikì prìblhma sto epÐpedo.1.1 To isoperimetrikì prìblhma sto epÐpedo diatup¸netai me dÔo trìpouc:(a) San èna prìblhma elaqÐstou:Apì ìla ta qwrÐa pou èqoun to Ðdio embadìn A, na brejoÔn ekeÐna pou èqounel�qisth perÐmetro.(b) San èna prìblhma megÐstou:Apì ìla ta qwrÐa pou èqoun thn Ðdia perÐmetro P , na brejoÔn ekeÐna pou èqounmègisto embadìn.1.2 Prèpei pr¸ta na orÐsoume ti akrib¸c ennooÔme me ton ìro qwrÐo: Ta qwrÐapou ja mac apasqol soun eÐnai aut� pou èqoun san sÔnorì touc mi� apl  kleist kampÔlh. Me ton ìro kampÔlh ennooÔme thn eikìna sto epÐpedo mi�c suneqoÔcsun�rthshc  : [a; b] ! R2. H kampÔlh lègetai kleist  an (a) = (b), kaiapl  an gi� k�je t1 6= t2 sto [a; b] isqÔei (t1) 6= (t2), me mình exaÐresh thnperÐptwsh t1 = a; t2 = b. Gia eukolÐa ja jewr soume akìma oti oi kampÔlec maceÐnai kat� tm mata leÐec: an (t) = (x(t); y(t)), jewroÔme oti up�rqei mi� diamèrisha = t0 < t1 < : : : < tn = b tou [a; b] tètoia ¸ste oi x(t); y(t) na eÐnai suneq¸cparagwgÐsimec se k�je (ti; ti+1) kai na up�rqoun oi pleurikèc touc par�gwgoi sek�je ti.1.3 Ta probl mata (a) kai (b) eÐnai duðk� me thn ex c ènnoia: K�je lÔsh touprobl matoc (a) eÐnai kai lÔsh tou probl matoc (b), kai antÐstrofa.Apìdeixh: Estw K mi� lÔsh tou probl matoc (a). Dhlad , an A(K) = A(L) tìteP (K) � P (L). JewroÔme opoiod pote qwrÐo W me P (K) = P (W ). BrÐskoume� > 0 tètoio ¸ste A(K) = A(�W ) = �2A(W ). Prèpei na isqÔei P (K) � P (�W ) =�P (W ) = �P (K), sunep¸c � � 1. Ara, A(K) = �2A(W ) � A(W ), dhlad to K èqei mègisto embadìn gi� th dosmènh perÐmetro. To K eÐnai kai lÔsh touprobl matoc (b).Me an�logo trìpo apodeiknÔetai oti k�je lÔsh tou probl matoc (b) eÐnai kailÔsh tou probl matoc (a). 2Apì ed¸ kai pèra loipìn den ja k�noume di�krish an�mesa sta dÔo probl matakai ja mil�me apl� gi� to isoperimetrikì prìblhma. Mi� akìma parat rhsh eÐnaioti h Ôparxh lÔsewn gia to prìblhma (a)   to prìblhma (b) den eÐnai profan c.Prèpei kaneÐc na apodeÐxei oti up�rqoun qwrÐa me dosmèno embadìn kai el�qisthperÐmetro (antÐstoiqa, me dosmènh perÐmetro kai mègisto embadìn).1.4 To isoperimetrikì prìblhma apasqìlhse touc gewmètrec apì thn arqaiìthta.DÐnoume ed¸ merik� apotelèsmata gi� polÔgwna, pou  tan gnwst� ston Zhnìdwro(2oc ai¸nac p.Q.).1.4.1 Je¸rhma. An�mesa se ìla ta n�gwna pou èqoun stajerì embadìn A, tokanonikì n�gwno èqei thn el�qisth dunat  perÐmetro.9



Apìdeixh: Estw K èna n�gwno pou èqei to dosmèno embadìn A kai thn el�qisthdunat  perÐmetro.Ja apodeÐxoume pr¸ta oti ìlec oi pleurèc tou eÐnai Ðsec. ArkeÐ na to deÐxoumegi� dÔo diadoqikèc pleurèc tou K. Estw AB;BC diadoqikèc pleurèc me AB 6= BC.Ja broÔme èna nèo n�gwno K1 pou ja èqei to Ðdio embadìn me to K all� mikrìterhperÐmetro. Autì eÐnai �topo.Gi� to skopì autì antikajistoÔme thn koruf  B tou K me mi�n �llh B1 kaikrat�me tic upìloipec. H epilog  tou B1 gÐnetai ètsi ¸ste na èqei thn Ðdia apìstashapì thn AC me to B all� to trÐgwno AB1C na eÐnai isoskelèc (blèpe sq ma). TatrÐgwna ABC kai AB1C èqoun to Ðdio embadìn, �ra kai ta K, K1. Omwc, ènacaplìc upologismìc deÐqnei oti P (ABC) > P (AB1C), �ra kai P (K) > P (K1).To K èqei loipìn ìlec tou tic pleurèc Ðsec, kai mènei na deÐxoume oti èqei kaiìlec tou tic gwnÐec Ðsec. An n = 3, autì eÐnai fanerì. Upojètoume loipìn otin � 4 kai up�rqoun diadoqikèc korufèc A;B;C;D tou K tètoiec ¸ste oi gwnÐecB kai C na eÐnai �nisec, kai ja katal xoume se �topo. To ABCD èqei b�sh ADkai AB = BC = CD, eÐnai epomènwc mh�eggr�yimo afoÔ oi gwnÐec B kai C eÐnai�nisec. MporoÔme tìte na to antikatast soume me èna �llo eggr�yimo tetr�pleuroAB1C1D pou èqei to Ðdio embadìn kai mikrìterh perÐmetro.Me thn antikat�stash twn B kai C apì ta B1; C1 paÐrnoume èna n�gwno K1tètoio ¸ste A(K1) = A(K) = A all� P (K1) < P (K). Autì eÐnai �topo, sunep¸cto K èqei ìlec tou tic gwnÐec Ðsec.SumperaÐnoume oti to K eÐnai kanonikì. 2Lìgw tou duðsmoÔ an�mesa sta probl mata (a) kai (b) èqoume: Apì ìla ta n�gwname perÐmetro P , to kanonikì èqei to mègisto dunatì embadìn. UpologÐzont�c tosan sun�rthsh thc perimètrou P paÐrnoume:1.4.2 Je¸rhma. Estw n � 3 kai P > 0. Gi� k�je n�gwno Kn perimètrou PisqÔei A(Kn) � A(K�n) = P 24n cot��n� ;ìpou K�n eÐnai to kanonikì n�gwno perimètrou P .Amesec sunèpeiec tou Jewr matoc 1.4.2 eÐnai oi ex c:(a) H akoloujÐa �n cot ��n� eÐnai gn sia aÔxousa kai teÐnei sto 1. Sunep¸c,A(K�3 ) < A(K�4 ) < : : : < A(K�n)! P 24� :(b) Kanèna polÔgwno den mporeÐ na eÐnai lÔsh tou genikoÔ isoperimetrikoÔ probl -matoc. An gi� par�deigma to polÔgwno K èqei n korufèc, tìte gia to kanonikì(n+ 1)�gwno me thn Ðdia perÐmetro isqÔeiA(K) < A(K�n+1):10



(g) An K polÔgwno embadoÔ A kai perimètrou P , tìte 4�A < P 2. Gi� opoiond potedÐsko isqÔei isìthta: 4�A = P 2. EpÐshc, ta Jewr mata 1.4.1 kai 1.4.2 deÐqnounoti ìso piì kanonikì eÐnai èna polÔgwno kai ìso perissìterec korufèc èqei (�raìso piì kont� brÐsketai se kÔklo), tìso piì kont� brÐsketai sto na eÐnai lÔsh touprobl matoc.Lègetai oti, sundu�zontac ìlec tic prohgoÔmenec parathr seic, o Zhnìdwrockatèlhxe sthn diatÔpwsh thc akìloujhc isoperimetrik c arq c:O dÐskoc eÐnai h lÔsh tou isoperimetrikoÔ probl matoc.2. H lÔsh tou isoperimetrikoÔ probl matoc apì ton Steiner.To 1841, o Steiner èdwse pènte diaforetikèc apodeÐxeic tou ex c jewr matoc:2.1 Je¸rhma. An up�rqei èna qwrÐo K0 tou opoÐou to embadìn den eÐnai potèmikrìtero apì to embadìn enìc �llou qwrÐou K me thn Ðdia perÐmetro, tìte to K0eÐnai dÐskoc.Apìdeixh: DÐnoume ed¸ thn pr¸th apì tic apodeÐxeic tou Steiner, pou basÐzetaise aploÔc gewmetrikoÔc sullogismoÔc. Upojètoume oti K0 eÐnai èna qwrÐo stoepÐpedo me mègisto embadìn gi� dosmènh perÐmetro.B ma 1: To K0 prèpei na eÐnai kurtì qwrÐo, dhlad  an A;B eÐnai dÔo shmeÐa touK0 tìte olìklhro to eujÔgrammo tm ma AB prèpei na perièqetai sto K0.Pr�gmati, ac upojèsoume oti to K0 den eÐnai kurtì. Tìte mporoÔme na broÔmedÔo shmeÐa A kai B tou K0 ìpwc sto sq ma: to upodi�sthma CD tou AB brÐsketaièxw apì to K0. En¸nontac to K0 me to grammoskiasmèno qwrÐo, paÐrnoume èna nèoqwrÐo K1 tètoio ¸ste A(K1) > A(K0) kai P (K1) < P (K0), afoÔ to eujÔgrammotm ma CD èqei mikrìtero m koc apì thn kampÔlh CZD. Me kat�llhlh omoiojesÐatouK1 prokÔptei èna qwrÐo K 01 me embadìn A(K 01) > A(K0) kai perÐmetro P (K 01) =P (K0), �topo.B ma 2: To K0 eÐnai kurtì, kai xekin¸ntac apì autì ja fti�xoume dÔo �lla piìsummetrik� qwrÐa K1;K2 pou èqoun thn Ðdia akraÐa idiìthta me to K0: ta K1;K2èqoun thn Ðdia perÐmetro kai to Ðdio (�ra mègisto) embadìn me to K0.H kataskeu  twn K1 kai K2 gÐnetai wc ex c: sto sÔnoro tou K0 paÐrnoumedÔo shmeÐa A;B pou to qwrÐzoun se dÔo tìxa 1 kai 2 me to Ðdio m koc, to misìdhlad  thc perimètrou tou K0. An O eÐnai to mèso tou AB, me 01 sumbolÐzoumeto summetrikì tìxo tou 1 wc proc O, kai me 02 to summetrikì tou 2 wc proc O.JewroÔme to qwrÐo K1 pou èqei sÔnoro to 1[01, kai to qwrÐo K2 pou èqei sÔnoroto 2 [ 02.Me aut n thn kataskeu , ta K1 kai K2 eÐnai summetrik� wc proc O. Apì tontrìpo epilog c twn A kai B, gi� j = 1; 2 èqoume(2:1) P (Kj) = l(j) + l(0j) = 2l(j) = P (K0);11



ìpou me l sumbolÐzoume to m koc kampÔlhc. AfoÔ to K0 èqei mègisto embadìn gi�th dosmènh perÐmetro,(2:2) A(K0) � A(Kj) ; j = 1; 2:Omwc,(2:3) A(K1) + A(K2) = 2A(K0);�ra A(K1) = A(K2) = A(K0). Dhlad , kajèna apì ta K1;K2 èqei epÐshc mègistoembadìn.B ma 3: Ta K1 kai K2 eÐnai dÐskoi.Ja deÐxoume gi� par�deigma oti to K1 eÐnai dÐskoc deÐqnontac oti gi� k�jeshmeÐo C sto sÔnorì tou h gwnÐa ACB eÐnai orj . Ac upojèsoume oti gi� k�poioshmeÐo C (autì sto sq ma) h ACB den eÐnai orj . To K1 eÐnai summetrikì wcproc O, �ra to summetrikì D tou C wc proc O an kei sto sÔnoro tou K1, kai toACBD eÐnai parallhlìgrammo. To K1 apoteleÐtai apì autì to parallhlìgrammokai ta tèssera kampulìgramma qwrÐa �1; �2; �3; �4. Fti�qnoume èna �llo qwrÐoK 01 wc ex c: pr¸ta kataskeu�zoume èna orjog¸nio parallhlìgrammo A0C 0B0D0me pleurèc A0C 0 = AC kai C 0B0 = CB, kai katìpin stic tèsserec pleurèc toukoll�me ta �1; �2; �3; �4 ìpwc sto sq ma. Me aut n thn kataskeu , gi� to qwrÐoK 01 pou prokÔptei èqoume profan¸c P (K 01) = P (K1) en¸(2:4) A(K 01)�A(K1) = A(A0C 0B0D0)�A(ACBD) > 0;afoÔ to orjog¸nioA0C 0B0D0 èqei thn Ðdia b�sh kai megalÔtero Ôyoc apì toACBD.Autì eÐnai �topo afoÔ to K1 èqei mègisto embadìn gi� th dosmènh perÐmetro. Ara,h ACB eÐnai orj , ki afoÔ to C  tan tuqìn, to K1 eÐnai dÐskoc.B ma 4: To K0 = K1 = K2 eÐnai dÐskoc.AfoÔ ta K1;K2 eÐnai dÐskoi, ta 1; 2 eÐnai hmikÔklia. Ara kai to K0 eÐnaidÐskoc (kai bebaÐwc K0 = K1 = K2). Etsi oloklhr¸netai h apìdeixh. 2To Je¸rhma pou mìlic apodeÐxame mac lèei pwc an up�rqei lÔsh gi� to iso-perimetrikì prìblhma sto epÐpedo, tìte aut  eÐnai upoqrewtik� o dÐskoc. DenexasfalÐzei ìmwc thn Ôparxh lÔshc.Enac trìpoc gi� na parak�myoume autì to empìdio eÐnai o ex c: GnwrÐzoumeoti gi� ton dÐsko D isqÔei P 2(D) = 4�A(D):EÐdame oti gi� k�je polÔgwno K isqÔei P 2(K) � 4�A(K). An deÐxoume oti gi�k�je qwrÐo sto epÐpedo isqÔei h anisìthtaP 2(K) � 4�A(K);12



tìte xèroume autom�twc oti o dÐskoc èqei mègisto embadìn gi� dosmènh perÐmetro.Pr�gmati, an K eÐnai opoiod pote qwrÐo me P (K) = P (D) tìteA(K) � P 2(K)4� = P 2(D)4� = A(D):Dhlad , o dÐskoc eÐnai lÔsh tou isoperimetrikoÔ probl matoc, kai t¸ra to epiqeÐ-rhma tou Steiner apodeiknÔei oti eÐnai kai h monadik  tou lÔsh.Gi� mi� pl rh loipìn lÔsh tou probl matoc sto epÐpedo arkeÐ na deÐxoume thn:Isoperimetrik  Anisìthta: Gi� k�je qwrÐo K sto epÐpedo isqÔeiP 2(K) � 4�A(K);ìpou P h perÐmetroc kai A to embadìn tou K.Sthn epìmenh par�grafo ja d¸soume mi� apìdeixh aut c thc anisìthtac, hopoÐa k�nei qr sh seir¸n Fourier kai ofeÐletai ston Hurwitz (1901).3. H apìdeixh thc isoperimetrik c anisìthtac apì ton Hurwitz.Upojètoume ed¸ gi� eukolÐa oti to qwrÐo K èqei san sÔnorì tou mi� leÐa apl kleist  kampÔlh  : [a; b] ! R2. Me autì ennooÔme oti an (t) = (x(t); y(t)),tìte oi x0 kai y0 eÐnai suneqeÐc kai epiplèon (x0(t); y0(t)) 6= (0; 0) gi� k�je t, toopoÐo exasfalÐzei oti h kampÔlh èqei se k�je shmeÐo efaptìmeno di�nusma to opoÐometab�lletai me suneq  trìpo.To m koc thc kampÔlhc  dÐnetai apì thn(3:1) P = Z ba p[x0(t)]2 + [y0(t)]2 dt:Ja orÐsoume pr¸ta mi� nèa parametrikopoÐhsh thc kampÔlhc : JewroÔme thnapeikìnish s : [a; b]! [0; P ] me(3:2) s(t) = Z ta p[x0(u)]2 + [y0(u)]2du:H s eÐnai suneq c kai gn sia aÔxousa sun�rthsh tou t, sunep¸c orÐzetai h antÐstro-f  thc s�1 sto [0; P ] kai mporoÔme na jewr soume thn kampÔlh 1 : [0; P ] ! R2me 1(s) = (t) ìpou s = s(t). Tìte, an x1(s) = x(t) kai y1(s) = y(t) èqoume(3:3) dx1ds = dxdt dtds = x0(t)p[x0(t)]2 + [y0(t)]2kai(3:4) dy1ds = dydt dtds = y0(t)p[x0(t)]2 + [y0(t)]2 :13



Apì tic parap�nw sqèseic blèpoume oti h 1 èqei thn idiìthta (dx1=ds)2+(dy1=ds)2 =1 gi� k�je t. Eqoume dhlad  parametrikopoi sei thn kampÔlh wc proc m koc tìxou.To embadìn tou qwrÐou K upologÐzetai me thn bo jeia tou Jewr matoc touGreen: JewroÔme tic sunart seic Q(x; y) = x kai P (x; y) = �y. An me 1 sumbo-lÐsoume kai thn eikìna thc kampÔlhc 1 (to sÔnoro dhlad  tou K), tìte(3:5) Z1 Pdx+Qdy = Z ZK �@Q@x � @P@y � dxdy;kai gi� tic sugkekrimènec P kai Q paÐrnoume(3:6) A(K) = 12 Z1 xdy � ydx:Epetai oti(3:7) A(K) = 12 Z P0 [x1(s)y01(s)� y1(s)x01(s)]dskai me olokl rwsh kat� par�gontec prokÔptei(3:8) A(K) = Z P0 x1(s)y01(s)ds:Ja k�noume akìma mi� allag  metablht c: jètoume 2�s = P�, opìte � 2 [0; 2�]kai an 2(�) = 1(s) = (x2(�); y2(�)), èqoume(3:9) [x02(�)]2 + [y02(�)]2 = P 24�2gi� k�je �, kai(3:10) A(K) = Z 2�0 x2(�)y02(�)d�:Ja apodeÐxoume thn akìloujh isoperimetrik  anisìthta tou Hurwitz:Je¸rhma. Estw K qwrÐo sto epÐpedo tou opoÐou to sÔnoro eÐnai mi� apl  kleist kai leÐa kampÔlh. Tìte, 4�A(K) � P 2(K);isìthta isqÔei mìno an to K eÐnai dÐskoc.Apìdeixh: MporoÔme na upojèsoume oti to sÔnoro tou K eÐnai h eikìna mi�c kam-pÔlhc 2 : [0; 2�]! R2 h opoÐa ikanopoieÐ tic (3.9) kai (3.10).Oi sunart seic x2(�) kai y2(�) eÐnai suneqeÐc �ra èqoun seirèc Fourier, kaiepeid  eÐnai kai paragwgÐsimec oi seirèc Fourier touc sugklÐnoun s' autèc:(3:11) x2(�) = a02 + 1Xk=1 (ak cos k� + bk sin k�)14



kai(3:12) y2(�) = c02 + 1Xk=1 (ck cos k� + dk sin k�) :Epeid  oi x02 kai y02 eÐnai suneqeÐc, èqoun seirèc Fourier(3:13) x02(�) � 1Xk=1 (kbk cos k� � kak sin k�)kai(3:14) y02(�) � 1Xk=1 (kdk cos k� � kck sin k�) :H isìthta tou Parseval mac dÐnei(3:15) Z 2�0 [x02(�)]2d� = � 1Xk=1 k2(a2k + b2k)kai(3:16) Z 2�0 [y02(�)]2d� = � 1Xk=1 k2(c2k + d2k):Sundu�zontac me thn (3.9) paÐrnoume(3:17) P 2(K) = 2�2 1Xk=1 k2(a2k + b2k + c2k + d2k):Apì thn �llh pleur�, h (3.10) mac dÐnei(3:18) A(K) = Z 2�0 x2(�)y02(�)d� = � 1Xk=1 k(akdk � bkck):Afair¸ntac paÐrnoume:(3:19) P 2 � 4�A = 2�2 1Xk=1 �k2(a2k + b2k + c2k + d2k)� 2k(akdk � bkck)�= 2�2 1Xk=1 k[(ak � dk)2 + (bk + ck)2] + 2�2 1Xk=2(k2 � k) �a2k + b2k + c2k + d2k� � 0:H anisìthta loipìn isqÔei kai mènei na exet�soume pìte mporeÐ na isqÔei isìthta.Apì thn (3.19) eÐnai fanerì oti gi� k � 2 prèpei na èqoume ak = bk = ck = dk = 015



(afoÔ k2 � k > 0 an k � 2). Epiplèon, to pr¸to apì ta dÔo ajroÐsmata prèpei namhdenÐzetai ki autì, �ra a1 = d1 kai b1 = �c1. Dhlad ,x2(�) = a02 + a1 cos � + b1 sin �kai y2(�) = c02 � b1 cos � + a1 sin �:Enac aplìc upologismìc deÐqnei oti(3:20) �x2(�)� a02 �2 + �y2(�)� c02 �2 = a21 + b21;dhlad  h kampÔlh 2 perigr�fei kÔklo, kai to K eÐnai dÐskoc. 2
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II. H ISOPERIMETRIKH ANISOTHTA STON Rn.1. OrismoÐ � Sumbolismìc.� Ja doulèyoume ston Rn, n � 2. O Rn eÐnai efodiasmènoc me to eswterikìginìmeno h�; �i to opoÐo ep�gei thn EukleÐdeia nìrma jxj = hx; xi 12 . PolÔ suqn� jaqrhsimopoioÔme mi� (ìqi p�nta thn Ðdia) stajer  orjokanonik  b�sh fe1; : : : ; enggi� to dosmèno eswterikì ginìmeno.MeDn sumbolÐzoume thn EukleÐdeia monadiaÐa mp�la, kai me Sn�1 th monadiaÐasfaÐra fx 2 Rn : jxj = 1g. Ja qrhsimopoioÔme ta gr�mmata �; �; �; � klp gi�monadiaÐa dianÔsmata. An � 2 Sn�1, me �? sumbolÐzoume ton (n � 1)�di�statoupìqwro pou eÐnai orjog¸nioc sto �:�? = fx 2 Rn : hx; �i = 0g:H probol  P� : Rn ! �? orÐzetai apì thnP�(x) = x� hx; �i�:� Ena kurtì s¸ma K stonRn eÐnai èna mh�kenì, kurtì kai sumpagèc uposÔnolotou Rn me mh�kenì eswterikì. Ja lème oti to kurtì s¸ma K eÐnai summetrikì mekèntro summetrÐac to 0 an opoted pote x 2 K èqoume kai �x 2 K.� To �jroisma kat�Minkowski dÔo mh�ken¸n uposunìlwn A kai B tou Rn eÐnaito sÔnolo A+B := fa+ b : a 2 A; b 2 Bg:EÔkola elègqoume oti an ta A kai B eÐnai sumpag  (antÐstoiqa, kurt�), tìte kai to�jroism� touc A+B eÐnai sumpagèc (antÐstoiqa, kurtì). Eidikìtera, to �jroismadÔo kurt¸n swm�twn eÐnai èna kurtì s¸ma.�Me ton ìro stoiqei¸dec sÔnolo anaferìmaste se mÐa peperasmènh ènwsh orjo-gwnÐwn pou èqoun tic akmèc touc par�llhlec prìc touc �xonec suntetagmènwn (ticdieujÔnseic dhlad  twn orjokanonik¸n dianusm�twn ej) kai èqoun xèna eswterik�.SumbolÐzoume me I thn kl�sh ìlwn twn stoiqeiwd¸n sunìlwn.An I eÐnai èna tètoio orjog¸nio, me m kh akm¸n a1; : : : ; an > 0, tìte orÐzoumeton ìgko tou na isoÔtai me jI j = a1 � : : : � an:An J = [mk=1Ik eÐnai èna stoiqei¸dec sÔnolo, tìte orÐzoume fusiologik�jJ j = mXk=1 jIk j:Estw t¸ra A ena mh�kenì, fragmèno uposÔnolo tou Rn. OrÐzoume ton eswterikììgko tou A mèsw thc jAj = supfjJ j : J � A; J 2 Ig;17



kai ton exwterikì ìgko tou A mèsw thcjAj = inffjJ j : A � J; J 2 Ig:Ja lème oti to A èqei ìgko, kai ja ton sumbolÐzoume me jAj, an jAj = jAj. MporeÐkaneÐc na deÐxei otiK�je kurtì s¸ma ston Rn èqei ìgko.Oi idiìthtec tou ìgkou pou qrhsimopoioÔme suqn� sth sunèqeia eÐnai teleÐwc fu-siologikèc:(i) O ìgkoc paramènei analloÐwtoc wc proc strofèc kai metaforèc.(ii) An T eÐnai ènac antistrèyimoc grammikìc metasqhmatismìc tou Rn, tìtegi� k�je sumpagèc uposÔnolo tou Rn isqÔeijT (K)j = jdetT jjKj:� H epif�neia (kat� Minkowski) enìc mh�kenoÔ, sumpagoÔc uposunìlou A touRn orÐzetai wc ex c: @(A) = lim inf"!0+ jA+ "Dnj � jAj" :Sthn perÐptwsh pou to A eÐnai èna kurtì s¸ma ston Rn, to parap�nw lim inf eÐnaiìrio, kai o orismìc autìc thc epif�neiac eÐnai isodÔnamoc me k�je �llo fusiologikìorismì pou ja mporoÔse na d¸sei kaneÐc.2. H anisìthta Brunn - Minkowski.H anisìthta Brunn - Minkowski sundèei ton ìgko me thn pr�xh thc prìsjeshckat� Minkowski. Ja d¸soume treÐc diaforetikèc apodeÐxeic, kajemÐa apì tic opoÐecsqetÐzetai kai me ènan polÔ shmantikì kÔklo ide¸n. H pr¸th apì autèc qrhsimopoieÐta stoiqei¸dh sÔnola kai ofeÐletai ston Lyusternik (1940):2.1 Anisìthta Brunn - Minkowski: Estw A kai B sumpag , mh�ken� uposÔ-nola tou Rn. Tìte,(2:1) jA+Bj 1n � jAj 1n + jBj 1n :Apìdeixh: 1h PerÐptwsh: Exet�zoume pr¸ta thn perÐptwsh pou ta A kai B eÐnaiorjog¸nia me tic akmèc touc par�llhlec proc touc �xonec suntetagmènwn. Upojè-toume oti a1; : : : ; an > 0 eÐnai ta m kh twn akm¸n tou A, kai b1; : : : ; bn > 0 ta m khtwn akm¸n tou B. Tìte, to A + B eÐnai ki autì orjog¸nio me tic akmèc tou pa-r�llhlec proc touc �xonec suntetagmènwn kai antÐstoiqa m kh a1+ b1; : : : ; an+ bn.Epomènwc, h (2.1) paÐrnei s�ut n thn perÐptwsh th morf (2:2) ((a1 + b1) : : : (an + bn)) 1n � (a1 : : : an) 1n + (b1 : : : bn) 1n :18



IsodÔnama, zht�me na deÐxoume oti(2:3) � a1a1 + b1 : : : anan + bn� 1n +� b1a1 + b1 : : : bnan + bn� 1n � 1:Omwc apì thn anisìthta arijmhtikoÔ�gewmetrikoÔ mèsou to aristerì mèloc thc(2.3) eÐnai mikrìtero   Ðso apì(2:4) 1n � a1a1 + b1 + : : :+ anan + bn�+ 1n � b1a1 + b1 + : : :+ bnan + bn� = 1:Dhlad , h anisìthta Brunn - Minkowski isqÔei s�ut n thn apl  perÐptwsh.2h PerÐptwsh: Upojètoume oti ta A;B eÐnai stoiqei¸dh sÔnola, kajèna dhlad ap�ut� eÐnai peperasmènh ènwsh orjogwnÐwn pou èqoun xèna eswterik� kai akmècpar�llhlec proc touc �xonec suntetagmènwn.OrÐzoume san poluplokìthta tou zeugarioÔ (A;B) to sunolikì pl joc twnorjogwnÐwn pou sqhmatÐzoun ta A;B. Ja apodeÐxoume thn (2.1) me epagwg  wcproc thn poluplokìthta m tou (A;B). Otan m = 2, ta A kai B eÐnai orjog¸niakai h (2.1) èqei  dh apodeiqjeÐ.Upojètoume loipìn oti m � 3 kai oti h (2.1) isqÔei gi� zeug�ria stoiqeiwd¸nsunìlwn me poluplokìthta � m � 1. AfoÔ m � 3, k�poio apì ta A kai B (èstwto A) apoteleÐtai apì toul�qiston dÔo orjog¸nia. Estw I1, I2 duì ap�ut�. TaI1 kai I2 èqoun xèna eswterik�, sunep¸c mporoÔme na ta diaqwrÐsoume me ènauperepÐpedo par�llhlo proc k�poion kÔrio upìqwro tou Rn. QwrÐc bl�bh thcgenikìthtac upojètoume oti autì to uperepÐpedo perigr�fetai apì thn xn = � gi�k�poio � 2 R. OrÐzoume(2:5) A+ = A \ fx 2 Rn : xn � �g ; A� = A \ fx 2 Rn : xn � �g:Ta A+ kai A� eÐnai stoiqei¸dh sÔnola, èqoun xèna eswterik� kai kajèna toucsqhmatÐzetai apì ligìtera orjog¸nia apìti to A (To uperepÐpedo xn = � to polÔpolÔ na kìbei k�je orjog¸nio tou A se duì orjog¸nia, èna sto A+ ki èna sto A�.Omwc, to I1 perièqetai ex olokl rou sto A+ en¸ to I2 sto A�). Pern¸ntac t¸rasto B, brÐskoume uperepÐpedo xn = s tètoio ¸ste an B+ = B \ fx 2 Rn : xn � sgkai B� = B \ fx 2 Rn : xn � sg na isqÔei(2:6) jA+jjAj = jB+jjBj :Ta B+ kai B� eÐnai stoiqei¸dh sÔnola me pl joc orjogwnÐwn pou den xepern�eiautì tou B. Onom�zoume � ton koinì lìgo ìgkwn sthn (2.6). Profan¸c, 0 < � < 1.EÐnai fanerì oti(2:7) A+B = (A+ +B+) [ (A+ +B�) [ (A� +B+) [ (A� +B�):Apì thn �llh pleur�, afoÔ A+ +B+ � fx : xn � �+ sg kai A� +B� � fx : xn ��+ sg, ta A+ +B+ kai A� +B� èqoun xèna eswterik�. Qrhsimopoi¸ntac kai thn(2.7) paÐrnoume(2:8) jA+Bj � jA+ +B+j+ jA� +B�j:19



Me b�sh thn kataskeu  pou k�name, efarmìzetai h epagwgik  upìjesh sto dexiìmèloc:(2:9) jA+ +B+j 1n � jA+j 1n + jB+j 1n ; jA� +B�j 1n � jA�j 1n + jB�j 1n ;opìte k�nontac pr�xeic sthn (2.8) kai paÐrnontac upìyh thn (2.6) èqoumejA+Bj � �(�jAj)1=n + (�jBj)1=n�n + �((1� �)jAj)1=n + ((1� �)jBj)1=n�n= �[jAj1=n + jBj1=n]n + (1� �)[jAj1=n + jBj1=n]n = [jAj1=n + jBj1=n]n;ap�opou èpetai oti(2:10) jA+Bj 1n � jAj 1n + jBj 1n :Genik  PerÐptwsh: Estw A;B tuqìnta mh�ken� sumpag  uposÔnola touRn. Up�r-qoun akoloujÐec fAmg kai fBmg stoiqeiwd¸n sunìlwn me tic idiìthtecA � Am ; jAmj ! jAj ; B � Bm ; jBmj ! jBj ; m 2 N:Tìte A+B � Am + Bm gi� k�je m 2 N kai mporoÔme na epilèxoume ta Am; Bmètsi ¸ste na èqoume kai jAm +Bmj ! jA+Bj, �ra(2:11) jA+Bj 1n = limm!1 jAm+Bmj 1n � limm!1[jAmj 1n + jBmj 1n ] = jAj 1n + jBj 1n : 2H anisìthta Brunn - Minkowski gi� kurt� s¸mata ston Rn suqn� diatup¸netaikai wc ex c:2.2 Pìrisma. Estw K1;K2 kurt� s¸mata ston Rn. Gi� k�je � 2 (0; 1) isqÔei(2:12) j�K1 + (1� �)K2j1=n � �jK1j1=n + (1� �)jK2j1=n:Piì isqur�, h sun�rthsh f : [0; 1]! R me f(�) = j�K1+(1��)K2j1=n eÐnai koÐlh.Apìdeixh: ArkeÐ na deÐxoume oti f(a�+ (1� a)�) � af(�) + (1� a)f(�) gi� k�je�; � 2 [0; 1] kai a 2 (0; 1). Eqoume(2:13) f(a�+ (1� a)�) = j(a�+ (1� a)�)K1 + (1� a�� (1� a)�)K2j 1n= j(a�+ (1� a)�)K1 + (a(1� �) + (1� a)(1� �))K2j 1n= ja(�K1 + (1� �)K2) + (1� a)(�K1 + (1� �)K2)j 1n� ja(�K1 + (1� �)K2)j 1n + j(1� a)(�K1 + (1� �)K2)j 1n= aj�K1 + (1� �)K2j 1n + (1� a)j�K1 + (1� �)K2j 1n = af(�) + (1� a)f(�);ìpou qrhsimopoi same to gegonìc oti an X � Rn kurtì, mh�kenì kai a; b > 0 tìteaX + bX = (a+ b)X . 2 20



Mi� �llh sunèpeia thc anisìthtac Brunn - Minkowski eÐnai h akìloujh anisì-thta (h opoÐa eÐnai anex�rthth thc di�stashc):2.3 Pìrisma. Estw A;B sumpag , mh�ken� uposÔnola tou Rn. Gi� k�je � 2(0; 1) èqoume(2:14) j�A+ (1� �)Bj � jAj�jBj1��:Apìdeixh: H sun�rthsh log eÐnai koÐlh, ki autì èqei san sunèpeia thn(2:15) x�y1�� � �x+ (1� �)ygi� k�je x; y > 0 kai � 2 (0; 1). Apì thn anisìthta Brunn - Minkowski paÐrnoumej�A+(1��)Bj � [�jAj1=n+(1��)jBj1=n]n � [jAj�=njBj(1��)=n]n = jAj�jBj1��: 2Mi� pr¸th shmantik  sunèpeia thc anisìthtac Brunn - Minkowski eÐnai h iso-perimetrik  anisìthta gi� kurt� s¸mata ston Rn:2.4 Je¸rhma. Estw K kurtì s¸ma ston Rn me jKj = jDnj. Tìte,(2:16) @(K) � @(Dn):Apìdeixh: Me b�sh ton orismì thc epif�neiac,(2:17) @(K) = lim"!0+ jK + "Dnj � jKj" � lim"!0+ [jKj1=n + j"Dnj1=n]n � jKj"= [jDnj1=n + j"Dnj1=n]n � jDnj" = lim"!0+ jDnj[(1 + ")n � 1]" = njDnj:Omwc, o antÐstoiqoc upologismìc gia thn @(Dn) dÐnei @(Dn) = njDnj (h anisìthtaBrunn - Minkowski isqÔei ed¸ san isìthta). Epomènwc,@(K) � @(Dn): 2Ara, h mp�la eÐnai lÔsh tou isoperimetrikoÔ probl matoc: an�mesa se ìlata kurt� s¸mata tou Rn pou èqoun dosmèno ìgko V , h mp�la èqei thn mikrìterhepif�neia.Mi� �llh sunèpeia thc anisìthtac Brunn - Minkowski eÐnai to Je¸rhma touBrunn gi� tic (n � 1)�di�statec tomèc enìc kurtoÔ s¸matoc. Piì sugkekrimèna,jewroÔme èna kurtì s¸ma K ston Rn, èna monadiaÐo di�nusma � 2 Sn�1 kai thnsun�rthsh f : R! R me(2:18) f(t) = jK \ (�? + t�)j21



ìpou �? eÐnai o (n � 1)�di�statoc upìqwroc o k�jetoc sto �. H sun�rthsh fmetr�ei to {embadìn} twn par�llhlwn tom¸n tou K pou eÐnai k�jetec sto �. Gi�thn f isqÔei to ex c:2.5 Je¸rhma. Estw K kurtì s¸ma ston Rn kai � 2 Sn�1. Tìte, h sun�rthshg(t) = [f(t)] 1n�1 = jK \ (�? + t�)j 1n�1eÐnai koÐlh ston forèa thc. EpÐshc, h log f eÐnai koÐlh ston forèa thc.Apìdeixh: TautÐzoume ton �? me ton Rn�1 kai gr�foume K(t) gi� thn probol  thctom c K \ (�? + t�) ston �?. Dhlad ,(2:19) K(t) = fx 2 Rn�1 : (x; t) 2 Kg:Ja apodeÐxoume oti gi� k�je t; s 2 R kai � 2 (0; 1)(2:20) �K(t) + (1� �)K(s) � K(�t+ (1� �)s):Pr�gmati, èstw x 2 K(t) kai y 2 K(s). Tìte, (x; t) 2 K kai (y; s) 2 K kaiafoÔ to K eÐnai kurtì paÐrnoume (�x + (1 � �)y; �t + (1 � �)s) 2 K, dhlad �x+(1��)y 2 K(�t+(1��)s). AfoÔ jK(t)j = jK \ (�?+ t�)j gi� k�je t 2 R, togegonìc oti h g eÐnai koÐlh prokÔptei �mesa apì thn anisìthta Brunn - Minkowski.Sunjètontac me thn koÐlh sun�rthsh log blèpoume oti h log g �ra kai h log feÐnai koÐlh ston forèa thc. 2Pollèc diaisjhtik� fanerèc prot�seic pou aforoÔn ìgkouc kurt¸n swm�twn apo-deiknÔontai me thn bo jeia thc anisìthtac Brunn - Minkowski. H qr sh thc eÐnaisun jwc ousiastik , me thn ènnoia oti eÐnai dÔskolo an ìqi adÔnato na dojeÐ piìstoiqei¸dhc apìdeixh. KleÐnoume aut n thn par�grafo me dÔo tètoia paradeÐgmata:2.6 Pìrisma. Estw K èna summetrikì kurtì s¸ma ston Rn, kai � 2 Sn�1. Tìte,(2:21) maxt2R jK \ (�? + t�)j = jK \ �?j:Dhlad , h mègisth tom  tou K k�jeta sto � eÐnai h kentrik : aut  pou pern�eiapì to kèntro summetrÐac tou K.Apìdeixh: Amesh apì to Je¸rhma 2.5. H g eÐnai t¸ra �rtia kai koÐlh, sunep¸cpaÐrnei th mègisth tim  thc sto 0. 22.7 Pìrisma. Estw A;B kurt� s¸mata stonRn, kai oti ta A;B eÐnai summetrik�,me kèntro summetrÐac to 0. Tìte, gi� k�je y 2 Rn èqoume(2:22) jA \ (y +B)j � jA \ Bj:Apìdeixh: Ja deÐxoume oti gi� k�je y 2 Rn(2:23) 12[A \ (y + B)] + 12 [A \ (�y +B)] � A \ B:22



Pr�gmati: an z 2 A \ (y + B) kai w 2 A \ (�y + B), tìte (z + w)=2 2 Alìgw kurtìthtac tou A. EpÐshc, up�rqoun b1; b2 2 B tètoia ¸ste z = y + b1 kaiw = �y + b2, opìte (z + w)=2 = (b1 + b2)=2 2 B. Ara, h (2.23) isqÔei. Apì toPìrisma 2.3 paÐrnoume(2:24) jA \Bj � jA \ (y +B)j 12 jA \ (�y +B)j 12 :Omwc, qrhsimopoi¸ntac thn summetrÐa twn A kai B mporoÔme na doÔme oti(2:25) �[A \ (y +B)] = A \ (�y +B):GiatÐ z 2 A \ (�y + B) an kai mìno an z 2 A kai up�rqei b 2 B tètoio ¸stez = �y + b, dhlad  an kai mìno an �z 2 A kai �z = y + (�b) 2 y + B. TaA \ (y +B) kai A \ (�y+B) èqoun epomènwc ton Ðdio ìgko, kai h (2.24) mac dÐnei(2:26) jA \ Bj � jA \ (y +B)j: 23. SummetrikopoÐhsh kat� Steiner.Sthn par�grafo aut  ja perigr�youme mi� diadikasÐa me thn opoÐa xekin¸ntacapì tuqìn kurtì s¸maK odhgoÔmaste me {omalì trìpo} se ìlo kai piì summetrik�kurt� s¸mata. H diadikasÐa aut  qrhsimopoieÐtai polÔ suqn� ìtan jèloume nadeÐxoume oti h mp�la eÐnai lÔsh enìc probl matoc megÐstou�elaqÐstou.Estw K èna kurtì s¸ma ston Rn. Wc sun jwc, me � sumbolÐzoume èna mo-nadiaÐo di�nusma (kateÔjunsh) kai me �? ton (n � 1)�di�stato upìqwro pou eÐnaik�jetoc sto �:(3:1) �? = fx 2 Rn : hx; �i = 0g:H probol  P�(K) tou K sthn dieÔjunsh tou � apoteleÐtai apì ìlec tic probolècshmeÐwn tou K ston �?. EÐnai eÔkolo na deÐ kaneÐc oti(3:2) P�(K) = fx 2 �? : 9t 2 R : x+ t� 2 Kg:3.1 L mma. Gi� k�je kurtì s¸ma K kai k�je � 2 Sn�1, to P�(K) eÐnai kurtìs¸ma.Apìdeixh: DeÐqnoume pr¸ta oti to P�(K) eÐnai kurtì. Estw x; y 2 P�(K) kai� 2 (0; 1). Up�rqoun pragmatikoÐ arijmoÐ t kai s tètoioi ¸ste x + t� 2 K kaiy + s� 2 K. AfoÔ to K eÐnai kurtì, èqoume(3:3) �(x+ t�) + (1� �)(y + s�) = [�x+ (1� �)y] + [�t+ (1� �)s]� 2 K;opìte h (3.2) mac dÐnei oti �x + (1� �)y 2 P�(K). Ara, to P�(K) eÐnai kurtì.Ja deÐxoume oti to P�(K) eÐnai kleistì: Estw fxng mi� akoloujÐa shmeÐwn touP�(K) kai ac upojèsoume oti xn ! x. Up�rqei mi� akoloujÐa pragmatik¸n arijm¸n23



ftng tètoia ¸ste xn+ tn� 2 K. Epeid  to K eÐnai fragmèno, h ftng eÐnai fragmènh�ra èqei sugklÐnousa upakoloujÐa ftkng. An tkn ! t, èqoume xkn + tkn� ! x+ t�,kai afoÔ to K eÐnai kleistì èpetai oti x + t� 2 K. Sunep¸c x 2 P�(K) kai toP�(K) eÐnai kleistì.To oti to P�(K) eÐnai fragmèno kai èqei mh�kenì eswterikì eÐnai profanèc: toK perièqetai se mi� mp�la me kèntro to 0, �ra to P�(K) ja perièqetai se mp�latou �? thc Ðdiac aktÐnac. EpÐshc, to K eÐnai s¸ma �ra perièqei mp�la k�poiacjetik c aktÐnac. To Ðdio ja sumbaÐnei me opoiad pote (n�1)�di�stath probol  tou(h probol  mp�lac eÐnai mp�la me thn Ðdia aktÐna). 2Gi� na orÐsoume thn Steiner summetrikopoÐhsh tou K sthn kateÔjunsh tou �,ja qreiasteÐ na gr�youme to K se mi� piì bolik  morf :3.2 L mma. EstwK kurtì s¸ma stonRn kai � 2 Sn�1. OrÐzoume dÔo sunart seicf; g : P�(K)! R me(3:4) f(x) = minft 2 R : x+ t� 2 Kg ; g(x) = maxft 2 R : x+ t� 2 Kg:Tìte, h f eÐnai kurt  kai h g eÐnai koÐlh.Apìdeixh: Ja deÐxoume oti h f eÐnai kurt . ArkeÐ na deÐxoume oti gi� k�je x; y 2P�(K) isqÔei f(x+y2 ) � f(x)+f(y)2 . Ac upojèsoume oti f(x) = t kai f(y) = s. Tìte,x+ t� 2 K kai y + s� 2 K. Epeid  to K eÐnai kurtì, paÐrnoume(3:5) (x + t�) + (y + s�)2 = x+ y2 + t+ s2 � 2 K:Apì ton orismì thc f èpetai oti(3:6) f �x+ y2 � � t+ s2 = f(x) + f(y)2 :Ara h f eÐnai kurt , kai me ton Ðdio trìpo deÐqnoume oti h g eÐnai koÐlh. 2SÔmfwna me to L mma 3.2 mporoÔme na gr�youme to s¸ma K sth morf (3:7) K = fx+ t� : x 2 P�(K) ; f(x) � t � g(x)g:AntÐstrofa, an èna qwrÐo K ston Rn èqei san probol  ston �? èna kurtì s¸maP�(K) kai gr�fetai sth morf  (3.7), ìpou f kurt , g koÐlh kai f � g sto P�(K),tìte to K eÐnai kurtì.OrÐzoume t¸ra thn Steiner summetrikopoÐhsh tou K sthn kateÔjunsh tou � wcex c:(3:8) S�(K) = fx+ t� : x 2 P�(K) ; jtj � g(x)� f(x)2 g:Dhlad , gi� k�je x 2 P�(K) jewroÔme èna eujÔgrammo tm ma par�llhlo sto �me m koc g(x) � f(x) kai mèso to x, kai paÐrnoume thn ènwsh ìlwn aut¸n twneujugr�mmwn tmhm�twn. 24



EÐnai fanerì oti to S�(K) eÐnai summetrikì wc proc �? (aut  h parat rhshdikaiologeÐ ton ìro {summetrikopoÐhsh} ). Oi basikèc idiìthtec tou metasqhmati-smoÔ S� perigr�fontai sto epìmeno l mma:3.3 L mma. Estw K kurtì s¸ma ston Rn kai � 2 Sn�1. Tìte, to S�(K) eÐnaikurtì s¸ma, kai jS�(K)j = jKj.Apìdeixh: Estw x+ t�; y+ s� 2 S�(K) kai � 2 (0; 1). Tìte, x; y 2 P�(K) kai afoÔto P�(K) eÐnai kurtì èqoume �x+ (1� �)y 2 P�(K). Apì thn �llh pleur�,j�t+ (1� �)sj � �jtj+ (1� �)jsj � �g(x)� f(x)2 + (1� �)g(y)� f(y)2(3:9) � 12 [g(�x+ (1� �)y)� f(�x + (1� �)y)]epeid  h g � f eÐnai koÐlh. Sunep¸c, �(x + t�) + (1 � �)(y + s�) 2 S�(K) kai toS�(K) eÐnai kurtì.Gi� ton deÔtero isqurismì parathroÔme oti(3:10) jS�(K)j = ZP�(K)� (g � f)(x)2 � (� (g � f)(x)2 )� dx= ZP�(K)[g(x)� f(x)]dx = jKj: 2Ja deÐxoume oti me k�je summetrikopoÐhsh Steiner h epif�neia opoioud potekurtoÔ s¸matoc mikraÐnei. Gi� to skopì autì qreiazìmaste èna akìma l mma:3.4 L mma. Estw K;L kurt� s¸mata ston Rn kai � 2 Sn�1. Tìte,(3:11) S�(K) + S�(L) � S�(K + L):Apìdeixh: Xèroume oti(3:12) S�(K) = fx+ t� : x 2 P�(K); jtj � (gK � fK)(x)2 gkai(3:13) S�(L) = fy + s� : y 2 P�(L); jsj � (gL � fL)(y)2 g:Ara,(3:14) S�(K) + S�(L) = fx+ y + (t+ s)� : x 2 P�(K); y 2 P�(L);jtj � (gK � fK)(x)2 ; jsj � (gL � fL)(y)2 g:25



Apì thn �llh pleur�,(3:15) S�(K + L) = fz + �� : z 2 P�(K + L); j�j � (gK+L � fK+L)(z)2 g:Estw x + t� 2 S�(K) kai y + s� 2 S�(L). Tìte, x 2 P�(K) kai y 2 P�(L)�ra up�rqoun t1; s1 2 R tètoia ¸ste x + t1� 2 K kai y + s1� 2 L. Epetai ìtix+ y + (t1 + s1)� 2 K + L, sunep¸c x+ y 2 P�(K + L). EpÐshc,(3:16) jt+ sj � jtj+ jsj � gK(x) � fK(x)2 + gL(y)� fL(y)2= (gK(x) + gL(y))� (fK(x) + fL(y))2opìte sÔmfwna me tic (3.14) kai (3.15) gi� thn (3.11) arkeÐ na deÐxoume oti gi� k�jex; y 2 P�(K)(3:17) gK(x) + gL(y) � gK+L(x+ y) ; fK(x) + fL(y) � fK+L(x+ y):Ja deÐxoume thn pr¸th apì tic dÔo anisìthtec: Eqoume x + gK(x)� 2 K kai y +gL(y)� 2 L, epomènwc x + y + (gK(x) + gL(y))� 2 K + L ap�opou sumperaÐnoumeoti gK(x) + gL(y) � gK+L(x+ y). 23.5 Je¸rhma. Estw K kurtì s¸ma ston Rn kai � 2 Sn�1. Tìte,(3:18) @(S�(K)) � @(K):Apìdeixh: Estw " > 0. EÔkola blèpoume oti S�("Dn) = "Dn kai to L mma 3.4 macexasfalÐzei oti(3:19) S�(K) + "Dn = S�(K) + S�("Dn) � S�(K + "Dn):H Steiner summetrikopoÐhsh diathreÐ touc ìgkouc, sunep¸c jS�(K)j = jKj kaijS�(K + "Dn)j = jK + "Dnj (L mma 3.3). Epetai oti(3:20)jS�(K) + "Dnj � jS�(K)j" � jS�(K + "Dn)j � jS�(K)j" = jK + "Dnj � jKj" :PaÐrnontac ìria kaj¸c "! 0+ blèpoume oti@(S�(K)) � @(K): 2OrÐzoume thn di�metro diam(K) tou kurtoÔ s¸matoc K jètontac(3:21) diam(K) = maxfjz1 � z2j : z1; z2 2 Kg:H epìmenh prìtash deÐqnei oti me Steiner summetrikopoÐhsh opoioud pote kurtoÔs¸matoc wc proc opoiad pote kateÔjunsh, h di�metroc mikraÐnei:26



3.6 Prìtash. Estw K kurtì s¸ma ston Rn kai � 2 Sn�1. Tìte,(3:22) diam(S�(K)) � diam(K):Apìdeixh: Estw z1; z2 2 S�(K) tètoia ¸ste jz1 � z2j = diam(S�(K)). EÔkolablèpoume oti ta z1; z2 prèpei na eÐnai thc morf c(3:23) z1 = x1 + g(x1)� f(x1)2 � ; z2 = x2 � g(x2)� f(x2)2 �gi� k�poia x1; x2 2 P�(K). Gr�foume gi = g(xi) kai fi = f(xi), kai jewroÔme tashmeÐa(3:24) wi = xi + gi� ; vi = xi + fi�; i = 1; 2:Ta tèssera aut� shmeÐa an koun sto K, kai qrhsimopoi¸ntac to Pujagìreio Je¸-rhma kai aplèc pr�xeic blèpoume oti(3:25)jw1�v2j2+jw2�v1j2�2jz1�z2j2 = jg1�f2j2+jg2�f1j2�2jg1 � f12 + g2 � f22 j2 � 0:Omwc, jw1 � v2j; jw2 � v1j � diam(K) opìte apì thn (3.25) eÐnai fanerì oti(3:26) diam(S�(K)) = jz1 � z2j � maxfjw1 � v2j; jw2 � v1jg � diam(K): 24. Apìstash Hausdor� � To Je¸rhma epilog c tou Blaschke.4.1 Orismìc. Estw K;L mh�ken�, sumpag  uposÔnola tou Rn. OrÐzoume thnapìstash Hausdor� twn K kai L wc ex c:(4:1) d(K;L) = minf� � 0 : K � L+ �Dn ; L � K + �Dng:EÐnai eÔkolo na doÔme oti h d eÐnai metrik :� Gi� k�je K;L isqÔei d(K;L) � 0 exìrismoÔ, kai an d(K;L) = 0 tìte K �L+ 0Dn = L+ f0g = L kai ìmoia L � K. Dhlad , K = L.� H (4.1) eÐnai profan¸c summetrik  wc proc K kai L, sunep¸c d(K;L) =d(L;K).� Gi� k�jeK;L kaiM èqoume d(K;L) � d(K;M)+d(M;L): Estw a = d(K;M)kai b = d(M;L). Tìte,(4:2) K �M + aDn ; M � K + aDn ; M � L+ bDn ; L �M + bDn:Epetai oti K �M + aDn � L+ bDn + aDn = L+ (b+ a)Dnkai L �M + bDn � K + aDn + bDn = K + (a+ b)Dn;27



dhlad  d(K;L) � a + b. [Qrhsimopoi same p�li to gegonìc oti an X kurtì kaia; b > 0, tìte aX + bX = (a+ b)X .]4.2 Orismìc. Estw K mh�kenì, sumpagèc uposÔnolo tou Rn. H kurt  j khco(K) touK eÐnai to mikrìtero kurtì uposÔnolo touRn pou perièqei toK. MporeÐkaneÐc eÔkola na deÐ oti(4:3) co(K) = f�1x1 + : : :+ �mxm : m 2 N; xi 2 K;�i � 0; mXi=1 �i = 1g:Mi� apl  parat rhsh eÐnai oti to K eÐnai kurtì an kai mìno an co(K) = K.To l mma pou akoloujeÐ deÐqnei oti paÐrnontac kurtèc j kec mei¸noume thnapìstash Hausdor�:4.3 L mma: Estw K;L mh�ken�, sumpag  uposÔnola tou Rn. Tìte,(4:4) d(K;L) � d(co(K); co(L)):Apìdeixh: Jètoume a = d(K;L). Tìte, K � L+ aDn kai L � K + aDn.Estw x 2 co(K). Apì thn (4.3) up�rqoun x1; : : : ; xm 2 K kai �1; : : : ; �m � 0me P�i = 1 tètoia ¸ste x = �1x1 + : : :+ �mxm. Gi� k�je i = 1; : : : ;m mporoÔmena broÔme yi 2 L tètoio ¸ste jxi � yij � a (epeid  K � L + aDn). Tìte, y =�1y1 + : : :+ �mym 2 co(L) kaijx� yj � mXi=1 �ijxi � yij = a mXi=1 �i = a:Epetai oti co(K) � co(L)+aDn. Me an�logo trìpo blèpoume oti co(L) � co(K)+aDn, dhlad  d(co(K); co(L)) � a = d(K;L). 24.4 Par�deigma. JewroÔme san K ènan dÐsko aktÐnac R > 0 kai san L thnperifèrei� tou. Tìte, co(K) = K = co(L) �ra d(co(K); co(L)) = 0 en¸ d(K;L) =R.4.5 Orismìc. Estw fKmgm2N akoloujÐa mh�ken¸n, sumpag¸n uposunìlwn touRn. Lème oti h fKmg sugklÐnei se k�poio sumpagèc K � Rn kai gr�foume Km !K an d(Km;K)! 0.4.6 Prìtash. Estw fKmg akoloujÐa mh�ken¸n, kurt¸n kai sumpag¸n uposu-nìlwn tou Rn kai K � Rn sumpagèc tètoio ¸ste Km ! K. Tìte, to K eÐnaikurtì.Apìdeixh: Estw " > 0. Up�rqei m 2 N tètoioc ¸ste d(Km;K) < ". Omwc, to KmeÐnai kurtì �ra Km = co(Km) kai apì to L mma 4.3 blèpoume otid(Km; co(K)) = d(co(Km); co(K)) � d(Km;K) < ":H trigwnik  anisìthta gi� thn d dÐneid(K; co(K)) � d(Km;K) + d(Km; co(K)) < 2";28



kai afoÔ to "  tan tuqìn sumperaÐnoume oti d(K; co(K)) = 0 dhlad  K = co(K).Epetai oti to K eÐnai kurtì. 2To basikì apotèlesma aut c thc paragr�fou eÐnai to Je¸rhma Epilog c touBlaschke sÔmfwna me to opoÐo ta sumpag  kurt� uposÔnola opoiasd pote mp�lacsqhmatÐzoun ènan sumpag  metrikì q¸ro me thn metrik  Hausdor�:4.7 Je¸rhma. Estw R > 0 kai fKmgm2N mi� akoloujÐa mh�ken¸n, sumpag¸nkurt¸n uposunìlwn thc RDn. Tìte, up�rqoun upakoloujÐa fKlmg thc fKmg kaikurtì sumpagèc K � RDn tètoia ¸ste Klm ! K.Gi� thn apìdeixh ja qreiastoÔme to akìloujo l mma:4.8 L mma. Estw " > 0. Me tic upojèseic tou Jewr matoc, mporoÔme na epilè-xoume upakoloujÐa deikt¸n l1 < l2 < : : : < lm < : : : me thn idiìthtad(Kli ;Klj ) � "gi� k�je i; j 2 N.Apìdeixh: H mp�la RDn eÐnai sumpag c, epomènwc gi� to dosmèno " > 0 mporoÔmena broÔme x1; : : : ; xN 2 RDn tètoia ¸ste(4:5) RDn � N[i=1(xi + "2Dn):OrÐzoumeE = fx1; : : : ; xNg. Gi� k�jem 2 N jètoumeEm = E\(Km+ "2Dn). K�jeEm eÐnai peperasmèno sÔnolo, �ra sumpagèc. Ja deÐxoume oti d(Km; Em) � "2 .Apì ton orismì tou Em eÐnai fanerì oti Em � Km + "2Dn. Estw x 2 Km.Tìte x 2 RDn, sunep¸c up�rqei i � N tètoio ¸ste jx�xij � "2 . Autì shmaÐnei otixi 2 x+ "2Dn � Km + "2Dn, �ra xi 2 Em. Apì thn �llh pleur�, x 2 xi + "2Dn �Em + "2Dn. Ara Km � Em + "2Dn, kai d(Km; Em) � "2 .Gi� k�je m 2 N èqoume breÐ Em � E me thn idiìthta d(Km; Em) � "2 . Omwcto E eÐnai peperasmèno sÔnolo, �ra up�rqoun peperasmènec (ligìterec apì 2N )epilogèc uposunìlwn tou. Epetai oti up�rqoun �peiroi to pl joc deÐktec l1 < l2 <: : : < lm < : : : kai monadikì E� � E ¸ste d(Klj ; E�) � "2 .An t¸ra i 6= j, h trigwnik  anisìthta dÐneid(Kli ;Klj ) � d(Kli ; E�) + d(E�;Klj ) � "2 + "2 = ": 2Apìdeixh tou Jewr matoc: Efarmìzoume diadoqik� to L mma 4.8 me " = 1m : Gi�" = 1 mporoÔme na broÔme upakoloujÐa K11;K12; : : : ;K1m; : : : thc fKmg tètoia¸ste an i 6= j na isqÔei d(K1i;K1j) � 1:PaÐrnoume t¸ra " = 12 kai brÐskoume upakoloujÐaK21;K22; : : : ;K2m; : : : thc fK1jgtètoia ¸ste an i 6= j na isqÔei d(K2i;K2j) � 12 :29



SuneqÐzontac ètsi orÐzoume diadoqik� upakoloujÐa thc upakoloujÐac ètsi ¸ste giathn m�ost  upakoloujÐa fKmjg na isqÔeid(Kmi;Kmj) � 1mgi� k�je i 6= j. JewroÔme t¸ra thn diag¸nia upakoloujÐa K�m = Kmm. Aut  eÐnaiupakoloujÐa thc fKmg kai ikanopoieÐ to ex c: An l; s 2 N kai l < s, tìte oi K�l ;K�seÐnai ìroi thc fKljg, sunep¸c(4:6) d(K�l ;K�s ) � 1l :OrÐzoume to sÔnolo(4:7) K = 1\l=1(K�l + 1l Dn);kai ja deÐxoume oti K�m ! K. Akribèstera, ja deÐxoume oti d(K�m;K) � 1m gi�k�je m 2 N.Apì ton orismì tou K eÐnai fanerì oti K � K�m + 1mDn. Estw x 2 K�m. Apìthn (4.6), gi� k�je s > m mporoÔme na broÔme xs 2 K�s tètoio ¸ste jx� xsj � 1m .Eqoume xs 2 RDn gi� k�je s, �ra up�rqoun upakoloujÐa fxrsg thc fxsg kaiy 2 RDn tètoia ¸ste xrs ! y. AfoÔ jx� xrs j � 1=m, eÐnai fanerì oti(4:8) jx� yj � 1m:Ja deÐxoume oti y 2 K. Prèpei dhlad  na exasfalÐsoume oti y 2 K�l + 1lDn gi�k�je l 2 N. Omwc, telik� èqoume rs > l kai apì thn (4.6) blèpoume oti an rs > ltìte(4:9) xrs 2 K�rs � K�l + 1l Dn:Pern¸ntac sto ìrio, sumperaÐnoume oti y 2 K�l + 1lDn, kai epeid  to l  tan tuqìnèqoume y 2 K. H (4.8) t¸ra mac dÐnei(4:10) x 2 y + 1mDn � K + 1mDn;kai epeid  to x 2 K�m  tan tuqìn, K�m � K + 1mDn. Ara, d(K�m;K) � 1m , dhlad K�m ! K. To ìti to K eÐnai sumpagèc kai kurtì èpetai apì thn (4.7). To ìti toK eÐnai mh�kenì èpetai apì thn apìdeixh (blèpe (4.10}. 2
30



5. DeÔterh apìdeixh thc isoperimetrik c anisìthtac kai thc anisìthtacBrunn - Minkowski me th mèjodo thc Steiner summetrikopoÐhshc.O pr¸toc mac stìqoc s�ut n thn par�grafo eÐnai na deÐxoume oti xekin¸ntacapì opoiod pote kurtì s¸ma ston Rn mporoÔme me peperasmènec to pl joc dia-doqikèc Steiner summetrikopoi seic na to fèroume osod pote kont� se mi� mp�la.K�nontac qr sh autoÔ tou apotelèsmatoc ja d¸soume mi� deÔterh apìdeixh tìsothc isoperimetrik c anisìthtac ìso kai thc anisìthtac Brunn - Minkowski.5.1 L mma. Estw fKmg mi� akoloujÐa kurt¸n swm�twn pou sugklÐnei (me thnHausdor� metrik ) se èna kurtì s¸ma K me r1Dn � K � s1Dn, 0 < r1 < s1.Tìte, gi� k�je � 2 Sn�1,(5:1) S�(Km)! S�(K):Apìdeixh: MporoÔme na upojèsoume oti gi� k�poia 0 < r < r1 kai s > s1 kai gi�k�je m � m1 isqÔei rDn � Km � sDn.Estw " > 0. Jèloume na broÔmem0 2 N me thn idiìthta d(S�(Km); S�(K)) < ",dhlad (5:2) S�(Km) � S�(K) + "Dn ; S�(K) � S�(Km) + "Dngi� k�je m � m0. PaÐrnoume "0 = rs" kai apì thn upìjesh tou L mmatoc mporoÔmena broÔme m2 2 N tètoio ¸ste(5:3) Km � K + rs"Dn ; K � Km + rs"Dngi� k�je m � m2. Epilègoume m0 = maxfm1;m2g. An m � m0, tìte(5:4) Km � K + rs"Dn � K + "sK = �1 + "s�K:Epetai oti(5:5)S�(Km) � �1 + "s�S�(K) = S�(K)+"S�(1sK) � S�(K)+"S�(Dn) = S�(K)+"Dn:Me ton Ðdio trìpo deÐqnoume oti(5:6) S�(K) � S�(Km) + "Dn:Ara, d(S�(K); S�(Km)) < " gi� k�je m � m0. Dhlad , S�(Km)! S�(K). 25.2 Je¸rhma. Estw K kurtì s¸ma ston Rn, pou perièqei to 0 sto eswterikì tou.JewroÔme thn kl�sh ìlwn twn peperasmènwn Steiner summetrikopoi sewn tou K(5:7) S(K) = fS�l : : : S�1(K) : �i 2 Sn�1; l 2 Ng:Tìte, gi� k�je " > 0 mporoÔme na broÔme C 2 S(K) tètoio ¸ste d(C; �Dn) < ",ìpou � > 0 h aktÐna gi� thn opoÐa jKj = j�Dnj.31



Apìdeixh: JewroÔme ton arijmì(5:8) � = inffr > 0 : 9C 2 S(K) : C � rDng:Gi� k�je " > 0 mporoÔme na broÔme C" tètoio ¸ste C" � (� + ")Dn. PaÐrnontac" = 1=m;m 2 N, brÐskoume mi� akoloujÐa fCmg kurt¸n swm�twn me Cm 2 S(K)kai Cm � (�+ 1m )Dn.Ola ta s¸mata Cm perièqontai sthn (�+1)Dn, epomènwc efarmìzetai to Je¸-rhma Epilog c tou Blaschke: up�rqei mi� upakoloujÐa fCkmg thc fCmg me thnidiìthta Ckm ! C, gi� k�poio sumpagèc kurtì sÔnolo C.Ja deÐxoume oti C = �Dn. EÐnai eÔkolo na doÔme oti C � �Dn: An " > 0, tìtegi� meg�la m èqoume(5:9) C � Ckm + "Dn � (�+ 1km )Dn + "Dn = (�+ 1km + ")Dn:AfoÔ 1=km ! 0 kai to "  tan tuqìn, C � �Dn.Ac upojèsoume oti to C eÐnai gn sio uposÔnolo thc �Dn. Up�rqei dhlad x0 2 �Sn�1 me x0 =2 C. To C eÐnai kleistì, epomènwc up�rqei � > 0 tètoio ¸ste[x0 + �Dn] \ C = ;.MporoÔme na broÔme peperasmèna to pl joc shmeÐa x1; : : : ; xN 2 �Sn�1 tètoia¸ste(5:10) �Sn�1 � N[i=0[xi + �Dn] \ �Sn�1:JewroÔme monadiaÐo di�nusma �1 sthn dieÔjunsh tou eujÔgrammou tm matoc [x0x1],kai summetrikopoioÔme to C sthn kateÔjunsh tou �1. MporoÔme tìte na doÔme oti(5:11)  1[i=0[xi + �Dn] \ �Sn�1! \ S�1C = ;:SuneqÐzoume summetrikopoi¸ntac to S�1C sthn kateÔjunsh enìc monadiaÐou dianÔ-smatoc �2 par�llhlou proc to eujÔgrammo tm ma [x0x2]. Opwc prin,(5:12)  2[i=0[xi + �Dn] \ �Sn�1! \ S�2S�1C = ;:Met� apì N b mata, katal goume sto kurtì s¸ma C1 = S�N : : : S�1C, to opoÐolìgw thc (5.10) èqei thn idiìthta(5:13) C1 \ (�Sn�1) = ;:Lìgw sump�geiac sumperaÐnoume oti up�rqei " > 0 tètoio ¸ste(5:14) C1 � (�� ")Dn:32



Apì thn �llh pleur�, afoÔ Ckm ! C me diadoqikèc efarmogèc tou L mmatoc 5.1blèpoume oti(5:15) S�N : : : S�1Ckm ! C1:Autì shmaÐnei oti up�rqei m 2 N arket� meg�lo tètoio ¸ste(5:16) S�N : : : S�1Ckm � C1 + "2Dn � (�� "2)Dn:Autì eÐnai �topo, giatÐ Ckm 2 S(K) �ra kai S�N : : : S�1Ckm 2 S(K), to opoÐoantif�skei proc thn (5.8). Ara, C = �Dn kai afoÔ Ckm ! �Dn gi� k�je " > 0up�rqei C 2 S(K) tètoio ¸ste d(C; �Dn) < ". To oti j�Dnj = jKj eÐnai apl sunèpeia tou oti h Steiner summetrikopoÐhsh diathreÐ touc ìgkouc: k�je C 2 S(K)èqei ìgko jCj = jKj, �ra kai j�Dnj = lim jCkm j = jKj. 2Qrhsimopoi¸ntac to Je¸rhma 3.5 kai to Je¸rhma 5.2, kai upojètontac oti hepif�neia eÐnai suneq c wc proc th metrik  Hausdor� mporoÔme na d¸soume mi�deÔterh apìdeixh thc isoperimetrik c anisìthtac gi� kurt� s¸mata:5.3 Je¸rhma. Estw K kurtì s¸ma ston Rn pou perièqei to 0 sto eswterikì tou,kai �Dn h mp�la ìgkou j�Dnj = jKj. Tìte,(5:17) @(�Dn) � @(K):Apìdeixh: Estw C 2 S(K). Up�rqoun �1; : : : ; �m 2 Sn�1 tètoia ¸ste C =S�m : : : S�1(K). SÔmfwna me to Je¸rhma 3.5,(5:18) @(K) � @(S�1(K)) � : : : � @(S�m : : : S�1(K)) = @(C):Apì thn �llh pleur�, to Je¸rhma 5.2 mac exasfalÐzei oti up�rqei akoloujÐa fCsgstoiqeÐwn thc S(K) tètoia ¸ste Cs ! �Dn. Upojètontac oti h epif�neia eÐnaisuneq c wc proc thn Hausdor� metrik  sumperaÐnoume oti(5:19) @(�Dn) = lims!1 @(Cs) � @(K): 2San mÐa akìma efarmog  thc Steiner summetrikopoÐhshc ja d¸soume mi� apì-deixh thc anisìthtac Brunn - Minkowski (mìno gi� kurt� s¸mata). H apìdeixh eÐnaibasismènh sto Je¸rhma tou Brunn (to opoÐo èqoume  dh apodeÐxei san efarmog thc anisìthtac Brunn - Minkowski, blèpe Je¸rhma 2.5), kai prohgeÐtai istorik�.Me autìn ton trìpo gÐnetai kajarì to oti h summetrikopoÐhsh, h anisìthta Brunn- Minkowski kai h isoperimetrik  anisìthta sqhmatÐzoun ènan (eniaÐo) kÔklo ide¸n.5.4 Je¸rhma tou Brunn. Estw K kurtì s¸ma ston Rn kai � 2 Sn�1. Tìte, hsun�rthsh g(t) = jK \ (�? + t�)j 1n�1eÐnai koÐlh ston forèa thc. 33



Apìdeixh: MporoÔme na broÔme mi� akoloujÐa apì monadiaÐa dianÔsmata �s k�jetasto � tètoia ¸ste gi� thn akoloujÐa Ks = S�s : : : S�1(K) na èqoume Ks ! L, ìpouL eÐnai èna ek peristrof c kurtì s¸ma me �xona thn eujeÐa ft� : t 2 Rg. HdiadikasÐa aut  lègetai Schwarz summetrikopoÐhsh (kai h apìdeixh tou oti k�titètoio eÐnai dunatì eÐnai an�logh me thn apìdeixh tou Jewr matoc 5.2). To s¸maL èqei tic akìloujec idiìthtec:� Gi� k�je t ston forèa thc g, h tom  L \ (�? + t�) eÐnai mi� (n� 1)�di�stathmp�la aktÐnac r(t).� Gi� k�je t ston forèa thc g, èqoume(5:20) jL \ (�? + t�)j = !n�1[r(t)]n�1 = [g(t)]n�1:Eqoume loipìn g(t) = cnr(t) gi� k�poia stajer� cn, kai arkeÐ na deÐxoume oti hsun�rthsh r eÐnai koÐlh.Autì faÐnetai wc ex c. JewroÔme opoiad pote didi�stath tom  L\F tou L meènan didi�stato upìqwro tou Rn pou perièqei thn kateÔjunsh �. To L\F eÐnai ènadidi�stato kurtì s¸ma (san tom  kurt¸n) kai an tautÐsoume thn kateÔjunsh tou �me ton {orizìntio �xona} sto F , eÔkola blèpoume oti h p�nw sun�rthsh tou L\ FeÐnai h r (kai h k�tw sun�rthsh tou L \ F eÐnai h �r). Epetai oti h r eÐnai koÐlh,ki autì oloklhr¸nei thn apìdeixh tou Jewr matoc. 25.5 Anisìthta Brunn - Minkowski. Estw A;B kurt� s¸mata ston Rn. Tìte,jA+Bj 1n � jAj 1n + jBj 1n :Apìdeixh: Ston Rn+1 jewroÔme ta sÔnola A1 = A� f0g kai B1 = B � f1g. OrÐ-zoume t¸ra thn kurt  touc j kh G = co(A1; B1). Ta A1; B1 eÐnai kurt�, epomènwceÔkola blèpoume oti(5:21) G = f(�x+ (1� �)y; 1� �) : � 2 [0; 1]; x 2 A; y 2 Bg:Gi� k�je t 2 [0; 1] orÐzoume(5:22) G(t) = fz 2 Rn : (z; t) 2 Gg;thn probol  dhlad  ston Rn thc tom c tou G me to uperepÐpedo xn+1 = t. EÔkolablèpoume oti 12 [A + B] � G( 12 ). AntÐstrofa, an z 2 G( 12 ) tìte (z; 12 ) 2 G, �raup�rqoun x 2 A kai y 2 B tètoia ¸ste(5:23) (z; 12) = (12x+ 12y; 12);dhlad  z 2 12 [A+B]. Ara, G( 12 ) = 12 [A+B].Apì to Je¸rhma tou Brunn, h sun�rthsh g(t) = jG\fxn+1 = tgj 1n eÐnai koÐlh.Eidikìtera, g(12) � 12g(0) + 12g(1);34



dhlad (5:24) jG(12)j 1n � 12 jG(0)j 1n + 12 jG(1)j 1n :M�alla lìgia,(5:25) jA+B2 j 1n � 12 jAj 1n + 12 jBj 1n ;ap�opou èpetai h anisìthta Brunn - Minkowski. 26. To L mma tou C. Borell � Sugkèntrwsh tou ìgkou.To L mma tou C. Borell eÐnai apì teqnik  �poyh mi� efarmog  thc anisìthtacBrunn - Minkowski:6.1 Je¸rhma. Estw K kurtì s¸ma ston Rn me ìgko jKj = 1. Upojètoume otiA eÐnai èna summetrikì kurtì sÔnolo ston Rn tètoio ¸ste jK \ Aj = � > 12 . Tìte,gi� k�je t > 1 èqoume(6:1) j(RnntA) \Kj � ��1� �� � t+12 :Apìdeixh: Ja deÐxoume kat"arq n oti gi� k�je t > 1(6:2) RnnA � 2t+ 1(RnntA) + t� 1t+ 1A:Estw oti h (6.2) den isqÔei. Autì shmaÐnei oti up�rqei a 2 A to opoÐo mporeÐ nagrafeÐ sth morf (6:3) a = 2t+ 1y + t� 1t+ 1a1gi� k�poia a1 2 A kai y =2 tA. Enac aplìc upologismìc deÐqnei oti tìte(6:4) 1t y = t+ 12t a+ t� 12t (�a1) 2 A;ìpou qrhsimopoioÔme to gegonìc oti to A eÐnai kurtì kai summetrikì. Omwc tìtey 2 tA, to opoÐo eÐnai �topo.Qrhsimopoi¸ntac t¸ra thn (6.2) kai to gegonìc oti an X;Y eÐnai mh�ken� upo-sÔnola tou Rn kai K kurtì sÔnolo tìte gi� k�je � 2 (0; 1)(6:5) (�X + (1� �)Y ) \K � �(X \K) + (1� �)(Y \K);sumperaÐnoume oti(6:6) (RnnA) \K � 2t+ 1[(RnntA) \K] + t� 1t+ 1(A \K):35



Efarmìzontac thn anisìthta Brunn - Minkowski gi� sumpag  sÔnola ston RnpaÐrnoume(6:7) j(RnnA) \Kj � j(RnntA) \Kj 2t+1 jA \Kj t�1t+1 :Omwc jA \ Kj = � kai j(RnnA) \ Kj = 1 � �, �ra an jèsoume x = j(RnntA) \Kj kai lÔsoume wc proc x sthn (6.7) paÐrnoume (1 � �) t+12 � x� t�12 to opoÐometasqhmatÐzetai sthn zhtoÔmenhj(RnntA) \Kj = x � ��1� �� � t+12 : 26.2 Parat rhsh. H dÔnamh tou L mmatoc tou Borell gÐnetai katanoht  an p.q.jewr soume èna summetrikì A tètoio ¸ste jA \Kj = 23 . Tìte, to L mma mac lèeioti an {fousk¸soume} to A kat� t (an p�roume dhlad  to tA), to posostì tou Kpou mènei èxw apì to tA eÐnai mikrìtero apì 2�t=2. Dhlad  mei¸netai ekjetik� wcproc t (!)Parathr ste epÐshc, oti h anisìthta (6.1) eÐnai anex�rthth thc di�stashc.Ja d¸soume mi� efarmog  tou L mmatoc tou Borell sthn apìdeixh mi�c antÐ-strofhc anisìthtac H�older (anisìthta tÔpou Khinchine) gi� grammikèc sunart seicorismènec se kurt� s¸mata ston Rn.Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1. H klasik  anisìthtaH�older diatup¸netai wc ex c:6.3 Anisìthta tou H�older. Estw f; g : K ! R suneqeÐc sunart seic. An p > 1kai q eÐnai o suzug c ekjèthc tou p ( 1p + 1q = 1), tìte(6:8) ZK f(x)g(x)dx � �ZK jf(x)jp�1=p�ZK jg(x)jqdx�1=q :Apìdeixh: H anisìthta eÐnai ousiastik� sunèpeia thcx�y1�� � �x+ (1� �)y;h opoÐa isqÔei gi� k�je x; y � 0 kai � 2 (0; 1). Gi� eukolÐa ja gr�foumekfkp = �ZK jf(x)jpdx�1=p ; kgkq = �ZK jg(x)jqdx�1=q :Gi� k�je x 2 K èqoume(6:9) � jf(x)jpkfkpp �1=p� jg(x)jqkgkqq �1=q � 1p jf(x)jpkfkpp + 1q jg(x)jqkgkqq ;dhlad (6:10) jf(x)jjg(x)jkfkpkgkq � 1p jf(x)jpkfkpp + 1q jg(x)jqkgkqq :36



Oloklhr¸nontac p�nw sto K paÐrnoume(6:11) RK jf(x)jjg(x)jdxkfkpkgkq � 1p kfkppkfkpp + 1q kgkqqkgkqq = 1;ap�opou eÐnai fanerì otiZK f(x)g(x)dx � ZK jf(x)jjg(x)jdx � kfkpkgkq: 2Amesh sunèpeia thc anisìthtac H�older eÐnai h akìloujh anisìthta:6.4 Pìrisma. Estw K kurtì s¸ma ston Rn me ìgko jKj = 1 kai f : K ! Rsuneq c sun�rthsh. Tìte, hkfkp = �ZK jf(x)jpdx�1=peÐnai aÔxousa sun�rthsh tou p sto (0;+1).Apìdeixh: Estw p < p1 sto (0;+1). Ja qrhsimopoi soume thn anisìthta H�oldergi� tic sunart seic jf jp; 1 kai gi� touc ekjètec p1p > 1 kai ton suzug  tou:(6:12) ZK jf jp = ZK jf jp:1 � �ZK(jf jp)p1=p� pp1 �ZK 1�1� pp1 = �ZK jf jp1� pp1 :Epetai oti(6:13) �ZK jf jp� 1p � �ZK jf jp1� 1p1 : 2Eidikìtera, an f : K ! R kai p > 1 tìte(6:14) ZK jf(x)jdx � �ZK jf(x)jpdx� 1p :Se pl rh genikìthta (gi� k�je dhlad  suneq  sun�rthsh f), akìma kai sthn aploÔ-sterh monodi�stath perÐptwsh p.q. K = [0; 1] den mporeÐ kaneÐc na perimènei mi�antÐstrofh thc anisìthtac (6.14). Gi� k�je p > 1 kai M > 0 mporoÔme na kata-skeu�soume suneq  sun�rthsh fM;p : [0; 1]! R tètoia ¸stekfM;pkp > MkfM;pk1:6.5 Par�deigma. OrÐzoume fM;p(x) = 1 sto [0; a], fM;p(x) = 0 sto [2a; 1] kaiepekteÐnoume suneq¸c kai grammik� sto [a; 2a], ìpou a > 0 mikrìc jetikìc arijmìcpou ja epilegeÐ argìtera. 37



Tìte, kfM;pk1 = 3a2 en¸ kfM;pkp � a1=p. An epilèxoume 0 < a < (3=2M) pp�1 ,èqoume kfM;pkpkfM;pk1 � 23a1� 1p > M:An ìmwc perioristoÔme se grammik� sunarthsoeid  thc morf cx! hx; �iìpou � 2 Rn, tìte mporoÔme qrhsimopoi¸ntac to L mma tou Borell na apodeÐxoumemi� polÔ isqur  anisìthta tÔpou Khinchine:6.6 Je¸rhma. Up�rqei mi� apìluth stajer� c > 0 me thn akìloujh idiìthta: AnK eÐnai èna kurtì s¸ma ston Rn me ìgko jKj = 1, kai � 2 Rn, tìte gi� k�je p > 1isqÔei h antÐstrofh anisìthta H�older(6:14) �ZK jhx; �ijpdx� 1p � cp ZK jhx; �ijdx:Apìdeixh: Gi� eukolÐa jètoume(6:15) I1 = ZK jhx; �ijdx;kai orÐzoume(6:16) A = fx 2 Rn : jhx; �ij � 3I1g:To A eÐnai profan¸c summetrikì kai kurtì. Epiplèon,I1 = ZK jhx; �ijdx � ZK\Ac jhx; �ijdx � 3I1jK \ Acj;dhlad (6:17) jA \Kj � 23 :[H sun�rthsh jhx; �ij den mporeÐ na xeper�sei kat� polÔ th mèsh thc tim  se meg�loposostì tou K (Anisìthta tou Markov)]. ProspajoÔme na fr�xoume apì p�nw to(6:18) ZK jhx; �ijpdx = Z 10 ptp�1jfx 2 K : jhx; �ij > tgjdt:ParathroÔme oti fx 2 K : jhx; �ij > tg = K \ (Rnn t3I1A). (Pr�gmati, x 2 K kaijhx; �ij � t shmaÐnei jh 3I1t x; �ij � 3I1, dhlad  x 2 K kai 3I1t x =2 A). Autì shmaÐneioti an t > 3I1 tìte to L mma tou Borell arqÐzei na efarmìzetai kai mac dÐnei oti oìgkoc jfx 2 K : jhx; �ij � tgj gÐnetai polÔ gr gora mikrìc. Gr�foume loipìn(6:19)ZK jhx; �ijpdx = Z 3I10 ptp�1jK \ (Rnn t3I1A)jdt+ Z 13I1 ptp�1jK \ (Rnn t3I1A)jdt38



kai fr�ssoume to pr¸to olokl rwma apl¸c apì(6:20) Z 3I10 ptp�1dt = (3I1)p;en¸ gi� to deÔtero k�noume thn allag  metablht c t = 3I1s kai qrhsimopoioÔmeto L mma tou Borell:Z 13I1 ptp�1jK \ (Rnn t3I1A)jdt = (3I1)p Z 11 psp�1jK \ (RnnsA)jds(6:21) � (3I1)p Z 11 psp�12�s=2ds:PaÐrnontac upìyh tic (6.19), (6.20) kai (6.21), kaj¸c kai ènan aplì upologismì methn ��sun�rthsh paÐrnoumeZK jhx; �ijpdx � (3I1)p(c1p)pgi� k�poia apìluth stajer� c1 > 0, ap�opou èpetai oti�ZK jhx; �ijpdx� 1p � cpI1 = cp ZK jhx; �ijdx: 26.6 Parat rhsh. H isqÔc thc anisìthtac (6.14) gÐnetai katanoht  an kaneÐcskefteÐ oti h stajer� cp h opoÐa mac exasfalÐzei thn antistrof  thc sun joucanisìthtac H�older den exart�tai oÔte apì to � 2 Rn oÔte apì thn di�stash n oÔteapì to s¸ma K.7. To prìblhma twn tess�rwn shmeÐwn tou Sylvester.Ja d¸soume mi� akìma efarmog  thc summetrikopoÐhshc kat� Steiner pou od -ghse sth lÔsh enìc klasikoÔ probl matoc twn gewmetrik¸n pijanot twn. To 1864,o J.J. Sylvester èjese to akìloujo er¸thma:Epilègoume tuqaÐa tèssera shmeÐa sto epÐpedo. Poi� eÐnai h pijanìthta aut�ta shmeÐa na sqhmatÐzoun kurtì tetr�pleuro;7.1 SÔntoma ègine katanohtì oti to prìblhma èprepe na p�rei piì sugkekrimènhmorf : pl joc diaforetik¸n apant sewn pou basÐzontan se diaforetikèc ermhneÐectou erwt matoc kai èmoiazan ìlec swstèc prok�lesan eureÐa suz thsh (kai bo -jhse sthn austhr  jemelÐwsh twn gewmetrik¸n pijanot twn). To prìblhma touSylvester p re telik� thn ex c morf :Prìblhma twn tess�rwn shmeÐwn: Estw K èna kurtì s¸ma sto epÐpedo. Epi-lègoume tuqaÐa, anex�rthta kai omoiìmorfa apì to K tèssera shmeÐa z1; z2; z3; z4.39



Na upologisteÐ h pijanìthta P (K) ta z1; z2; z3; z4 na sqhmatÐzoun kurtì tetr�pleu-ro. Me ton ìro omoiìmorfa, ennooÔme oti gi� k�je uposÔnolo L tou K, h pijanì-thta P (z 2 L) na brÐsketai sto L èna tuqaÐo shmeÐo tou K dÐnetai apì thnP (z 2 L) = A(L)A(K) :Dhlad , den up�rqoun komm�tia tou K ta opoÐa na èqoun proteraiìthta ìtan epi-lègoume èna shmeÐo apì to K (mìno to mègejìc touc metr�ei).Me ton ìro anex�rthta, ennooÔme oti gi� k�je Li � K; i = 1; : : : ; 4 isqÔeiP (z1 2 L1; : : : ; z4 2 L4) = P (z1 2 L1) : : : P (z4 2 L4):Dhlad , h epilog  tou kajenìc apì ta tèssera shmeÐa den ephre�zei oÔte ephre�-zetai apì thn epilog  twn upoloÐpwn tri¸n.7.2 MporeÐ kaneÐc na deÐ oti ta z1; z2; z3; z4 den sqhmatÐzoun kurtì tetr�pleuroan kai mìno an k�poio apì ta zi brÐsketai mèsa sto trÐgwno twn upoloÐpwn tri¸n.Prospaj¸ntac loipìn na upologÐsoume thn P (K) gr�foume:1� P (K) = P (�� zi ��� �������o�� ����o ����������o)= P ([4i=1fzi ��o ���!�o �!� ���!� ���!�g)= 4P (z4 2 z1z2z3).Qrhsimopoi same to gegonìc oti ta tèssera endeqìmena {to zi eÐnai sto trÐgwno twn�llwn tri¸n shmeÐwn} eÐnai xèna kai isopÐjana. Gi� ton pr¸to isqurismì, prèpei naparathr soume oti h pijanìthta dÔo   perissìtera apì ta zi na tautÐzontai, kaj¸ckai h pijanìthta trÐa   kai ta tèssera apì ta shmeÐa na eÐnai suggrammik� eÐnaimhdèn (�ra, ta tèssera endeqìmena eÐnai ousiastik� xèna).7.3 H pijanìthta P (z4 2 z1z2z3) dÐnetai apì thn mèsh tim (7:1) M(K) = 1[A(K)]3 ZK ZK ZK A(z1z2z3)A(K) dz3dz2dz1;to anamenìmeno dhlad  posostì tou K pou katalamb�nei èna tuqaÐo trÐgwno touopoÐou oi korufèc epilègontai tuqaÐa, anex�rthta kai omoiìmorfa apì to K.O upologismìc epomènwc thc P (K) an�getai ston upologismì thc mèshc tim cM(K), afoÔ(7:2) P (K) = 1� 4M(K):7.4 MÐa akìma arqik  parat rhsh eÐnai oti h posìthta M(K) eÐnai analloÐwth wcproc a�ne metasqhmatismoÔc tou epipèdou: an dhlad  U : R2 ! R2 eÐnai ènacantistrèyimoc grammikìc metasqhmatismìc kai a 2 R2, tìteM(U(K) + a) =M(K):40



H apìdeixh aut c thc isìthtac gÐnetai me apl  allag  metablht c. H parat rhshaut  deÐqnei oti to prìblhm� mac afor� kl�seic a�nely isodun�mwn swm�twn kaiìqi memonwmèna s¸mata. Gi� par�deigma, upologÐzontai ta ex c:(a) M(D) = 35=48�2, kai h mèsh aut  tim  ja eÐnai h Ðdia gi� k�je dÐsko kaigenikìtera gi� k�je èlleiyh.(b) M(T ) = 1=12 gi� èna isìpleuro trÐgwno T , kai h mèsh aut  tim  ja eÐnai hÐdia gi� k�je trÐgwno afoÔ me grammikì metasqhmatismì kai metafor� mporoÔmena metaboÔme apì èna trÐgwno se opoiod pote �llo.(g) M(Q) = 11=144 gi� èna tetr�gwno Q, �ra kai gi� k�je parallhlìgrammosto epÐpedo.7.5 Ta paradeÐgmata aut� deÐqnoun oti h ap�nthsh sto prìblhma twn tess�rwnshmeÐwn exart�tai apì to s¸ma K (  kalÔtera apì thn kl�sh sthn opoÐa an kei).To sq ma tou qwrÐou paÐzei rìlo, epomènwc to prìblhma prèpei na diatupwjeÐ sanèna prìblhma megÐstou�elaqÐstou:Prìblhma: Gi� poi� s¸mata K gÐnetai h M(K) mègisth   el�qisth;Me b�sh thn parat rhsh thc 7.4 mporoÔme na upojèsoume oti A(K) = 1. Rwt�meloipìn gi� poi� s¸mata K embadoÔ 1 elaqistopoieÐtai (antÐstoiqa megistopoieÐtai)to pollaplì olokl rwma(7:3) M(K) = ZK ZK ZK A(z1z2z3)dz3dz2dz1:Thn ap�nthsh sto er¸thma autì èdwse o Blaschke (1914):7.6 Je¸rhma. Estw K kurtì s¸ma sto epÐpedo me A(K) = 1. Tìte,M(D) �M(K) �M(T );ìpou D o dÐskoc embadoÔ 1 kai T èna trÐgwno embadoÔ 1. Isìthta isqÔei arister�an kai mìno an to K eÐnai èlleiyh, kai dexi� an kai mìno an to K eÐnai trÐgwno.H apìdeixh thc arister c anisìthtac basÐzetai sthn Steiner summetrikopoÐh-sh, en¸ h apìdeixh thc dexi�c anisìthtac se ènan antÐstrofo metasqhmatismì (thnSch�uttelung   {antisummetrikopoÐhsh} ) pou se antÐjesh proc thn Steiner summe-trikopoÐhsh odhgeÐ se ìlo kai piì {asÔmmetra} s¸mata.Piì sugkekrimèna, jewroÔme mi� eujeÐa (") sto epÐpedo, thn opoÐa mporoÔmeqwrÐc bl�bh thc genikìthtac na tautÐsoume me ton orizìntio �xona, kai gr�foumeto K sth morf  K = f(x; t) : a � x � b; f(x) � t � g(x)g;ìpou [a; b] eÐnai h probol  tou K sthn ("), h f eÐnai kurt  kai h g eÐnai koÐlh sto[a; b], kai f(x) � g(x) gi� k�je x 2 [a; b]. Tìte, h Steiner summetrikopoÐhsh tou Kwc proc (") eÐnai to s¸maSK = f(x; t) : a � x � b;� (g � f)(x)2 � t � (g � f)(x)2 g:41



Eqoume dei oti h Steiner summetrikopoÐhsh diathreÐ ta embad�, dhlad  A(SK) =A(K) = 1. Ja deÐxoume thn akìloujh prìtash:7.7 Prìtash. M(SK) �M(K).Apìdeixh: H mèsh tim  M(K) gr�fetai san èna exaplì olokl rwma wc ex c:(7:4)M(K) = Z ba Z ba Z ba Z g(x1)f(x1) Z g(x2)f(x2) Z g(x3)f(x3) A(cof(xi; ti)g)dt3dt2dt1dx3dx2dx1:OrÐzoume(7:5) MK(x1; x2; x3) = Z g(x1)f(x1) Z g(x2)f(x2) Z g(x3)f(x3) A(cof(xi; ti)g)dt3dt2dt1gi� k�je tri�da apì xi 2 [a; b]. Tìte,(7:6) M(K) = Z ba Z ba Z ba MK(x1; x2; x3)dx3dx2dx1:AntÐstoiqa gr�foume thn M(SK) kai orÐzoume thn sun�rthsh MSK(x1; x2; x3). HPrìtash 7.7 eÐnai �mesh sunèpeia tou akìloujou L mmatoc:7.8 L mma. Gi� k�je x1; x2; x3 2 [a; b] èqoumeMSK(x1; x2; x3) �MK(x1; x2; x3):Pr�gmati, arkeÐ katìpin na oloklhr¸soume aut n thn anisìthta wc proc xi. Gi�thn apìdeixh tou L mmatoc 7.8 ja qreiasteÐ na gr�youme thn posìthtaMK(x1; x2; x3)lÐgo diaforetik�: Gi� k�je i = 1; 2; 3 jewroÔme thn katakìrufh eujeÐaHxi pou per-n�ei apì to (xi; 0). Aut  tèmnei to K se èna eujÔgrammo tm ma me �kra (xi; f(xi))kai (xi; g(xi)). Jètoume pi = f(xi)+g(xi)2 . Dhlad , to shmeÐo (xi; pi) eÐnai to mèsotou K \ Hxi . Jètoume akìma li = g(xi)�f(xi)2 , to misì dhlad  tou m kouc touK \Hxi . K�nontac thn allag  metablht c ti = pi + si èqoume(7:7) MK(x1; x2; x3) = Z l1�l1 Z l2�l2 Z l3�l3 A(cof(xi; pi + si)g)ds3ds2ds1:Lìgw summetrÐac twn diasthm�twn [�li; li] autì eÐnai Ðso me(7:8) Z l1�l1 Z l2�l2 Z l3�l3 A(cof(xi; pi � si)g)ds3ds2ds1;kai telik�,(7:9) MK(x1; x2; x3)= Z l1�l1 Z l2�l2 Z l3�l3 A(cof(xi; pi + si)g) +A(cof(xi; pi � si)g)2 ds3ds2ds1:42



Ja deÐxoume to akìloujo L mma:7.9 L mma. Gi� k�je jsij � li èqoumeA(cof(xi; pi + si)g) +A(cof(xi; pi � si)g) = 2maxfA(cof(xi; pi)g); A(cof(xi; si)g):Apìdeixh: To embadìn enìc trig¸nou me korufèc (xi; ri); i = 1; 2; 3 dÐnetai apì thnsqèsh A(cof(xi; ri)g) = 12 jdet(~x;~r; ~e)jìpou ~x = (x1; x2; x3); ~r = (r1; r2; r3) kai ~e = (1; 1; 1). Gi� suntomÐa ja sumbolÐzou-me aut n thn orÐzousa me D(~r), enno¸ntac oti eÐnai sun�rthsh mìno twn r1; r2; r3,afoÔ ta x1; x2; x3 eÐnai stajer� se ìti afor� to L mma 7.8. Me autìn ton sumbo-lismì, gi� thn apìdeixh tou L mmatoc 7.9 arkeÐ na apodeÐxoume thn(7:10) jD(~p+ ~s)j+ jD(~p� ~s)j = 2maxfjD(~p)j; jD(~s)jg;h opoÐa lìgw grammikìthtac thc orÐzousac wc proc thn deÔterh st lh gÐnetai(7:11) jD(~p) +D(~s)j+ jD(~p)�D(~s)j = 2maxfjD(~p)j; jD(~s)jg:Aut  h teleutaÐa isqÔei, afoÔ gi� tuqìntec pragmatikoÔc arijmoÔc a kai b èqoumethn tautìthta(7:12) ja+ bj+ ja� bj = 2maxfjaj; jbjg: 2Apìdeixh tou L mmatoc 7:8: Estw (xi; qi) ta mèsa twn eujugr�mmwn tmhm�twnSK \Hxi . Profan¸c, qi = 0; i = 1; 2; 3. EpÐshc, douleÔontac akrib¸c ìpwc kai gi�to K èqoume(7:13) MSK(x1; x2; x3)= Z l1�l1 Z l2�l2 Z l3�l3 A(cof(xi; qi + si)g) +A(cof(xi; qi � si)g)2 ds3ds2ds1:An p�roume upìyh mac to L mma 7.9, gi� na oloklhr¸soume thn apìdeixh touL mmatoc 7.8 eÐnai arketì na exasfalÐsoume oti(7:14) Z l1�l1 Z l2�l2 Z l3�l3 maxfjD(~q)j; jD(~s)jgds3ds2ds1� Z l1�l1 Z l2�l2 Z l3�l3 maxfjD(~p)j; jD(~s)jgds3ds2ds1:Omwc, jD(~q)j = 0 � jD(~p)j, giatÐ ~q = ~0. H gewmetrik  ermhneÐa eÐnai oti tamèsa (xi; qi) sto SK eÐnai suggrammik�, sunep¸c to embadìn tou trig¸nou pousqhmatÐzoun eÐnai mhdèn � opwsd pote mikrìtero   Ðso tou embadoÔ tou trig¸nou43



pou sqhmatÐzoun ta antÐstoiqa mèsa (xi; pi) sto K. Epetai oti gi� k�je s1; s2; s3isqÔei(7:15) maxfjD(~q)j; jD(~s)jg � maxfjD(~p)j; jD(~s)jg;kai oloklhr¸nontac wc proc si paÐrnoume(7:16) MSK(x1; x2; x3) �MK(x1; x2; x3): 2Apìdeixh thc Prìtashc 7:7: H sun�rthshMSK den xepern�ei thnMK , an epomènwcoloklhr¸soume sto [a; b]� [a; b]� [a; b] paÐrnoume(7:17) M(SK) = Z ba Z ba Z ba MSK(x1; x2; x3)dx3dx2dx1� Z ba Z ba Z ba MK(x1; x2; x3)dx3dx2dx1 =M(K) 2OrÐzoume t¸ra ènan deÔtero metasqhmatismì, thn antisummetrikopoÐhsh TKtou K wc proc ("), me ton akìloujo trìpo:TK = f(x; t) : a � x � b; 0 � t � (g � f)(x)g:H mhdenik  sun�rthsh eÐnai kurt  kai h g�f eÐnai koÐlh kai mh�arnhtik  sto [a; b],epomènwc to TK eÐnai kurtì. EpÐshc,A(TK) = Z ba [g(x)� f(x)]dx = A(K);dhlad  ki autìc o metasqhmatismìc diathreÐ ta embad�. Ja deÐxoume thn akìloujhprìtash:7.10 Prìtash. M(K) �M(TK).Apìdeixh: Opwc kai sthn apìdeixh thc Prìtashc 7.7, arkeÐ na deÐxoume oti gi� k�jex1; x2; x3 2 [a; b] isqÔei MK(x1; x2; x3) �MTK(x1; x2; x3):JewroÔme kai p�li tic katakìrufec eujeÐec Hxi pou pernoÔn apì ta (xi; 0) kai tamèsa (xi; wi) twn eujugr�mmwn tmhm�twn TK \ Hxi . Aut  th for� èqoume wi =g(xi)�f(xi)2 . O metasqhmatismìc mac diathreÐ kai p�li ta m kh twn eujugr�mmwntmhm�twn: gi� k�je x 2 [a; b] èqoume oti ta K \ Hx kai TK \ Hx èqoun to Ðdiom koc. Ara,(7:18) MTK(x1; x2; x3)44



= Z l1�l1 Z l2�l2 Z l3�l3 A(cof(xi; wi + si)g) +A(cof(xi; wi � si)g)2 ds3ds2ds1:Me b�sh to L mma 7.9, h anisìthta pou jèloume na deÐxoume gÐnetai(7:19) Z l1�l1 Z l2�l2 Z l3�l3 maxfjD(~p)j; jD(~s)jgds3ds2ds1� Z l1�l1 Z l2�l2 Z l3�l3 maxfjD(~w)j; jD(~s)jgds3ds2ds1:Aut  h teleutaÐa ja isqÔei an kai mìno an(7:20) jD(~p)j � jD(~w)j:Ac jumhjoÔme pwc orÐzontai ta pi kai wi: EÐnaipi = g(xi) + f(xi)2 ; wi = g(xi)� f(xi)2 ;an loipìn gi� k�je sun�rthsh h : [a; b] ! R sumbolÐsoume me D(h) thn orÐzousadet(~x;~h;~e), ìpou ~h = (h(x1); h(x2); h(x3)), tìte autì pou zht�me eÐnai(7:21) jD(f + g)j � jD(g � f)j:Apì grammikìthta thc orÐzousac wc proc thn deÔterh st lh, èqoume D(f + g) =D(f)+D(g) kaiD(g�f) = D(g)�D(f) kai uy¸nontac sto tetr�gwno blèpoume otiarkeÐ na doÔme oti oi D(f) kai D(g) eÐnai eterìshmec. AnaptÔssontac thn orÐzousapaÐrnoume(7:22) D(f) = (x3 � x1)�x3 � x2x3 � x1 f(x1) + x2 � x1x3 � x1 f(x3)� f(x2)� :Ac upojèsoume pr¸ta oti x1 < x2 < x3. Tìte, eÔkola blèpoume oti x2 = x3�x2x3�x1x1+x2�x1x3�x1x3, kai to gegonìc oti h f eÐnai kurt  exasfalÐzei oti D(f) � 0. An�logocupologismìc deÐqnei oti D(g) � 0, dhlad  D(f)D(g) � 0 pou  tan to zhtoÔmeno.An h di�taxh twn xi eÐnai diaforetik , antimetajètoume tic grammèc thc orÐ-zousac D(f) me tètoio trìpo ¸ste na èqoume thn pr¸th st lh aÔxousa. Aut  hallag  mporeÐ na metab�lei to prìshmo thc D(f), h Ðdia ìmwc allag  ja metab�leikai to prìshmo thc D(g) me ton Ðdio trìpo. To telikì ginìmeno ja eÐnai mikrìtero  Ðso tou mhdenìc, �ra kai to arqikì: gi� k�je dunat  di�taxh twn xi èqoumeD(f)D(g) � 0:Autì apodeiknÔei oti MK(x1; x2; x3) �MTK(x1; x2; x3) gi� k�je x1; x2; x3 2 [a; b],kai me mÐa akìma olokl rwsh paÐrnoumeM(K) �M(TK): 245



Eqoume deÐ oti me diadoqikèc Steiner summetrikopoi seic mporoÔme na fèroume totuqìn kurtì s¸ma polÔ kont� se mp�la (me thn Hausdor� metrik ). AntÐstoiqa,sto epÐpedo isqÔei oti me diadoqikèc antisummetrikopoi seic mporoÔme na fèroumek�je kurtì qwrÐo polÔ kont� se trÐgwno. Piì sugkekrimèna:7.11 Je¸rhma. Estw K èna kurtì s¸ma sto epÐpedo me A(K) = 1. Tìte,(i) Up�rqei akoloujÐa eujei¸n f("n)g tètoia ¸ste: an Kn = S"n : : : S"1K tìteKn ! �D, ìpou A(�D) = 1.(ii) Up�rqei akoloujÐa eujei¸n f(�n)g tètoia ¸ste: an K 0n = T�n : : : T�1K tìteK 0n ! T , ìpou T trÐgwno me A(T ) = 1. 2Qrhsimopoi¸ntac tic Prot�seic 7.7, 7.10 kai to Je¸rhma 7.11 mporoÔme naapodeÐxoume to Je¸rhma tou Blaschke:Apìdeixh tou Jewr matoc 7:6: Estw K kurtì s¸ma sto epÐpedo me A(K) = 1.JewroÔme tic akoloujÐec fKng kai fK 0ng pou mac dÐnei to Je¸rhma 7.11. Me b�shthn Prìtash 7.7 èqoumeM(K) �M(K1) �M(K2) � : : : �M(Kn)!M(�D) =M(D);en¸ apì thn Prìtash 7.10 èpetai otiM(K) �M(K 01) �M(K 02) � : : : �M(K 0n)!M(T ):Mi� prosektik  diereÔnhsh twn bhm�twn thc apìdeixhc deÐqnei oti an to arqikìs¸ma den eÐnai èlleiyh tìte mporoÔme na k�noume to pr¸to b ma ètsi ¸steM(K) >M(K1). Ara, M(K) > M(D). Omoia, an to arqikì s¸ma den eÐnai trÐgwno tìtemporoÔme na k�noume to pr¸to b ma ètsi ¸ste M(K) < M(K 01). Ara, M(K) <M(T ). Dhlad , M(K) = M(D) an kai mìno an to K eÐnai èlleiyh kai M(K) =M(T ) an kai mìno an to K eÐnai trÐgwno (den ja mpoÔme stic leptomèreiec). 2Epistrèfontac sto prìblhma tou Sylvester kai qrhsimopoi¸ntac thn (7.2) kaitic timèc M(D) = 35=48�2, M(T ) = 1=12, blèpoume oti gi� k�je kurtì s¸ma KisqÔei 0:666 : : : = P (T ) � P (K) � P (D) ' 0:7045 : : :8. To polikì s¸ma enìc summetrikoÔ kurtoÔ s¸matoc � H anisìthtaBlaschke - Santal�o.Sthn par�grafo aut  jewroÔme mìno summetrik� kurt� s¸mata K ston Rn mekèntro summetrÐac to 0 (parìlo pou pollèc apì tic ènnoiec pou ja qrhsimopoihjoÔnorÐzontai kai sth mh�summetrik  perÐptwsh).8.1 Orismìc. H aktinik  sun�rthsh �K tou K orÐzetai sthn Sn�1 wc ex c: an� 2 Sn�1, tìte(8:1) �K(�) = maxf� > 0 : �� 2 Kg:46



EÐnai fanerì oti an mac dojeÐ h aktinik  sun�rthsh � enìc summetrikoÔ kurtoÔs¸matoc tìte autì prosdiorÐzetai monos manta: se k�je dieÔjunsh � 2 Sn�1 prèpeina proqwr soume se apìstash �(�) èwc ìtou sunant soume to sÔnoro tou s¸matoc.8.2 Orismìc. H sun�rthsh st rixhc hK enìc summetrikoÔ kurtoÔ s¸matoc KorÐzetai sthn Sn�1 wc ex c: an � 2 Sn�1, tìte(8:2) hK(�) = maxfhx; �i : x 2 Kg:8.3 Parat rhsh. To sq ma deÐqnei thn sqèsh an�mesa sthn aktinik  sun�rthsh�K kai thn sun�rthsh st rixhc hK gi� dosmènh dieÔjunsh � 2 Sn�1: eÐnai fanerìoti �K(�) � hK(�).Gi� mi� austhr  apìdeixh parathroÔme oti �K(�)� 2 K, epomènwc(8:3) hK(�) = maxx2Khx; �i � h�K(�)�; �i = �K(�)h�; �i = �K(�):Ja orÐsoume èna deÔtero s¸ma ston Rn, to polikì s¸ma Ko tou K. O ori-smìc mporeÐ na dojeÐ me dÔo diaforetikoÔc trìpouc. Pr¸ton, an perigr�youme thnaktinik  sun�rthsh tou Ko jètontac(8:4) �Ko(�) = 1hK(�) ; � 2 Sn�1:DeÔteron, dÐnontac apeujeÐac orismì tou sunìlou Ko:(8:5) Ko := fy 2 Rn : hx; yi � 1;8x 2 Kg:8.4 L mma. Oi dÔo orismoÐ sumpÐptoun.Apìdeixh: Estw y 2 fy 2 Rn : hx; yi � 1;8x 2 Kg. Up�rqei � 2 Sn�1 tètoio ¸stey = ��. Ja deÐxoume oti � � 1=hK(�). Eqoume(8:6) �hK(�) = �maxx2Khx; �i = maxx2Khx; ��i = maxx2Khx; yi � 1:AntÐstrofa, an y = �� gi� k�poio � 2 Sn�1 kai k�poio � � 1=hK(�), tìte gi� k�jex 2 K èqoume(8:7) hx; yi = hx; ��i = �hx; �i � �hK(�) � 1:Sunep¸c, y 2 fy 2 Rn : hx; yi � 1;8x 2 Kg. 2PaÐrnontac upìyh thn summetrÐa tou K mporoÔme na gr�youme to Ko st morf (8:8) Ko = \x2Kfy 2 Rn : jhy; xij � 1g;47



to opoÐo deÐqnei oti:8.5 L mma. To polikì Ko enìc summetrikoÔ kurtoÔ s¸matoc K eÐnai summetrikìkurtì sÔnolo. 28.6 ParadeÐgmata. (a) An K = Dn eÐnai polÔ eÔkolo na doÔme oti hK(�) = 1gi� k�je � 2 Sn�1: Eqoume jhx; �ij � jxjj�j � 1 gi� k�je x 2 Dn, kai h�; �i = 1.Epetai oti �Ko(�) = 1, dhlad  Ko = Dn.TeleÐwc an�loga blèpoume oti gi� k�je r > 0 isqÔei (rDn)o = 1rDn.(b) Estw K = Q2 = f(x; y) 2 R2 : jxj � 1; jyj � 1g, èna tetr�gwno stoepÐpedo. Den eÐnai dÔskolo na doÔme oti Ko = L = f(t; s) 2 R2 : jtj+ jsj � 1g, ènacrìmboc sto epÐpedo. Pr¸ta�pr¸ta, an (x; y) 2 K kai (t; s) 2 L tìte jxt + ysj �jxjjtj+ jyjjsj � jtj+ jsj � 1. Ara, L � Ko.AntÐstrofa, an (t; s) 2 Ko, tìte afoÔ (signt; signs) 2 Q2 = K èqoume tsignt+ssigns � 1, dhlad  jtj+ jsj � 1. Ara, (t; s) 2 L dhlad  Ko � L.O Ðdioc akrib¸c sullogismìc deÐqnei oti an K = Qn = fx = (x1; : : : ; xn) :jxij � 1; i = 1; : : : ; ng, tìteKo = fy = (y1; : : : ; yn) : nXi=1 jyij � 1g;h {monadiaÐa mp�la tou `n1} (cross{polytope).(g) An 1 < p < +1 kai q o suzug c ekjèthc tou p ( 1p + 1q = 1), tìte to polikìs¸ma thc monadiaÐac mp�lac tou `npBnp = fx = (x1; : : : ; xn) : nXi=1 jxijp � 1g;eÐnai h monadiaÐa mp�la tou `nqBnq = fy = (y1; : : : ; yn) : nXi=1 jyijq � 1g:To gegonìc oti to polikì s¸ma Ko enìc summetrikoÔ kurtoÔ s¸matoc K eÐnaiìntwc kurtì s¸ma (èqei dhlad  mh kenì eswterikì kai eÐnai fragmèno), eÐnai �meshsunèpeia tou akìloujou jewr matoc:8.7 Je¸rhma. Estw K;L dÔo summetrik� kurt� s¸mata ston Rn. IsqÔoun taex c:(1) An K � L, tìte Lo � Ko.(2) An T eÐnai ènac antistrèyimoc grammikìc metasqhmatismìc tou Rn, tìte(TK)o = T�t(Ko).(3) An K � RDn, tìte 1RDn � Ko.(4) An K � �Dn, tìte Ko � 1�Dn. 48



Apìdeixh: (1) Estw y 2 Lo. Tìte, hy; xi � 1 gi� k�je x 2 L, kai afoÔ K � Lèpetai oti hy; xi � 1 gi� k�je x 2 K. Ara, y 2 Ko.(2) Eqoume y 2 (TK)o an kai mìno an hz; yi � 1 gi� k�je z 2 TK, an kai mìno anhTx; yi � 1 gi� k�je x 2 K, an kai mìno an hx; T tyi � 1 gi� k�je x 2 K, an kaimìno an T ty 2 Ko, dhlad  an kai mìno an y 2 T�t(Ko).(3),(4) EÐnai �mesec sunèpeiec twn (1) kai (2). ArkeÐ na parathr soume oti RDn =(RId)(Dn) kai �Dn = (�Id)(Dn). 2Ja mporoÔsame na epanal�boume thn diadikasÐa orismoÔ tou polikoÔ s¸ma-toc pollèc forèc, xekin¸ntac apì èna summetrikì kurtì s¸ma K, paÐrnontac topolikì tou Ko, to polikì tou polikoÔ (Ko)o, to polikì tou polikoÔ tou polikoÔ((Ko)o)o kai oÔtw kajex c. To Je¸rhma pou akoloujeÐ deÐqnei oti aut  h diadika-sÐa stamat�ei sto deÔtero kiìlac b ma: isqÔei (Ko)o = K. To K kai to polikìtou apoteloÔn {zeug�ri}.8.8 Je¸rhma. Estw K summetrikì kurtì s¸ma ston Rn. Tìte, (Ko)o = K.Apìdeixh: O egkleismìc K � (Ko)o apodeiknÔetai eÔkola: èstw x 2 K. Any 2 Ko, tìte hx; yi � 1 apì ton orismì tou Ko. Omwc t¸ra, afoÔ to y 2 Ko eÐnaituqìn, apì ton orismì tou (Ko)o paÐrnoume x 2 (Ko)o.H apìdeixh tou �llou egkleismoÔ ja basisteÐ se èna diaqwristikì je¸rhma.8.9 L mma. Estw K mh�kenì sumpagèc uposÔnolo tou Rn, kai x =2 K. Tìte,up�rqei z 2 K tètoio ¸ste(8:9) jx� zj = minfjx� yj : y 2 Kg:Apìdeixh: OrÐzoume � = inffjx� yj : y 2 Kg � 0. Gi� k�je " > 0 up�rqei y" 2 Ktètoio ¸ste � � jx�y"j < �+". Epilègontac " = 1; 12 ; : : : ; 1n ; : : :, brÐskoume yn 2 Kme thn idiìthta � � jx� ynj < �+ 1n , n 2 N.Epeid  to K eÐnai sumpagèc, up�rqoun z 2 K kai upakoloujÐa fykng me ykn !z. Einai fanerì oti(8:10) jx� zj = limn jx� ykn j = �: 2Sthn perÐptwsh pou to K eÐnai kurtì kai sumpagèc, to z tou L mmatoc 8.9 eÐnaimonadikì:8.10 L mma. Estw K mh�kenì, kurtì kai sumpagèc uposÔnolo tou Rn. Tìte,up�rqei monadikì z 2 K tètoio ¸stejx� zj = � = minfjx� yj : y 2 Kg:Apìdeixh: Apì to L mma 8.9 xèroume oti up�rqoun tètoia z. Estw oti jx� z1j = �.An z 2 K, tìte gi� k�je � 2 (0; 1) èqoume �z + (1 � �)z1 2 K (epeid  to K eÐnaikurtì), epomènwc(8:11) jx� z1j2 � jx� (�z + (1� �)z1)j2 = j(x� z1)� �(z � z1)j249



= jx� z1j2 � 2�hx� z1; z � z1i+ �2jz1 � zj2;ap�opou èpetai oti(8:12) hx� z1; z � z1i � �jz1 � zj2;kai paÐrnontac �! 0+ blèpoume oti(8:13) hx� z1; z � z1i � 0gi� k�je z 2 K. H sunj kh aut  mac lèei oti ta dianÔsmata ~z1x kai ~z1z sqhmatÐzounambleÐa gwnÐa gi� k�je z 2 K, dhlad  oti to uperepÐpedo fz : hz; x� z1i = hz1; x�z1ig af nei olìklhro to K {apì th mi� meri� tou Rn}.Estw oti up rqe kai deÔtero shmeÐo z2 2 K tètoio ¸ste jx� z2j = �. Tìte jaÐsque to an�logo thc (8.13) me to z2 sth jèsh tou z1, dhlad (8:14) hz2 � x; z2 � zi � 0gi� k�je z 2 K. PaÐrnontac z = z2 sthn (8.13) kai z = z1 sthn (8.14) kaiprosjètontac kat� mèlh paÐrnoume(8:15) hz2 � z1; z2 � z1i � 0;to opoÐo isqÔei mìno an z2 = z1. 28.11 Diaqwristikì Je¸rhma. Estw K kurtì s¸ma ston Rn, kai x =2 K. Tìte,up�rqei uperepÐpedo pou diaqwrÐzei gn sia to x apì to K. Dhlad  up�rqoun � 2 Rkai � 2 Sn�1 tètoia ¸ste(8:16) maxz2K hz; �i < � < hx; �i:Apìdeixh: BrÐskoume z1 2 K me el�qisth apìstash apì to x. Apì thn (8.13)èqoume(8:17) hz; x� z1i � hz1; x� z1igi� k�je z 2 K. Apì thn �llh pleur�, hx� z1; x� z1i > 0 epomènwc(8:18) hz1; x� z1i < hx; x� z1i:Apì tic (8.17) kai (8.18) eÐnai fanerì oti an � = (x � z1)=jx � z1j tìte up�rqei� 2 R tètoio ¸ste(8:19) maxz2K hz; �i = hz1; �i < � < hx; �i: 2Sunèqeia thc apìdeixhc tou Jewr matoc 8.8: Eqoume deÐ oti K � (Ko)o. Acupojèsoume oti up�rqei x 2 (Ko)onK. AfoÔ to x den an kei sto K, up�rqoun� 2 Sn�1 kai � 2 R tètoia ¸ste: gi� k�je z 2 K,(8:20) hz; �i < � < hx; �i:50



O � eÐnai gn sia jetikìc arijmìc epeid  to K perièqei to 0 sto eswterikì tou. Any = �=�, tìte apì thn arister  anisìthta thc (8.20) blèpoume oti y 2 Ko. AfoÔx 2 (Ko)o, prèpei na isqÔei hy; xi � 1 to opoÐo èrqetai se antÐfash me thn dexi�anisìthta thc (8.20). Atopo, epomènwc K = (Ko)o. 2Apì to Je¸rhma 8.7(2) eÐnai fanerì oti ìso piì {meg�lo} eÐnai èna s¸ma Ktìso piì {mikrì} eÐnai to polikì tou. Gi� thn akrÐbeia, to ginìmeno twn ìgkwnjKjjKojeÐnai analloÐwto wc proc antistrèyimouc grammikoÔc metasqhmatismoÔc:(8:21) jTKjjT�t(Ko)j = jdetT jjKjjdetT�tjjKoj = jKjjKoj:8.12 Prìblhma. Na brejoÔn oi kl�seic swm�twn gi� tic opoÐec to ginìmeno twnìgkwn jKjjKoj gÐnetai mègisto   el�qisto.To prìblhma tou megÐstou apant jhke apì ton Blaschke (stic treÐc diast�seic)kai apì ton Santal�o (gi� opoiad pote di�stash). To ginìmeno twn ìgkwn enìcs¸matoc kai tou polikoÔ tou gÐnetai mègisto an kai mìno an to s¸ma eÐnai mp�la ( elleiyoeidèc). DÐnoume ed¸ mi� apìdeixh twn M. Meyer kai A. Pajor pou basÐzetaisth mèjodo thc Steiner summetrikopoÐhshc:8.13 Je¸rhma. Estw K summetrikì kurtì s¸ma ston Rn kai � 2 Sn�1. AnK1 = S�(K) eÐnai h Steiner summetrikopoÐhsh tou K sthn kateÔjunsh tou �, tìte(8:22) jKjjKoj � jK1jj(K1)oj:Apìdeixh: H summetrikopoÐhsh Steiner diathreÐ touc ìgkouc, dhlad  jKj = jK1j.ArkeÐ epomènwc na deÐxoume oti jKoj � j(K1)oj.Gi� eukolÐa upojètoume oti �? = Rn�1. Den eÐnai dÔskolo na deÐ kaneÐc oti(8:23) S�(K) = K1 = f(x; t1 � t22 ) : x 2 P�K; (x; t1) 2 K; (x; t2) 2 Kg:Wc sun jwc, gi� k�je A � Rn gr�foumeA(t) = fx 2 Rn�1 : (x; t) 2 Ag:Isqurismìc: Gi� k�je s 2 R isqÔei(8:24) Ko(s) +Ko(�s)2 � (K1)o(s):Apìdeixh: Estw y1 2 Ko(s) kai y2 2 Ko(�s). Autì shmaÐnei oti (y1; s) 2 Kokai (y2;�s) 2 Ko. Jèloume na deÐxoume oti (y1 + y2)=2 2 (K1)o(s), dhlad  oti(y1+y22 ; s) 2 (K1)o. 51



Estw (x; t1�t22 ) 2 K1, dhlad  (x; t1) 2 K kai (x; t2) 2 K. ArkeÐ na deÐxoumeoti(8:25) h(x; t1 � t22 ); (y1 + y22 ; s)i � 1:Omwc, h posìthta aut  eÐnai Ðsh mehx; y1 + y22 i+ st1 � st22 = h(x; t1); (y1; s)i+ h(x; t2); (y2;�s)i2 � 1dhlad  h (8.25) � �ra kai h (8.24) � isqÔei.H anisìthta Brunn - Minkowski t¸ra dÐneij(K1)o(s)j � jKo(s)j 12 jKo(�s)j 12 ;kai epeid  jKo(s)j = jKo(�s)j lìgw summetrÐac tou Ko, paÐrnoume(8:26) j(K1)o(s)j � jKo(s)jgi� k�je s 2 R. Me olokl rwsh sumperaÐnoume otij(K1)oj = Z +1�1 j(K1)o(s)jds � Z +1�1 jKo(s)jds = jKoj: 28.14 Anisìthta Blaschke - Santal�o. Estw K summetrikì kurtì s¸ma ston Rn.Tìte,(8:27) jKjjKoj � jDnj2:Apìdeixh: Estw S(K) h kl�sh ìlwn twn peperasmènwn Steiner summetrikopoi sewntou K. Apì to Je¸rhma 8.13 èpetai otijKjjKoj � jCjjCojgi� k�je C 2 S(K). Xèroume oti up�rqei akoloujÐa fCmg stoiqeÐwn thc S(K) meCm ! rDn. Tìte,(8:28) jKjjKoj � limm jCmjj(Cm)oj = jrDnjj(rDn)oj = jDnj2: 2To prìblhma tou elaqÐstou paramènei anoiqtì. Up�rqei h legìmenh eikasÐatou Mahler: Gi� k�je summetrikì kurtì s¸ma K ston Rn isqÔei(8:29) jKjjKoj � 4nn! :An to el�qisto eÐnai ìntwc autì, tìte èqoume isìthta sthn (8.29) an to K eÐnaikÔboc (kai se merikèc akìma peript¸seic).52



8.15 Parat rhsh. Enac aplìc upologismìc deÐqnei oti an h eikasÐa tou MahlereÐnai swst , tìte gi� k�je summetrikì kurtì s¸ma K ston Rn èqoume(8:30) c1n � 4(n!)1=n � (jKjjKoj) 1n � jDnj2=n � c2n ;ìpou c1; c2 > 0 eÐnai dÔo apìlutec stajerèc. H Ôparxh dÔo tètoiwn stajer¸n èqeiapodeiqjeÐ apì touc J. Bourgain kai V.D. Milman ( {asjen c} lÔsh tou probl ma-toc tou Mahler):8.16 Je¸rhma. Estw K summetrikì kurtì s¸ma ston Rn. Tìte,c1n � (jKjjKoj) 1n � c2n ;ìpou c1; c2 > 0 eÐnai dÔo apìlutec stajerèc.9. H apeikìnish tou Kn�othe � Mi� trÐth apìdeixh thc anisìthtac Brunn- Minkowski.Ja kleÐsoume autì to kef�laio me mi� trÐth apìdeixh thc anisìthtac Brunn -Minkowski, pou sthrÐzetai sthn apeikìnish tou Kn�othe.9.1 H apeikìnish touKn�othe. StajeropoioÔme mÐa orjokanonik  b�sh fe1; : : : ; engston Rn, kai jewroÔme dÔo anoiqt� kai kurt� mh�ken� uposÔnola A kai B tou Rn.Gi� k�je i = 1; : : : ; n kai s = (s1; : : : ; si) 2 Ri jewroÔme thn tom As = fy 2 Rn�i : (s; y) 2 Agtou A, kai ìmoia gi� to B. Ja orÐsoume mÐa èna�proc�èna apeikìnish tou A epÐ touB wc ex c:An x = (x1; : : : ; xn) 2 A, tìte Ax1 6= ;. OrÐzoume tìte �1(x) = �1(x1) mèswthc sqèshc(9:1) 1jAj Z x1�1 jAs1 jn�1ds1 = 1jBj Z �1(x1)�1 jBt1 jn�1dt1:Dhlad , proqwr�me sthn dièujunsh tou e1 mèqri na {kìyoume} posostì tou BÐso me to posostì tou A pou katalamb�nei to A \ fs = (s1; : : : ; sn) : s1 � x1g.Parathr ste oti h �1 orÐzetai sto A all� h tim  thc exart�tai mìno apì thn pr¸thsuntetagmènh tou x 2 A. EpÐshc,(9:2) @�1@x1 = jBjjAj jAx1 jn�1jB�1(x1)jn�1 :SuneqÐzoume me epagwg . Upojètoume oti èqoume orÐsei tic �1(x) = �1(x1),�2(x) = �2(x1; x2), �j�1(x) = �j�1(x1; : : : ; xj�1) gi� k�poio j � 2. An x =53



(x1; : : : ; xn) 2 A, tìte A(x1;:::;xj�1) 6= ; kai orÐzoume �j(x) = �j(x1; : : : ; xj) mèswthc sqèshc(9:3) 1jA(x1;:::;xj�1)jn�j+1 Z xj�1 jA(x1;:::;xj�1;sj)jn�jdsj= 1jB(�1(x1);:::;�j�1(x1;:::;xj�1)jn�j+1 Z �j(x1;:::;xj)�1 jB(�1(x1);:::;�j�1(x1;:::;xj�1);tj)jn�jdtj :EÐnai p�li fanerì oti(9:4) @�j@xj = jB�1(x);:::;�j�1(x)jn�j+1jAx1;:::;xj�1 jn�j+1 jAx1;:::;xj jn�jjB�1(x);:::;�j(x)jn�j :SuneqÐzontac ètsi, orÐzoume mi� sun�rthsh � = (�1; : : : ; �n) : A ! B. EÐnaieÔkolo na doÔme oti h � eÐnai èna�proc�èna kai epÐ, en¸ apì thn (9.4) blèpoume otioi merikèc par�gwgoi @�j=@xj eÐnai mh�arnhtikèc sto A. Apì thn kataskeu  thc h� eÐnai trigwnik  (dhlad  �j(x) = �j(x1; : : : ; xj)), epomènwc gi� thn Iakwbian  thc� èqoume(9:5) J(x) = Det(D�) = nYj=1 @�j@xj = jBjjAjgi� k�je x 2 A, ìpou qrhsimopoioÔme tic (9.2) kai (9.4). H apeikìnish � lègetaiapeikìnish tou Kn�othe:9.2 Je¸rhma. Estw A;B mh�ken�, anoiqt� kai kurt� uposÔnola touRn. Up�rqeièna�proc�èna trigwnik  apeikìnish � tou A epÐ tou B tètoia ¸ste @�j@xj � 0 sto A,thc opoÐac h Iakwbian  ikanopoieÐ thnJ(x) = jBjjAjgi� k�je x 2 A. 2Me thn bo jeia thc apeikìnishc tou Kn�othe mporoÔme na d¸soume mÐa trÐthapìdeixh thc anisìthtac Brunn - Minkowski:9.3 Anisìthta Brunn - Minkowski. Estw A;B kurt� s¸mata ston Rn. Tìte,jA+Bj 1n � jAj 1n + jBj 1n :Apìdeixh: H anisìthta pou jèloume na apodeÐxoume afor� ìgkouc, mporoÔme epo-mènwc gi� to skopì autì na {tautÐsoume} ta A kai B me ta eswterik� touc.JewroÔme thn apeikìnish tou Kn�othe � : A! B. EÐnai fanerì oti(9:6) (Id + �)(A) � A+ �(A) = A+B:54



Epomènwc,(9:7) jA+Bj � Z(Id+�)(A) dx = ZA jJ(Id + �)(x)jdx = ZA nYj=1�1 + @�j@xj (x)� dx� ZA0@1 + ( nYj=1 @�j@xj (x))1=n1An dx = jAj�1 + ( jBjjAj )1=n�n= �jAj1=n + jBj1=n�n : 2
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III. SUGKENTRWSH TOU METROU � OIKOGENEIES L�EVY.1. H isoperimetrik  anisìthta sth sfaÐra.JewroÔme thn monadiaÐa sfaÐra Sn�1 stonRn efodiasmènh me thn gewdaisiak metrik  �: h apìstash �(x; y) dÔo shmeÐwn x; y 2 Sn�1 eÐnai h kurt  gwnÐa xoy stoepÐpedo pou orÐzetai apì thn arq  twn axìnwn o kai ta x; y. H Sn�1 gÐnetai q¸rocpijanìthtac me to monadikì analloÐwto wc proc strofèc mètro � to opoÐo metr�eito posostì thc epif�neiac thc sfaÐrac pou katalamb�nei k�je Borel A � Sn�1.EÐnai eÔkolo na deÐ kaneÐc oti an �(x; y) = � tìte(1:1) jx� yj = 2 sin �2 ;sunep¸c h gewdaisiak  kai h eukleÐdeia apìstash twn x; y 2 Sn�1 sugkrÐnontaimèsw thc(1:2) 2� �(x; y) � jx� yj � �(x; y):An A � Sn�1, tìte gi� k�je " > 0 orÐzoume thn "�epèktash A" tou A wc ex c:(1:3) A" = fx 2 Sn�1 : �(x;A) � "g:Gi� k�je x 2 Sn�1 kai r > 0, h mp�la me kèntro to x kai aktÐna r eÐnai wc sun jwcto sÔnolo fy 2 Sn�1 : �(y; x) � rg, èna {skoufÐ} me kèntro to x kai gwniak aktÐna r.To isoperimetrikì prìblhma sth sfaÐra diatup¸netai wc ex c:DÐnontai � 2 (0; 1) kai " > 0. An�mesa se ìla ta uposÔnola A thc sfaÐracgi� ta opoÐa �(A) = �, na brejoÔn ekeÐna gi� ta opoÐa elaqistopoieÐtai h epif�neia�(A") thc "�epèktashc.H ap�nthsh s�utì to er¸thma dÐnetai apì to akìloujo je¸rhma:Isoperimetrik  anisìthta sth sfaÐra. Estw � 2 (0; 1) kai B(x; r) mi� mp�lasthn Sn�1 me aktÐna r > 0 tètoia ¸ste �(B(x; r)) = �. Tìte, gi� k�je A � Sn�1me �(A) = � kai k�je " > 0 èqoume(1:4) �(A") � �(B(x; r)") = �(B(x; r + ")):Dhlad , gi� opoiod pote dosmèno mètro �, oi mp�lec mètrou � dÐnoun th lÔshtou isoperimetrikoÔ probl matoc, anex�rthta apì thn tim  tou " > 0. ParathreÐsteoti h anisìthta Brunn - Minkowski mac èdine to akrib¸c an�logo gi� ton ìgko stonRn: An K eÐnai sumpagèc uposÔnolo tou Rn me jetikì ìgko, kai an jKj = jrDnjgi� k�poio r > 0, tìte gi� k�je " > 0 isqÔei(1:5) jK + "Dnj � jrDn + "Dnj:56



H apìdeixh thc isoperimetrik c anisìthtac gÐnetai me sfairik  summetrikopoÐh-sh kai epagwg  wc proc thn di�stash. Ja perigr�youme thn apìdeix  thc sto tèlocaut c thc paragr�fou. Prin ìmwc ap�utì ja suzht soume k�poiec polÔ shmantikècefarmogèc thc.JewroÔme thn eidik  perÐptwsh � = 12 . An �(A) = 12 kai " > 0, tìte mporoÔmena ektim soume to mègejoc thc "�epèktashcA" qrhsimopoi¸ntac thn isoperimetrik anisìthta:(1:6) �(A") � �(B(x; �2 + "))gi� k�je " > 0 kai x 2 Sn�1. H (1.6) odhgeÐ sthn akìloujh anisìthta:1.1 Je¸rhma. Estw A � Sn+1 me �(A) = 12 kai " > 0. Tìte,(1:7) �(A") � 1�p�=8 exp(�"2n=2):Apìdeixh: Lìgw thc (1.6), arkeÐ na fr�xoume apì k�tw to �(B(x; �2 + ")). Apì tosq ma èpetai oti(1:8) �(B(x; �2 + ")) = R �2+"0 sinn �d�R �0 sinn �d� ;opìte jètontac h("; n) = 1� �(B(x; �2 + ")), zht�me �nw fr�gma gi� thn(1:9) h("; n) = R ��2+" sinn �d�R �0 sinn �d� = R �2" cosn �d�2In ;ìpou In = R �=20 cosn �d�. K�nontac thn allag  metablht c t = �pn paÐrnoume(1:10) h("; n) = 12pnIn Z �2pn"pn cosn(t=pn)dt:SugkrÐnontac ta anaptÔgmata Taylor twn sunart sewn cos t kai exp(�t2=2) blè-poume oti(1:11) cos t � exp(�t2=2)sto [0; �=2], epomènwc h (1.10) mac dÐnei(1:12) h("; n) � 12pnIn Z �2pn"pn e� t22 dt = 12pnIn Z (�2�")pn0 exp(�(s+"pn)2=2)ds� exp(�"2n=2)2pnIn Z 10 exp(�s2=2)ds = p�=8pnIn exp(�"2n=2):57



Gi� thn apìdeixh tou jewr matoc arkeÐ loipìn na doÔme oti pnIn � 1 gi� k�jen � 1. Gi� to skopì autì parathroÔme oti apì thn anadromik  sqèsh (n+2)In+2 =(n+ 1)In èpetai otipn+ 2In+2 = pn+ 2n+ 1n+ 2In = n+ 1pn+ 2In � pnIn;to opoÐo shmaÐnei oti arkeÐ na elègxoume ticI1 = Z �=20 cos�d� = 1 � 1kai p2I2 = p2Z �=20 cos2 �d� = p2�4 � 1:Autì oloklhr¸nei thn apìdeixh thc (1.7). 21.2 Parat rhsh. H basik  parat rhsh ìson afor� thn anisìthta (1.7) eÐnai oti,ìso mikrì " > 0 ki an dialèxoume, h akoloujÐa exp(�"2n=2) ! 0 kai m�lista mepolÔ taqÔ rujmì (ekjetik� wc proc n). Epomènwc, to posostì thc sfaÐrac poumènei èxw apì thn "�epèktash opoioud pote uposunìlou A thc Sn+1 me �(A) = 12eÐnai sqedìn mhdenikì an h di�stash n eÐnai arket� meg�lh, osod pote mikrì ki aneÐnai to ".Gi� par�deigma, an p�roume èna daqtulÐdi � gwniak c aktÐnac " > 0 gÔrw apìton ishmerinì thc Sn+1, tìte � = B(x; �2 + ") \ B(�x; �2 + ") epomènwc�(�) � 1� 2 exp(�"2n=2)! 0ekjetik� wc proc n. Dhlad , gi� meg�lec diast�seic to mètro � sugkentr¸netaientupwsiak� gÔrw apì opoiond pote mègisto kÔklo thc Sn+1.Gi� thn apìdeixh tou Jewr matoc 1.1 k�name ousiastik  qr sh thc isoperime-trik c anisìthtac sth sfaÐra. Gi� tic perissìterec ìmwc efarmogèc pou èqoumesto noÔ mac eÐnai arket  mi� anisìthta san thn (1.7) kai ìqi h akrib c lÔsh touisoperimetrikoÔ probl matoc.Qrhsimopoi¸ntac thn anisìthta Brunn - Minkowski mporoÔme na d¸soume apl apìdeixh thc (1.7) qwrÐc na per�soume mèsa apì thn isoperimetrik  anisìthta. Hparat rhsh aut  eÐnai prìsfath, kai basÐzetai sto akìloujo l mma:1.3 L mma. JewroÔme to mètro pijanìthtac �D me �D(A) = jA \ Dnj=jDnj gi�k�je Borel A � Dn. An A;B � Dn sumpag , kai�(A;B) := minfja� bj : a 2 A; b 2 Bg = � > 0;tìte(1:13) minf�D(A); �D(B)g � exp(��2n=8):58



Apìdeixh: JewroÔme to sÔnolo A+B2 . Efarmìzontac thn anisìthta Brunn - Min-kowski paÐrnoume jA+B2 j � minfjAj; jBjg. Sunep¸c,(1:14) �D �A+ B2 � � minf�D(A); �D(B)g:Apì thn �llh pleur�, an a 2 A kai b 2 B o kanìnac tou parallhlogr�mmou dÐnei(1:15) ja+ bj2 = 2jaj2 + 2jbj2 � ja� bj2 � 4� �2;epomènwc(1:16) A+B2 � (1� �24 )1=2Dn:Sundu�zontac tic (1.14) kai (1.16) blèpoume oti(1:17)minf�D(A); �D(B)g � �1� �24 �n=2 � �exp(��2=4)�n=2 = exp(��2n=8): 2Apìdeixh thc (1:7) (me lÐgo qeirìterec stajerèc): Estw A � Sn�1 me �(A) = 12 , kai" > 0. JewroÔme � 2 (0; 1) � to opoÐo ja epilèxoume sto tèloc � kai ta uposÔnolathc Dn(1:18) A1 = f�a : a 2 A; � � � � 1g ; B1 = f�a : a 2 Sn�1nA"; � � � � 1g:EÔkola elègqoume oti(1:19) �(A1; B1) � 2� sin "2 � 2�"� :Apì to L mma 1.3 sumperaÐnoume oti(1:20) jB1j � exp(��2n=8)jDnj � exp(�4�2"2�2 n8 )jDnj:Omwc, jB1j = (1� �n)�(Ac")jDnj kai sundu�zontac me thn (1.20) blèpoume oti(1:21) �(Ac") � 11� �n exp(��2"2�2 n4 ):Epilègontac p.q. � = 12 , katal goume se mi� ektÐmhsh thc morf c(1:22) �(A") � 1� c1 exp(�c2"2n)ìpou c1; c2 > 0 apìlutec stajerèc, to akribèc dhlad  an�logo thc (1.7). 259



1.4 Lipschitz sunart seic p�nw sth sfaÐra. Estw f : Sn�1 ! R suneq csun�rthsh. O mèsoc kat� L�evy thc f eÐnai ènac arijmìc Mf me thn idiìthta(1:23) � (fx : f(x) �Mfg) � 12 ; � (fx : f(x) �Mfg) � 12 :Den eÐnai dÔskolo na deÐ kaneÐc oti o Mf orÐzetai monos manta gi� suneq  f .OrÐzoume Af = fx 2 Sn�1 : f(x) = Mfg. Tìte, èqoume thn ex c apl  parat -rhsh gi� thn "�epèktash tou Af :1.5 L mma. Gi� k�je " > 0, isqÔei(1:24) (Af )" = (fx : f(x) �Mfg)" \ (fx : f(x) �Mfg)" :Apìdeixh: Estw y 2 fx : f(x) � Mfg" \ fx : f(x) � Mfg". Autì shmaÐnei otiup�rqoun x1 2 Sn�1 tètoio ¸ste f(x1) � Mf kai �(y; x1) � ", kai x2 2 Sn�1tètoio ¸ste f(x2) �Mf kai �(y; x2) � ". JewroÔme thn mp�la B = B(y; "). Tìtex1; x2 2 B, �ra up�rqei kampÔlh  � B pou xekin�ei apì to x1 kai katal gei stox2. Apì to Je¸rhma endi�meshc tim c up�rqei x 2  tètoio ¸ste f(x) = Mf .Epetai oti(1:25) y 2 B(x; ") � (Af )":Autì apodeiknÔei ton ènan egkleismì tou l mmatoc, en¸ o �lloc eÐnai profan c. 21.6 Pìrisma. Estw f : Sn�1 ! R suneq c sun�rthsh, Mf o mèsoc L�evy thc f ,kai Af = fx 2 Sn�1 : f(x) =Mfg. Tìte,(1:26) �((Af )") � 1� c1 exp(�c2"2n);ìpou c1; c2 > 0 apìlutec stajerèc.Apìdeixh: Apì ton orismì tou mèsou L�evy kai apì to Je¸rhma 1.1 èpetai oti�(fx : f(x) �Mfg") � 1� c1 exp(�c2"2n)kai �(fx : f(x) �Mfg") � 1� c1 exp(�c2"2n):H (1.26) eÐnai tìte �mesh sunèpeia tou L mmatoc 1.5. 2JewroÔme t¸ra mi� Lipschitz suneq  sun�rthsh f : Sn�1 ! R. Up�rqeidhlad  stajer� L > 0 me thn idiìthtajf(x)� f(y)j � L�(x; y)gi� k�je x; y 2 Sn�1. Opwc kai prÐn, orÐzoume Af = fx : f(x) = Mfg kaijewroÔme thn "�epèktas  tou. An y 2 (Af )"=L, tìte up�rqei x 2 Af tètoio ¸ste�(x; y) � "=L, kai h upìjes  mac gi� thn f deÐqnei oti(1:27) jf(y)�Mf j = jf(y)� f(x)j � L�(y; x) � ":60



Dhlad ,(1:28) fy : jf(y)�Mf j > "g � Sn�1n(Af )"=L:Qrhsimopoi¸ntac kai to Pìrisma 1.6 katal goume sto ex c:1.7 Je¸rhma. Estw f : Sn�1 ! R Lipschitz suneq c sun�rthsh me stajer�L > 0. Tìte, gi� k�je " > 0 èqoume(1:29) � �fy 2 Sn�1 : jf(y)�Mf j > "g� � c1 exp(�c2 "2nL2 );ìpou c1; c2 > 0 apìlutec stajerèc. 2ParathroÔme oti an stajeropoi soume " > 0 (osod pote mikrì) kai jewr soumeLipschitz suneqeÐc sunart seic me dosmènh Lipschitz stajer� L > 0, tìte an hdi�stash n eÐnai ìlo kai megalÔterh oi sunart seic teÐnoun na èqoun timèc pousugkentr¸nontai ìlo kai perissìtero gÔrw apì ton mèso L�evy Mf thc f , me thnènnoia oti to sÔnolo ìpou h f diafèrei apì thn tim  Mf perissìtero apì " eÐnaipolÔ mikrì: èqei mètro to polÔexp(�c2"2n=L2)! 0kaj¸c n! +1, kai m�lista me ekjetikì rujmì. To fainìmeno autì suqn� diatu-p¸netai kai wc ex c:{Oi Lipschitz suneqeÐc sunart seic p�nw se mi� sfaÐra meg�lhc di�stashc eÐnaisqedìn stajerèc}.Lègontac sqedìn stajerèc, ennooÔme ed¸ oti oi Lipschitz sunart seic paÐrnountimèc sqedìn Ðsec me ton L�evy mèso touc se èna sÔnolo meg�lo me thn ènnoiatou mètrou: sto suntriptikì posostì twn shmeÐwn thc sfaÐrac. Pollèc forècqreiazìmaste k�ti tètoio gi� èna meg�lo uposÔnolo thc sfaÐrac me eidik  morf .Gi� par�deigma, gi� ìla ta shmeÐa x 2 S(F ) := Sn�1 \ F , ìpou F upìqwroc touRn me ìso gÐnetai megalÔterh di�stash. Ja deÐxoume oti k�ti tètoio eÐnai dunatì.ArqÐzoume me èna aplì l mma:1.8 L mma. Gi� k�je " 2 (0; 1) mporoÔme na broÔme N � exp(k log(3=")) kaix1; : : : ; xN 2 Sk�1 tètoia ¸ste(1:30) Sk�1 � [Ni=1(xi + "Dk):Apìdeixh: JewroÔme èna sÔnolo shmeÐwn x1; : : : ; xN 2 Sk�1 me ìso gÐnetai mega-lÔtero plhj�rijmo k�tw apì thn apaÐthsh na isqÔei(1:31) jxi � xj j � " ; 1 � i < j � N:EÔkola blèpoume oti Sk�1 � [Ni=1(xi + "Dk): an up rqe x 2 Sk�1 me thn idiìthtajx � xij � " gi� k�je i = 1; : : : ; N , tìte to fx; x1; : : : ; xNg ja ikanopoioÔse thn(1.31) kai ja eÐqe plhj�rijmo N + 1. 61



Apì thn (1.31) èpetai oti (xi + "2Dk) \ (xj + "2Dk) = ; an i 6= j. EpÐshc, eÐnaifanerì oti(1:32) [Ni=1(xi + "2Dk) � (1 + "2)Dk;epomènwc me sÔgkrish ìgkwn blèpoume oti(1:33) (1 + "2)kjDkj � j [Ni=1 (xi + "2Dk)j = N("2)kjDkj;ap�opou èpetai oti(1:34) N � (2" )k(1 + "2)k = (1 + 2" )k � exp(k log(3=")): 21.9 Je¸rhma. Estw f : Sn�1 ! R Lipschitz suneq c sun�rthsh me stajer�Lipschitz L > 0. Gi� k�je " > 0 up�rqoun k � k0 = [c"2n=L2 log(c0L=")] kaik�di�statoc upìqwroc F tou Rn tètoioc ¸stejf(y)�Mf j � 2"gi� k�je y 2 S(F ) := Sn�1 \ F , ìpou Mf eÐnai o mèsoc L�evy thc f .Apìdeixh: JewroÔme to sÔnoloA(") = fx 2 Sn�1 : jf(x)�Mf j � "g:Apì to Je¸rhma 1.7, up�rqoun stajerèc c1; c2 > 0 tètoiec ¸ste�(A(")) � 1� c1 exp(�c2"2n=L2):StajeropoioÔme ènan upìqwro F0 di�stashc k0, kai ja deÐxoume oti up�rqeistrof  T tou Rn tètoia ¸ste an F = T (F0) na isqÔei S(F ) � A(2").An x 2 S(F0), tìte h pijanìthta na fèroume me strof  to x sto A(") eÐnai Ðshme �(A(")) � 1� c1 exp(�c2"2n=L2). Epetai oti an x1; : : : ; xN 2 S(F0) tìte(1:35) Prob(T : Txi 2 A("); i = 1; : : : ; Ng � 1� NXi=1 Prob(T : Txi =2 A("))= 1�N(1� �(A(")))� 1�Nc1 exp(�c2"2n=L2):An N < 1c1 exp(c2"2n=L2), tìte h parap�nw pijanìthta eÐnai jetik . Dhlad ,up�rqei strof  T pou stèlnei ìla ta xi sto A(").JewroÔme èna ��dÐktuo sthn S(F0). Apì to L mma 1.8 up�rqei èna tètoiosÔnolo fx1; : : : ; xNg � S(F0) me N � exp(k0 log(3=�)). Epomènwc, an(1:36) exp(k0 log(3=�)) < 1c1 exp(c2"2n=L2);62



tìte up�rqei strof  T tètoia ¸ste gi� to ��dÐktuo yi = Txi, i = 1; : : : ; N thcS(F ) = S(TF0) na isqÔei(1:37) yi 2 A(") ; i = 1; : : : ; N:Estw y 2 S(F ). Up�rqei i � N tètoio ¸ste jy � yij � �, dhlad  �(y; yi) � �2 �.Epetai oti jf(y)� f(yi)j � L�2 �. Sunep¸c,(1:38) jf(y)�Mf j � jf(y)� f(yi)j+ jf(yi)�Mf j � L�2 � + " < 2"an epilèxoume apì thn arq  � = 2"=�L. Autì shmaÐnei otijf(y)�Mf j � 2"gi� k�je y 2 S(F ), arkeÐ na ikanopoieÐtai h (1.36) me � = 2"=�L. AnalÔontac aut nthn sqèsh blèpoume oti ikanopoieÐtai gi� k0 = [c"2n=L2 log(c0L=")]. 21.10 Apìdeixh thc sfairik c isoperimetrik c anisìthtac. JewroÔme A �Sn�1 kleistì, kai mp�la thc morf c B(x; r) tètoia ¸ste �(A) = B(x; r). JadeÐxoume oti �(A") � �(B(x; r)") gi� k�je " > 0.H apìdeixh ja gÐnei me sfairik  summetrikopoÐhsh kai epagwg  wc proc thndi�stash. JewroÔme tuqìn zeug�ri antipodik¸n shmeÐwn x0;�x0 2 Sn�1 kai tuqìnmègisto hmikÔklio  pou pern�ei ap�ut�. OrÐzoume thn sfairik  summetrikopoÐhshtou A wc proc  me ton akìloujo trìpo:Gi� k�je y 2  jewroÔme to uperepÐpedo Hy pou pern�ei apì to y kai eÐnaik�jeto sthn eujeÐa [�x0; x0]. SumbolÐzoume me Sn�2;y thn sfaÐra Sn�1 \Hy, kaijètoume(1:39) Ay = A \Hy � Sn�2;y:Gi� k�je y 2  jewroÔme mi� mp�la By sthn Sn�2;y me kèntro to y kai aktÐna rytètoia ¸ste(1:40) �n�2;y(By) = �n�2;y(Ay);ìpou to �n�2;y metr�ei thn epif�neia uposunìlwn thc Sn�2;y. Tèloc, orÐzoume(1:41) S(A) = [y2By:M�utìn ton orismì, to �(A) eÐnai summetrikì wc proc  kai ikanopoieÐ thn(1:42) �(S(A)) = �(A):To S(A) eÐnai h sfairik  summetrikopoÐhsh tou A wc proc .Estw A kleistì uposÔnolo thc Sn�1. JewroÔme thn kl�sh M(A) ìlwn twnkleist¸n uposunìlwn C thc Sn�1 pou ikanopoioÔn: �(C) = �(A) kai �(C") ��(A") gi� k�je " > 0. To basikì mac L mma eÐnai tìte to ex c:63



1.11 L mma. Estw A � Sn�1 kleistì, kai  èna hmikÔklio. Tìte, S(A) 2 M(A).Dhlad , gi� k�je " > 0,(1:43) �((S(A))") � �(A"):Apìdeixh: SumbolÐzoume me u to mèso tou , dhlad  Sn�2;u eÐnai o ishmerinìc thcsfaÐrac.OrÐzoume thn �y�probol  wc ex c: An w 2 Sn�2;y, w 6= �x0, jewroÔme ton me-shmbrinì �x0wx0. Autìc tèmnei thn Sn�2;u se k�poio shmeÐo to opoÐo onom�zoume�y(w). Gi� k�je y 2  orÐzetai ètsi mi� apeikìnish �y : Sn�2;y ! Sn�2;u.Isqurismìc 1. Up�rqei sugkekrimènh sun�rthsh f tètoia ¸ste: An w1 2 Sn�2;y1kai w2 2 Sn�2;y2 , tìte(1:44) �(w1; w2) = f(y1; y2; �(�y1(w1); �y2(w2))):Me �lla lìgia, an mac poÔn poi� eÐnai h apìstash twn �y1(w1) kai �y2(w2) sthnSn�2;u, tìte gnwrÐzoume thn apìstash twn w1; w2 sthn Sn�1.Ex ghsh: Ta k�tw shmeÐa prosdiorÐzoun ta w2; w01 sthn Sn�2;y2 . To w01 pros-diorÐzei to w1 sthn Sn�2;y1 . O pl�gioc mègistoc kÔkloc pou pern�ei apì ta w1; w2eÐnai ki autìc prosdiorismènoc, �ra kai h �(w1; w2). H parat rhsh eÐnai oti toìlo sq ma den exart�tai apì tic akribeÐc jèseic twn k�tw shmeÐwn, all� apì thnsqetik  touc jèsh (dhlad , thn apìstas  touc). MporeÐ kaneÐc na breÐ kai tÔpo gi�thn f , all� autì den èqei idiaÐterh shmasÐa.Isqurismìc 2. An C = fwg � Sn�2;y1 , tìte(1:45) �y2(C" \ Sn�2;y2) = (�y1C)�(y1;y2;") \ Sn�2;u;ìpou to � exart�tai mìno apì ta y1; y2 kai ".Ex ghsh: H apìstash twn y1; y2 kai to " kajorÐzoun pìso meg�lh eÐnai h{kìkkinh} tom  C" \ Sn�2;y2 (an bèbaia den eÐnai ken ). Katìpin, h apìstashtou y2 apì to u kai to mègejoc thc {kìkkinhc} tom c sthn Sn�2;y2 kajorÐzoun tomègejoc tou �y2(C" \ Sn�2;y2) sthn Sn�2;u. To � eÐnai to misì tou m kouc autoÔtou tìxou (profan¸c, to �y1(w) eÐnai to mèso tou k�tw tìxou).Isqurismìc 3. An C eÐnai tuqìn uposÔnolo thc Sn�2;y1 , tìte p�li(1:46) �y2(C" \ Sn�2;y2) = (�y1C)�(y1;y2;") \ Sn�2;u;me to � tou prohgoÔmenou isqurismoÔ.Ex ghsh: Estw x 2 �y2(C" \ Sn�2;y2). Autì shmaÐnei oti x = �y2(z), ìpouz 2 Sn�2;y2 kai z 2 C" (dhlad , up�rqei w 2 C tètoio ¸ste z 2 fwg").64



Apì ton prohgoÔmeno isqurismì,(1:47) x 2 f�y1(w)g�(y1;y2;") � (�y1(C))�(y1;y2;") \ Sn�2;u:Sunep¸c,(1:48) �y2(C" \ Sn�2;y2) � (�y1C)�(y1;y2;") \ Sn�2;u:O antÐstrofoc egkleismìc apodeiknÔetai an�loga.Isqurismìc 4. Gi� k�je y 2  èqoume(1:49) �y((A")y) = [z2;�(z;y)�"(�zAz)�(z;y;"):Ex ghsh: Eqoume w 2 (A")y an kai mìno an w 2 Sn�2;y kai up�rqoun z 2 me �(z; y) � " kai w0 2 Az me �(w;w0) � ". Tìte,(1:50) w 2 (Az)" \ Sn�2;y;kai apì ton Isqurismì 3 èpetai oti(1:51) �y(w) 2 �y �(Az)" \ Sn�2;y� = (�zAz)�(z;y;"):To antÐstrofo apodeiknÔetai p�li me th bo jeia tou IsqurismoÔ 3.Epanalamb�nontac toÔc Ðdiouc isqurismoÔc gi� to S(A) katal goume stic(1:52) (A")y = ��1y �[z2;�(z;y)�"(�zAz)�(z;y;")�kai(1:53) ((SA)")y = ��1y �[z2;�(z;y)�"(�z(SA)z)�(z;y;")� :Apì thn kataskeu , gi� k�je z 2  èqoume�n�2;z(Az) = �n�2;z((SA)z)�ra �n�2;u(�zAz) = �n�2;u(�z(SA)z):To �z(SA)z eÐnai mp�la, sunep¸c(1:54) �n�2;u ((�zAz)�) � �n�2;u ((�z(�A)z)�)gi� k�je z 2  kai � > 0.Epiplèon, sthn (1.53) ìla ta (�z(SA)z)� eÐnai mp�lec me koinì kèntro to u,�ra up�rqei z0 2  me �(z0; y) � " tètoio ¸ste(1:55) �n�2;u �[z2;�(z;y)�"(�z(SA)z)�(z;y;")� = �n�2;u((�z0(SA)z0)�(z0;y;")):65



Apì thn (1.54) autì eÐnai to polÔ Ðso me(1:56) �n�2;u((�z0Az0)�(z0;y;")) � �n�2;u �[z2;�(z;y)�"(�zAz)�(z;y;")� :H anisìthta ja diathrhjeÐ an efarmìsoume kai sta dÔo mèlh thn ��1y . Dhlad ,(1:57) �n�2;y((A")y) � �n�2;y[((SA)")y]:Oloklhr¸nontac wc proc y paÐrnoume�((SA)") � �(A");dhlad  h apìdeixh tou L mmatoc eÐnai pl rhc. 2Gi� k�je A � Sn�1 orÐzoume thn aktÐna tou A(1:58) r(A) = minfr > 0 : 9x 2 Sn�1 : A � B(x; r)g;kai gi� kleist�, mh�ken� uposÔnola thc Sn�1 thn apìstash(1:59) �(A;B) = minf� � 0 : A � B�; B � A�g:1.12 L mma. Estw A � Sn�1 kleistì. Up�rqei C� sthn kl�shM(A) tètoio ¸ster(C�) = minfr(C) : C 2M(A)g.Apìdeixh: Estw � = inffr(C) : C 2M(A)g. Up�rqei akoloujÐa stoiqeÐwn Cm thcM(A) me thn idiìthta r(Cm) < �+ 1m .Apì sump�geia (pou apodeiknÔetai ìpwc kai to Je¸rhma epilog c tou Blaschketou KefalaÐou II), up�rqei upakoloujÐa Ckm pou sugklÐnei se k�poio sumpagècC � Sn�1. EÔkola blèpoume oti h aktÐna r eÐnai suneq c wc proc thn metrik  �.Epomènwc, � = r(C) = limm r(Ckm ).Autì pou mènei na deÐxoume eÐnai oti C 2 M(A). Jèloume dhlad  na deÐxoumeoti �(C) = �(A) kai �(C") � �(A") gi� k�je " > 0. Autì eÐnai sunèpeia thcsunèqeiac tou � wc proc thn �. 21.13 L mma. Estw G � Sn�1 pou den eÐnai mp�la. Tìte, up�rqoun mègistahmikÔklia 1; : : : ; m tètoia ¸ste(1:60) r(�m (�m�1 : : : (�1(G)))) < r(G):Apìdeixh: An�logh me aut n tou Jewr matoc II.5.2. 2Apìdeixh thc isoperimetrik c anisìthtac: Estw A � Sn�1 kleistì. Autì pouzht�me eÐnai oti up�rqei mp�la B 2 M(A).Apì to L mma 1.12 up�rqei B 2M(A) me thn el�qisth dunat  aktÐna. Estw otito B den eÐnai mp�la. Apì to L mma 1.13, mporoÔme na broÔme mègista hmikÔklia1; : : : ; m tètoia ¸ste r(B0) < r(B), ìpou B0 = �m : : : �1(B). Autì shmaÐnei oti(1:61) B0 =2 M(A):66



Isqurismìc. An C 2 M(A) kai  mègisto hmikÔklio, tìte S(C) 2M(A).Apìdeixh: Profan¸c, �(S(C)) = �(C) = �(A). Apì to L mma 1.11, gi� k�je" > 0 èqoume(1:62) �((S(C))") � �(C") � �(A"):Epomènwc, S(C) 2M(A). 2Eqoume B 2M(A), �ra S1(B) 2 M(A), S2S1(A) 2 M(A), kai telik�(1:63) B0 = SmSm�1 : : : S1(B) 2M(A);to opoÐo antif�skei proc thn (1.61). 22. Oikogèneiec L�evy.2.1. Ta apotelèsmata thc prohgoÔmenhc paragr�fou, kai eidikìtera to Je¸rhma1.1, ent�ssontai sto genikìtero plaÐsio twn oikogenei¸n L�evy:Me ton ìro metrikìc q¸roc pijanìthtac anaferìmaste se ènan metrikì q¸ro(X; �) o opoÐoc eÐnai tautìqrona efodiasmènoc kai me èna mètro pijanìthtac �.Sun jwc upojètoume oti h di�metroc tou X eÐnai peperasmènh, kai diamX � 1.Apì th stigm  pou o X eÐnai metrikìc q¸roc, gi� k�je mh�kenì uposÔnolo Atou X kai k�je " > 0 mporoÔme na orÐsoume thn "�epèktash A" tou A wc ex c:(2:1) A" = fx 2 X : �(x;A) � "g:2.2 Orismìc. H sun�rthsh sugkèntrwshc �(X; ") tou X orÐzetai gi� k�je " > 0apì thn(2:2) �(X; ") = 1� inff�(A") : �(A) � 12g:Sto par�deigma thc sfaÐrac Sn�1 me thn gewdaisiak  metrik  � kai to anal-loÐwto wc proc tic strofèc mètro pijanìthtac �, apì to Je¸rhma 1.1 (posotik ekdoq  thc sfairik c isoperimetrik c anisìthtac) paÐrnoume(2:3) �(Sn�1; ") � c1 exp(�c2"2n);ìpou c1; c2 > 0 apìlutec stajerèc. Epiplèon, èqoume mÐa oikogèneia tètoiwn q¸-rwn, thn fSn�1gn2N, kai h di�stash n paÐzei oloèna megalÔtero rìlo sthn anisì-thta (2.3) me thn ènnoia oti to �nw fr�gma fjÐnei ekjetik� sto 0 kaj¸c n ! 1.To fainìmeno autì thc sugkèntrwshc tou mètrou m�c èdwse k�poia pr¸ta mh�anamenìmena apotelèsmata gi� thn sumperifor� twn Lipschitz sunart sewn p�nwsthn Sn�1 ìtan to n eÐnai meg�lo.Me prìtupo autì to par�deigma, dÐnoume ton akìloujo genikì orismì:67



2.3 Orismìc. Mi� oikogèneia (Xn; �n; �n) metrik¸n q¸rwn pijanìthtac lège-tai (kanonik ) oikogèneia L�evy me stajerèc c1; c2 an oi sunart seic sugkèntrwshc�(Xn; ") ikanopoioÔn thn(2:4) �(Xn; ") � c1 exp(�c2"2n)gi� k�je " > 0.2.4. Se k�je oikogèneia L�evy parathroÔme to fainìmeno thc sugkèntrwshc twntim¸n mi�c sun�rthshc Lipschitz gÔrw apì ton mèso L�evy thc. An f : X ! R eÐnaimi� Lipschitz suneq c sun�rthsh me stajer� L > 0, tìte gi� k�je " > 0 èqoume(2:5) �(fx 2 X : jf(x)�Mf j � "g) � 1� 2�(X; "L):H apìdeixh eÐnai akrib¸c Ðdia me aut n tou Jewr matoc 1.7. An h sun�rthsh sug-kèntrwshc �(X; ") eÐnai arket� mikr , k�ti pou sumbaÐnei se mi� oikogèneia L�evyfXng gi� meg�la n, tìte k�je L-Lipschitz sun�rthsh eÐnai {sqedìn stajer } kaiÐsh me Mf sto megalÔtero komm�ti tou X .Sthn epìmenh par�grafo ja melet soume èna diakritì par�deigma oikogèneiacL�evy.3. Diakrit� paradeÐgmata oikogenei¸n L�evy: O q¸roc tou Cantor En2 .JewroÔme to sÔnolo En2 = f�1; 1gn ìlwn twn akolouji¸n x = (x1; : : : ; xn)m kouc n, ìpou xj = �1, j = 1; : : : ; n. EÐnai qr simo na blèpoume tautìqronaton En2 san uposÔnolo tou Rn: apoteleÐtai apì ìlec tic korufèc tou kÔbou Qn =[�1; 1]n.OrÐzoume mi� metrik  dn ston En2 jètontac(3:1) dn(x; y) = 1n jfi � n : xi 6= yigj = 12n nXi=1 jxi � yij;ìpou me j � j sumbolÐzoume ed¸ kai ton plhj�rijmo enìc peperasmènou sunìlou.[H deÔterh isìthta dikaiologeÐtai apì to gegonìc oti an gi� k�poio i � n isqÔeixi 6= yi, tìte jxi � yij = 2.]Tèloc, jewroÔme to fusiologikì mètro pijanìthtac ston En2 : An A � En2 , tìte(3:2) �n(A) = jAjjEn2 j = jAj2n :O (En2 ; dn; �n) eÐnai tìte ènac metrikìc q¸roc pijanìthtac, mporoÔme sunep¸c nasuzht�me gi� thn isoperimetrik  anisìthta kai thn sun�rthsh sugkèntrwshc autoÔ.H isoperimetrik  anisìthta ston En2 . H "�epèktash enìc A � En2 eÐnai wcsun jwc to sÔnolo A" = fx 2 En2 : dn(x;A) � "g. Oi timèc pou mporeÐ na p�reih dn eÐnai peperasmènec to pl joc: 0; 1n ; 2n ; : : : ; 1. Autèc loipìn eÐnai kai oi timèc68



tou " gi� tic opoÐec h "�epèktash tou A parousi�zei endiafèron, me thn ènnoia otito A" paramènei amet�blhto ìtan to " paÐrnei timèc se èna di�sthma thc morf c[ kn ; k+1n ).To er¸thma ed¸ eÐnai to ex c: M�c dÐnoun ènan fusikì m = 1; 2; : : : ; 2n kaik�poio " = kn , k = 1; : : : ; n. Gi� poiì sÔnolo A me pl joc stoiqeÐwn m eÐnai hkn�epèktash tou A h mikrìterh dunat ;H parat rhsh eÐnai oti to A ja prèpei na èqei ìso to dunatìn {ligìtera ken�}.An perièqei mi� n��da x = (x1; : : : ; xn), tìte ja prèpei na perièqei kat� seir�proteraiìthtac kai tic {geitonikèc} thc n��dec, autèc dhlad  pou diafèroun apì thnx se mÐa suntetagmènh, dÔo suntetagmènec, k.o.k. (efìson to pl joc twn stoiqeÐwntou A eparkeÐ). Autì, giatÐ h paramikr  epèktash tou A ja tic sumperil�bei oÔtwc  �llwc.Ta piì oikonomik� sÔnola eÐnai oi dn�mp�lec (oi legìmenec Hamming mp�lectou En2 ). ApodeiknÔetai h akìloujh isoperimetrik  anisìthta gi� ton En2 :3.1 Je¸rhma (Harper). Estw A � En2 me m =Plk=0 �nk� stoiqeÐa. Tìte, gi� k�jes = 1; : : : ; n� l, èqoume(3:3) �n(A sn ) � 12n l+sXk=0�nk� = �n((B; ln) sn ): 2H isoperimetrik  aut  anisìthta odhgeÐ se mi� ektÐmhsh thc sun�rthshc sug-kèntrwshc tou En2 . Gi� k�je " > 0, isqÔei(3:4) �(En2 ; ") � 12 exp(�2"2n):Dhlad , h f(En2 ; dn; �n) : n 2 Ng eÐnai oikogèneia L�evy me stajerèc ( 12 ; 2). H (3.4)ermhneÔetai wc ex c: gia na ektim soume thn �(En2 ; ") arkeÐ na jèsoume l = n=2kai s = "n sthn (3.3). Tìte,�(En2 ; ") � 12n nXj=( 12+")n�nj�;to opoÐo fjÐnei ekjetik� sto 0 kaj¸c n!1, giatÐ oi {akraÐoi} diwnumikoÐ sunte-lestèc eÐnai polÔ mikroÐ se sÔgkrish me touc {mesaÐouc} ìtan to n eÐnai meg�lo.Den ja apodeÐxoume thn anisìthta tou Harper (h apìdeixh eÐnai sunduastik  kaigÐnetai me epagwg  wc proc n). Ja d¸soume ìmwc mi� apìdeixh thc {proseggistik cisoperimetrik c anisìthtac} ston En2 , apeujeÐac dhlad  ektÐmhsh thc sun�rthshcsugkèntrws c tou. To epiqeÐrhma ofeÐletai ston Talagrand, kai ekmetalleÔetaithn gewmetrÐa tou q¸rou tou Cantor:3.2 L mma. Estw A mh�kenì uposÔnolo tou f�1; 1gn � Rn. JewroÔme thn kurt j kh co(A) kai gi� k�je x 2 f�1; 1gn orÐzoume(3:5) dA(x) = minfjx� yj : y 2 co(A)g:69



Tìte, isqÔei h anisìthta(3:6) ZEn2 exp(d2A(x)=8)d�n(x) � 1�n(A) :Apìdeixh: Exet�zoume pr¸ta thn perÐptwsh pou to A èqei èna stoiqeÐo. QwrÐcbl�bh thc genikìthtac mporoÔme na upojèsoume oti to (monadikì) stoiqeÐo tou AeÐnai to y = (1; : : : ; 1). Profan¸c co(A) = A, kai gi� k�je i = 0; 1; : : : ; n up�rqounakrib¸c �ni� stoiqeÐa x tou En2 ta opoÐa diafèroun se i to pl joc suntetagmènecapì to y. Gi� k�je tètoio x èqoume dA(x) = 2pi, �ra(3:7) ZEn2 exp(d2A(x)=8)d�n(x) = 12n nXi=0 �ni�ei=2= �1 +pe2 �n � 2n = 1�n(A) :Tautìqrona èqoume apodeÐxei pl rwc to L mma sthn perÐptwsh n = 1, afoÔ hmonadik  perÐptwsh pou apomènei na exet�soume eÐnai h A = f�1; 1g: tìte dA(x) =0 gi� k�je x 2 f�1; 1g kai �1(A) = 1, �ra èqoume isìthta sthn (3.6).H apìdeixh tou L mmatoc ja gÐnei me epagwg  wc proc n: upojètoume oti isqÔeigi� ton fusikì n kai ja to apodeÐxoume gi� ton fusikì n + 1. MporoÔme epÐshcna upojèsoume oti to A èqei toul�qiston dÔo stoiqeÐa ta opoÐa diafèroun sthnteleutaÐa touc suntetagmènh. TautÐzontac to En+12 me to En2 � f�1; 1g, mporoÔmena gr�youme to A sth morf (3:8) A = A�1 � f�1g [ A+1 � f1gìpou ta A�1; A+1 eÐnai mh�ken� uposÔnola tou En2 . Tèloc, mporoÔme na upojè-soume oti �n(A�1) � �n(A+1).Estw x 2 En2 . Up�rqei w 2 co(A+1) tètoio ¸ste dA+1(x) = jx � wj. Omwctìte (w; 1) 2 co(A), sunep¸c(3:9) dA((x; 1)) � j(x; 1)� (w; 1)j = jx� wj = dA+1(x):Isqurismìc: An x 2 En2 kai 0 � � � 1, tìte(3:10) d2A((x;�1)) � 4�2 + �d2A+1(x) + (1� �)d2A�1(x):Apìdeixh tou isqurismoÔ: Gi� i = 1;�1 jewroÔme zi 2 co(Ai) tètoia ¸ste jx�zij =dAi(x). EÐnai fanerì oti (zi; i) 2 co(A), epomènwc z = (�z+1+(1��)z�1;�1+2�) 2co(A). Apì to Pujagìreio je¸rhma ston Rn+1 paÐrnoume(3:11)j(x;�1)�zj2 = 4�2+jx�(�z+1+(1��)z�1)j2 = 4�2+j�(x�z+1)+(1��)(x�z�1)j2;70



kai qrhsimopoi¸ntac thn trigwnik  anisìthta kai thn kurtìthta thc x ! x2 blè-poume oti(3:12)j(x;�1)�zj2 � 4�2+�jx�z+1j2+(1��)jx�z�1j2 = 4�2+�d2A+1(x)+(1��)d2A�1 (x):Epetai h (3.10). 2SuneqÐzoume thn apìdeixh tou L mmatoc wc ex c: Qrhsimopoi¸ntac tic (3.9)kai (3.10), gi� k�je 0 � � � 1 èqoume(3:13) ZEn+12 exp(d2A(x)=8)d�n+1(x)= 12n+1 0@Xx2En2 exp(d2A((x; 1))=8) + Xx2En2 exp(d2A((x;�1))=8)1A� 12 ZEn2 exp(d2A+1(x)=8)d�n(x) + 12 ZEn2 exp(�2=2+�d2A+1(x)=8 + (1� �)d2A�1 (x)=8)d�n(x):Omwc apì thn epagwgik  upìjesh èqoume(3:14) ZEn2 exp(d2A+1(x)=8)d�n(x) � 1�n(A+1) ;kai efarmìzontac thn anisìthta tou H�older paÐrnoume(3:15) ZEn2 exp(�2=2 + �d2A+1(x)=8 + (1� �)d2A�1(x)=8)d�n(x)� e�2=22  ZEn2 exp(d2A+1=8)d�n!� ZEn2 exp(d2A�1=8)d�n!1��� e�2=22 � 1�n(A+1)��� 1�n(A�1)�1�� :Jètoume x = 1=�n(A+1), y = 1=�n(A�1). Apì thn upìjes  mac eÐnai x � y.Sundu�zontac tic (3.13), (3.14) kai (3.15) blèpoume oti arkeÐ gia dosmèna 0 < x � yna broÔme � 2 [0; 1] pou na ikanopoieÐ thn(3:16) x2 + 12e�2=2x�y1�� � 2x�1 + y�1 :Epilègoume � = 1 � xy . H epilog  aut  ousiastik� lèei oti ìso piì meg�lo eÐnaito A+1 apì to A�1 tìso piì meg�lo rìlo jèloume na paÐxei sthn (3.10), dhlad epilègoume to � kont� sto 1. H (3.16) paÐrnei tìte th morf (3:17) 1 + e�2=2(1� �)��1 � 42� �;71



gi� thn opoÐa elègqoume oti isqÔei gia k�je � 2 [0; 1]. 2Estw A mh�kenì uposÔnolo tou En2 . H sun�rthsh dA tou L mmatoc 3.2 kai hsun�rthsh apìstashc apì to Adn(x;A) = minf 12n nXi=1 jxi � yij : y 2 AgsugkrÐnontai sÔmfwna me to epìmeno l mma:3.3 L mma. Gi� k�je mh�kenì A � En2 èqoume(3:18) 2pndn(x;A) � dA(x) ; x 2 En2 :Apìdeixh: Estw x 2 En2 . Gi� k�je y 2 A isqÔei(3:19) hx� y; xi = nXi=1 xi(xi � yi) = 2ndn(x; y) � 2ndn(x;A):Apì thn (3.19) èpetai oti gi� k�je y 2 co(A)(3:20) pnjx� yj � hx� y; xi � 2ndn(x;A):Autì apodeiknÔei thn (3.18). 2Sundu�zontac ta dÔo parap�nw l mmata deÐqnoume thn isoperimetrik  anisìth-ta gi� ton En2 :3.4 Je¸rhma. Estw A � En2 me �n(A) = 12 . Tìte, gi� k�je " > 0 èqoume(3:21) �n(A") � 1� 2 exp(�"2n=2):Apìdeixh: An x =2 A", tìte dn(x;A) � " kai to L mma 3.3 deÐqnei oti dA(x) � 2"pn.Omwc, apì to L mma 3.2 èqoume(3:22) e"2n=2�n(x : dA(x) � 2"pn) � ZEn2 exp(d2A(x)=8)d�n(x) � 1�n(A) = 2;to opoÐo shmaÐnei oti(3:23) �n(Ac") � �n(x : dA(x) � 2"pn) � 2 exp(�"2n=2): 2H anisìthta tou Jewr matoc 3.4 dÐnei thn ektÐmhsh�(En2 ; ") � 2 exp(�"2n=2);pou eÐnai lÐgo asjenèsterh apì thn (3.4).72



4. H isoperimetrik  anisìthta ston q¸ro tou Gauss.S�ut n thn par�grafo, o q¸roc pijanìthtac pou ja melet soume eÐnai o 
 =Rn me thn EukleÐdeia metrik  j � j kai to mètro pijanìthtac n pou èqei puknìthtathn sun�rthsh(4:1) n(x) = (2�)�n=2e�jxj2=2:Dhlad , an A eÐnai èna mh�kenì uposÔnolo tou Rn, tìte(4:2) n(A) = Prob(x 2 A) = 1(2�)n=2 ZA e�jxj2=2dx:To n onom�zetai mètro tou Gauss kai o metrikìc q¸roc pijanìthtac (Rn; j � j; n)q¸roc tou Gauss.H sten  sqèsh an�mesa sto mètro tou Gauss kai to mètro sthn sfaÐra èqeiparathrhjeÐ apì tic arqèc tou ai¸na. To n eÐnai analloÐwto wc proc tic strofècìpwc kai to � sthn Sn�1. Piì sugkekrimèna, mporeÐ kaneÐc na p�rei to n san ìriosfairik¸n mètrwn. Aut  eÐnai h legìmenh parat rhsh tou Poincar�e:Gia k�je N � n, jewroÔme th mp�la tou RN pou èqei kèntro to 0 kai aktÐnapN . OrÐzoume èna mètro pijanìthtac �N;n stonRn wc ex c: Gia dosmèno sumpagècuposÔnolo A tou Rn jewroÔme ton kÔlindro KN;n(A) = fx 2 RN : PN;n(x) 2 Ag,kai thn tom  tou KN;n(A) \pNDN me thn pNDN . Jètoume(4:3) �N;n(A) = jKN;n(A) \ pNDN jjpNDN j :Epetai oti (gia N meg�lo)(4:4) �N;n(A) = RA jDN�nj(N � jxj2)N�n2 dxNN=2jDN j ;kai ènac upologismìc me thn sun�rthsh G�mma deÐqnei oti(4:5) �N;n(A)! (2�)�n=2 ZA exp(�jxj2=2)dx = n(A)kaj¸c N !1.TeleÐwc an�loga, mporoÔme na orÐsoume mi� akoloujÐa mètrwn pijanìthtac�N;n ston Rn mèsw thc(4:6) �N;n(A) = �N �KN;n(A) \ pNSN�1� ; N � n:Tìte,(4:7) �N;n(A)! n(A)73



kaj¸c N !1, gi� k�je Borel uposÔnolo A tou Rn.Me b�sh aut n thn parat rhsh mporoÔme na apodeÐxoume mi� isoperimetrik anisìthta gi� ton q¸ro tou Gauss, xekin¸ntac apì thn sfairik  isoperimetrik anisìthta. H "�epèktash tou A orÐzetai ki ed¸ wc sun jwc:(4:8) A" = A+ "Dn = fx 2 Rn : 9y 2 A : jx� yj � "g:Rwt�me loipìn to ex c:DÐnontai � 2 (0; 1) kai " > 0. Apì ìla ta Borel uposÔnola A tou Rn men(A) = �, na brejoÔn ekeÐna gi� ta opoÐa elaqistopoieÐtai to n(A").To je¸rhma pou ja apodeÐxoume parak�tw ofeÐletai ston C. Borell kai isqurÐ-zetai oti h lÔsh tou isoperimetrikoÔ probl matoc ston q¸ro tou Gauss dÐnetai apìtouc hmiq¸rouc tou kat�llhlou mètrou. H apìdeixh basÐzetai sthn parat rhsh touPoincar�e (eÐnai qr simo na parathr sei kaneÐc oti an H eÐnai hmÐqwroc, tìte giameg�la N h tom  tou KN;n(H) me thn pNSN�1 eÐnai mia mp�la sthn pNSN�1, hlÔsh dhlad  tou isoperimetrikoÔ probl matoc sth sfaÐra):4.1 Je¸rhma. Estw � 2 (0; 1), � 2 Sn�1, kai H = fx 2 Rn : hx; �i � �g ènachmÐqwroc tou Rn me n(H) = �. Tìte, gi� k�je " > 0 kai k�je Borel A � Rn men(A) = �, èqoume(4:9) n(A") � n(H"):Apìdeixh: QwrÐc periorismì thc genikìthtac upojètoume oti to A eÐnai sumpagèc.JewroÔme �0 < �, kai ton hmÐqwro H 0 = fx 2 Rn : hx; �i � �0g. Tìte n(A) >n(H 0), epomènwc h (4.7) mac dÐnei(4:10) �(P�1N;n(A)) > �(P�1N;n(H 0))gia meg�la N , ìpou PN;n h orjog¸nia probol  tou RN ston Rn. Gia meg�la N toP�1N;n(H 0) eÐnai mp�la sthn pNSN�1, opìte h sfairik  isoperimetrik  anisìthtamac dÐnei(4:11) �([P�1N;n(A)]") � �([P�1N;n(H 0)]")gia k�je " > 0. EpÐshc, eÔkola elègqoume oti(4:12) P�1N;n(A") � [P�1N;n(A)]":Apì thn �llh pleur� [P�1N;n(H 0)]" = P�1N;n(F ), ìpou F = fx 2 Rn : hx; �i ��0 + "(N)g kai "(N)! " ìtan N !1.PaÐrnontac ìria sthn (4.11) sumperaÐnoume oti(4:13) n(A") � n(H 0");74



kai afoÔ o H 0 eÐnai osod pote kont� ston H , oloklhr¸noume thn apìdeixh toujewr matoc. 24.2 Pìrisma. An n(A) � 12 kai " > 0, tìte(4:14) 1� n(A") � 12 exp(�"2=2):Apìdeixh: Apì to Je¸rhma 4.1 xèroume oti1� n(A") � 1� n(H")ìpou H hmÐqwroc mètrou 12 . MporoÔme na upojèsoume oti H = fx 2 Rn : x1 � 0g,opìte oloklhr¸nontac pr¸ta wc proc x2; : : : ; xn blèpoume oti(4:15) 1� n(H") = 1p2� Z 1" e�t2=2dt:ParagwgÐzontac deÐqnoume oti h sun�rthshF (x) = ex2=2 Z 1x e�t2=2dteÐnai fjÐnousa sto [0;1), kai se sunduasmì me thn (4.15) paÐrnoume thn (4.14). 24.3 Parat rhsh. H anisìthta (4.14) ektim�ei thn sun�rthsh sugkèntrwshc stonq¸ro tou Gauss wc ex c:(4:16) �(
n; ") � 12 exp(�"2=2):Moi�zei diaforetik  (kai asjenèsterh) apì tic antÐstoiqec ektim seic pou p ramegi� tic oikogèneiec L�evy twn prohgoumènwn paragr�fwn. H basik  diafor� ìmwceÐnai oti ed¸ èqoume �peirh di�metro gi� ton metrikì q¸ro pijanìthtac pou mele-t�me. M�lista, ènac aplìc upologismìc deÐqnei oti to megalÔtero posostì tou neÐnai sugkentrwmèno se ènan leptì floiì gÔrw apì thn sfaÐra pnSn�1. Me aut nthn ènnoia, h {ousiastik } di�metroc tou q¸rou (Rn; j � j; n) eÐnai perÐpou pn.H anisìthta loipìn pou deÐxame eÐnai {isodÔnamh} me thn sfairik  isoperimetrik anisìthta gi� thn pnSn�1. AntÐ gi� thn "�epèktash enìc sunìlou A ja  tan piìfusiologikì na jewroÔme thn "pn�epèktash tou A. Tìte, h (4.14) ja èpairne thngn¸rim  mac morf (4:17) 1� n(A"pn) � 12 exp(�"2n=2):Ja d¸soume mÐa akìma apìdeixh tou PorÐsmatoc 4.2 (me lÐgo qeirìterec sta-jerèc). Gi� to skopì autì apodeiknÔoume pr¸ta thn anisìthta twn Pr�ekopa kaiLeindler h opoÐa mporeÐ ousiastik� na jewrhjeÐ mi� tètarth apìdeixh thc anisìth-tac Brunn - Minkowski: 75



4.4 Je¸rhma. Estw f; g;m : Rn ! R+ metr simec sunart seic, kai � 2 (0; 1)me thn idiìthta(4:18) m((1� �)x + �y) � f(x)1��g(y)�gi� k�je x; y 2 Rn. Tìte,(4:19) Z m � �Z f�1���Z g�� :Parat rhsh. H anisìthta Brunn - Minkowski eÐnai �mesh sunèpeia tou Jewr matoc4.4. An A;B eÐnai mh-ken�, sumpag  kai � 2 (0; 1), arkeÐ na p�roume san f; g kai mtic qarakthristikèc sunart seic twn A, B, kai (1� �)A + �B antÐstoiqa. EÔkolaelègqoume oti aut  h tri�da ikanopoieÐ thn (4.18), kai h (4.19) mac dÐnei(4:20) j(1� �)A+ �Bj = Z m � �Z f�1���Z g�� = jAj1��jBj�:To gegonìc oti h (4.20) isqÔei gi� k�je � 2 (0; 1) mac exasfalÐzei thn anisìthtaBrunn - Minkowski gi� ta A kai B.Apìdeixh tou Jewr matoc 4.4: San pr¸to b ma thc apìdeixhc elègqoume thn mono-di�stath anisìthta Brunn - Minkowski. Estw A kai B mh�ken� sumpag  uposÔnolathc pragmatik c eujeÐac. Autì pou jèloume na deÐxoume eÐnai oti gi� k�je � 2 (0; 1)isqÔei(4:21) j(1� �)A+ �Bj � (1� �)jAj+ �jBj:H (4.21) eÐnai anex�rthth apì metaforèc twn A kai B, mporoÔme epomènwc naupojèsoume oti to A èqei dexiì tou �kro to 0 kai to B èqei aristerì tou �kro to0. Tìte, to (1� �)A + �B perièqei xèna antÐtupa twn (1� �)A kai �B, epomènwcto mètro tou eÐnai toul�qiston to �jroisma twn mètrwn aut¸n twn dÔo sunìlwn.DeÐqnoume pr¸ta to Je¸rhma sthn perÐptwsh n = 1. Estw f; g;m : R ! R+pou ikanopoioÔn thn (4.18). MporoÔme na upojèsoume oti oi f kai g eÐnai fragmènec,kai diair¸ntac an qreiasteÐ tic f; g;m me kfk1; kgk1 kai kfk1��1 kgk�1 mporoÔmena upojèsoume oti sup f = sup g = 1.Apì thn (4.18), an t � 0 kai f(x) � t, g(y) � t, tìte(4:22) m((1� �)x + �y) � f(x)1��g(y)� � t1��t� = t;dhlad  gi� k�je t � 0 isqÔei o egkleismìc(4:23) fx : m(x) � tg � (1� �)fx : f(x) � tg+ �fx : g(x) � tg:Qrhsimopoi¸ntac thn (4.21) èqoume(4:24) jfm � tgj � (1� �)jff � tgj+ �jfg � tgj76



gi� k�je t � 0. Gr�fontac ta oloklhr¸mata sunart sei twn sunìlwn st�jmhcblèpoume oti(4:25) Z m = Z 10 jfm � tgjdt � Z 10 jfm � tgjdt� (1� �) Z 10 jff � tgjdt+ � Z 10 jfg � tgjdt = (1� �) Z f + � Z g:Apì thn anisìthta arijmhtikoÔ�gewmetrikoÔ mèsou sumperaÐnoume oti(4:26) Z m � �Z f�1���Z g�� :Upojètoume t¸ra oti n > 1 kai oti to je¸rhma èqei apodeiqjeÐ sthn perÐptwshn�1. Gi� k�je t 2 R jewroÔme thn sun�rthsh ft : Rn�1 ! R+ me ft(y) = f(y; t),kai an�loga orÐzoume tic gt kai mt. H upìjesh (4.18) mac lèei oti gi� k�je t; s 2 RisqÔei(4:27) m(1��)t+�s((1� �)x+ �y) � ft(x)1��gs(y)�gi� k�je x; y 2 Rn�1. Efarmìzetai loipìn h epagwgik  upìjesh kai èqoume(4:28) ZRn�1 m(1��)t+�s � �ZRn�1 ft�1�� �ZRn�1 gs��gi� k�je t; s 2 R. Autì shmaÐnei oti oi sunart seic(4:29) t! Z ft ; t! Z gt ; t! Z mtepÐshc ikanopoioÔn thn (4.18). Efarmìzontac loipìn to Je¸rhma xan� (thn perÐ-ptwsh n = 1 aut n th for�) paÐrnoume(4:30) Z m = ZR(ZRn�1 mt)dt � �ZR(ZRn�1 ft)dt�1���ZR(ZRn�1 gt)dt��= �Z f�1���Z g�� :Autì apodeiknÔei to epagwgikì b ma kai to Je¸rhma. 2MporoÔme t¸ra na apodeÐxoume mi� proseggistik  isoperimetrik  anisìthtagi� ton q¸ro tou Gauss. H idèa eÐnai prìsfath kai èqei sqèsh me to epiqeÐrhma touTalagrand pou parousi�same kat� th melèth tou En2 :4.5 Je¸rhma. Estw A mh�kenì Borel uposÔnolo tou Rn. Tìte,(4:31) ZRn ed(x;A)2=4dn(x) � 1n(A) ;77



ìpou d(x;A) = inffjx� yj : y 2 Ag. Epomènwc, an n(A) = 12 tìte(4:32) 1� n(A") � 2 exp(�"2=4)gi� k�je " > 0.Apìdeixh: SumbolÐzoume me n(x) thn sun�rthsh (2�)�n=2 exp(�jxj2=2), kai jew-roÔme tic sunart seic:(4:33) f(x) = ed(x;A)2=4n(x) ; g(x) = �A(x)n(x) ; m(x) = n(x):Gi� k�je x 2 Rn kai y 2 A èqoume(4:34) (2�)nf(x)g(y) = ed(x;A)2=4e�jxj2=2e�jyj2=2 � exp( jx� yj24 � jxj22 � jyj22 )= exp(�jx+ yj24 ) = (exp(�12 jx+ y2 j2))2= (2�)n[m(x+ y2 )]2;ìpou qrhsimopoi same ton kanìna tou parallhlogr�mmou kai to gegonìc oti d(x;A) �jx�yj. Dedomènou oti g(y) = 0 an y =2 A, h (4.34) mac lèei oti oi f; g;m ikanopoioÔntic upojèseic thc anisìthtac Pr�ekopa - Leindler me � = 12 . Efarmìzoume loipìn toJe¸rhma 4.4 kai èqoume(4:35) �Z ed(x;A)2=4n(dx)� n(A) = �Z f��Z g� � �Z m�2 = 1:Autì apodeiknÔei ton pr¸to isqurismì tou jewr matoc. Gi� ton deÔtero, parath-roÔme oti an n(A) = 12 tìte(4:36) e"2=4n(x : d(x;A) � ") � Z ed(x;A)2=4n(dx) � 1n(A) = 2:Dhlad , n(Ac") � 2 exp(�"2=4). 24.6 Parat rhsh. ApodeiknÔetai oti to mètro tou Gauss eÐnai logarijmik� koÐlo.An A;B eÐnai mh�ken� Borel uposÔnola tou Rn kai � 2 (0; 1), tìte(4:37) n((1� �)A+ �B) � [n(A)]1��[n(B)]�:H apìdeixh basÐzetai sthn anisìthta Brunn - Minkowski kai èqei pollèc omoiìthtecme thn apìdeixh tou Jewr matoc 4.1.
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